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Chapter 1

Constant Coeflicient Linear Wave
Equation

Consider Constant Coefficient Linear Wave Equation with solution ¢ : I x R® C R"*! — R where 0 € I
O¢=-0{¢+> 26=0 (1.1)
i=1

This is model by D’ Alembert in 1749. We wish to study the initial value problem with given initial data

(¢o, 1) on I x R™
O¢ =0
{((bv at¢)|t:0 = (¢o, ¢1) (1.2)

1.1 Fundamental Solution and Representation Formula

1.1.1 Distribution Theory

One start with distribution theory.
Definition 1.1.1 (Distribution, Restriction, Support, Distributional Derivative). Given open set U C R™.

e u e D(U) is a distribution in U if u : C(U) = R is a linear map on the space of smooth and compactly
supported functions, and for every K C U compact, there exits C = C(K) >0 and k = k(K) € N s.t.

(@) = (u, )| <C Y supld*p(z)] Ve CX(K)
|a\§kw€K

e Let V CUCR", and u € D'(U). Define the restriction of u to V' as uy
uv(p) =ulp)  VeelX(V)
e u € D'(U). Define the support of u as supp(u)
supp(u) = U\U{A C U open | ua = 0}
e u € D'(U). Define the distributional derivative for any o € N™ as 0%u
(0%u, ) == (=1)*N(u,0%¢)

Lemma 1.1.1 (Approximation with C2°, Composition with C'*°, Chain Rule). Given open set U C R™

e uc D'(U). There exists a sequence {u;} C CX(U) s.t. u; — u in D'(U), i.e.
/qugpda? = (uj, p) = (u, @) VpeCrU) (1.3)

o f € C™(U) that is a submersion, i.e. df # 0. Define composition of u € D'(R) with f asuo f € D'(U)

1



2 CHAPTER 1. CONSTANT COEFFICIENT LINEAR WAVE EQUATION

(a) There exists unique pushforward f* : D'(R) — D'(U) s.t.
fru=uof

for any u € C(R).
(b) If u € D'(R), there exists {u;} C CP(R) s.t. (uj,9) = (u,¢) for any ¢ € CZ(R) as in (1.3). Define

f*uzuof::jlggoujof (1.4)
e u e D'(R). f € C™®(U) submersion. Then distributional derivative satisfies chain rule
O(uo f) = (9f)(u' o f) (1.5)
Proof. For any ¢ € C*(U), fix 0 = 0; wrt. i € {1,--- ,n}
(0i(uo f),¢) = ~(uo f.0i6) = — lim (uj 0 f.0,6) = lim (3,(u; © ). )
~ lim (0./(t; 0 /). 6) = @S @ ),0)
induct on i yields (1.5). O

Definition 1.1.2 (Convergence in CS° and in C'*°). we first specify convergence in C° and in C*
o ©; C CX(R™) converges to ¢ in C° if there exists K C R™ compact s.t. all supp(p;) C K and

sup [0%(p(z) — ¢(x))] — 0 VaeN
zeK

o ©; C C®(R"™) converges to ¢ in C* if for any K C R"™ compact

sup [0%(p(z) — ¢(x))] — 0 VaeN
zeK

Lemma 1.1.2 (Convolution). u € D'(R™) and ¢ € C(R™). One define convolution of u and ¢ as
(ux @) (@) = (u, p(x —))
o uxp e C®R") with
Oux @) = (0u) x o =ux(0p)  supp(u*¢p) Csupp(u) + supp(p)

o Let U : CP(R™) — C(R™) be linear map s.t. for any p; — 0 in C, one has U(p;) = 0 in C>. IfU

c 7’
commutes with all translations, i.e. for any h € R™ and ¢ € CZ(R™)

U(mh(v)) = m(U(e)) where 1, : C°(R") = C°(R"™) s.t. 7(¢)(x) :=(xz — h)

Then there exists unique distribution u € D'(R™) s.t. ux o = U(p) for all ¢ € C°(R™).

Proof. Define u(p) := (U(9))(0) V ¢ € C(R™) where ¢(x) := ¢(—x). Then for any h € R"

(U(p)(=h) = u(U(9))(0) = U(n(¢))(0) = u(7n())
= (u(y), p(y — h)) = (u(y), p(=h —y)) = (uxp)(—=h)

that u is unique is due to its explicit expression. And u € D’'(R™) due to continuity requirement on U. [

o uy, us € D'(R™). If (—supp(u1)) N (supp(uz) + K) is compact for any compact set K. Then there exists
unique distribution u € D'(R™) s.t.

u* @ =ug * (ug * @) for every ¢ € C°(R™)

One define uy * ug :== u € D'(R™) as convolution of uy, us.
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Proof. Define U(p) := uy * (ug * @) for any ¢ € C°(R™). We show this is well-defined. For any = € R”
(x —supp(u1))Nsupp(uz*¢) C (z—supp(u1))N(supp(uz)+supp(yp)) is compact for any supp(p) compact
Hence the quantity

U(p)(x) = u1 * (ug * ) (x) = (u1(y), uz x p(z —y)) <oo  VzeR"

as convolution, U(y) is smooth. Linearity of U follows from convolution with ¢ and duality pairing. For
any ¢; — 0 in C2°, there exists K C R™ compact s.t. supp(yp;) C K for any j and

sup |0%p;(z)| = 0 VoaeN"
zeK

Now for any K C R™ compact and for any o € N”

sup [0%(U(p))(x)] = sup |ug * (uz * (0% (2)))| < C sup [0%p;(z)| — 0
zeK reKNK zeK

Hence U : C°(R™) — C*°(R™) defines continuous linear map. Moreover,

Urn(9) () = wr * (uz * (Thp)) (x) = (u1(y), (u2 * (thep))(x = y)) = (ur(y), (ua(2), (np)(x —y = 2)))
= (u1(y), (u2(2), p(x —y — 2 = h))) = (wa(y), n(uz * ) (z = y))
= 7h(ur * (ug * ¢))(x) = T (U(p)) ()

Hence U defines unique distribution uy * uz s.t. for any ¢ € C°(R™)

(ug * ug) *x p = uy * (ug * )

O
Now we discuss homogeneous distribution of degree a and the particular example x4 .
Definition 1.1.3 (Homogeneous Distribution). One generalize homogeneous function to distributions.
e h:R™ = R function is (positive) homogeneous of degree a if
ATh(A\x) = h(z) YA>0 (1.6)

e h € D'(R™\ {0}) or D'(R™) is homogeneous of degree a if
(h(x),p(x)) = A*(h(z), A"o(Ax)) Vo € CF(R"\{0}) or CZ(R") ¥V A>0
Notice this is indeed, abuse of notation, a generalization of (1.6)
(h(x), p(x)) = X*(h(z), \"p(Ax)) = /\“<h(§)7 p(y)) = (t~"h(ty), ¢(y))
Lemma 1.1.3 (Homogeneous Extension to the origin). h € D'(R™ \ {0}) is homogeneous of degree a, where

a > —n. Then h has a unique and continuous extension to a homogeneous distribution h € D'(R™) of degree a.

Example 1.1.1 (Space-time distance in special relativity). For (t,z) € R'™, define s*(t,z) := t> — |z|>. Then
52 is homogeneous function of degree 2.

Proof. s*(\t,\z) = A\?s%(¢, ) for any A > 0. O

Example 1.1.2 (O drops degree by 2). For ¢ € D'(R*™) and suppose ¢ is homogeneous of degree a. Then
Og¢ € D' (RY*™) is homogeneous of degree a — 2.

Proof. For any ¢ € C°(R™) and A > 0
(B¢(x), \"p(Az)) = (¢(x), \"O (p(A2))) = ((x), \" (D) (Az))
= A" (g(2), (O p)(2)) = A2 (D (@), p(x))
Hence that ¢ is degree a implies [J¢ is degree a — 2. O

Lemma 1.1.4. One has immediate homogeneity calculations for derivative and composition
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e In general, distributional derivatives ;;—k; of order k drop degree of homogeneity by k by same argument
from Example 1.1.2.

e Composition of a distribution u € D'(R) with f € C°°(U) where df # 0, U C R™ multiplies degree of
homogeneity. If u € D'(R) is homogeneous of degree a; and f € C*°(U) homogeneous of degree as, then
uo f € D'(U) is homogeneous of degree ay - as.

Proof. For any ¢ € CX(U) and A > 0, choose {u;} C C°(R) s.t. u; — w in D'(R) (note we may
choose sequence with same homogeneity as v due to its construction as convolution and multiplication
with distribution)

(uo f(z), \"p(Az)) = lim (uj o f(z), \"p(Az)) = lim (u; o f(%), o(y)) = Jim (uj o (A" f(y)), ¢(y))

Jj—o0 Jj—o0 —00

= A" lim (uj 0 f(y), p(y)) = X" (u o f,0)

O
Example 1.1.3 (6y € D'(R™) ). Dirac Delta &y € D'(R™) is homogeneous of degree —n.
Proof. For any ¢ € C(R"™)
(3o(a). N p(Aa)) = X" (5o @), (Aa) = N"p(0) = X" (Bo(x). (x)
O
Example 1.1.4 (x%). n=1. For any a € C.
o If Re(a) > —1, 2% i= 1,50y 2% is homogencous of degree a.
Proof. For any ¢ € C(R\ {0})
(x4, 0) = /000 x%p(x)dr = /OOO(/\a:)atp()\x) dhz =\ /000 " Xp(Ax) de = X (z%, Ap(Ax))
O
e If Re(a) > -1, La% = ax’t.
Proof. For any ¢ € C2°(R\ {0})
d . d * X a1 a-1
(o) =~ o) = = [ e @ = [l de = (@)
O

One may think of defining x9 = ﬁ%xiﬂ for Re(a) > —2. But at a = —1, there is pole of order 1.

e Instead, define x% () := ﬁxi where T'(x) := [;°t*te~'dt so T'(a+ 1) = al'(a) for any a € C, and

L@ =xi@) Y Re(a) > -1 (L.7)

Proof. For any ¢ € C2°(R\ {0})

<%Xi’ o =—b- %w(x» - /O°° F(a;xa@l(z) = /O°° F(la) 2 lp(a)de = (X )

Hence one may define

d d*
X = atl = Wxajk —k—1<Re(a) < -k keNT (1.8)

and x4% is analytically continued from C\ {-1,-2,---} to C.
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e One has identity for any a € C

zx§(x) = (a+ 1)Xi+1 (1.9)
Proof. If Re(a) > —1,
1 1 a+1
a — ]]. a _ 1 a+1 — 1 a+1 — 1 a+1
IX+(5E) xil“(a 1) {z>0}T 7“& 1) {z>0}% 71-‘(@ 1 2) {z>0}T (a+ )X+ (z)
Hence it holds for any a € C by analytic continuation. O

Lemma 1.1.5 (Negative Integers and half Integers for x%). For any k € N*.

e Denote dy dirac delta so (b, o(x)) = ¢(0)

XM () = 85 (@) = () o) (1.10)

Proof. It suffices to show -£x9 = §,. For any p € C°(R\ {0})

(%) =~ = [ @ dr = o(0) = o)
then conclude using (1.8). O
.
G = () ) (111)
Proof. Tt suffices to compute X;% = @xlé Note Euler’s Reflection formula for Gamma
P(@)(1 —a)= sinzrﬂ'a)
hence I'(1)2 = 7. so X;% = #x;% Conclude using (1.8). O

1.1.2 Fundamental Solution

Consider constant coefficient linear wave equation (1.1) on R x R" = R,

Definition 1.1.4 (Forward Fundamental Solution). E, is forward fundamental solution to (1.1) on R*™ if
e OE, =y in the sense of distribution where §o(p) = p(t = 0,z = 0).
o supp(Ey) C {(t,z) e RxR" |0 < |z] < t}.

Proposition 1.1.1 (Uniqueness of Forward Fundamental Solution). If forward fundamental solution E, to
(1.1) exists, it is unique.

Proof. Suppose both E and E, are forward fundamental solutions. Since supp{dp} = {0} € R**! is compact,
one may convolve this with £ and E in any order as suggested by Lemma 1.1.2. Notice for any ¢ € C°(RxR")

(E#80) * p(x) = Ex ((J0 % ¢) () = E* ((0(y), p(x — y))) = E + p(x)

hence Exd0yg = E. Similarly dox E; = FE,. Notice by supports of E and E, the convolutions Ex E,, Ex(OF,)
and (OF) * E are well-defined. Hence for any ¢ € C2°(R"*1)

(E,0) =(Exd0,0) =(Ex(OEy),p) =(ExEy,0O¢) = ((OE) x Ey, ) = (0o * E4, ) = (E4, p)
concluding £ = E. O

Proposition 1.1.2 (Representation Formula to Cauchy Problem). E be forward fundamental solution to (1.1)
on R"TL. Given initial values (¢g, ¢1) € C(R™) x C(R")

e the unique forward solution ¢ to (1.2) writes

P(t,r) = —(¢16(1=0}) * B4 — (dod{i=0y) * (OrE4) (1.12)
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e In general for nonhomogeneous equation O ¢ = F with F € C®(R"), unique forward solution ¢ writes
P(t, ) = —(¢1641=0}) * B4 — (dodyi=0y) * (O B4 ) + (F'ly>o) x By

Proof. Suppose ¢ solves 0 ¢ = F with initial values (¢g, ¢1). Then ¢1;>¢ denotes the forward solution. To
represent the solution, one convolve with §o = 00 E; then throw all derivatives to ¢

Pliz0 = (¢lizo) * 6o = (¢liz0) * OEL = (¢plizo0) * (—07E4) + (Aplizo) x By
(¢1i>0) * (—07E1) 4 (07dLi>0) * B4 + (Fliso) * B4

—(0e(¢1y20)) * (e E4) + (07 dpLiz0) * B4 + (Flyzo) x B4

—(0ep1iz0) * (LEL) — (¢8—0y) * (OEy) + (07 ¢Liso) * By 4 (Flyso) * By
—(

—(¢

OPdii=0y) * By — (#0gi=0y) * (O E4) + (Flixo) * By
10g=0}) * By — (¢odgi—0y) * (O By ) + (Flixo) * Ey
O

Now one wish to find the Forward Fundamental Solution E, to (1.1) on R**". Notice symmetries of [J that
fix the origin {0,0} € R!™™ are Lorentze transformations, leaving invariant the quantity s?(t,z) = > — |z|?.
On the RHS, § is invariant under these symmetries as well. It is hence natural to look for solutions invariant
under Lorentze transformation, and possibly with s? built in. Now notice

DE+ :(50

From Example 1.1.3 we know ¢y is degree —1 — n, and since O drops degree by 2 from Example 1.1.2 it is
natural to look for E, with degree 1 — n. From lemma 1.1.4, since we wish to build in s? which is degree
of homogeneity 2 as in Example 1.1.1, we're forced to look for Ey = u o s where u € D'(R) with degree of

1—n

homogeneity 1. Due to supp(E. ) requirement, we need ¢ > |z| > 0, so choosing u = x> indeed guarantees
a homogeneous 15 distribution defines on D’(R) (it is originally defined on D'(R \ {0}) but by Lemma 1.1.3
one may apply homogeneous extension to D’(R)) where ¢ > |z| makes sense in its support. To ensure we’re
dealing with forward solution in time ¢ > 0, one simply multiply by 1;,>0) which is itself homogeneous degree
0 and invariant under Lorentze transformations.

Proposition 1.1.3 (Forward Fundamental Solution). The unique forward fundamental solution to (1.1) over
R*™ is given by

1—n

(2 — ) (1.13)

Proof. One first compute for (¢,z) # (0,0) € R, Then, as a distribution in D’(R**" \ {(0,0)}), using chain
rule (1.5) and (1.7) and (1.9) at last

Ei(t,z) =—

l-n l-n
O@psopxi” (22 —[2*) = Ly D (X7 (22— [2]*))
= 1(z0) <<'9t((2tx+2 )~ [«f?) +Za& 2T ><t2|:c2>>>
= 1120 (—2x?2’ (2~ o) = 487 (2~ [2))
2 2 =5 2 2
+n{t>o}z( 2T (B = o)+ 42hGT (o)

—1—

n —3—n
Xo? (= faf?) =4 — PG T (2 - o)

= Tp>o (—2(n +1)

—1—m _l_n —1—n
— Tasap (<200 0T o) T (R - ) =0

Thus OF, is distribution supported at {0}, hence a linear combination of §; and its derivatives. But as
we’ve seen, [JE, and &g are manually constructed with the same degree of homogeneity, then we must have

1—n
T 2

OE, = c,dp for some constant ¢, > 0. For computation of ¢, = —%5—, see Appendix B of ‘Lecture notes on
linear wave equation’ by Sung-jin Oh . O

We now apply formulas for E, to derive representation formulas in n =1 and n = 3.

Proposition 1.1.4 (D’Alembert’s formula). Let (¢o, ¢1) € C2(R) x C°(R) be initial data to (1.2) in R,
Then unique solution ¢ writes

b(t,x) = = (dolx +1) — dolx — 1)) / b1y

N |


https://math.berkeley.edu/~sjoh/pdfs/linearWave.pdf
https://math.berkeley.edu/~sjoh/pdfs/linearWave.pdf
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Proof. (1.12) with n = 1 and using (1.13) writes

P(t,z) = (¢1041=0y) * (%l{tzO}Xi(fQ — [2[*)) + (dodji—o}) * (%@(ﬂ{tzop&(t2 — |z*)))

Notice in fact ]l{tzo}xg(tQ —z]?) = T2 |g2>0y, and

oo -+t
(¢15{t:0}) * (1{t2—\w|220}) = / ¢1(y)1{t2—\w—y|220} dy = / $1(y) dy
— 00 z—t
x+t
(P00gt=0}) * (Oe(Lir2—|z1250})) = Ok (PoOfr—oy * Lirz_|z250}) = 3t(/ do(y) dy) = ¢po(z +t) — do(z — 1)

—t

O

Proposition 1.1.5 (Kirchhoff’s formula). Let (¢o, ¢1) € C°(R3) x C°(R3) be initial data to R'3. Then
unique solution ¢ writes

olt,7) = 61(0) Aoy ety (0) + (fm oo daﬂy_x:t}(y)) (114)

Amt Jijy—al=t}

Proof. (1.12) with n = 3 and using (1.13) writes

o(t, ) = (P161=0) * (%]1“20};@1@2 —[z[*)) + (¢od{t=0y) * (3t( ]l{t>O}X+ t* — |z*)))

one needs to calculate 1>y x5 (82— [2]?)) = L>0300(t* — |z[?). Indeed one use a sequence of h; € C2°(R) to
approximate do (% — |z|?) as composition. To comprehend, one first make the following observations

1. §o(t? — |z|?) is supported in {t* = |z|*} the hght cone. One first apply change into spherical coordinates
to spatial variables to obtain r = |z|, w = 77~ Hence 8o(t? — |z|?) supported in {t = r}.

=t—r

2 12) ia < ~ _
b 0o (t* — |x|*) is supported in {u = 0}.

2. By change into null variables {z

3. To obtain limiting behavior h;(t* — |z|*) = h;(uv), one change into {uv:_uv

, SO hj (U’U) = hj (ﬂ) — 5{5:0}.
4. One need the following Jacobian computations.
dx = r2drdog: (w) where dog: (w) denotes sur face measure of S?

1
drdtzidvdu if firu=0 <= r=1t then dv=2dt

dvdu = % dvdu

For any ¢ € C2°(R*3), one calculate explicitly ]l{tzo}éo(tQ — |z|?) by testing its limiting sequence h;(t* — |z|?)

against ¢ and then pass to co

(Lsorhi (8 — |z)?), (¢, 2)) :/ / — |z}t z) dedt = / / / Yo(t, r,w)r? doge (w)drdt
B R3 S2

:/ /u| /S () p (s, v, ) L= 8“) dog: (w)dvdu

here [° [F drdt = [*_ [ ZT 3 dvdu is illustrated as below via Fubini.
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< U (v—19)1 _
(Tsophy(© = o) ol = [ /| [ @0 g does(w)vd

—>/ /S2 (0,v,w)= dgg2()d as j — 0o
/ / 2 doe (@)dt = (L) 80( ~ 2), o(t, )

Hence convolution of 1;>0y80(t? — |2|?) with ¢1,—0 yields, abuse of notation

t
Li>0300(8 — |2)?) * $16 10y (t, ) = 2 Jea #1(7 + tw) doge (w)

1
= 57 ¢1(y) do—{|y—z\:t} (y)
{ly—z|=t}
and the second term

O (Lge0y00(t* — |2[*)) * Gob1—0y (t, ) = 51t(]1{t>0}50(t2 = [2[?) * poS 10y ) (t, ¥)
=5 / bo(y) do(jy—zj=1}(y))
{ly—=|=t}

summing up with constant % at the front yields (1.14). O

1.1.3 Properties of Solution

One has the characterizing properties of wave equations: Finite Speed of Propagation.

T
i (. t) I%-v\z &
s s 5 s 9
7
P NS s
o .
7
/D S vl
© iy >
X-t mtt
, (6, Dol Ciselllos bumt) -o
\r\w“%emS- < (J:,,{;.):(vxu)z\o —7 )

4 Fae Svu,cl ,'i ﬂovv%b\ﬁw\ C‘h,#ﬂ% \q«a st ‘,,(,\3\41(" = fux.ﬂ o

Proposition 1.1.6 (Finite Speed of Propagation). ¢ € C°°(R*™) solution to (1.2) with initial data (¢o, ¢1).
Fi (t,) € R™™, if (o, 61) = (0,0) in {y € R" | |z — y| <t} then o(t,z) = 0.

Proof. Note ¢(t,r) = —($10q—0y) * Ey — (Pody=0y) * (0:F4) as in (1.12). And due to support requirement
supp(Ey) C {(t, ) € R™™ |0 < |2 <t}

supp((t, z)) C supp((¢19(1=0y) * E+) Usupp((¢odyi=oy) * (0 E4))
C ({0} x supp(¢1) + supp(£4)) U ({0} x supp(¢o) + supp(E))

so if ¢(t,x) # 0, then either (¢,x) € {0} X supp(¢1) +supp(E4) or (¢, z) € {0} x supp(¢o) + supp(E;). WLOG
assume the latter. Then (¢,2) — {0} X supp(¢o) C supp(Ey), i.e., there exists y € supp(¢p) C R™ s.t.

(t,x —y) €supp(Ey) = [z —y| <t
and that ¢o(y) # 0 contradicts our assumption. O

Proposition 1.1.7 (Strong Huygens Principle). n > 3 odd integer. ¢ € C°°(R™) solution to (1.2) with initial
data (¢o, ¢1). Fiz (t,x) € R if (¢g, ¢1) = (0,0) in {y € R" | |z — y| = t} then ¢(t,x) = 0.



1.1. FUNDAMENTAL SOLUTION AND REPRESENTATION FORMULA 9

1—n

Proof. For odd integers n > 3, 1*7" gives negative integer. Hence (1.10) says x,? , as derivatives of Dirac

Delta, has support at {0}. Hence E, has support at {(t,z) € R | |z|* = t?}. Repeat as in Prop 1.1.6, for
any (t,z) s.t. ¢(t,z) #0, WLOG let (¢,2) — {0} x supp(¢o) C supp(Ey), there exists y € supp(¢p) s.t.

(t,x —y) €supp(Ey) = |z —y| =t
and that ¢g(y) # 0 contradicts our assumption. O

Now we discuss the decay property using representation formula.

Proposition 1.1.8 (Decay Property using Kirchhoff). n = 3. (¢o, ¢1) € C(R3) x C(R3) and ¢ unique
solution to (1.2) in RY3 with explicit formula as in (1.14). Then there exists C = C(¢o, ¢1) > 0 s.t.

1
t,z) < C—r
;gﬂ@ld )| T+ 1

Proof.

1 / d (1
— b1(y) dogly—o|=13 (y) + — < / po(y) doy, —w|—t}(y)> = 1+1I
At Jijy—ai=ry ! dt \ 4mt Jqjy—ai=t) !

For t € [0,1], note |{|y — 2| = t}| = 47t?, so using compact support of ¢;

¢(ta :E) =

1
sup [I| < —A4nt?sup |p1(y)| < Ct < C
rcR3 47t y€ER3

while for ¢t > 1, since {|y — z| = ¢t} Nsupp(¢1) is compact, one may bound |[{|y — z| = ¢t} Nsupp(¢1)| < C.

1
I <—C <(C-=
fgﬂgﬁ e ;gﬂ@Iqbl( y)| < ;

Now since ¢y smooth, one may write I1

_d (1 _d (1 2
=2 <4m& Ay—$|—t} %) da{y_””'Zt}(y)> it (47775 - do(x +tw) ¢ dog: (w)>

d 1 1 1
== (47rt . ¢o(x + tw) dog2 (w)> y q/)o(x + tw) dogz (w) + Et . Voo(x + tw) - wdogz (w)
L / do(y) d ()+1/ Veoly) L% d (y) = T+ IV
= 0(y) dogly—o|=13(y) + — o(y) - Ofly—a|=t}(y) =
4t J iy —ai=t) ! At [y =iy t
For t € [0,1]
sup [ITI| < sup [¢o(y)| < C
z€R3 y€ER3
sup [IV| < tsup [Deo(y)| < Ct < C
z€ER3 y€ER3

whereas for ¢ > 1 one may bound |{|]y — z| =t} Nsupp(¢o)| < C.

1 1
sup |11 < C’sup|¢0( N<C5 <CO-
z€R3 t t

1
sup [IV] < = C'sup [ Dao(y)| < O
z€R3 4mt y€EeR3 3






Chapter 2

Non-constant Coeflicient Linear Wave
Equation

Consider Non-constant Coefficient Linear Wave Equation with solution ¢ : I x R®™ — R where 0 € [

n(a®PDp0) = Za (Z aaﬁam) =F (2.1)
a= B=0

with conditions

e a is symmetric (1 +n) x (1 +n) matrix on I x R™ with values in R s.t.

- 1
> = meP| < — (2.2)
10
a,3=0
for constant (14 n) x (1 4+ n) Minkowski matrix (m®?) = diag(1, —1,--- ,—1).

o F:IxR" =R
We're interested in Initial Value Problem with initial data (¢o, ¢1) : R™ — R?

On (aa585¢) =F
{(¢v 8t¢)‘t:0 = (¢07 ¢1) (2~3)

2.1 Energy Estimates

One needs the Gronwall’s Lemma as tool

Lemma 2.1.1 (Grénwall’s Lemma). Fiz T > 0. Let f € C(R;(0, o)) and g € L*(R; (0, 00)) s.t. for some
A>0

) <A+ /t f(s)g(s)ds vVt e [0,T] (2.4)
0
Then .
F(t) < Aexp( / g(s)ds)  Vte[0,T] (2.5)

0
Proof of (2.5) Method 1. Differentiate and using f > 0

o (a4 [ 1619061 d5) = 101900 < at0) (A+/tf (s)g(s ds)

1 / >
— f
A+ [ f(s)g(s) ds dt ( o)
Then integrate from 0 to ¢ to obtain

log (A + /Ut f(8)g(s) ds> —log A< /Otg(s) ds

:»‘“fot 5)9 S)dsgexp(/otg(s)ds>

= <A—|—/f d8<Aexp(/tg(s)ds>
0

11
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Proof of (2.5) Method 2 (Bootstrap Method). For every € > 0, consider the condition

t
)< 1+ e (a+e) [ o) (2.6
0
define B, := {t € [0,T] | (2.6) holdsV s € [0,t]}. Using connectedness of [0, T], one wish to prove that
e B. is nonempty. This is trivial as f(0) < A so 0 € B..
e B. is closed. This is trivial as f is continuous.
e B. is open is left to see. If so, then B, = [0,T].

To argue B. open, it suffices to argue in fact

f(t) < Aexp <(1 +e) /Otg(S) d8>

so that if one extend ¢ beyond for small portion that contributes less than e, the extension still satisfies (2.6).
To see the bound improvement, for any ¢t € B,

ft) < A+/075 f(s)g(s)ds < A+ (1 Jr{-:)A/Otg(s) exp ((1 +e) /Osg(r) dr) ds

SA(1+/Ot (14e)g(s))exp <(1+€) /Osg(r)dr> ds)
:A(l+/()tci (exp ((1+5)/Osg(r)dr>> ds) :A<1+exp ((1+5)/0tg(s)ds> —1)
= Aexp <(1+£) /Otg(s)ds)

Hence B, = [0, 7] for any £ > 0. Since LHS of (2.6) is independent of e, one take ¢ — 0 to obtain (2.5). O

We write |0¢|? := (0p0)* + Y1y Oz, 9°.

Theorem 2.1.1 (A priori Energy Estimate for non-constant linear wave). Fiz T' € I. Assume the following
regularities:

e ac L2([0,T] x R™) and da € L*([0, T]; L= (R™)).
o F e LY([0,T]; LA(R™)).
e Initial data (¢o, ¢1) € H'(R™) x L*(R™).
Then, if (¢,0,9) € L>=([0,T]; HY(R™)) x L>([0,T]; L?(R™)) is solution to (2.3), there exists constant C(n) > 0

s.t.

T T
ts[lé%] H3¢||L2(Rn) (t)<C <|(¢07 ¢1)HH1(Rn)xL2(Rn) +/O ||F||L2(Rn) (t) dt) exp (C/O ||aa||L°°(]R") (t) dt)
€10,
(2.7)

Proof. One makes use of the observation
96 (0a(a*P95¢) — F) =0
and wish to compute at first the quantities 9y 94 (a*?95¢). For a = 8 =0, i.e. w.r.t. ¢, by product rule
T T 1
/ 01 01(a%0,6) derdt = / / (006)? D1 + S0,((016)?)a® dd
0 Rn 0 n

— g 2 00 1 2 00 _ 200 _ g 2 00
_/(; /n(at(b) 8ta dxdt + 9 /n <(8t¢) a (T) (6t¢) a (O) /0 (at¢) 6ta dt) dx

T
_ %/O / (0:0)° 0, dardt + % / (9:9)*a”(T) der — %/ (019)%a™(0) dx
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For i, j = 1,--- ,n, using symmetry of a*/, and then Product Rule

T T
/ 8t¢ 8l (aij (%(ﬁ) dxdt = — / 61 (6t¢) aij8j¢ dxdt
0 Rn 0 Rn

e 3 | T )
= —7/ az(at(b) azjaj(;Sd:L'dt — 7/ aj(at¢) ajzai(bdxdt
2 0 R 2 o -
T
T % /0 / (Bi(219)96 + 0;(010)0:0) 0 dadt
1

T
_ 1 / 0 (0,60;0) aVdadt

1 g g 1 /7 g
= —5 / ﬁi(b@jqba” (T) — 8i¢8jq§a” (O) dx + 5 / / 81¢8J¢ ata” dzxdt
" 0 n
Fori=1,---,n and # =0 w.r.t ¢, and vice versa, we again use symmetry of a®?
/ 01 9;(a™0;¢) + 0, 0;(a*0;¢) dudt = / / (0:6)%0;0™ + 0;00;0,¢0(a’® + a°*) + 0:$0;$0;a"" dxdt
0 R™ 0 n
T
== / / (8t¢)281ai0 + 8i((8t¢)2)ai0 + atgbaigbﬁtaio dzxdt
0 n
— / / (0:6)%0;a™ — (0:6)?9;a™ + 0;0;pOra™ dadt
0 n
T .
_ / 0,00:60,a'° ddt
o Jr»

Since we require integrability, terms as |z| — oo in space necessarily vanishes, so weak derivatives make sense
in the above duality pairings. Now using

T T
/ 0,0 (0a(a®P930)) dadt = / 0o F dadt
0 RrRn 0

R

One may put time 7" terms on the LHS and write, using Holder in force F' and direct bound in ||0al| .«

<

/ (9:6)%a™ (0) — D190, a™ (0) da

1
2

T
+Co / (1061 2 gy () 1N 2y () + 106132 ey (1) 100 e ey ()

/ (0:6)°a®(T) - 0,60, 0 (T) du

1
2

for some Cy > 0. But due to L> bounds on a®? (2.2), both LHS and first term on RHS are comparable to
H8¢||2L2(Rn). So there exists constant C7, Cz > 0 s.t.

1
||3¢H2L2(1Rn) (T) < 015

/ (016 (T) — 9,69;6 a¥ (T) da

and
1

5| (2:0)%(0) - 0,00;00" (0 do

So rewriting C' = max {C1Cs, Cp} > 0

< Cq ||8¢||i2(mn) (0)

T
1061172z (T) < C106] 72 gny (0) + C / (10612 gy (1) I zaamy () + 106132 gy (1) 100 e gy ()
But up to performing the same argument in smaller interval of time, one in fact obtain uniform estimate in ¢
2 2 r 2
OE?ET H8¢||L2(Rn) t)y<C H8¢||L2(Rn) (0)"‘0/0 <H8¢HL2(Rn) (t) HFHL?(R”) (t) + ||6¢||L2(]Rn) (t) ||8a||L°°(]Rn) (t)) dt

Now we strive to bounded RHS independent of d¢. The philosophy is as follows
e Notice our target is to bound in ||@¢||7. and RHS consists of both [|¢]|,» and |07

e For ||04]| ;. we may sacrifice 1 power by using e-Youngs and absorb the small term to the LHS.
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e For the only remaining ||(9¢||2Lz one may use Gronwall to eliminate but sacrificing a raise to exponential.

To do so, first apply e-Young’s (or Cauchy-Schwarz) so for 6 > 0 sufficiently small and some C3 > 0

2

T T
C-
/ 10611 2 gy (8 1 gy (8) < 8 sup_ (|06 gy (1) + = (/ ||FL2<RH)<t>dt>
0 0<t<T 0

Absorb the first term on RHS to the LHS so that, rewriting C' > % and the original constant C,

T 2 T
P ||8¢||2L2(Rn) t)y<C ||8¢||2L2(Rn) 0)+cC (/0 1| 2 gy (£) dt) + C/O ||8¢||2L2(Rn) () [10all oo gy () dt

Now one apply Grénwall’s (2.5) so that

T 2 T
S 901 () < C ||a¢|iz(w)<o>+</o ||F||L2(Rn)<t>dt> exp<o / ||aa||Lw<Rn)<t>dt>

0

Recover by lifting the power. Notice lifting % on exp arrives at (exp)% = exp% hence we absorb it into C. And
up to another constant C' > 0, we have (2.7)

T T
sup ||8¢||L2(Rn) t)<C <||8¢||L2(Rn) (0) +/ ||F||L2(]R") (t) dt) exp <C/ ||8a||L°°(R”) (t) dt)
0<t<T 0 0

One may rewrite (2.7) as

T T
sup |[|(¢, at¢)||Hl(Rn)xL2(Rn) (t)<C (”(ﬁbo, ¢1)||H1(Rn)xL2(Rn) +/0 HF”LZ(R") (t) dt) exp (C/o ”80’”L°@(R") (t) dt)

te[0,T]

(2.8)
Notice we’re only controlling L? norms of spatial derivatives for ¢, but not L? norm of ¢ itself. Yet a control
on ||¢]| 2 (gn) is indeed possible if we restrict to fixed time interval [0, 7.

Lemma 2.1.2 (Control on [[¢||;2gn). Given assumptions as in Theorem 2.1.1, there exists C(n) > 0 s.t.

te[0,T)

T
sup ||¢||L2(Rn) (t)<C <||¢0||L2(Rn) +/0 ||3t¢||L2(]Rn) (t) dt) (2.9)

Proof. By assumption (¢, 8;¢) € L>([0,T]; H'(R™)) x L>([0,7]; L>(R™)). By Rademacher’s ¢ is C! in
time for a.e. t € [0,7]. Using density of C§°(R™) in H'(R") and in L?(R"), one choose a sequence ¢, €
Lip([0, TT; C§°(R™)) s.t. [|¢n — @l g1 (gny () = 0 and [[0pdn — Or¢| 2 (gny (t) — O for all ¢ € [0,T]. Hence the
Fundamental Theorem of Calculus holds

Dn(t) = dn(t) — n(0) + ¢n(0)
= /0 0 (8) ds + ¢, (0) for a.e. xz € R"

t
= ol O = | [ 060(5)d5-+0100)

L2(Rm)

t
< / 100l 2 ey (5) ds + 6 (O)l] o g
t
— ||¢||L2<Rn><t><0(|¢oLwﬁ / |at¢|Lz<Rn)<s>ds)

T
sup ||¢||L2(Rn) t)=C <||¢O||L2(Rn) "‘/0 ||at¢HL2(Rn) (t) dt)

te(0,T)

Notice the RHS of (2.9) explodes to co as one take T' — oo.



2.1. ENERGY ESTIMATES 15

Corollary 2.1.1 (A priori Energy Estimate for non-constant linear wave with [|¢|[ ;2 gn control). Given as-
sumptions as in Theorem 2.1.1, there exists C(n) > 0 s.t.

T
tes[lé%] [e 8t¢)||H1(Rn)xL2(Rn) () <C1+T) <(¢07 ¢1)‘|H1(Rn)><L2(R”) +/0 ||F||L2(Rn) (t) dt)

T
X exp (C/O [0all e gy (1) dt) (2.10)

Proof. Add up (2.8) and (2.9). Then notice we may control again using (2.8)

T
/ 1008l oy () dt < CT sup 9462y < CT - (28)
0 te[0,T]

Differentiating the equation (2.1), one may obtain control in higher order derivatives of ¢ in L?.

Corollary 2.1.2 (A priori Energy Estimate for non-constant linear wave with higher derivatives). Fiz T € I.
Let k > 1 be natural number. Assume the following regularities:

e ac L>([0,T] x R") and da € L*([0,T]; H*~1(R™)).
o Fe LMo, T) HF 1 (R™)).
e Initial data (¢o, 1) € HF(R™) x HF=1(R™).

Then, if (¢, 0:¢) € L>([0,T); H*(R™)) x L>=([0, T]; H*=1(R™)) is solution to (2.3), there exists constant C(n) >
0 s.t.

sup (¢, 0e) g mnyw -1y (1)
t€[0,T)

T
<C(1+T)exp (c/ 10all e ey (8 dt> x
0
T T 5 ]
160 00 amrrsens + [ IFlos @+ C S [ (00700020 () + 02000006 2 1) d
0 0<|y|+]6]<k—270
(2.11)
Proof. For any v € N™ with |y| = > | 75 < k — 1, differentiate equation (2.1) using 97

0. (07 (a*96)) = O1F

O | > 07000 | =0)F

0<[3< I
0a(a®P03(0)0) + Y. 0a (07 °aP030s¢) = I F
0<|s|<|y|-1

0a(a®P05(000) = 4F — Y 0a (97 °a"P8}059)

0<[8|< || ~-1
viewing 0] ¢ as solution, RHS as forcing, along with initial data
(026, 0:070)|,—o = (030, 0 1) € H* " PI(R™) x HF 1 PI(R")
one apply Theorem 2.1.1 to obtain

sup (970, 0L97 D) 1wy p2(re (1)
te[0,T

T T
< O | 1020, 0760|112y + / 107 Fll oy D+ 3 / 0n (820 a*?02056) | o g (1) it

0<181< /-1
T
X exp (c/o 10al ;o (o (2) dt)
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Now summing over all possible |y| < k —1

sup (970, 007 d) | i1 mnyx 2R (1)

Iy <ho— 1 tE[0,T]

T
S (A —— LT PRSP RS DI DIy A N/ 20] e

0<|y|+|6|<k—2 o,f=0
T

In particular for the mixed term, one needs to do a product rule so that

S [ 1u 0207 950)] ey 0

0< || +|5|<k—2

T
< [ 10020) 90 ey Wt [ 570 (0000080) sy 0

0< |y | +6]<k—2 0 0< |y |+[3|<k—2

- (12:020%) 950262 gy () + 9207 (20580) 2 g, (1))

0<|7|+\5\<k¢ 2
/ (199200020 2 g () + 07000036 | 25 ()
0 0<|7|+\5\<k 2
where we use the short hand notation
da = Z 0"a = Ora + Z@Ila
[n|=1

Notice we're once again left with L? norm of ¢. Hence add (2.9) to above and conclude as in (2.10). O

2.2 Existence of Solution

Consider Non-constant Coefficient Linear Wave Equation initial value problem (2.3) with assumptions on a
(2.2) and that all derivatives of a are uniformly bounded on [0,7] x R™. One wish to argue, given suitable
function class assumptions on initial data (¢, ¢1), one has unique solution to (2.3) in the distributional sense,
which can further be improved to the classical sense. For simplicity, let

L¢ =0y (a*0p0)
Notice the formal adjoint of £, denoted as L*, coincides with £. To see this, for any ¢, ¥ € C§°((0,T) x R™).
(£, ¥) = (0a (a°P050) , ) = (=1)"T"(a* 03¢, Datp) = (—1)"*"(Dp¢, ()" Oatt)
= (=1)*"*"(, 95 (a7 0a)) = (6,05 (a”*Da¥))) = (@, L"V)
where we've used the symmetry of a®”.

Definition 2.2.1 (Weak Solution to (2.3)). ¢ € D'((—o0,T) x R™) is a weak solution to (2.3) with initial data
(0, ¢1) if for any ¢ € C5°((—00,T) x R™)

T T
/ OF dodt = / / L ¢ dadt
0 R™ 0 n

- /n <a00¢1(x) + Zaoz'axi(bo(x)) ¥(0,z) dz +/

Proof that ¢ € C%([0,T) x R™) solution to (2.3) satisfies weak solution definition. For ¢ € C*([0,T) x R") as
solution, for any ¢ € C§°((—o0,T) x R™)

T T T
/ / YF dedt = / VL(¢) drdt = / V0 (a*P0p¢) dadt
0 n Rn R
- /0 Yo (a 000,¢) dxdt+z / / (a”0s,0) + 0s, (a’0r¢)) dadt

n

(aooau/} + Zn: aioaxﬁ/J) (0, 2)¢o(x) dx

+ Z / W0z, (a0,,0) drdt = T+ 11+ 111

7,7=1
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Here
T
- / ($a%°0,6)(T, ) — (16a™8,)(0, ) dx — / Dypa™ 0, dadt
0 R
T
(14a®0,¢)(0, z) dx — / 24pa’00, ¢ dxdt
R 0 Rn

. (1a®9,¢)(0, ) dz + / / nat (a®0pp) ¢ dadt + / a®0,¢(0, ) dx
n n T )
g( [ oo - waanp0a- [ | amwamamxdt) [ vt daa

=1

:_f: ( / (ba%,,6)(0) dz + / / ba 0, qﬁdxdt) Z / 0,,1a0,6 dedt
zn: (/ (a0, ¢ dx—/ /n i (0% 0p) ¢dzdt>
Zz: (/ 02,00 (T, ) — 0y,a'°p(0, x dx—/ / (a”8,,v) ¢dxdt>
- _Z (/ (a0, $)(0) — Dz,10a™ (0, z) d:c> +Z/ / (a0,,0) ¢+ 0, (a00,,¢0) ¢) dzdt
III = Z/ / V) ¢ dadt

1,7=1

Thus summing up gives
I+1I1+ 111 = / / (a“POgep) ¢ dxdt — / <a008t¢+2a0i8m¢)> (0,2)(0, z) d
" R™ i=1
+/ ( 005¢+Zw°a )( 2)6(0, 2) dz

/ /nﬁ*wgbdzdt

-/ <a00¢1<x> £y aOiaxiaso(x)) w(0.2)ds+ <a°oatw +y w) (0.2)d0(x) do

using initial data (¢, 0:¢)|,_, = (do, ¢1)- O

n

One needs an essential lemma, which is essentially achieved by commutator estimate.

Lemma 2.2.1 (Commutator Estimate). For any v € N, for some C(v, a) > 0

£, 8219| = |£(83¢) —0L(9)| <C > 979l (2.12)

0<I8|<|y[+1
Proof.
(£, 0216 = 0a (a*7 0507 0) — 07 (a (a*7039))
= 0a (a*P0307¢) — 9a (07 (a*P039))

=04 (a*050)¢) — Oa ( > a;—éaaﬂaﬁa;jqb)

0<[4]<|vl

:_aa( > a;-%aﬁaﬁaga;)

0<|s|<]v]-1
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Hence

I, olel <C| > odmal| > 0030

1<[n|<|v| 0<[d]<|v[-1
<Cc Y |0l
0<[8]<]yl+1
O
Our essential lemma bounds v in H™ norm using the integral in time of £*1 in H™ ! norm. This is highly
nontrivial as £* should in principle reduce regularity by order 2. Yet the commutator estimate saves us.
Lemma 2.2.2. For any m € Z, there exists C = C(m,T,a) > 0 s.t. for any ¢p € C§°((—o00,T) x R™) and
0<tLT
T
[y B < € [ 17l gnms ey (5) s (213)
t

Proof. For m > 1, since [[¢)|| grmgn) (T') = 0, one apply higher derivative estimate (2.11) and Grénwall’s (2.5)
starting at initial time ¢ = T and solving backwards so that

T T
[y O < € [ 1Fgocsany (s +0 [ 52 (100200080 2 g, (1) + 1020000801 o 1)

b 18 <m—2

IN

T T
C /t ”F”H"Hl(R") (s)ds+C Zl[lOpt] ||8a||Hm*1(R")/t Z (Haafﬂ/fHLz (t) + ||838§¢HL2 (t))

[6]|<m—2

’ T
< C (/t HFHHm—l(Rn) (S) ds + C sup ||aa/||Hm—1(Rn) (S)l ||QZJHHW(]R”) (S) dS)

s€[0,t]

T
< C/t [E'| gym—1 gy (8) ds exp ((T —t) sup C|0al| g1 (gn) (5)>

s€[0,t]

T T
<COnT.0) [ [Fllgnos oy ()5 = C [ 1€l s ey (5)ds
t t

To deal with m < 0, one use induction. Assume the result holds for m + 2, then we wish to prove (2.13) for m.
To do so, define

(t,w) = (1= A) ot ) = F 1 ((1+ 4rle?)1(0)) (1)

where the Fourier Transform is only w.r.t. spatial variable. Then for some C' = C(m,a) > 0 varying from line
to line

190 g oy (6 € C L= D)Wy ()
=ClLY = L7 + (1 = A) L] s gy (2)
S ClL Y gm-r(mny () + C (L= D)LY = LD || o gy (£)
= L sy (0 C (L= AL — £5(1— AV s gy (1)
=C ||£*w||Hm*1(]R") t)+Cl1L-A, E*]W‘IHW*l(R"') (t)
Now one may apply Commutator Estimate (2.12)
1L = A, L s gny () < C Y| msa gy (2)

Hence
1E* @ g gy ) < C (12Ul g gy () + 1€l gy (1))
But by induction hypothesis, one may induct using ® € C§° and then Gronwall’s (2.5)

T
Wl sy ) SC [ 1L Wl s ey (5)
tT
<C [ Ul (9 + Wl (5) s
T T
= W lragany O C [l () dsesp [ 1)

T
<o) / 1L s o (5) ds
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Hence the constant C'= C(m,T,a) > 0, and

T
[P0l g gy () = (1 = D)W gy (geny () < C U] g2 geny () < C/t L5 g gy (5) ds
By induction, we may truncate for all m € Z. O

To deal with Existence, one needs the Hahn-Banach theorem.

Lemma 2.2.3 (Hahn-Banach). X normed vector space and Y C X subspace that inherits the same norm
lvlly = llyllx for anyy € Y. If f € Y* is bounded linear functional on Y, then there exists an extension
fe X st

i, =r ana |7, =150

Theorem 2.2.1 (Existence and Uniqueness of Solutions to (2.3)). Fiz T € I. Let k > 1 be natural number.
Assume the following regqularities:

e ac L>([0,T] x R") and da € L>([0,T); H*~1(R™)).
e Fc LY([0,T); HF—1(R™)).
e Initial data (¢o, ¢1) € HF(R™) x HF=1(R™).
Then there exists unique solution (¢, 9;¢) € C ([0,T]; H*(R™)) x C ([0,T]; H*"1(R™)) to (2.3).

Proof. (i) One first see uniqueness. If (¢, Op)1) and (g, Optbe) are two sets of solution prescribing the same
initial data, then (1 — 99, 0; (101 —19)) solves (2.3) with F' = 0 and initial data 0. Hence applying higher
derivatives estimates (2.11) and Gronwall’s (2.5), to achieve

t
41 = el oy () < © [ G = ) lpics oy 3) ds = 0
Hence 11 = 95 a.e., and we have uniqueness.

(ii) First assume (¢o, ¢1) = (0,0). Consider the map ® that maps from £*(C§°((—o0,T) x R™)) to R s.t. for
any ¢ € C§°((—o0,T) x R™)

T
D: LMY / YF dxdt =: (F, ¢)
0o Jrn

Due to uniqueness we've just shown, the map ® is well-defined. Now using F' € L([0,7]; H*~*(R")) and
Lemma (2.13)

KE¢H=|ATA;¢dem

T
< C/ HFHHFI(RH) (t)dt sup ||7/)||ka+1(R") (t)
0 t€[0,7)

T T
scé|mmmmm@ﬁﬂ|wwmw®¢wm

Apply Hahn-Banach Lemma 2.2.3 to Y = L£*(C§°((—o00,T) x R™)) C C§°((—00,T) x R") and X =
L'((—o0,T); H=*(R™)) with bounded linear functional f := ® € Y*. Then there exists a bounded linear
functional

¢ € X" = (L'((=00,T); HH(R")))" = L*((~00, T); H(R"))

that extends @, i.e. for any ¢ € C§°((—o00,T) x R")

(F,g) = (L) = (9, L)

Note ¢(t) = 0 for ¢t < 0 necessarily, otherwise RHS might be nonzero for ¢ supported at negative time
intervals. Finally, since we’re assuming (¢o, ¢1) = (0,0), according to definition 2.2.1 L¢ = F in the sense
of distributions.

(iii) One wish to upgrade regularity of ¢ in time to agree with initial condition. To do so, we need Schauder
theory from Elliptic Regularity. Since L¢ = F

du (a*P03¢) = F

> 0w, (a704,0) = F =Y (0:(a”0x,8) + 0a, (a™°0:0)) — 04(a°0)
=1

1,j=1
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due to constraint on a (2.2), LHS is uniformly elliptic. Hence Schauder Theory tells us the force in
RHS and the equation in LHS lie in the same function space. On LHS, 8,,,,¢ € H*~2(R™), hence RHS
Oz, (019) € HF2(R"™), thus 0,¢ € H*"1(R™). Moreover, 92¢ € H*2, implying 0;¢ is Lipschitz in time.
By Rademacher’s theorem, a Lipschitz function is C! a.e., so 0,¢ is C' a.e. This further implies ¢ € C.
Thus

¢ € C([0,T]; H*(R™) N C* ([0,T]; H*(R"))

Then necessarily (¢, 0;9)[,_, = (0,0).

For general (¢g, ¢1) € HF(R™) x H*=Y(R™). First assume (¢o, ¢1) € C(R™) x C§°(R™) smooth and
compactly supported. Then define

u(t, z) i= do(x) + t¢r(x)
Hence (u, Oyu)|,_, = (¢o, ¢1) satisfied Cauchy Data. Now let 7 solve

{ Ln=F —Lu
(n, n)l—o = (0,0)

According to our previous argument, n € C ([0, T]; H*(R")) N C* ([0, T]; H*~'(R™)). Hence via superpo-
sition, ¢ := u + 1 solves (2.3) with (¢, 1) € C5°(R™) x Cg°(R™). For (¢, ¢1) € HE(R™) x HF1(R"),
choose (6§, ¢5) € C°(R™) x C°(R™) s.t.
l¢o — 6l ey =0 and 161 = &1l gra—1(gny — 0
and similarly F€ € C§°((—o0,T) x R™) s.t.
1E" = F=ll pa o, 7 01 mmyy = O
Define u® := ¢§(x) + t¢5(x) and the corresponding 1 solutions to

{ Ln® = F¢ — Lu®
(n°, on°) t=0 — (0,0)

Thus {u® + 7°} is a Cauchy sequence in C ([0,T]; H*(R")) N C* ([0, T]; H*~'(R")) by Lemma (2.13).
Hence there exists unique limit ¢ = lir% u® + 7° in the same function class.
E—r

O

Indeed, if the initial data (¢g, ¢1) are smooth enough, via Sobolev Embedding, one recover classical solution.

Lemma 2.2.4 (Sobolev Embedding). For any s > %, there exists C = C(n,s) > 0 s.t.

9l L @ny < CllSllpe@ny ¥V ¢ € H(R) (2.14)

Corollary 2.2.1. For (¢o, ¢1) € ey H*(R") x HF=Y(R™) and a, F as in assumptions from Theorem 2.2.1,
there exists

(¢, 0i9) € C ([0, T]; C=(R")) x C ([0, T]; C=(R™))

to (2.3).



Chapter 3

Quasi-linear Wave Equations

We consider the quasi-linear wave equations for ¢ : I x R* C R'*" — R where 0 € T

00 (a®?($)0p0) = Y 0 | D a*?($)0s¢ | = F(4, 9)
8=0

a=0
with conditions
e a is smooth, symmetric (1 +n) x (1 + n) matrix on R with values in R s.t.
- 1
Z la®f — m*P| < 10
a,B=0
for constant (14 n) x (1 4+ n) Minkowski matrix (m*?) = diag(1,—1,---,—1). Also assume
a(0)=0
e F:R x R — R is smooth function s.t.
F(0,0) =0

e Due to smoothness of a and F', we assume bounds for any N € N and A4 > 0 s.t.

n

SN sup [97(a"P)|(x) < Can

@,8=0 |y|<N 17154

sup \827PF|(a:,p) <Can
|7|§N|T|7HPHSA

We're interested in Initial Value Problem with initial data (¢g, ¢1) : R — R?

{@a(aaﬁ(@aﬁ@ = F(¢, 0¢)
(¢, 0:d)];—o = (b0, 1)

3.1 Hadamard Well-Posedness

3.1.1 Existence of Local-in-time Solution

In this subsection we prove the Local Existence Theorem.

Theorem 3.1.1 (Local Existence). Given smooth a and F as in (3.2) to (3.4). If
(do, 61) € H' 2(R™) x H™(R")

Then there exists
T =1T(||¢o]

Hn+2 s ||¢1||HH+1 , n, a, F) >0

and solution
(¢,0:0) € L([0,T); H"2(R™)) x L>([0, T); H"*1(R™))

to (3.5).

21

(3.1)
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Remark 3.1.1. By Sobolev Embedding (2.14), since n+1 > 5, (¢,0:¢) are in fact L™, hence they’re solutions
to (3.5) of the Classical sense.

Proof. To show existence, we use Picard’s Iteration. By density of S in Sobolev Spaces over R™, it suffices to
assume (¢g, ¢1) € S x S. We define a sequence of smooth functions ¢ for i > 1 s.t.

° ¢(1) =0.

e ¢ for i > 2 is defined iteratively as the unique solution to

{‘9& (a*P (1)) = F(p(=1), 9pl'~1) (3.6)
(o, 5t¢(i))‘t:0 = (o, ¢1) '

Indeed the solution (¢, 9,p(")) exists uniquely due to Theorem 2.2.1 and since (¢o, ¢1) € S x S, using
Corollary 2.2.1, the solution (¢, 9,¢()) are smooth in space.

The argument strives to show 2 Lemmas describing certain properties of (¢, 9,p()).

Lemma 3.1.1 (Uniform Boundedness in H"*2 x H"t1). For

T =T(lollgn+2» lorll gnss s 25 @ F) >0

sufficiently small, the sequence (¢V), 9,¢) is uniformly bounded in L ([0, T]; H"2(R™))x L>°([0, T]; H™+1(R™)),
i.e. for some A = A(||¢oll gtz |91l gn+1, 1) > 0, we have bound uniformly in i

|0, 00| <A (3.7)

Lo ([0, T H™ 2 (R™)) x Lo ([0, T; H™+1 (R™))
Lemma 3.1.2 (Cauchy Sequence in H! x L?). For (rechosen to be smaller if necessary)

T =T(lgoll gn+= > lP1ll grnss s s @ F) >0
sufficiently small, the sequence (¢, 0,¢)) Cauchy in L>=([0,T]; H*(R™)) x L>°([0, T]; L*(R™)).
Assume for now we’ve shown Lemma 3.1.1 and 3.1.2 for some common 7" > 0. Then
e Since (¢(V, 9,6 is Cauchy in L>°([0, T]; H'(R™))x L>=([0, T]; L*>(R™)) Banach Space, there exists limiting

function

(¢, Op) € L=([0,T]; H'(R™)) x L>=([0, T]; L*(R™))

e Since (¢(V,9;¢(") is uniformly bounded in L>([0,T]; H"2(R™)) x L>°([0, T]; H"**(R")), then for a.e.
t € (0,77, the sequence

H(gzﬁ(i),8t¢(i))H () <A< o0

H7+2(Rn) x Hn+1(R7)

is uniformly bounded in i. Since H™12 x H™t! are reflexive Banach Space, by Banach-Alaoglu, upon
passing to subsequence there exists a weak limit in H"+2 x H"*! for a.e. t € [0,7].

e By uniqueness of limits, the 2 limits at ¢ agree for a.e. t € [0,T]. Hence the limiting solution

(¢,0ep) € L=([0,T); H**(R™)) x L>=([0,T]; H**'(R™))

In fact, the solution (¢, d;¢) is unique. We leave the uniqueness as a consequence of the next subsection for
continuity dependence on initial data. O

In what follows, we respectively prove Lemma 3.1.1 and Lemma 3.1.2.

Proof of Lemma 3.1.1

To prove Lemma 3.1.1, we use Induction and Bootstrap Method. First of all, there exists A > 0 and 7" > 0
independent of 7 s.t.

o- 160,200

Lo ([0, T H™ 2 (R™)) x Lo ([0, T H™ 1 (R™))

as base case. Then assume for induction that we’ve shown for i > 2 that

H(¢(H),8t¢“’”)H <A (3.8)

Lo ((0,TJ; ™42 (R) x L% ([0 T H 1 (R7))
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Then of course, if we’re able to prove for the next iteration along with the same bound

H(szﬁ(“, &sd*“)” <A (3.9)

Le=([0,T];H +2(R™)) x L= ([0, T H +1 (R™)) —

we're done. Also, since the solutions (¢, 8,¢(?) are lies in (=, C ([0, T]; H*(R™)) x C ([0, T]; H*~Y(R™)) due
to Theorem 2.2.1, we at least know they’re bounded at ith iteration. Then we’re eligible to make the following
Bootstrap assumption

H(¢>”), 8t¢(“)H <44 (3.10)

Leo([0,T)HP+2(R™)) x Lo ([0,T]; H 1 (R™))
and wish to improve the bound to A. Hence we make the assumptions
e Inductive Assumption (3.8).
e Bootstrap Assumption (3.10).
and wish to show for (3.9). In particular, if we’re able to apply (2.11) to ith iteration with k = n+ 2 and denote

T
I:/0 HF(¢("—1>,6¢“—1>)‘Hn+1(Rn) (t)dt (3.11)
I — Og;wgn /O ' (Haa;aw“*”)aaiqb(“ LB+ ] Da(¢"'")00030| <t>) dt (3.12)
T
III = /0 Haa(qs@—l))HLw(Rn) (t) dt (3.13)

then we have

aup (69, 2,9

t€[0,T)

Hn 42 (R x HoH (RP) (1) <C(1+T) (H(QSO’ (bl)||Hn+2(Rn)><Hn+1(Rn) +1+ CII) x exp (CIII)

To ensure we’re eligible to bound as above, we make use of the following Claim
Lemma 3.1.3 (Bounds on I, IT and IIT). There exists B = B(A,n,a,F) > 0 s.t. for any t € [0,T]
> [esFetn,a60)

0<|a|<n+1

S Y ([oeeras ot om0t

0<|v[+]8|<n «,=0

3 Hm“%“‘”)HmRn) ()< B (3.16)

[v|=1

t)y< B 3.14
BENCE (3.14)

L)+ ||020°7 (61 ) 0,005

, (t)) <B (3.15)

Assume Lemma 3.1.3 holds, then

sup_ (69, 0169
te[0,T)

<C ((1 + 1) 1160, &1) | prose gy goss ey + BL+C)T + B(1+ C)T2) exp(CBT) (3.17)

b2 (R x H 1 () (t) <C(1+T) (||(¢Oa OV rne®nyx ot @ny + BT + CBT) exp(CBT)

WLOG assume the universal constant C' > 2. The point is: While B may be large depending on A, we may
choose T to be sufficiently small depending on A, B, C, ¢¢, ¢1. We choose T' > 0 small s.t.

o T11(60, 61 gmsanysesrnss ey + B+ C)T + B(L+ CYT2 < (60, 1)l grmss oy o)
e exp(CBT) <2

Hence we have

H(d’(i)’ 0,6

<4C 2 () 1
Loy e (o e gy e 1000 O s e ey

Now we define
A :=4C|[(¢0, ¢1)ll o2 (mn)x o1 ®ny

and indeed we’ve shown that for ith iteration (3.9) holds. In particular

T =T(A B,C,l¢ollgnrz s 191l grnsr) = T(B, C, llgoll iz » 191l i)
=T(Cn,a, F || goll grasz s |91l grnss) = TG0l gnse s 01l grnss s m50, F) >0

Now we need to prove the Claim.
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Proof of Lemma 3.1.3. We illustrate (3.14), then sketch (3.15) and (3.16).

(i) We unpack using product rule and use Bound on F (3.4)

> |

0<|a|<n+1

(t)

8;’“F(qb(i_1), 8¢(i—1))’

L2(R™)

<c|l X feasst | w+ S [oometveazset | (1) +cubict o+ (n+ 1) order

0<|a|<n+1 0<|ay|+|az|<n+1

Consider the quadratic term. Since 0 < |ag| + |a2| < n+ 1, we know either |a;]| or |as] is smaller than or
equal to 241, Assume WLOG || < 241, We know that using Sobolev Inequality (2.14) we may embed
H? into L. Since ™ 4 5= Intl ~ p 4+ 1, we may control the L™ norm of terms with derivatives

2 2 <
order less than or equal to 21 using H2 norm, and do not exceed H"*!. In particular

Y [eeretd]_wsom X aoety],, o

0<|an <242 0<]ay [< 25

n
2

<cm > Y |eemeret | o
0<|os|< 1 0<[az|< 3 o
=cm) Y |paset | @
0< o< 225
<cm 3 [ooet ) L
0<|al<n+1 L
Hence using the trivial bound
> Jeeretivaozet | < Y |easet || @ |oazetn )
0<]ay [+|az|<n+1 E 0<|as [+laz|<n+1 L= L
< > Joore | @ > |eoset | @
0<a|< 2ht b 0<lazl<nt1 L

(t)

L2

<cm | Y [eesst || @ > |ooset ]
0<|a|<n+1 0<|az|<n+1
2

—com)| X Haam(i—l)‘

0<al<n+1

L0

Hence dealing with cubic and higher order terms in a similar fashion, and using Inductive assumption

(3.8)
07 F (11,091~ 1) (1)
0§|ozZ§:n+l ’ ‘ L2(R)
n+1
<cF) 1+ H¢<ifl>‘ oy O F 3 Haagw*l)‘ L@ < C(n, F)A™ = B(A,n, F)

0<]al<n+1
Hence (3.14) follows.

(i) (3.15) follows from Bounds on a (3.3) and Sobolev Embedding (2.14). The second term might involve 2
partial derivatives on ¢, where we need to use the equation to exchange into 9;0, and 92 and then use
(3.14). We need Bootstrap (3.10) at the final step, redefining B.

(iii) (3.16) follows from Bounds on a (3.3) and Sobolev Embedding (2.14). We again need Bootstrap (3.10) at
the final step, redefining B.

O
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Proof of Lemma 3.1.2

Proof. For any i > 3, we consider the sequence {¢() —¢(~U}. In particular, substracting i — 1th iteration from
ith iteration, we establish

. (aaﬁ(d)(ifl))aﬁqs(i) _ aa5(¢(i72))aﬁ¢(i71)> _ F(¢(i71)76¢(¢71)) _ F(¢(i72)78¢(i72))
(69 =00, 01(6% = 60=))| _ = (0.0)

Substract and Add the term 9, (a®?(¢(=1)9340~ 1)) from the first equation yields
Oa (a2 (91 )03(61) — 6071))
-0, ((aaﬁ(¢(i—1)) _ aa6(¢(i—2)))8ﬂ¢(i—l)) 4 F(¢D, 9-D) — F(gli=2) 9pi-2)) (3.18)

We need to control the 2 terms at the RHS of (3.18). For the first, do product rule and use Mean Value Theorem
for the latter.

90 ((@*7(6070) = (602901 )|
< ‘8a((@a5(¢(i—l)) _ aaﬁ(¢(i—2)))6ﬁ¢(i—l)‘ + ‘(aaﬁ(d)(i—l)) _ aaﬁ(¢(i—2)))aaaﬁ¢(i—l)’
< C(a)|a¢(i71) _ a¢(i—2)||5¢(i—1)| + C(a)|¢(i*1) _ ¢(if2)”aa¢(i71)|
Recall we have Bounds on a (3.3) and result from Lemma 3.1.1 (3.7). Hence going to norms, for any ¢ € [0, 7]

[0a (@27 (841) = aP (=200 ) || (1) < Cla, 4) (0000 - 96 ®)
(3.19)

1) + Hw—m —

Similarly for F', the second term at RHS of (3.18), one directly use Mean Value Theorem
P01, 00071) = P(62, 061 2) | < O(F) (|ot 1) = 602 + |06t~ - 962
Hence going to L? norm, for any ¢ € [0,7] we have

|0t 0,00070) — F(ot2,0002) | (1) <o) (st —06t?| (¢

)+ Hé“’” _

®)
(3.20)
Now treating the RHS at (3.18) as forcing term for equation with solution ¢ — ¢(*=1). We add up energy

estimates (2.7) and (2.9) directly so that using bounds on the forcing (3.19) and (3.20)

L2(R™)

@ — 361D 5,40 _ 9,401 H t

su ¢ , 0 o)

‘e OpT H k i ) H'(R"™)x L2 (R™) ®)

<C(n,a,A,F)-T- su H gb(l b qS(Z 2)8¢(Z 1)—8¢’ 2) H t
( )T e OpT ) H(R™)x L2 (R") ®)

Notice we’ve additionally used

e (3.16) to bound exp (fOT [|0(a? (1)) ) <exp (T - B(A,n,a, F)) independent of 1.

HLoo(Rn)

e The key point: || (pU=1) — ¢(=2) 9,6=1) — 9 = 0 due to zero initial data.

t¢(172)) |t:0 ||H1(R") ><L2(R")

From Lemma 3.1.1, we know for A = A(||¢ol| gn+2, |41 gnsr » m) > 0, the initial iteration

sup [|(6® — 6, 8,62 — 2,6 (t) < 24

€[0T H1(R)x L2(R™)

Now we shrink 7' = T'(n,a, A, F') = T(||¢o| grn+2 » |1/ grn+1 5 7, @, F) > 0 sufficiently small so that

sup “(¢(i)_¢(i_l)’8t¢(i)_8t¢(i_1))H (t) < = sup H (i=1) _ g(i=2) g, 40=1) _ ¢<i—2>)H (1)

t€[0,T] H'(R™)x L*(R™) 2tep0,1) H'(R™)x L*(R™)
Hence we form a geometric decreasing sequence

1\i2
)

@) _ 4(i-1 g 40 _ g 4i-D H <
sup (00— 600, a6 a0t < (5

te[0,T)

Hence (¢ — ¢, 9,6 — 9,¢~1)) is a Cauchy Sequence in L> ([0,T); HY(R™)) x L> ([0, T}; L*(R")). O
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3.1.2 Continuous Dependence on Initial Data

In this subsection we prove Continuous Dependence on Initial Data. As a corollary, the uniqueness of local
solution follows. To begin, note an interpolation Lemma.

Lemma 3.1.4 (Sobolev Interpolation). Let 0 < s1 < s9. If n € H%(R™) N H*2(R™), then for any
s € [s1, 89] st. 0181+ 0380 = s for 01 +6,=1
we have interpolation for some C = C(s1, $2,8,n) >0
1l 7+ gy < ClltlEes oy 10502 (3:21)

Theorem 3.1.2 (Continuous Dependence of Initial Data). Let (¢, 0rp) be solution to (3.5) arising from initial
data (po, ¢1) € H"T2(R™) x H"T1(R™). For any (qZ)(()Z), ¢>§Z)) sequence of pairs of functions s.t.

(i (i :
P L T

Denote (¢, 0,¢D) as solution to (3.5) arising from initial data ( E)i), g”) Then there exists
T = T(||¢0||H"+2 ) ||¢1||Hﬂ+1 , n, a, F) >0

sufficiently small independent of © s.t. for any 1 < s<mn-+2

@) . 9,(6® — H 0 ; 3.92
H(¢ (8 = | o mistre oy e (oo 1Ry st oe (3.22)

Proof. We formulate the IVP (3.5) that (¢, 9;¢) and (¢, 9;0(")) solves respectively.

{c% (@2©)029) = F(.00) g [0 (07(60)0:9) = F(0,9)
(@, 0:0)l1=o = (¢0; 61) (6D, 8i6D)|,_, = (05, ¢1")

Substracting one from the other, then substract and add the term 9, (a®?(¢(V)dz¢), we obtain the IVP

00 (2095 007 — ) = =0 ((a*2(6)) = a(0)) 0p0) £ P00, 060) ~ F2:00)
(69~ 6, 8,6 - <z>)>|t o = (68" — 60, 61" — 1)
We first make several remarks and observations on dependence of T on initial data ( éi) — ¢o, ¢§” —¢1).
o Let
T = T(||¢0||Hn+2 9 ||¢1||Hn+1 ,'I’L7G,F> > 0 TZ = T(H¢(()Z) Hn+2 ) ‘ (;552) Hnt+1 7nuavF) > 0

be the local time of existence for IVP with data (¢o, ¢1) and with data ( ((f), qﬁgi)) respectively. In principle,
the IVP (3.23) only has well-defined classical solution up to time min{7, T;} < T. But there might be
problem that 7; — 0 as i — oo, and then we’re discussing nonsense. To rule out the situation, we make

. (1) _
use of H( o~ %o HHl(R")xL2(R”)

e For any € > 0, take NV large enough so that for all ¢ > N, one has

@ = 0, 6 = 61)

H(R")x L2(R™)

We need to do Picard’s Tteration as in Theorem 3.1.1. In particular, at step (3.17), on the right hand side
we have

(1) _ (1) _ 2
C (4D 68 = 000 687 =00 s sy + B O+ B+ OT ) exp(CBI)
< C(e+T(e+ B+ C)+ B(1+C)T)) exp(CBT)

uniformly for ¢ > N. Then shrinking T' = T'(¢,n,a, F) > 0 we improve to the same bound for the next
Picard Iteration. In particular Bounds of F' via B = B(e,n,a, F) follows from Lemma 3.1.3 (3.14), with
forcing term writing as in (3.19) and (3.20). There we obtain estimate on L? bounds for both terms.

e Now shrinking 7" depending on ¢, we obtain same 7' for solutions to IVP (3.23) uniformly for i > N.
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From there we respectively use for each of the following lines
e energy estimate for H' x L? (2.10)
e H! x L? bounds on L? forcing (3.19) and (3.20)
o Gronwalls

so that for C = C'(n) > 0 from energy estimate

sup |6 = 6. 6 - 01 0

tefo,7 H(R")x L? (R")

< (ngﬂ—%, o0 — o)

HlxL?

+ /OT H_aa ((aaﬁ((b(i)) — aa5(¢)) 8ﬁ¢) + F(¢(i)’8¢(i)) _ F(¢,a¢)HL2 (t) dt)

x C(n)(1+T)exp <C/OT Haa((b(i))HLm(Rn) (t) dt)

H'x L2 Ix L2

< <H<¢g> — o, & — ¢1)H +C(n,a, F) /O ' H(W — $, 0,0 — M)HH (s) ds> - C(n, T)exp (T - C(a))

< Ce,n,a, 1) | (6 = o, 67 — ¢1)HH‘(RHM2(W) (3.24)

Luckily, the RHS of (3.24) goes to 0 as ¢ — co. Hence

H(¢<i) —¢,at(¢(i) —¢))H —0 as i — oo

Le=([0,T];H (R™)) x L= ([0,T];L* (R™))

Finally by interpolation (3.21) between s; = 1 and so =n+ 2, for any 1 < s <n + 2,

2 — -1
n -+ S 1 S

. . 2) =
n+1 n+1 (n+2)=s
Note, similarly
n+2—s s—1
T 0 . N=s—-1
n+1 Jrn—|—1 (n+1)=s

We do interpolation simultaneously between H!(R") x L*(R™) and H"*?(R") x H""1(R") so that for C' =
C(s,n) >0

[CRERACEEO)N

Le=([0,T]; He (R™)) x Lo ([0,T; He~ 1 (R™))

n+2—s
n+1

Le= ([0, T HY (R™)) x L= ([0,TT; L2 (R™))

s—1
nF1

< Cls,m) (69 = 6, 06 - )|

[CRETRACRED)

Le= ([0, T); H 2 (R™)) x Lo ([0, T]; H 41 (R™))

But only for s < n + 2 can we put positive power on the first term, which goes to 0 as i — 0o as we’ve shown
in (3.24). O

Corollary 3.1.1 (Local Uniqueness). Given smooth a and F' as in (3.2) to (3.4). If
(é0. d1) € H"2(R") x H"H(R™)
Then the solution to (3.5) as in Theorem 3.1.1 is unique up to T = T(||¢o|| gn+2 > |61 gnsr s 50, F) > 0.

Proof. Let (¢™M,0,¢6M) and (¢, 9,6(?) be solutions w.r.t. same initial data. Then from (3.24), the RHS is
0, hence LHS is 0. O

3.2 Maximal Time of Existence

3.2.1 Persistence of Regularity

Definition 3.2.1 (Maximal Time of Existence). With fized initial data (¢o, P1), we define the mazimal time
of existence

T, :=sup {T > 0 | there exists unique (¢,9;¢) € L>([0, T]; H"*(R™)) x L>=([0,T]; H***(R™)) solution to(3.5)}

(3.25)
In particular, for any (¢o,¢1) € H" 2(R") x H" (R™), from Local Ezistence 3.1.1 and Uniqueness Theory
3.1.1, we have T, > 0 because the set is non-empty.
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However, we'd like to argue that ‘all higher regularities of initial data are propagated’, i.e., if the initial data
in fact lies in function class of higher regularity, the unique solution exists up to the same maximal time of
existence.

Theorem 3.2.1 (Persistence of Regularity). Given initial data (¢o,¢1) € H"F2(R™) x H"1(R").
(i) If (¢o, $1) € H™(R™) x H™ Y(R") for some m € N s.t. m > n+ 2, then the solution
(6, 0e0) € L([0,T]; H™(R™)) x L=([0,T]; H™H(R")) (3.26)
for any T < T,.
(ii) If (¢0,91) € Nppsnyo (H™(R™) x H™ (R™)), then the solution
(¢,01¢) € L=([0,T]; C=(R™)) x L=([0,T]; C=(R™))
forany T < T,.
Proof. We prove (i) using Induction.
e For m = n + 2, indeed (3.26) holds due to 3.1.1.

e Assume for m — 1 > n + 2, we wish to prove for m. We make the inductive assumption that for any
T < T, there exists some number A(T) > 0 s.t.

sup_||(¢, at¢)||Hm—1(]Rn)me—2(]Rn) (t) < A(T) (3:27)
t€[0,T]

Fix any T < T.. Using higher order Energy Estimate (2.11), for C = C(n) > 0

sup (¢, 0| grom (rnyx prm—1 (e (t)
te[0,T]

T
< C+T)exp (o/ 10all e ey (8 dt) «
0

T T
||(¢>o,¢1)||Hm(Rn)me—1(Rn)+/o 1l (At +C Y /0(!|533a53§¢“y(t)+Hala%a%”y(t)) dt

0<|y|+]d|<m—2
(3.28)

We wish to bound for C = C(m,n, A(T), F,a) > 0s.t. forany 0 <t <T

D 105F(¢,09)ll 2 n) (1) < Cl(¢,0:9)]

0<|a|<m—1

S S ([0.07a°%(9)95059] . (1) + 970 (6)0ads0]| 12 (8)) < C NS, 060 | g gy sy (B

0<|v|+|6|<m—2 a, =0

Hm @y xHm -1 (®n) (1) (3.29)

(3.30)

Assume for now we’ve obtained (3.29) and (3.30). Note we have trivial bounds for

T
exp (/ 102 (@))]| o (o () ds> < exp (T - C(a, A(T)))
0

using induction (3.27) and bounds on a (3.3). Then plugging the above into (3.28), we obtain for C' =
C(T,A(T),n,m,a,F) >0

Sup ||(¢7 at(b)||H”"(R")><H7”*1(]R") (t)
te[0,T7]

T
<cC <(¢07 ) gy (mryx frm—1 ey + C/O (0, Oed) | prm (o y x prm—1 ey (£) dt)

Using Gronwalls we arrive at

ts[l(l)%] H(¢7 8t¢)||Hm(]Rn)><Hmfl(Rn) (t) S C(T,n,m,a,F) ||(¢Oa ¢1)||Hmr(Rn)XHm—l(]Rn) < o0
€0,
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Thus we proved for m. It suffices to check (3.29) and (3.30). We illustrate F’

S 10F(6,06) | o (1)

0<|a|<m—1

<C > 10026, () + > 10081 $0822 ||, » () + cubic + - - - + (m — 1) order

0<|al<m—1 0<las|+]as|<m—1

Consider the quadratic term. Since 0 < |a1|+ |ag| < m — 1, we know either || or |az| is smaller than or equal
to -1 Assume WLOG |ay| < ™. We know that using Sobolev Inequality (2.14) we may embed H 2 into
L. Since in our inductive assumption we let m — 1 >n+2 = m — 3 > n, we have
-1 -1
mo1 . n_min=1_
2 2 2

m—1

Thus we may control the L norm of terms with derivatives order less than or equal to 5= using H 3 norm,

and do not exceed H™2. In particular

Yo 00F el ) <Cl) D 1002 ¢l (1)

0< oy |[< 251 0<|on <2t

<ctm) Y Y 9ol 1)

0<|ay |[< 25t 0S|z |< 5

=C(n) Z 1003 |2 (t)

0<|af < mtp=t

< C(n) Z 1007 ¢l 2 (t)

0<|al<m—2

Hence using the trivial bound

> 1005 90052 | 2 (1) < > 1005 ¢l Lo () 10072 ¢l 2 (2)

0<|ay|+|az|<m—1 0<|a1|+|az|<m—1

< Yo 10036 () > lloogel. (1)

0<|on |[< 5L 0<]az|<m—1
< C(n) > 110056l (t) > 100229l 2 (1)
0<|a|<m—2 0<|az|<m—1

< C) (8, 0:P)l grm—1(mmyxrm—2@ny () - (@5 D)l grm (mny x prm—1 () (E)
Using Induction hypothesis (3.27), for any T < T

(5 Oed)l 1@y grm—2(mny (8) < A(T)

Thus
S 00260026112 (8) < CLAT) 1) (6, %) gy st oy ()

0<|ay |+|az|<m—1

One repeat for each term and conclude (3.29). For (3.30), conclude using a similar method with Bounds on a
(3.3), Sobolev Inequality (2.14) and inductive assumption (3.27) for all lower order terms compared to m. (ii)
follows from Sobolev Embedding (2.14). O

3.2.2 Breakdown Criteria

With Local Theory, we know that if T, < oo, then some norms must blow up as the time T} is approached.

Theorem 3.2.2 (Blowup Criteria). Given Initial data (¢o, ¢1) € H" 2(R™) x H" Y(R"™). Let T, be mazximal
time of existence. If T, < oo, then

lim inf [1(¢; 0ed) | gpn-v2(nyx 1 ey (£) = 00 (3.31)
li;nsTup Z 102 Bl oo (rny (8) + Z 10e05 Dl oo gy (£) | — 00 (3.32)
—d s

lal <[ 252 ] lel<[3]
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Proof of (3.31). We argue by contradiction. Assume the statement is false, so there exists an increasing sequence
{tm} C [0,T%) s.t. t,, = T%, and M > 0 independent of m s.t.

||(¢)7 8t¢)HH"+2(]R"))Hn+1(Rn) (tnL) S M v m

But recall our step in Picard Iteration (3.17) for Local Existence Theory. There, if we let the data at ¢,, be our
initial condition, on the RHS we have

c ((1 + 1) (¢, 0cd) | gtz (mnyx grnr ey (bm) + B(L+ C)T + B(1 + C)T2) exp(CBT)
<C(1+T)M+B(1+C)T+ B(1+C)T?)exp(CBT)

uniformly in m. Then we shrink T' = T(M,n,a, F') > 0 sufficiently small to get same bound for next iteration.
In particular, we have no dependence of T" on m, but only on M. Therefore, once we take m sufficiently large,
the solution exists for [t,,, t,, +T] x R™ where ¢,, + T > T, exceeds the maximal time of existence, which we’ve
assumed to be finite. Now we arrive at contradiction. O

Proof of (3.32). We argue by contradiction. Assume the statement is false, so there exists constant D > 0 s.t.
sup Z ”aac:d)HLOC(]R") (t) + Z H3t3§¢||1;oc(n§n) )] <D (3.33)
0T a2 jal<13)
We wish to obtain uniform bound on

sup [[(¢, 0:d) |l a2 (mny x ot gny (2)
te[0,Ty)

which contradicts (3.31). To do so, we proceed in 2 steps. We first obtain control on

sup (¢, 0:0) | g1 (mnyx e () (F)
t€[0,T)

and then use such bound to control

sup H(¢a 8t¢)||Hn+2(Rn)XHn+1(Rn) (t)
te[0,Ty)

(i) Controlon sup ||(¢,0:9)| gn+1(gn)x prn(rny (£)- Recall energy estimate (2.11).
te[0,Ty)

sup (¢, %)l gy g —1. () ()

t€[0,T]

T
<C(1+T)exp (C/ 10a]| L gny (2) dt) x
0

T T
160, 60l + [ NPl e S [ (00200050, () + [020000%0] . (1)
0< |7+l <k—2
(3.34)

Choose k=n+1and 0 < T < T,. We wish to bound for C = C(n,T,D,F,a) > 0s.t. forany 0 <t <T

> 102 F(¢,00) | 2 (mny (8) < C[(@, 0ed) || g1 ey 1 () (2) (3.35)

0<lal<n

Yoo 2 ([0.020%7(6)0502)| 1 () + (02077 (9)9a05026 | 12 (1)) < C (@, 0ed)l| sy serrn ey ()
0<|y|+18]<n—1 o, =0
(3.36)

Assume for now we’ve obtained (3.35) and (3.36). Note we have trivial bounds for

exp </0 Ha(aaﬁ(ﬁb))HLoo(Rn) (s) ds) <exp(T-C(a, D))
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using contradiction assumption (3.33) and bounds on a (3.3). Then plugging the above into (3.34), we
obtain for C = C(T,D,n,a,F) >0

sup ||(¢, 0rd)| g1 (mn )y g (rmy (£)
te[0,T

T
<C <Il(¢o, 0] PPRERI +C/O 1 Bed) | 1 @y x o ey (£) dt>

Using Gronwalls and take T to Ty, we have

fes[éll; : 18, )l ggns1.(zny s rn (rny (1) < C(Tey Dy @y F) [[(G05 &1) st ny e pam ey = € (3.37)

Now to check (3.35) and (3.36) we use similar (but more straightforward) approach as before. We illustrate
F.

> O F (@, 00)] 1 geny ()

0<|al<n

<c > 100l )+ > 005999529l 2 (1) + cubic + - - + norder

0<|al<n 0<|ar|+]az|<n

Consider the quadratic term. Since 0 < |ay| + |az| < n, we know either |ayg| or |ag| is smaller than or
equal to |5 ]. Assume WLOG |a;| < |5 ]. Note we have assumption (3.33)

> 0051000 gl (1) < Y (10059l L () 1100520 2 (1)

0<]av1 |[+|e2|<m 0<]av1 [+|a2|<n

< Yo 10026l (2) Y 100226l (1)

0< |1 |<[ 5] 0<|az|<n

< D- H((ba at¢)||H"+l(Rn)><Hn(Rn) (t)
Thus we justified (3.37).

(ii) Control on sup [[(@, ;@) grn+2(rn)x rn+1(rny (£)- Recall energy estimate (3.34). Choose k =n + 2 and
te[0,T)

0<T < T,. We need to bound for

C= C(”(¢07 ¢1)||H"L+1(R7L)><Hn(Rn) ,n,T, D7 F, CL) >0

s.t. forany 0 <t <T

Z 03 F'(6,00)| L2 (mny () < C (@, 0e) | e (mnyx o1 @ny () (3.38)

0<|a|<n+1

Yoo > (100207 (9)05059 | o (1) + (020 (6)00 05026 | 2 (1) < C (S, Bl g oy prmms ony (8)
0<|v[+]d|<n a,8=0
(3.39)

Assume for now we’ve obtained (3.38) and (3.39). Note we again have trivial bounds for

’ B
exp (/0 H@(a‘l (¢))HLOO(RTL) (s) ds) < exp (T - C(a, D))

using contradiction assumption (3.33) and bounds on a (3.3). Then plugging the above into (3.34), we
obtain for C = O(”(¢07 ¢1)||Hn+1(Rn)><Hn(Rn) » 1, T, D7 F, a) >0

Sup ||(¢7 8t¢)HHn+2(Rn)XHn+1(Rn) (t)

t€[0,T]

T
<C <|(¢07 ) rnsz o + C/o 100, D)l frmv2 @y x prmr memy (£) dt)
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Using Gronwalls and take T' to T, we have

sup H(¢>’ 6t¢)||Hn+2(Rn)an+1(R") (t)
te[0,Ty)

< C(H(QSO,¢1)|‘Hn+1(Rn)an(Rn) 7T*7Dan7aaF) ||(¢0; ¢1)||Hn+2(u§n)><Hn+1(Rn) < o0 (3-40)

Now to check (3.38) and (3.39) we use similar (less straightforward) approach as before. We illustrate F.
> NO3F (@ 00)l 2 cen (1)

0<]a|]<n+1

<ol ¥ peadl.m+ Y

10051 $0052 ¢\ 1> (t) + cubic + - - - + (n 4 1) order
0<]a|<n+1

0<|ay|+|az|<n+1
Consider the quadratic term.
(a) Suppose n is odd. Then n + 1 is even. For 0 < |ag| + |as| < n 4+ 1, we have 2 cases. WLOG, let
|| < fee]
— Either |a;| <[]
— Or both |a;| < |

Hence

< ntl
2
2] +1="H and |ag| < |B] +1="24.

> 1002 99052 ¢ || .2 (t) < >

0<|az|+|az[<n+1

1003 ¢l . (t) 10052 ¢l 2 (1)
0< ] [+|az|<n+1

< > 11002l (1) S 1100229, (1)
0<|an|<| 2] 0<az|<n+1

+ Y 199 ¢l (1) Y 992l ()

0< o | <242 0<]az|< 2L

The reason why we do such separation is because for the first case we have contradiction assumption

(3.33) as a direct bound, while for the second case, we use Sobolev Embedding for the first term and
(3.37) for the second term. In particular

Yo 1100716l (2) Y 1995292 (2)

<D-|(¢, 8t¢)||H¢L+2(Rn)an+1(Rn) (t)
0< e <] 5]

0<|az|<n+1
For the second term

. n .
— since Hz embeds into L

n+1+n 2n+1< 1
= n
2 2 2

So

Yo 002 gll ()< Yo 110076l ()

0<]an <242 0<ay [< 25

< S 002202 6l e ey ()

0<]a|<2fL 0L az|<F
S Z H8¢HL2(R") (t) = ||(¢76t¢)‘|HW+Z(RW,)XH'H,+1(R7—L) (t)
0<|a|<n+1
— Since
n+1

1
+1<n+1 n—2|— <n

we may use (3.37) s.t.

Yo 109322 (2)

0< |op| < 24

< (9 06| nsr (s gy (1) < €
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Thus combining the 2 portions of the second term we have

Yo 10026 (1) Do 110022l a () | < CU S 0ud)llgrasaznyxpross ) (F)

0< o |< 242 0<|az|<2EE

Further combining with the first term gives

> 1005 00528l 2 (£) < (C + D) (6, 0eW) | pras (my s prot my (1)

0<]ov1 |+|vz|[<n+1

(b) Suppose n is even. Then n + 1 is odd. For 0 < |ag| + |az] < n+ 1, WLOG let |a1] < |az|, we must
have |a;| < |5 ] = §. Then we simply bound by (3.33) so

> 1005 $0052 |l 2 (£) < D - [[($, D) prns2 (mny s 1 (amy (£)

0<|ay|+|az|<n+1

Hence (3.38) is proved. Proof for (3.39) is similar via Contradiction Assumption (3.33), our previous
bound on H"*! x H™ (3.37) and Sobolev Embedding.

Thus the bound (3.40) contradicts (3.31). Hence by contradiction, (3.33) fails, and so (3.32) holds. O
As a matter of fact, we have stronger result for blowup of L> norms. Even the first order derivatives blowup.

Corollary 3.2.1 (Breakdown Criteria for L>). Given Initial data (¢g, ¢1) € H"T2(R™) x H" 1 (R"). Let T,
be mazximal time of existence. If T, < oo,

lim sup Z 0%l oo gy (t) = 00

=T o<lal<t
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