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& What is theStudy of Obstacle/One-Phase Free Boundary Problem ?
· Obstacle
1977 Caffarelli

minimize JE .B1) : = Sp,m+ 2+
among netici . 2= 4 los,

· One phase Bernoulliminize Ju - B1) : = Jp
,

10 m+ Xuso)1981 Alt-Cuffarelli

De-phillips minimize Jin . Ba) : =Ju
+Xano)

Ve (0 . 2)

1986 Alt-Phillips
2022 ReSilva-Savin for UEC-2 ,0)

One easily obtain existence of minimizes UsO to the about problems.

What shall we expect of minimizes ? [ harmonicity
? sub/superharmoniey ?

best regularity ?
what equations they satisfy ?



What's happening if
we try to minimize the above

?

1sm? Dirichlet energy -> I try to stay "flat" or "linear"
nYusos Potential -

i try to be zero"
2
u denotes the weighted penalty fr "positivity".classical example for one-phase Bernoulli

Boundary data E = M > 0. minimizer 11
·

M > Mo

② for M1

② for certain threshold Mo -

minimizer U.
F
Mo

42

-

0> M < Mo③ for McMo U

& I

-X



If we lookot the Enter-Lagrange Equations
We're actually solving for both solutionIn & free Boundary &Cuso]
Obstacle Problems 42= Xa2303 .

Be

Why? take any GECOCBs) · consider perturbation u+s
Jim . Ba) = ]

*
in+ se . Bm) = Sisuitin-p + Popp + in+ sp)+

match at 2 order
o Joisy + S,+ Saut

if gz0 upward perturbation. => Xu [1

if goo downward perturbation => /Syncy goo - Xamos-42

thus ( = neWes ~ Kpca = Dir d . 2. makes suse.

=> A= 0 on que] = Hu = Xanos El
1, 1 - E

Regularity given for free : CocCA) o Ca21·



Gu703One-phase Bernoulli /I=0 Guo -> nag)+
Let's discuss interior equation.
take geCBa) consider perturbation Cu-eg)+. 950 .

Jin . Bas = jc(n-sept . Bal => AM50 subharmonic because "positive set shrinks"

for subharmonic functions. one has pointwise representation uixol-limf inS +0 B
,
(X

& How to obtain 4120 in GuTo) ? i is lower semi-continuous.

if we can do upward perturbations in B(X)Suso3· we're happy
↳ so that positive set does not enlarge !

to do this : one needContinuity" ofa
so that [u0] is open

set , and then onemay squeeze in open
balls.

Is a continuous ?



Proposition letu minimize onerphase . then 011 ·
ve CUB).

key lemma (Campanato) = S :Scu . 2730 ste for le minimize to Jo() = /Bui+ SXano
and 10u?f : 1

.
one has greatU = 1 fo g : ginal = 10 . 1).

B1 By

Proof consider harmonic replacement of u in Ba . compare Ju) = Jj(p)
2

Sp
.

10 m-R = S . IBE) Alsoopel = f 10P =fur :1By
so gorgIU gran + 2-21

.
first choose I smallf
then choose S small.

Now rescal UgIX)
= jazigX) => my minimize Jon- even small

perturbation .

=> keep iterating patiu1 or ne
Now for ze minimizer to Jo do not box - in minimize JS. Ewill

,
2



this gives us interior equation ! XU= 0 14303 .

What about Boundary 2. We do Domain Deformation . ·

y = X
+ 2.3)

.

SECOCBI)

s Dy : I + cDS · PyX : 1-CD3 + ·(2) . defLRy) = 1 + stiv(3) + 028)
consider competitor Ugly = nx).

JaDualycidy = Jbut (1-2D3tocc-2D3toc)s (edirtoc
(A)

: Ja ,Bu + af-2520304 + dir13)15uP + ocas

BiJan XSresody = JaiXausos + 2) Xanosdiri)Bx (A)
If we've able to integrate by parts.
(x) = (g , dir)-2(5x

.310u + 15uR3)dx=) (2154 . 31 Ju +123) · 5 da
242703

But v =- outwards normal = Sanson - 15 mE3. die"
+

13/

On the other hand. (X) = 1,3rd Du = 1 oncuzo



Another Way to interpret the Boundary : Viscosity sense.

We
say NECCBA) is viscosity solution to one-phase Bernoulli

if . An = 0 in suso) in viscosity sense
VPisU1 and xX to

+
· 134) =1 on Juso] in viscosity sense

↓ DEC?
.

At touch in from above at XOEC5u30] .

then 18p(X0)) = 1! ↑ touch in from below at XOECSU20
Xo

then 154(X0)) 19

it's often easier to make sense as viscosity solution.



So far we're discussed minimizer 2.

People are moreover interested in how smooth 222503 is and its Singular set .
Key idea one may blow up

at a given point XoEG32303. Flatness implies C'

S if 3510703 is flat .

then
us FuV

- for small neighborhood aroundXo
. Bounday is Ch

Some questions to ask. Why can one blow up
?

What do blowups look like ?& can we classify Blow
ups

in some sense ?

We do no see "flat" blow ups
?

OK... before everything . What do we mean by blow
up
?

x(X) = to ucr dilation
choose 2 so that Ur remains

minimizer in B2.



We computer natural rescaling for obstacle & One phase Bernoull.

rewrite(t) = u(x)

JuE) . Br) : So DUP + r Mr)+ 22= = a= 2.

Jiri(*) · Br) =J + X(2203 => 20-2 = 0 = x = 1.

C : What allows us to blow up
?

Optimal Growth Rate & Non-degeneracy.
· obstacle criscupueCrossI
one-phase Bernoulli cresupus Or ocodusol.



the above yields the fellowing for x closeto Eduso3 .

① Optimal Regularity
· obstacle risbre* C .(1 + +2) = Cr2 -DnexsluE(k
· one-phase EXEGuTo) ·

V= dist(X . Szio3)
.

~ 118Wo
* C .(IBy) : Cr

= Dux : C .

utCol

② existence of nontrivial blowp limit
· obstacle ·Mr

,)
= C Ca

· Duri * C. 3 Ascoli-Arada &UreNo
eC

· one-phase · "I will d C unc"
· 117Mr2 = C .

moreover. using non-degenerary. Daq10To?



no are noutrivial , global minimizes.

· obstacle

&
410 = XanO]"NeCin
No

· EIENoTo3

one-phase 41 = 0 S1010)E No 20 no Cis].
0 2GHoT0) .

thatur are local minimizers ensure
no is local minimizer in I



Q How to obtain such optimal growth Rate & Nondegeneracy ?
· Obstacle

-> Qu= Causos · for OECE20)· Harnad yields
capu C . Liu + c) C

-

- WIX) : = u(X)- in IX-XIP in Br(X)
.

V= dist(X 1. (Uro3)

· ↓ let XoEOmo] achieve IX: -Xol = V.

↳W =-E = = in B &\u0].

maximum principle o<exis = wixi = supers suple
- in I

Mr(X) WBXis

=> Cn2c super for XoE8670?
Br(X)



One-phase

let's do optimal growth rate via "viscosity approach?

U
Proof take X, Guso] . v= dist(Xi . Eni033 .

Descale Ex = Eu(X , + rx)

x(x
Problem reduces to showing) = C .. let(E) = FMSX0)=
↳ Build o s. t . GIV OBINGBY

=> u = U BilBY
=OF BilBY

~ Also require that VE0 .
2B1

.

SinceIE) =0

· = V Aouch in from below at X0(230).
f

1

use un is viscosity solution .
18 VIX3) : 1.
↳ want to encode reful information.to make this useful , note [u-Cosap Colo & By

1
- 270

Byr SBI

Refine V(X) = C . Co vo (IXPM-9) for 21 sit. vly = Glos, Et



O : Can we classify Blow ups in some sense ?

Blowups are Homogeneous !

key Arl : Naiss Monotonicity formula (Neiss 1999)

· obstacle No 2-homogeneous NockX] :↑2 No(X)

Wu(r) :=Sp + Moy-ndet fe Ur=EUSupe
War = ↓ JogIGX-2UrP -0> Wen &monom quantity
one-phase no 1-homogeneous No(ix) = 1HOLX]

Nuer) := J1MP+ Xarsos - Guide" for uX = Every s

Wars = Ef 164r . X-ur1 zo
SRI



Why does monotonicity of weiss energy imply homogeneity ?
say for obstacl problem. use thatimWr = Wulot] exists.

vg = Co . 17. Wlot) = limWulgr) =m Wg) = Wul
when No is the blow

up
But now RHS is constant ing>Wo = 0.

=> j(Mo) · X- 2(4 .) To V

I I g
= Suogy)·* - 2 genolgy)

=> Okoly)· y
- -Holy) = 0 XyEGBr ore (0 .1)

= homogeneous degree 2.



let's computeWars for obstacle problem

War = J , Sur · Dar +Xu Stud
=Jg

.

-Our Eur + ERX" +Sour · Nate-furt de
· Japan (JMriX-2ur) diy CX)

now fur : f (uxs) = - Esux)+20 ucrx) · X

-
- =Mr + pur) · A

=> c= Sg
,

18Urx-2401da 20 .

E



Exet
C: Whatare ourflat solutions" To

no
· obstacle V(X) = [ (X . es?

(X - 2) +
· one phase Mox) = (X. 2) +

& e Noo

Flatness implies C'
Theorem (1981 Alt-Caffareli ; 2009 HeSilva)

Esco .

30 St. for use Iminimasolution to one-phas (Ohio Ia
that isa-flat in B2

,

i .e,

(n-2)+= Wel = (xnt8l + OXEBI

The 21u30) is C"graph in Bsx(-3 . 5)



Theorem (1977 Cattanali LetIt he minimizer (solution to obstacle.

If limsup KUMBryo /sozrnto UrueExe
IBr)

then USUso] is'locally
C : Will the free Bounday :Enso] be smoeth all the time

?

this is equivalent to asking whether all minimizing global comes are "flat"
OnePhase Obstacle

& n =2 1981 Alt-Caffarelli · n22 1974 Schaeffer
smouthI - n = 3 2004 Caffali-Jerison-Kenig ther are already singular nimmizing cores.

· n = 4 215 Jerison-Savm

singular
n= 5 , 6 is open ! But ! We can classify all Blowups !

minimizing n27 2009 DeSilva-Jenison



Q : Classification of Blowup for Obstacle Problem ?

There is one piece of additional information one get for Global Solutions to obstacle.

Convexity !
Theorem (1977 Caffarali) let No EC

: I CMXGOSIX
them The is convex ,

and [lozo3 is convex

l the prof works for Global solutions ! Not necessarily Blowups.
But for sake of simplicity· we argue assuming 2-homogeneity.

Prof cassume is 2-homogeneous) let est Wi= mindGeelo
,
0

Claim w is suprharmonic-
consider and difference quotient SEM0 = E2(Hox+ tes +w(X-te) -2No(X)



them [
st 20 \Ho=03

-↓ SEM0 [U0703 is
= min[Sello , 03 superharmonic. send too.

=> superharmonicity implies W(X) = supf,W decreasing averagit
Now

·
noticecr is in addition O-homogeneous
= W is constant along all lives passing through origin-

thusE global infimum !

↳ which is O lotherwise there's nothingto prove
now superharnoning forces w do stay 0.

=> Wes - Genzo a convexity E



Using Homogeneity + Convexity to Classify Blowup
Theorem let to be blow

up limit for obstacle problem. OEGUOT03
.

if sloz0] has nonempty interior NoSX)
= EXelf free B

if (o=0] hasempty interior NX)= EXTAX for AZO . triA) = 1.

↓ (X .e) EXTAX
.

&c
u

Wu= Ihn
6 kr(A)

Was: An



Proof if scoos nonempty interior
,
it is closed

, convex .
core.

↓ IES""sit-IESnoos We claim Gillo20.

indeed. gite= No(X + tt) · g"ct20-git) & . But gstico for -1.

Now let V(x) = G -Mo.

V solves ↳Vo 310703

E a >0 \loxo3
and U homogeneous degree I

Vo [Uo]
=>a Hoi0 has to be half space .

morrower , since no connex and contains straight line => No over-dimensional
aumx = U(X . e)

(44
: Vexe) =a

- Vol= E2X .2)
W'() o
UW) o



it sho=03 empty interior

[Mo= 03 convex = -H hyperplane

But WeCl and 410= 1 on MOTOSZIR")0H.
= LW : G IRh globally

Now by Lionville
,

all second order derivatives bed & harmonic

=>N(X) = ExTAX + b - x +C

conclude using 2010 = Stold) To

1020 = A 20 T
41: 1 =7A) : A


