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Alt-Caffarelli-Phillips Free Boundary Problem

Given UE (2 , 2) study non-negative minimizers UCHBE) . to
z

J1. B2) := Ju + XS03
.
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· V = 1 4x = 2X(270) I Caffarelli 1977

· Vo
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What's the story of these problems
?

· About minimizers D Existence , Basic Estimates.

upper lower bounds on rate of growthoptimal regularingfrom foes boundary GSm303
· non-degeneracy

37 rescaling and blow up => nontrivial global solution

My Weiss monatoricity formula > homogeneous global solution.
5) Howto classify nontrivial global homogeneous solutions ?)allular

· About freeboundariesa devity estimates
2) improvement of flatness => Regularity of free boundary
3) Structure of singular set ? Hausdorff dimension , Rectifiability.



For "Optimal" Regular .

What's the key?

look at V = 1 ,
so U= XuT0]

·

By elliptic regularity ne(
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-> neChe vocal

By Harnack take XoE JEuso].
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optimal growth rate
=> How to conclude that in fact neCic ?

↓ xe [Uco3MBY2 ·
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apply schander in Bg().Br (JrnB
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What about Alt-Phillips ?

equation L= 0.u*incos · right hand side explodes as i 20.

· Assume we're able to obtain

② o-growth rate from free boundary , i . c ., VXOEG20]·
(2) & C. IX-Xolf.

② a Harnacle Inequality ,
i . e,

o xecusos , CUCX) =my)
=Coux) = 1y1 = y= ((x))

their to conclude we clif"vX EluzolaByr · we work with Byonite 1230).

Denote g = Ky . must then
2V-1

- Gedirje(I+&112 (117Well,g(x) &
<C(d .

V . 6
.
6..) ( 2 + gr ·geirt) :Cllr



Question : How to obtain o-growth rate& a Harnack type Inequality ?
the original method was established in [Phillips 1983) .
But the proof was quite constructive ...... hard to apply to other problems.

We new a Dichotomy Argument originated from [De Silva-Savin 2020)

Idea let u be minimizer.

If Hou - a sufficiently large
then the rescaling= t minimizes

↑

J =J =Spi+ SF(x . i)

where 6=a is small perturbation ,

and 0 Fex) => 1 + i2



So JS is "morally" a perturbed Dirichlet energy.
the most natural competitor to choose is thus h harmonic replacement of in = tre.

v

We compare energies ! J( .
B1) < Jack , B)
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Bi Our in really is closetoh in 45 sense .
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Can we upgrade such "closedness to harmont replacement" as one step inside ?
We distinguish into two cases

② ochloss Co for some to small universal to choose

② C < hos : Co . (note the upper bound is always true !)

Let's
say

we're in the case hold t is small !

using
h is harmonic

, for any 3 E Co . /2).

figh-hosk -> Supish-kphchCo
2
2

thus forgue 2fin-hitchen 2 : 5% 5 + 62
B3

scale back . 52 fr22(3 + 54c2) a-a



What can we say
in the other case O Co < has = G ?

using
h is harmonic . flh-hosi-C -floh o

fin-host-2 fin-hitih-horls yds+2
By By

We call m : = a has

so Rescale back . F(x-mRc(ji + y2)a"
By

Now for any &C
.1) of our choice

one may first choosey
small depending on 2.

then choose S : a"small depending on a
So that (fByln-my2)y = 2 - a



Let's summarize our main Dichotomy Proposition

Prop for d .U. Co= Cold .2) universal, - SECo .1) and V SE Co . ↑)

there exists y= %(2) small . C =Co(3) small , and U=Uy(E , 3) large⑫
such that for any neLicinso . (fu) =< a

that minimizes JV
either 39(foughta ②
or for contain wam = % a.

# in -mp) g . a .

②
By



How do we make use of this ?

· Holder iteration under ⑳ .

using
one

may
choose a so small so that for any

e as minimize with (f) a
one has 40a = U(x) 46avXe Byx
Soa stays a

distance away from o

of height comparable to ifpiy
within a ball of universal radive.



Now we conclude our Proof : Assum For
Fix for example 3=% ,

we work with sequence"Let al
: = (2%)91fz2( =

note akticCar ok .
For "A"large universal to choose

consider the Set 02 := &kEIN/ak< A + 2 %.
②OCK;@if =K ·

then Ale is unifondly bounded

thus mos=0. and supie C . rf optimal growtha

⑬ otherwise consider first I st . KEY
.

but k+teK
then al A . if not . akt *EaK : IA contradition

thus if choose Azay from our Dichotomy Proposition , one may
run

the Dichotomy argument again !



Since al? Ay
,
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THANK YOU.


