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Chapter 1

Laplace Equation and Harmonic
Functions

We define u € C?(By) to be classically solution to Laplace’s Equation if
Au=0 in Bl
Or more generally, consider 2 C R™ open domain.

Definition 1.0.1 (Harmonic Function). We say u € C?(Q) solves the Laplace Equation in §) classically if
Au=0 in Q (1.1)

In this case we call u a harmonic function in Q. If Au > 0 we call u subharmonic, and if Au < 0 we call u
superharmonic.

If u € C?(Q) solves
Au=f

for some f € C(Q2), u is called solution to Poisson’s Equation.

Change of Variables Before we start, let’s introduce tools we occasionally use. We denote
7Tn/2

wp, = |B1(0)] := m

volume of unit sphere in R"

Clearly |B,| = w,r™ and |0B,| = nw,r"!. Notice applying
I'(z+1) =2z2I(z2), =1

to z = 5 one has

[NE
[\
N
NE

n n nm
' I(5+1) I3y TE)
A change of variables formula. From sphere 0B, (z) to 9B1(0)
[ awdasw)= [ uerpise) = [ ulet s
9B (x) 0B;(0) 0B1(0)
1
| awdsw) = wdst)=f ute+r)ds) (1.3)
nwnT 9B, (z) 0B, (x) 0B1(0)

and from Ball B,.(z) to unit ball B;(0)

/ u(y)dy
B, (x)

1
=
WnT" J B, (x) B

/ u(z + y)dy = / u(z + ry)r*dy
B.(0)

B1(0)

u(y)dy = ][ u(r +ry)dy
(z) B1(0)

r
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Laplacian Heuristically, what is a Laplacian? A useful way to think is that: up to a constant, the Laplacian
is the only linear operator of second order which is translation invariant and rotation invariant. Indeed it can be
seen as an operator that measures, infinitesimally, the difference between u at a given point x, and the average
of u around z in the following sense ([FRRO22])

Au(z) = lim 52 (7{3 RO u<x>dy>

Proof. For u € C?, apply Taylor Expansion around z so

U@)ZU@)+VM@-@*x%+%@*$VD%w®@*x%+dwfxD
Now

T} 2u(z -z o(ly — «f?
]{?Tmu@)—u(x)dyz]{?T(x)wm~<y—x>+]{gr($)<y—x> 3 D%u(a)(y >dy+]é Iy - =)

r(z)
1
= ][ Vu(z) - 2 —l—][ 2T = D?u(z)zdz +][ o(|z)?)
(0) B.(0) 2 B.(0)

Note
][ Vu(z) - z = Vu(z) - ][ z=0 due to symmetry of B,(0)
B,.(0) B, (0)
On the other hand
1 1
][ zTiDgu(x)zdz = 58”u(x)][ zizjdz
B (0) B,.(0)
For i # j
][ zizjdz =0 due to symmetry of B,.(0)
B (0)

For 22, again using symmetry

1 1 1 "
][ 22dz = 7][ |z|%dz = 7771/ p2+n*1/ dSdp
B,-(0) " JB,.(0) nwpT™ Jo 8B (0)

1 " n+1 1 2
= — d =

Thus

1 1 1 r
T-p? dz = =0y 2 = A
]{BT(O) 25 u(x)zdz 5 u(x)n 2" T2 u(x)

One conclude

r—0 7‘2

im 7( ) u —ulxr = Aulx
L]

Gauss-Green The Gauss Theorem and Green’s Identities([Eval0] C.2). Here we need to assume € sufficiently
regular, say C'' boundary. Let v = n denote outer unit normal to 95).

1. For any vector field w € C'(Q;R"), the Gauss-Green Theorem gives

/Q div(w(z)) de = / w(z) - v(z)dS(z) (1.4)

o0
where dS is n — 1 dimensional surface measure.

2. For u € C%(Q), let w = Du € C*(Q;R"), and denote % := Du - v, one obtain the Divergence Theorem

Ju
Audxr = / —dS 1.5
/Q oo OV (15)
3. For u, v € C%(Q), let w =vDu € C*(;R™), one has Green’s first identity
/ vAudac—i—/ Vv -Vudr = v@dS (1.6)
Q Q aq Ov

4. Interchange u, v in (1.6) and substract, one has Green’s second identity

ou ov
/Q(UAU —uAv)dr = /ag (Uay - uay> s (1.7)
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Laplacian in Spherical Coordinates For n =2 with (r,0) € (0,00) x (0, 27)

1 1
Au = Oppu + —0pu + —283u
r r
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1.1 Mean Value Property

In this section we deduce all properties of the solution using Mean Value Property.

Definition 1.1.1 (Mean Value Property). u € C(Q2) satisfies mean value property (MVP) if
o) =f udse)  VB@eo (18)
OB (x)
u(z) = ][ u(y) dy V B(z) € Q (1.9
B, (x)

Immediately notice that (1.8) and (1.9) are equivalent ([HL11] Remark 1.2).

Proof. = Let B,.(z) € Q. For any 0 < p < r, integrate from 0 to r

nwnp™ u(x) = U wpr™u(z) = U
AR ., M ASW) = s /| R

<= Let B,(z) € Q. One differentiate

wnr™u(z) = /B = / ( /a R0 ds<y>> dp = " ulz) = /a RIGLED)

O
MVP and Harmonicity
1. Harmonic(sub/super) functions satisfy the Mean Value Property(inequalities).
Theorem 1.1.1 ([GT01] Theorem 2.1; [HL11] Theorem 1.6; [Eval0] Theorem 2.2). u € C%(Q) s.t.
Au=0 (>, <0) in Q, then for any ball B,(y) € Q

u(y) = (<, 2)][ udx (1.10)

B (y)
u(y) = (<, 2)][ udS (1.11)

9B (y)

Proof. For any 0 < p < r, one starts with change of variables on surface of the sphere. For any z € 9B,(y),
=1y + pw where w € S" 1 so u(z) = u(y + pw).

/8 o G5 = /a o, V) s

=p! Vu(y + pw) - wdS(w) = p”‘lg (/Snl u(y + pw) dS(W))

sn—1 2
One may take the derivative out by DCT. Then one scales back
0 1
=p" = — / u(z) dS(z) (1.12)
9p \ P 9B, (y)
Note on the other hand, one may apply the divergence theorem to LHS, and use the harmonicity assump-

tion

/ Ou ) ds(z) / Au(z)dz = (>, <) 0
9B,(y) IV B,(v)

resulting in

2 %/ u(z)dS(z) | = (>,)0 = 1_1/ udS = (<, >) 1_1/ udS
% \ P JoB, ) P Jon, () 1 JoB,(y)

Apply Lebesgue Differentiation, and (1.11) follows

1 1
nwpu(y) = lim — / udS = (<, 2) —— / udS
P20 P JoB,(y) ™ JoB,w)
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To obtain solid MVT, rewrite for 0 < p < r, integrate from 0 to r and (1.10) follows

nmg™ uly) = (<, 2) / wd$

— Jop,w)
wnr"u(y) = wnu(y)/ np"ldp = (<, >) / / udS :/ udx
0 0 JOB,(y) B, (y)

In fact one may simply compute via the following. let u,(z) = u(rz)

d
— (][ ur> = Vu(rz) -ax = Vu(y) - Yaprn—1 = Z][ Au
dr \Joag, oB: dB, r nJB,

d B Yy, 1 " [
o <fBl ur> = ]{B Vu(y) rdy = /0 o5, Vu(z) rdH (z)ds

! / s Vu(z) - denfl(z)ds
0

Wp ™ T JoB,

1 T
/ f/ Auds
wnpt™ Jo T JB,
:/ (§)"+1f Auds
o T Bs

2. In fact MVP implies Harmonicity, and moreover, smoothness of the solution.

Theorem 1.1.2 ([HL11] Theorem 1.8; [Eval(] Theorem 2.3, 2.6). If u € C(Q) s.t. mean value property
holds in Q. Then u € C*(Q) and Au =0 in Q.

Proof. We first show u is in fact smooth. Let ¢ € C§°(B1(0)) s.t. fBl v =1 and p(z) = Y(|z]), i.e., @ is
radial. One compute

1 1
= T w)dr = =1 w\dr
/Bl(o) o() dxf/o aBrw( ) dS(w)d /O . Y(r) dS(w)d

1
:/ nw, "t (r)dr = 1
0

One define the mollifier p.(x) := Eingo(f) To show u is smooth, one show u coincides with its mollification
ux .. Let x € Q and choose ¢ < dist(z, dQ). Since ¢ is radial,

ke () = /| pela — yyuly)dy = [

r—y|<e

pe(y — x)uly)dy = / we(y)uly + x)dy

lyl<e

1
= u(z +y)p(L)dy = / u(z + ey)p(y)dy
€% Jlyl<e € ly|<1

One introduce coarea formula for polar coordinates

1 1
= / / u(z + ey)p(y) dS(y)dr = / / u(z 4 erw)y(r)r™ ' dS(w)dr
0o JoB,.(0) 0 JoB1(0)

:/01 w(r)r"_l/lw_l u(z + erw) dS(w) dr

1

NWn,

= /01 D(r)r" tnw, /831 u(z + erw)dS(w)dr = /01 Y(r)r" nwau(z)dr = u(x)

Where the last line uses change of coordinates (1.3) and the MVP (1.9). Since u * ¢, is smooth in
Q. = {z € Q| dist(x,00) > e}
u is smooth in Q.. For any z € Q we can always squeeze in an ¢, hence u € C*(Q).

Now to show Au = 0, for any xz € Q and B,.(z) € (2, one has divergence theorem and (1.12)

(1.5) ou (112) ,_4 0 1
AUydy:/ —)dS(y)=---"="r""" / u(y) dS(y
/ ) B wasw) o e AR

(L8) TnA%(nwnu(x)) =0 Y B.(xz) €

Hence Au(z) = 0 for any = € . O
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MVP and Maximum Principle One has two sets of Maximum/Minimum Principle: Strong and Weak,
both led by MVP.

1. Let 2 be connected, open subset of R™. Strong Maximum Principle says a subharmonic function cannot
achieve interior supremum, unless itself is a constant.

Theorem 1.1.3 ([GT01] Theorem 2.2; [HI.11] Proposition 1.4; [EEval0] Theorem 2.4). Let u € C%(Q). If

Au > ()0 in Q, then u cannot achieve interior supremum (infimum) unless u is constant throughout 2.

Proof. WLOG prove for Au > 0. Consider the closed subset
Qp ={zeQuzx)=M}

Since we assumed (2 is connected, 23, as a subset cannot be both closed and open unless it is the whole
domain Q); = Q or empty. Now assume there exists y € {2 s.t. achieves interior supremum

u(y) = supu(z) = M
e

hence y € Qpy, and Qj/ is non-empty. To conclude 2 = Qyy, i.e., u is constant throughout €, it suffices
to prove Qs is open. Now for any z € Qj, we want to prove there exists r > 0 s.t. B,(z) C Q7. How to
find such r = r, > 0?7 We use Mean Value Property. Since Au > 0 in 2, there exists r > 0 s.t. B.(z) C Q,

and
(1.10)
f u(z) =u(z) < ][ u
B, (z) B, (2)
][ u—u(z) >0
BT(Z)
But v —u(z) < 0in B,(z). Hence u = u(z) = M in B,(z), and thus B,.(z) C Q. O

2. Furthermore, assume ) (still connected) to be bounded. One has Weak Maximum Principle that says
supremum must be achieved on the boundary.

Theorem 1.1.4 ([GT01] Theorem 2.3; [HL11] Proposition 1.4; [Eval0] Theorem 2.4). Let u € C*(Q) N
C°(Q) for  bounded. If Au > (<)0 in Q, then
= infu = inf
Slgllp’u, Sélslz)u (11(12 u 18nﬂu)

In particular for harmonic function u over §)

infu < u(z) < supu Ve
o0 90

Proof. WLOG assume Au > 0. Note one direction

supu < supu
o0 Q

is clear using continuous up to boundary. Now suppose there exists interior maximum, using Theorem
1.1.3 w is constant across 2, thus

SUpu = Supu

o9 Q
If no interior maximum exists, using () is compact, v must attain maximum somewhere on , then
maximum must be achieved on the boundary. Hence

supu < supu
9) a0

Both cases conclude the proof. O

One has two immediate corollaries of the maximum principle.

1. One has uniqueness of solutions to Dirichlet Problem over bounded domain (regardless of regularity)!
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Corollary 1.1.1 ([GT01] Theorem 2.4; [HL11] Remark 1.9; [Fval0] Theorem 2.5). Let u, v € C*(Q) N
C°(Q) for  bounded. Assume

Au=Av Q

u="v [)9]
Then

u="v Q
Proof. Consider w = u — v which solves

Aw=0 Q

w=0 00

Apply Weak Maximum and Minimum Principle Theorem 1.1.4 so that

0 =infw < w(z) =u(x) —v(z) <supw =0 Vaoel
a0 o0

O
2. One has Comparison Principle as a slight-variant of the above.

Corollary 1.1.2 ([GT01] Section 2.2). Let u, v € C%(Q) N C°(Q) for Q bounded. Assume

Au=0 Q

Av>(<)0 Q

U= o0
Then

u>(<)w Q
Proof. Consider w = u — v which solves

Aw < (>)0 Q

w=20 o0
Apply one-sided Weak Minimum (Maximum) Principle Theorem 1.1.4 so that

0= ianﬂfw <w(z) =u(z) —v(z) VaoeQ
or
u(z) —v(r) = w(z) < supw =0 Ve
o0
O
3. We remark that Corollary 1.1.1 fails for unbounded domain([HL11] Remark 1.9). Let u solve
Au=0
u=20 o0

so u = 0 is a trivial solution. Now we make our choice of unbounded 2.
(a) Q={z eR"||z| > 1}. If n =2, choose u(z) = log(|z|). Calculate
2
; 1

1 xl 2 g? 1
N T 0 N P ey
Zaxz ol @) = 2 W ) 0 Vp

and indeed v = 0 on 02 = 0B;(0). Note u — oo as |z| — oo.
(b) @ ={z eR"||z| > 1}. If n > 3, choose u(x) = m% — 1. Calculate

1 Z; n 1 x2 1
Au = n)——— —) = (2 — n(— )=
= zawz M o) = @ ) ) =0

and indeed v = 0 on 992 = 9B1(0). Note u — —1 as |z| — oco. In this case uniqueness fails even if u
is bounded over 2.
(¢) Q={x € R" |z, > 0}. Choose
u(x) =z, (1.13)

Note Au =0 and u =0 on 9Q = {z € R" | 2, = 0}. Here u — o0 as x,, — cc.
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MVP and Harnack Inequality We prove Harnack using MVP.

Theorem 1.1.5 ([GT01] Theorem 2.5; [[1.11] Theorem 1.15; [Eval0] Theorem 2.11). u € C?() s.t. Au =0
and w > 0. Then for any bounded subdomain Q' € Q, there exists constant C = C(n,Q, ) s.t.

supu < C'infu (1.14)
Q/ Q/

Proof. We first prove Harnack on Balls. The trick is to cover balls using one another. For any y € €2, there
exists r s.t. By, (y) C Q. Take any xg, 1 € B,-(y), one may apply Theorem 1.1.1 to average u(zp) around
B,.(z0) and u(z1) around Bs,.(z1)

. 1 1
u(zo) (L) / udr < / udz
WnT™ J B, (w0) WnT™ ) By (y)

. 1 1
w(z1) (L 771/ udx > 771/ udz
wn (3r)™ J By, (21) wn (3r)"™ J By, ()
where the inequalities use nonnegativity of u. One hence obtains

u(zp) < 3"u(z1) = sup v < 3" inf u
Br(y) Br(y)

Then we connect 2 points in arbitrary bounded subdomains using balls. Let Q' € € be bounded so € is
compact. Choose arbitrary zg, z; € ' and connect them using closed arc I' C €. Indeed T is compact. To
cover I, one needs to choose the open balls with 4r < dist(I', 92) so By, does not touch 9. Now for the open
cover I' C |J, . Br(2), there exists finitely many, say N balls s.t. I' C Uiv B, (z). Note N depends on Q' via
70, 21, I and depends on © via choice of r. Hence we apply Harnack on the sequence of balls {B,(z;)}¥ so

w(wo) < 3"u(z1) < 3%u(z2) < -+ < 3VMu(z,) < 3VOFD g (2y)

Choose C' = 3(N+D" 50 supg, u < C'info u. O

MVP and Gradient Estimates We prove first order gradient bounds using MVP.
1. Bound |Vu(0)| using & ull oo (B
Lemma 1.1.1 ([HL11] Lemma 1.10). Let u € C*(Bg) N C°(Br) be harmonic. Then

n

V() <

sup |u(z)| (1.15)
rEBR

Proof. For any i = 1,--- ,n, since MVP Theorem 1.1.2 yields u € C'*°, we may differentiate the equation
so that u,, again satisfies Laplace Equation. In particular, u,, is again harmonic. Hence MVP applies

(1.9 1
U, (0) =) f Ug,; (y) dy = / ug, (y) dy
Br Br

wpR™
SO / uv; dS(y) = ﬁé/ uv; dS(y)
wnR™ Jop, Rnw, Rt Jop,
- % o dS(y)
[Du(0)] < 5 max fu(@)
RacEBR

2. Bound |Vu(0)| using @ for non-negative u.

Lemma 1.1.2 ([HL11] Lemma 1.11). Let u € C%(Bg) N C°(Br) be non-negative and harmonic. Then

IVu(0)] < %u(O) (1.16)
Proof.
g, (0) E R ds(y)
R Japy
|Du(0)| < %fa . lulds() " = - uds() " Zu(o)
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3. Bound |Vu(0)| using zasr lull 11 (-

Lemma 1.1.3 ([Eval0] Theorem 2.7). Let u € C%(Bg) N C°(Bg) be harmonic. Then

n2n+1
[Vu(0)] < o BT [l L1 (B0 (1.17)
Proof. First proceed as in (1.15) over Bp/s
. 4) 2 2
un, (0) Y wndS) < 7 swp fu(a)]
R dBRya 2€OBR s
Now for any x € 0Bg s, notice Br/s(x) C Br(0). But for such »
2’n,
u(x) = ][ u = — u
Bap@)  Wnl" I
2™ 2™
) < g [ = G e
n R n
Hence combining both yields
2n 2" n2nt! .
e O = T o Wl mioy = o gars 1llersry  Vi=dieeom
O

Liouville Theorem An immediate corollary of gradient estimate (1.15) is Liouville Theorem.

Corollary 1.1.3 ([HL11] Corollary 1.12; [Eval0] Theorem 2.8). Let u € C*(R™) be harmonic. If u is bounded
either from below or by above, then u is constant throughout R™.

Proof. Fix any xo € R". If u € C*(R"™) is harmonic, then for any Bg(x¢) C R", u is harmonic in Bg(xg). Then
locally via translation, one has gradient estimate (1.15)

| Du(xo)| < n max |u(z)| < ¢ln) —0 R — o0
z€BR(x0) R

Since LHS is independent of R, we conclude

|Du(zg)] =0 YV xgeR"

O

Corollary 1.1.4. Let u € C*(R™) be harmonic. If

u(z)] < C(1+ [z[™)
Then w is a polynomial of degree m.
Proof. Apply gradient estimate to || = m + 1 so that
C C
|DYu(0)| < WHUHLOO(BR) < W(1+Rm)%0 as R — oo
But 0 is generic. O

Higher Order Gradient Estimates One can obtain higher-order gradient estimates.
1. Bound |V*u(0)| using ﬁ ull oo (B
Lemma 1.1.4 ([HL11] Proposition 1.13; [GT01] Theorem 2.10). Let u € C*®°(Br)NC°(BRr) be harmonic.

Then for o € N™ where m = |a| :==>""" | o

1
|Du(0)| < n™e™ tml! - B rrel%x lu(z)] (1.18)
z€BR
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Proof. One proceed using induction. For m = 1 this holds via (1.15). Assume for m and we prove for
m + 1. Let’s define some parameter r which gives us a little room to play with in Bg

r:=(1-6)R 0<o<1

Then by assumption for m, for any @ € N” s.t. |a] =m+1, let & := (a1 — 1, a9, -, a,) WLOG so that
|&| = m. Apply (1.15) to the ball B, so that

n ~ n -
D*u(0)] < —max|D%(z)| = ———max|D%u(x
ID%u(0)] < % max| Du(a)] = g max| Do)

But then for any « € B,., one apply inductive assumption so that on the ball Br_,.(z) C Bgr

- nme™ )

|D%(z)| < ————— max |u(y)|
(R=7)" yeBr_.(z)
nme™ ) max [u(y)|
———— max|u
- 97rLRm yEER Y

Thus we add plug one to the other to obtain

nmtem(m +1)! 1

|D%u(0)] < R Cm T Do) ;g%iluw)l
It suffices to notice upon taking m
T m+1
one has . (m 4+ 1)
) = o <e(m+1)

2. Bound |V®u(0)| using ﬁ lull 21 (B r)-

Lemma 1.1.5 ([Eval0] Theorem 2.7). Let u € C*°(Bg) N C°(Bg) be harmonic. Then for e € N™ where
m = |a

o (n2n+im)m
|D%u(0)| < T R lull 21 (B (o))

Proof. m =1 holds via (1.17). Assume for m — 1 and we prove for m. Fix a € N” with |a| = m. Then
there exists 8 € N” with |f|=m —1and i € {1,--- ,n} s.t.

D% = (DPu),,
We apply MVP and Gauss-Green as in (1.15) to (D”u),, at 0 on Bp/,y, so that

(1.9),(1.4) nm

IDu(0)] = [(D7u)e, ()] = —=[|D7ul|

(Br/m(0))
Now notice for any & € Br/m(0), Brm—1)/m(x) € Br(0). Hence for such z, using inductive hypothesis

(n2n+1 (m _ 1))m—1

(n2n+1(m _ 1))m—1
|DPu(z)| < — Il (Br o)

= (@0 gyt P B o) <G

|Dau(0)‘ < @ . (n2n+1(m — 1))m—1
- R wn((mygl) R)n+m71

nm2(n+1)m m(m _ 1)m71mn+m71
P T Tty el S AT

lull L1 (5 (0))

notice the constant simplifies to

m(m _ 1)m—1mn+m—l mm+n 1 m

— m

2 (m = T a1 " 2 am =2

) <m™ VYm>2
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Analyticity Using higher order gradient estimate with L° norm, one improve smoothness to analyticity.

Corollary 1.1.5 ([HL11] Theorem 1.14; [Fval0] Theorem 2.10). Let u € C?(Q) be harmonic. Then u is
analytic in §2.

Proof. For any x € ), choose R > 0 s.t.
BQR(LU) €N

We wish to Taylor Expand u at the position x + h for |h| < R sufficiently small. To do so

%

m—1 1 n )
h) = = hj— R, (h
ot =ule)+ 305 | S| o)+ Rt
where the tail term writes for x = (x1, -+ ,2,)

T 0
Ry (h) = — Zhja—xj w(xy 4 Ohy, -, xn + Ohy)
j=1

for some 6 € (0,1). Now using (1.18) for some |a| =m

2h m
(n7]hle)™ max |u(x)| — 0 m — 00

1 m.m || po
|Rm(h)‘ < ﬁ|h| n ”D UHL"O(BR(ZE)) = eR™ r€B2Rr

provided choosing h small s.t. n?|hle < g. One obtain analyticity since we sent order of Taylor Expansion to
m — 00, and the error |R,,(h)| — 0 for h small, independent of m. O
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Figure 1.1: Harmonic Functions
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1.2 Convergence Theorems

In this section we discuss the limit of sequence of harmonic functions.

Harmonicity and uniform convergence
1. One start by showing harmonicity is preserved under uniform convergence.

Theorem 1.2.1 ([G'T01] Theorem 2.8). Let Q C R"™ be bounded open subset. Let u,, € C%(Q)NC°(Q) be
sequence of harmonic functions defined on 2, and assume

suplup, (z) —u(z)] — 0 n — 0o
z€Q

for some function u defined pointwise over . Then u € C%(Q) N C°(Q), and u is harmonic over (.

Proof. First, note C°(Q) is Banach space w.r.t. sup norm, necessarily u € C°(Q). Now for any x € 2 and
B,.(x) € Q, uniform convergence necessarily guarantees pointwise convergence, hence

u(z) = lim w,(x) L im un (y)dy

n—oo n— oo BT(LL')

Now since we have uniform convergence

| un<y>dy—][ w(y)dy| < ][ i — 1] < [t =l e o) < im =l oy = O
B, () B, (x) B (x)

Thus
w(z) = lim un (y)dy = ][ u(y)dy
B (x) B (x)

But z € Q and B,(z) € Q is arbitrary, hence u € C°(Q) satisfies MVP. By Theorem 1.1.2, u € C*°(Q) N
Co(Q). O

2. As immediate corollary, one has stability: If boundary values converge uniformly, the solution to Dirichlet
Problems converges uniformly, and the limit solves the Dirichlet Problem with the limiting boundary data.

Corollary 1.2.1 ([GT01] Section 2.6). Let Q C R™ be bounded open subset. Let u,, € C%(Q) N C°(Q) be
sequence of harmonic functions defined on €, and assume

sup |un(z) — ¢(z)] — 0
€0

for some function ¢ defined pointwise on 02. Then the sequence {u,} uniformly converges to some

u € C%(Q)NCOQ) that solves
Au=0 €
u=¢ 09

Proof. First note 9 is compact, and C°(99) is closed under supremum norm. Thus ¢ € C(99). Now
we observe {u,} as a sequence of functions defined over Q) is Cauchy due to Weak Maximum Principle
Theorem 1.1.4

sup|un () — um ()| < sup [un () — um(@)| < sup |un(z) — @(x)| + sup |up(z) — p(x)] =0
€N TEIN €N zEIN

Thus using C°(Q) is Banach Space w.r.t. uniform convergenece, there exists u € C(f) s.t.

sup|u, () —u(z)| = 0
e

Thus using Theorem 1.2.1, u is harmonic in 2. Also

sup |un(z) — u(z)| < sup|uy(z) — u(z)| = 0 & sup |un(z) — p(z)| = 0
€90 e €0

by uniqueness of limits one obtain
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3. In fact, one can relax uniform convergence to boundedness at one point using Harnack, if the sequence is
monotonically increasing. This is known as Harnack’s Convergence Theorem.

Theorem 1.2.2 ([G'T01] Theorem 2.9). Let Q C R™ be open. Let u,, € C?(§) be monotonically increasing
sequence of harmonic functions defined in €2, and assume at some point y € )

suplu, (y)| < M < o0
n

Then w,, converges locally uniformly to some harmonic function u € C(Q), i.e., u, — u uniformly over
any bounded subdomain Q' € ().

Proof. Since {u,(y)} is monotonically increasing sequence that is bounded, by MCT there exists some
w € R s.t.
lun(y) —w| — 0 n — oo

Hence {u,(y)} is Cauchy sequence. Now consider any bounded subdomain ' that contains y. Using
Harnack’s Inequality Theorem 1.1.5, there exists C' = C(Q',n) > 0 s.t.

Sup [ty () = um ()| < C inf |un(2) = um (2)] < Clun(y) —um(y)] — 0
e zeq

as m, n — oo. Using C°() is closed under uniform norm, there exists v’ € C(€) s.t.

sup Jun (&) — /()] = 0
e’

Using Theorem 1.2.1, we know «’ is harmonic in €. Now if we consider Q” 2 Q' a large bounded
subdomain, there exists u” harmonic that w, uniformly converges to over 2”. But

sup|u, — u"| < suplu, —u”| =0
Q/ Q//
So by uniqueness of limits
u|g =

Hence there exists one v € C(£2) that u,, converges locally uniformly to, that is harmonic in . Notice
for bounded subdomains not containing vy, it suffices to pick a large subdomain that covers it and also
contains y, and run our argument. O

Compactness One also record a Compactness Theorem for Harmonicitiy using L* gradient bound and
Arzela-Ascoli.

Theorem 1.2.3 ([G'T01] Theorem 2.11). Let Q C R™ be open domain. Let u,, € C*(Q) be uniformly bounded
sequence of harmonic functions. Then there exists a subsequence un, s.t.

Up, —> U locally uniformly
to some u € C(2) harmonic.
Proof. For any Q' € , using gradient bound (1.15)

sup [Vuy (z)| < C(n) [|[un| o () < C(n)M < oo Vn
e’

One can apply Arzela-Ascoli so that there exists u € C(') s.t.
Up, — u  uniformly over

Now go to bigger subdomain, by uniqueness of limits the limit agrees on smaller subdomains. One can extract a
subsequence by diagonalization that converges to u locally uniformly. Then using Theorem 1.2.1 w is harmonic
over (). 0

Weak Solution and Wey!l’s Lemma Uniform convergence that preserves harmonicity upgrades weak solu-
tion to classical solution.
We define a weak solution to Laplace equation. Let 2 C R™ be open domain.
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Definition 1.2.1 (Weakly Harmonic Function). Given f € L}, (Q), we say u € L}, () is weak solution to
Au=f

if

/2 ulp = /Qfgp Ve 5 () (1.19)

¢
If f =0, u is called weakly harmonic.

One has Weyl’s Lemma that says ‘Weakly Harmonic’ already implies C'*°.

Lemma 1.2.1 (De Silva Analysis II 2025; [HL11] Theorem 1.16; [Wey40]). If u € L}, () is weakly harmonic,
u € C*(Q) and is harmonic in Q in the classical sense.

Proof. Fix any € > 0. Define
Qe = {x € Q| dist(z,09) > e}

One want to prove u. = u in €2, where u. is mollification
ue () = ne * u(x)

1. We compute for any x € €2,

0z, (ue)(z) = s, (/Q Ne(x — y)U(y)dy> = /Q(ns)xi (x = y)u(y)dy
Au, (x) = /;2 Ana (.23 _ y)u(y)dy u is Weaklé harmonic 0

Since u, € C*().) and we know wu, is harmonic in €., by Theorem 1.1.1 u, satisfies the MVP in Q..

2. Now apply MVP to u.. For any = € )., we obtain for any 0 < r < dist(z, ;)

uelz) = fa o Rea5w)

How lovely it would be if one can send ¢ — 0! If we’re able to prove that u € C(€), then mollification
tells us u. — u uniformly over any compact subset of €2, hence using Theorem 1.2.1 over any compact
subset, we know u is harmonic in 2, and thus u € C*°(Q).

3. It suffices to show u € C(£2). To do so we wish to use Arzela-Ascoli to show uy, — u locally uniformly in
Q upon extracting a subsequence. Let’s see why we can apply Arzela-Ascoli

(a) For any ' € Q, there exists € < £¢(2’) small enough so that
QU{B:(z) |z e} e €
and thus

[uell oo (0ry = sup [uc()] = sup| u( = y)ne(y)dyl < llull 2 o)
zeQ z€Q’ JB.(0)

1

where [[u| 1 gy < 0o is due to u € Lj,,

in €.

(2). Hence the sequence {u.} is locally uniformly bounded

(b) To see u. is locally uniformly equi-continuous, for any Q' € Q" € Q, for any z, y € ¥/, using u. are
smooth one has bound
|ue () = ue ()| < IVl poo (o) |7 —
Hence it suffices to prove
||Vus||Loo(Q/) <C

for some constant C' independent of e. To do so we make use of gradient estimate in L (1.17).
19l ey < OO ) ot 1 g
Now we may take € < g¢(2) small enough so that
Q"U{B:(z) |2 €'} eQ" e
and thus

oty = 1) vl = e < ol 12

Thus
HVUSHLOO(Q’) <o, Q") ||U||L1(Q/~) jo

uniformly for & small.
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Hence Arzela-Ascoli applies. Using uniqueness of limit, we conclude u € C().

O

Stability Under Weak Convergence One has stability w.r.t. weak convergence of the source fj and their
weak solutions. Weyl’s Lemma says harmonicity is preserved even under the weak convergence.

Corollary 1.2.2 (De Silva Analysis II 2025). If fy € Lj,.(2) and fr — 0 weakly. Let uy € L, () be weak
solutions to
Auy = f

and u, — u weakly. Then u € C*(Q) and is harmonic in § in the classical sense.

Proof. We directly compute for any ¢ € C5°(2)

/QuAgo:/Q(u—uk—&—uk)Acp:/Q(u—uk)Aap—i-/kaAap—)O

where the two convergence follows directly by ur — w and fi, — 0. Thus v € Llloc(Q) is weakly harmonic, and
using Weyl’s Lemma 1.2.1 the result follows. O
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1.3 Representation Formula

In this section we derive a representation formula for solutions to Laplace Equation over decent domains.

Fundamental Solutions We begin by seeking a radial solution, which we denote
v(|z]) = u(z)
where we expect u to solve Laplace Equation over R™ \ {0}.

1. Let’s see what ODE v solves ([Fval(] 2.2.1 a). Notice

[ = /2] + - +ad
so that
Ol| 2 2 11 2 2 Zi
0|z T
Uz, (@) = O, (v(J])) = v'(je)) 5= = v/(lxl)m
K]
Uiz, (T) = am(v'(ll”l)m) = v"(|z]) FEA U'(\Il)(m - |x|3)
n—1
Au(z) = v"(Jz]) + 7] v'(|l)
If one denote r = |z| then v(r) = v(]z|) solves the ODE
" n—1 /
v(r)+7v(r):0 Yr>0

2. We proceed to obtain solution to the ODE. We denote w(r) = v'(r) and view our ODE as

w’(r)—l—n;lw(r):O Vor>0
If w # 0, then
w'(r) 1-n
wr) 7
, l1l—n
(log([w(r))))" =

Hence unraveling w(r) = v/(r) yields a general solution to the ODE.

C’llog(r)+02 n=2
U(T) = C 1 ,.2-n
1557 +Cy n>3

3. In this step we make smart choice of the constants C; and Cs, and therefore define the fundamental
solution. We impose the condition that ([HL11] Section 1.3)

1= / o (ryds =D / Vu(zr) —dS(z) Yr>0
2B,(0)

8B,.(0) |z

If so, one can choose C s.t.

1= / Cir' "dS = Cir' =" 1S (w) = Crnw,
9B,(0) 9B, (0)

1
Ch=—
NWy,

C5 seems free, so for simplicity we take Cy = 0.
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Definition 1.3.1 (Fundamental Solution to Laplace Equation). For any fized x € R™, the fundamental solution
I':R™\ {0} = R is defined as

25 log(|z — ) n=2
_ . 27
Dz —y): { L yn n>3 (1.20)

n(2—n)wn,

Abuse of notation, one denote
F@—y)=T(z—y)) =Ty Vzty

Note we're treating x as the pole fixed in R™, and y € R™ \ {z} as the variable. One has two immediate
observations for the fundamental solution.

1. For any = € R” fixed
AT (z—y)=0 Vy#z
In particular I'(x — -) has a singularity at y = x.

2. For any z € R" fixed, I''(|x — y|) has precise formula. For any n > 2

1 Yi — T
8, Tz —y) = —— |z —y|t- LT
1 y—=
Vyr(a? —y) =

nwy |x —y["

Then for outward unit normal v(y) on 0B, (x), so that v(y) = é:;l, one has

ol'(z,y) 1 1

oy - ey ) = o e

=T'(lz —y|) abuse of notation

In particular, the choice of the constants are to make

or 1 1
[ B8y~ [ asw)
oB,.(z) OV(Y) OB, (z) MWn [T —y["
1 1
= / — r"1dS(z) change y =z +rz
8B, (0) Wn T 2|"
S 1
= — TS = —|0B1(0)] =1 Vr>0 (1.21)
8B1(0) MWn rn NWy,

Note I is not defined at y = z, hence I'(z — -) ¢ C?(B,(x)). It does not violate Gauss-Green (1.4).

In particular if take x = 0, one has simple formulas

/ U(y)=1 VYr>0
OB,

One could formally think of as (but not true)

Al'=1
Rn

Cutoff I', Let’s make rigorous the equation

Al = 6y the Dirac Delta Measure

2—n >
I(z) = {Cnx| n>3

5=loglz| n=2

In fact consider

and

Py {T@) a2 p
" P@ el <o

where P is the unique convex parabola that glues on 9B,(0) in C* fashion s.t.
1

AP(z) = @

In fact, let’s build such parabola explicitly.
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Lemma 1.3.1 (Savin Analysis II 2026). The cutoff ', € C»Y(R™) defined as

r(@) r [z| > p
xTr) =
’ s (212 =0 +T(p) |zl <p

satisfies
1
ATy(x) = ——XxB, weakly
Byl
and
AT, =1
]Rn
Proof. Let P(x) = a|x|?> + b|z| + ¢. Then match
1
AP(z) =2na = ——
Byl
1 1
a = =
2n|B,|  2nw,p”
1
P'(|z]) =2 b=T'(p)=—>p'"
(lz[) = 2ap + ()=
b=0
Plyg, = ap® +bp+c=T(p)
so that 1
P(x) = 2—p*)+T B,
@)= (el =P 4T Vae B

Let’s see A", = |Bil|XBp' For any ¢ € C§°(R")
P

/ IyAp

= / FA<p+/ PAyp
|z|>p lz[<p

0 or
= AT p +/ Pp / ® here v = —— is outwards w.r.t. |z| > p
|z|>p oB, OV oB, OV 7|

0 oP
+/ APy +/ Pp —/ here v = — is outwards w.r.t. lz| < p
lz|<p o8, EY

v 5, ov 2]

1
= / boundary terms all cancel out due to C' matching
\

I R4
z|<p |BP|

Lemma 1.3.2 (Convergence for I'y). Let n > 3. Then for any p < -5

r,—r mn LP

Proof. Notice I') — I" a.e. € R™ (in fact only except the origin 0) for p — 0. Hence in order to deduce

lim [ [T, — TP =0
p—0 Jrn

19

(1.22)

Tt suffices to ensure DCT applies, i.e., there is a domination. But (for n > 3), for any fixed p > 0, the difference

only happens in the region B,, thus we look at

p
C,’l’/ |x|(27”)pda:=C’(n,p)/ pEmmptn=lg,

B, 0
This is integrable when

2-n)p+n—1>-1 < p<L
n—2

Now the RHS converges weakly (star) to the Dirac measure §p while LHS converges in L? for any 1 < p <

(forn>3) toI.
Using Stability Corollary 1.2.2 we know

AT = dg weakly

O

n—2
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Alternative Proof for Weyl In fact one has alternative proof for Weyl’s Lemma.

Proof. Let
(p(x) = FP2 ('T) - Fpl (LU)

for p1 < p2 and convolve ¢ (z) = (¢ *n.)(x).

e
j1>f\ j’: [‘ri- 'fl

A"j“% 3 Ll
i

Figure 1.2: T', —T'p,

Notice

pe(x) =Ty, xme(2) = Tpy xme(w)
dipe(x) = (0iL'p,)e — (Oil'p,)e
AWe(fE) = (Arpz - Arm)e

Now using u is weakly harmonic

0= / uAp,
Q
1 1

0=1lim | ulAp. = / u(—XB,, — 5
e=0/0o Q |Bp2| 2 |Bp1|

][ u = ][ U Y p1 < p2
sz (I) Bp1 (z)

This is almost MVP except that u € L] _ so the pointwise value does not make sense. But

XB,,)

Thus

1. On one hand, by Lebesgue Differentiation

lim u = u(x) for a.e. x € €, in particular, at the Lebesgue points
p1—0 B,, (z)

Thus sending p; — 0 gives

u(z) = ][ u a.e. z €
sz (1)

Where u is in fact defined pointwise a.e. by picking the representative that converges at the particular
point.

2. On the other hand, fB () ¥ is a continuous function in z. Thus w is continuous function and defined
P2
everywhere in €.

Therefore, since u satisfies MVP, it is harmonic. O
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Global Solution to Poisson’s Equation By convoluting the source f with our fundamental solution (1.20),
one can define solutions to Poisson’s equation over the whole R™.

Theorem 1.3.1 ([Eval0] Theorem 2.1). Let f € CZ2(R™). Define u by

u(z) = /n Tz —y)f(y)dy VaoeR" (1.23)
Then
1. u e C*R")

2. u solves classically
Au(z) = f(z) VaoeR"

Proof. Making use of y € R™ — x — y € R" is bijection with Jacobian size 1, one can interchange
uw) = [ Ta-pfedy= [ T -y

1. Let’s first see why the function (1.23) is well-defined. Take n > 3 for simplicity. Since f € C§°(R™), for
any x € R™, there exists R = R(z) sufficiently large s.t. supp(f(z —-)) € Br. Then

R
@)l < 0w [ WP = Dy < OO ey [ [ e as@ar
Br 0 0B
= C) ||| ooy B < 00
Hence u(x) is well-defined pointwise over R™. In particular this shows for any z € R™, the function

I'(y)f(z —y) € Ly(R™)

2. We first see why one can differentiate u. Now for any i =1,--- ,n
u(z + he;) —u(z fx+he;—y)— flx—y
( h|) ():/ I(y) ( |h) ( )dy

and since for |h| < 1 small

) R < e s 9 € L (R7)

Br+t1

By the dominated convergence theorem one can interchange differentiatio and integration, hence

uni(@) = [ T )y

Similarly
taia, @) = [ D) fors, (0 = )y
Since I € L;(R”) and for each fixed z € R", f ., (z —-) is uniformly continuous over its compact support,

the function ug,,, € C(R™). Thus u € C*(R™).

3. Let’s see why u solves the Poisson’s Equation. For this, it suffices to check that

f@ = [ WA=y Vaer (1.24)

Since I' has a singularity at y = 0, we divide the RHS into two portions
[ s -pdy= [ Twdsa-pds [ A @-pdy (129)
" B:(0) R™\ B (0)
and study the limit as € — 0. For the following we fix z € R™.
For the first portion.
€
| r@acs -y < OO iy [ TNy = C0) [0 0y [ T
B:(0) Be(0) 0
{C(n) ||D2f||Loo(BE(I)) 52| log(e)] n =2

<
~ C) ||D2f||L°0(BE(z)) e nz3
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In any cases, the first portion goes to 0 as € — 0.

For the second portion. We need to study what happens in particular on 9B.(0). Take R = R(z)
large so that f(x — ) is supported within Br. First notice A,I'(y) = 0 away from the origin

/ T(y)As f(x — y)dy = / D(y)Asf(x —y)dy  support of D2f
R™\ B (0) Br(0)\B:(0)

= / T(y)Ay f(x —y)dy differentiating twice
Br(0)\B<(0)

= / CWAyf(x—y) = AL W) f(z—y)dy  use AT (y) =0
Br(0)\B:(0)

-/ (P2 = 1)~ o) fla =) ) ast)  Avply (17
9(Br(0)\B<(0)) Yy

= —/ (F(y)af(x —y) — E(y)f(x - y)) dS(y) v denotes outward normal
9B.(0) vy Oy

Again the RHS consists of two sub-portions. For the first
of -
- /83 (O)F( )= (z = 9)dS)| < CO) V£l o (5. £ - T(E)]

y a]/y
C V oo 1 2
{ (TL) || fHL (Be(z)) E| Og(f—:)‘ n =0 ce—=0

<
C(n) ||vf||Loo(BE(x)) € n>3

For the second, interesting things happen.

or 1
/ — () flx —y)dS(y) = — el (1 — ew)dS(w) choice of (1.20)
aB.(0) My NWn JoB1(0)
1
— / f(z)dS(w) = f(z) e—=0 using dominated convergence theorem
NWn J 5B, (0)

Hence as e — 0 on RHS of (1.25)

[ rwade—pay= [ twase- s [ @Ay ) <o

R™\ B (0)

But LHS is independent of ¢, hence (1.24) holds.

1.3.1 Green’s Representation

Intuitively, how to solve the Dirichlet problem for the Laplace operator?

Au=0 Q
u=¢ 0N

Recall the Green’s formula

/Auv:—/Vu~Vv+/ @v
Q Q aa OV
ov

fuar- [ L5
Q a0 Ov aa OV

Now if u is our solution, and v is some test function, in particular,

v="I,%*n. for I' with fundamental solution at zy € Q2

or ou
0:/uAFf/ u—er/ —T
Q g oo OV oa Ov P

or ou
uAT’ :/ u—= — —T
/sz g oo Ov o0 Ov g

or ou .
u(zo) = uﬁf — 6—1" upon passing p, € = 0
o OV o0 oV

The analysis are made below via the Green’s Formula.

then the above writes



CHAPTER 1. LAPLACE EQUATION AND HARMONIC FUNCTIONS 23

Green’s Representation Formula In the following we mimic the proof for Theorem 1.3.1 and obtain the

Green’s Representation Formula over C' bounded domains. Notice the formula works for any function u
sufficiently regular!

Theorem 1.3.2 ([HL11] Theorem 1.17; [Eval0] 2.2.4.a; [GT01] Section 2.4). Let Q C R™ be open bounded
domain with C reqularity. Let u € C?(Q) N C*(Q). Then for any x €

ar ou
u@ = [ ()5 =)~ 5P~ v)) dS@) + [ T - y)Aulu)dy (1.26)
a0 31/y al/y Q
Proof. For any = € Q, take B,(x) € Q. Consider the quantity
/ w(y)AyT(z —y) — Au(y)l'(z — y)dy = —/ Au(y)T(z — y)dy use AyI'(z —y) =0 for any y # x
QB (z) O\B,(z)
— —/ Au(y)l(x — y)dy r—0 (1.27)
Q

Using dominated convergence theorem, and the fact that I'(z — y)Au(y) € L, () as argued in Theorem 1.3.1.
On the other hand, one can apply Green’s second identity (1.7) to the LHS

/ w(y)AyT(z —y) — Au(y)T'(z — y)dy
Q\B,(x)

= v E T _@ T —
- /am\BT(z))( W5y, @ =9 = 5, W y)) dS(y)

— /aQ (u(y)ayy(x —y) — T%(y)r(x — y)) dS(y) — /t’)B,‘(x) (u(y)ayy(a: —y) — a—yy(y)r(x — y)) dS(y) v outer normal

(1.28)

One want to study the limit of the second portion as » — 0. Note this again consists of two sub-portions. We
argue in the same way as Theorem 1.3.1. For the first

ar 1
—/ wy)z=—(@—y)=— / u(z + rw)rt =" dS (w) using choice of fundamental solution (1.20)
OB, (z) vy NWn JoB;(0)
1

%_

Nwy,

/ u(z)dS(w) = —u(x) r—0
0B1(0)
For the second

| ou

—(y)T(x —y)dS(y)| < C) ||ullgrip. oy ™ HT(r
5. By T = 9IS )] < C0) e,y L)

- {c<n> [ull g (s, (ay) T log(r)] 0=

— 0 r—0
C(n) llullcr g @y T n>3

Rearranging the terms in (1.27), (1.28) and sending r — 0 yields the result (1.26). O

Green’s Function Assume the function u € C?(Q) N C1(Q) is unknown. Then using the Representation
formula (1.26), it suffices to use

ou

ulpq EoN Aulg
Y

9
o0
to determine the function value u everywhere in ). Now for a classical Dirichlet Boundary Value Problem

for Laplace Equation, the outer-normal derivative term 577“
v log
observation of Green’s, if we have enough information about the domain €2, one can define ‘Green’s Function’

to remove the middle term and fully determine a classical solution to the Dirichlet Boundary Value Problem.
Heuristically, starting from

is usually unknown. But thanks to the clever

L'y
u(zg) = / ua o — @I‘zo
a0 6V a0 81/
to cancel the second portion, let
G=T,+@

where the ® solves
AD =0 Q
¢=-I,, 0N
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Applying the Green’s identity to G writes

oG ou
0= / uAG — u— + —G
Q o0 OV Joq OV
oG du
0= 5 Sy
oG ou
= [va LT ®

due to choice of ® on 99
Let’ rigorously define Green’s Function for a given domain  with C! regularity.
Definition 1.3.2 (Green’s Function). If for any x € Q, one can define a corrector function
®(x,-) € CHQ)NC*Q)
that solves

{Aﬂ@;, y) =0 Vyen (1.29)

(z,y)=-T(z—y) Vyeo

Such ®(x,-) is the harmonic replacement of —T'(x — y) with pole at x. Whether such ®(x,-) exists depend on
the domain.
Then one can define Green’s Function

G(z,y) ==P(z,y) + T(x —y) VeeQ, yeQ, v#y (1.30)

Notice Green’s Function, by definition, necessarily solves

AyG(z,y) =0 Vy#ze
G(z,y)=0 Yy e o

In particular, the Green’s Function has boundary value 0, while keeps the singularity at x.
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2-n
—Galy nz3

1*1 W“*?vf" I, = { f'ﬂ-/\aam "1
~_|/
/ \Tq/ﬁz 0

|

(orretor fJundlion k4
3 sve, J(gfgmol } Jj—w = eﬁ\vu\ -

ad=~ Q : -
o —= with Gawme Jler Wy "
3 ‘ i:-lh AN ’7 5 nl'“a v l)"
s 1he haewmsnl, ¢ 'uu»wf S 5
i’fl — Ty, on ?SL . [CX e vw“ A fc’\\'“* ¥o sdode.

Gresn's ,f.,.af.'u ¢ =r)(.* %

_ (? SSIM‘
0 LG = sy. N
f - o ot
' e

Pa | S‘;cn/\1 S ](OJN,L

au\)ﬂ'

Figure 1.3: Fundamental Solution, Corrector Function, Green’s Function

Why does such definition (1.30) help? One has the Green’s Representation Formula improved, with G in
place of I". And most importantly, we have the boundary gradient term removed.

Corollary 1.3.1 ([lZval(] 2.2.4.a; [HL11] Section 1.3; [G'T01] Section 2.4). Let @ C R™ be open bounded domain
with C1 regularity, and let G be the associated Green’s Function. Let u € C*(2) N CL(Q). Then for any x € Q

u(r) = / u(y)a—G(a:,y)dS(y) + | G(z,y)Au(y)dy Vze (1.31)
a0 Vy Q

Proof. Apply Green’s Second Identity (1.7) to u and ®(z,-) on 2

0®(z,y)

- ‘P(%y)@ dS(y)

[ @)~ S dut) iy = [l o

o0 8Vy

B 0d(x,y) ou B
- [ty = [ w0y Tlasw) e ,0(ay) =0

0

0P(x,y) Ju
| v P ate ) S dsw) + [ o au)ay



CHAPTER 1. LAPLACE EQUATION AND HARMONIC FUNCTIONS 26

Now we add this to our Representation Formula (1.26).
0G ou
ue) = [ g -eaase) + [ cepaua- | et
y

[5}9]

:/ u(y)aGmde /GmyAu )dy using G(z,y) =0 on y € 9N
oQ al/y

O
In particular, if we’re given Dirichlet Boundary Value Problem where Green’s Function G is well-defined
over )
Au=f Q
u=g o0

and assume the solution u € C?(2) N C*(Q). One has unique solution from (1.31) ([Eval0] Theorem 2.12)

U($)=/ g(w)aGa:de /Ga:y dy VYzeQ (1.32)
o0 81/y

Properties of Green’s Function We discuss some properties of G (1.30).
1. One has uniqueness of G over bounded domains ([HL11] Section 1.3).
Proof. By definition of Green’s Function (1.30), it suffices to prove ®(z,-) is unique for each fixed z € .
But @ solves the Dirichlet Boundary Value Problem (1.29) for each fixed z € Q. If we know (2 is bounded,
from the Weak Maximum Principe, one know from Corollary 1.1.1 that ®(x,-) is unique for each fixed
x € Q. Hence G(z,y) is unique w.r.t. €. O
2. The Green’s Function is Symmetric over 2 x .

Property 1.3.1 ([Eval0] Theorem 1.13; [[TL11] Proposition 1.20; [GT01] Problem 2.3(a)).
G(z,y)=Gy,z) Va#y
Proof. Fix any x1 # x2 € . For r > 0 small, apply Green’s second identity (1.7) to

Gl(y) = G(xl,y) Gz(y) = G(ra,y) Yy eQ\(Br(z1)UB(2))
on the domain Q \ (B, . Then

/ — Ga2(y)AGa(y
O\(Br(zy

G(z,y) is harmonic away from z =y, i.e., AG1(y) = AG2(y) =0 on Q\ (Br(z1) U Br(z2)).
(L.7) G (y)
= G = s
| (=2 =2

G(z,y) =0 for any y € 9. Hence G; = G2 = 0 on 99Q.

- / (Gl 0% g, aGl) ds - / (01 0% _a, aGl) ds
BBr(l'l) 8l/y 51/y OB, (z2) 8l/y 81/y

where v always denotes the outer normal. Thus only the last two terms survive. We rewrite

0G4 0G4 0G2 oG
0 =/ (G -G ) dS+/ (G -G ) ds
0B, (1) Yov, vy “ov, vy OB, (x2) Yov, vy “ov, vy

gGl as y — x1. This first term
Vy

One wish to take » — 0. For the integral on 0B, (x1), singularity occurs at
can be further divided into two sub-portions

(a) For the first portion, we argue G1(y) alone does not create a problem. If n >3

oG oG oG
[ieGass [ e Rlass [ (et
0B, (z1) Vy 0B, (z1) Vy B, (1)
—1 r—=0 0

SGallers, @y ™" IR )~ @ ||G2||Cl(Br(x1>>7"n -

While for n =2

r—0

0G5
/8 oo |GG 2108 S G oy 8O+ 1968 e [Golln oy 7 0
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9G,

(b) For the second portion, we argue oo

which is more singular, gives —G(z2,x1) as r — 0.

aG(l / 6F(l’1,y) / 8(1)($1,y)
— Go——dS = — Go———2dS — Goy———22dS
/8&(.%1) 2o, ) OBy OV ) OB Oy )

Here the first term on RHS converges using Lebesgue Differentiation

oI'(xq, 1 n
- / sz dS(y) = — / Gor' ™" dS(y)
OB, (x1) 0B, (x1)

Ovy nwn,

1 r
= _7/ G2dS(y) 30 —Ga(x1) = —G(x2, 21)
aBT($1)

nwy, "1

While the second term on RHS vanishes

6@(%1,];) 150
Gr—p —1dS(y) S IG o) 12021, 300
/aw' >, 195w S 1Gallom, @ 1261 o)

Hence

/ (GlaGQ - G2‘9Gl> ds "= —G(xa, 1)
OB,.(x1) 8uy 8uy

I9G2
Ovy

For the integral on 0B,.(x2), singularity occurs at (y) as y — xo. By a similar approach, one obtain

8G2 8G1) r—0
Gi—= —Goy—— | dS = Gi(z2) = G(x1,x
/SBT(M)( la’jy 2a’/y (@) (1, 72)

Hence
G(l’l,xz) :G(.’Ez,ifl) YV 21 #xg XY

3. The Green’s Function is necessarily negative over bounded domain ).
Property 1.3.2 ([HL11] Proposition 1.21; [GT01] Problem 2.3(b)). For any x #y € Q
0> G(z,y) >T(x—vy) n>3

0>G(z,y) >T(xr—y) — % log(diam(€2)) n=2

Proof. Fix x € Q. Observe that

(a) Since
lim G(z,y) = lim (I'(x — y) + ®(x,y)) = —0

Yy—x Yy—x

There exists r > 0 s.t.

G(z,y) <0 VyeB.(z), y#=z
(b) For the above r =r(z) > 0, AyG(z,y) =0 on Q\ B,(z) and one has boundary data
G(z,y)=0 Vyed and G(z,y) <0 VyedB. ()
Hence by Strong Maximum Principle Theorem 1.1.3 one has
G(z,y) <0 VyeQ\ B, (x)
Now for any x # y € Q, one can always find such » > 0 s.t. y € Q\ B,(z) and therefore G(z,y) < 0.
On the other hand,

(a) Forn >3

2—n n
= |r— 0 v R
nwn@_n)lx yl " < T#YE

and in particular, using (1.29)
MNz—y)<0 Vyedd = O(z,y)=-T(x—y)>0 Yy e o
Since Ay ®(z,y) =0 in y € Q, Strong Maximum Principle Theorem 1.1.3 yields
Glz,y) =T(z,y) + (z,y) >T(z,y) Vy#zel
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(b) For n =2
I‘(—)*il ‘,|<i1 (diam(Q)) Ve£yeQ
z—y) = 5-loglz —y| < 5 log(diam T #y
and in particular,
1 1
Fx—y) < Py log(diam(€2)) Vye o) = o(z,y) = -T(z—y) > o log(diam(2)) Yy € 0N
T T
Since A, ®(z,y) =0 in y € Q, again Strong Maximum Principle Theorem 1.1.3 yields

G(r,y) = T(a,y) + B(r,y) > T(r,y) — 5 log(diam(©) ¥y #z €0

4. One has good convergence of the potential to the boundary 0f2.

Property 1.3.3 ([GT01] Problem 2.3(c)). Let Q C R™ be bounded open domain. Let f € L*()NL>(£).
Then

/ny y)dy — 0 x — 00

Proof. First we check the integral is well-defined. Indeed by definition (1.30)
| cniway = [ v+ [ oy

\/ z,y) f(y)dy| < | 5.0 )F(l’ =) fW)dyl + 1Tz = cop. @) 1111 ) + 12 )l cogy 11l L1 (0

fo r2 e ldr >3

N ng(x—y)f(y)dylSO(n)IIfIILx(m{fOlog Jrdr mg <%

Thus the convolution is well-defined for any x € ). On the other hand, let’s study the behavior as = tends
to some point on 9. For any xg € 992, and for any € > 0, pick € Q s.t. |zg — 2| < e. Then consider the
pieces

/ G(z,y)f(y)dy —/ G(x,y)f(y)der/ G(z,y)f(y)dy
Bac (x0)N2 Q\Ba: (z0)

For the first piece

| Gz, y) f(y)dy| < / G 9)F () |dy

Ba: (Io)ﬂﬂ Bs.e (I)ﬁQ
< / T(@ —y)fWldy + C I fll (s, (2)n0) using Property 1.3.2
Bse (I)ﬁﬂ

[ p2nn=lgr >3
<C - 0. C o "
) 1720 { N I T{PNNE
Cn) (|l 1o (o) (e*|log(e)| + &™) uniformly in € Q s.t. |z —xo| < e

For the second piece

| / G(z,y)f(y)dy| < / Tz —y)fW)ldy + C(n) | fll 1) ~ Property 1.3.2
Q\ Bae (z0) Q\ Bae (o)
< C(n,e) I £l (e uniformly in z € Q s.t. |z — 29| <e¢

Thus Dominated Convergence Theorme applies

lim G, y) f(y)dy = / lim G(z,)/(y)dy

r—rxo Q\BZE(mO) Q\BQE IO) Tr—T0o

/ G(zxo,y)f(y)dy for y € Q fixed, G(zp,y) = lim G(x,y) for zy € N
SZ\BQs :E() T—To

/Q\B ( )<F<x0_y)+¢($0»y))f(y)dy (1.30)

[ -y -Ta -y =0 (129
O\ B2e (o)


https://jeaheangbang.wordpress.com/2017/09/09/gilbarg-trudinger-problem-2-3/
https://jeaheangbang.wordpress.com/2017/09/09/gilbarg-trudinger-problem-2-3/
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Hence putting the two pieces together

| lica sup / G2, y)f(W)dy] < C) |l o ey (2 1og()| +27)  Ve>0

r—rxo

Send € — 0 to conclude. O

1.3.2 Poisson’s Integral Formula
Recall that, if the corrector function ® exists over a domain, it suffices to compute

oG

E(I,y)

y€eON
to determine the pointwise value of a harmonic function u(z) via

uw) = [ a5 w0)ds)

The outer normal derivative of G is known as the Poisson’s Kernel.

We compute the Green’s Representation Formula (1.31) precisely over domains of simple geometry. In
particular, it suffices to compute the Green’s Function. To do so we need to solve the equation for the corrector
function (1.29), which involves clever geometric reflection tricks.

Notice the corrector function ®(z,-) solves (1.29) in the variable y with boundary data —I'(x — -). Except
for the singularity y = x, I'(x — -) is smooth in Q. One has a way of reflecting the singularity y = = outside the
domain, hence building an explicit solution using the radial-symmetry of T'.

Properties of Poisson’s Kernel Given domain 2 C R™ bounded with C' boundary, and denote v as the
outward unit normal to 9§2. The Poisson’s kernel writes

K:Qx00 >R
G (z,y)

(z,y) = o,

One has quite a few properties to say about this K.

1. First of all, plugging v = 1 on 02 into the expression yields

1= [ K(z,y)dS(y)
o0

2. Using x # y € 0f) separates strictly, one has
AK(z,y) =0  V (z,y) € Qx0N

3. K(z,y) >0

4. For any § > 0 fixed, for any point zy € 0 fixed
/ K(z,y)dS(y) =0 T — T
ooNn{ly—=zo|>d}

Or equivalently, for 6 > 0 fixed and z € 99 fixed, K(z,y) — 0 as * — z¢ uniformly in

{y € 9Q | ly — x| > 0}

Poisson’s Integral Formula over half space R} Consider the unbounded domain ([Fval0] 2.2.4.b)

Q =R}
1. For any x = (1, -+ ,Zn_1,%,) € R} with x,, > 0. Define its reflection point w.r.t. OR"} = {z, =0} as
T:=(v1, " ,Tp_1,—T,) ER"
Now consider
®(z,y)=-T(@-y) VyeR} (1.33)

The good thing about this is that
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(a) Z ¢ R, hence —I'(Z — -) is smooth in y € R.
(b) The boundary values agree
O(z,y):=-T(EF—-y)=-T(zx—vy) on ORY = {y, =0}

because in this case

n—1 n—1
13—yl = | 3@ —10)? + (—n = 0)2 = | S (@i — 40)? + (20) = 2 — ]

=1 i=1

and T'(+) is a radially-symmetric function.
(c) ®(x,-) indeed solves (1.29) in y € R”}.

Ay@(z,y) = —A,L(@ —y) = VyeR} C{y#a}

Hence we’ve checked (1.33) is indeed a corrector function.

30
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Figure 1.4: Reflection Point for Half Space

2. Now define the Green’s Function as in (1.30)
Grr (x,y) =-T@—-y)+T(z—y) VzeRY, yeRY, z#y (1.34)
In view of Representation formula (1.32), one needs to calculate

oG
T%(may)

yE[)Ri

Notice our previously-derived Green’s Representation formula works for bounded domains so the result
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does not apply directly. We need to prove this is indeed a solution later! First notice

vorn (y) = (0,---,0,—1) € R"

oG
87(x7y) = VyG(xa y) : Va]Ri (y) = - G?Jn (x>y)‘yeaRi
Y yea]Rj’r
and
- 0|z — y| Oz —y
Gy, (z,y) = -T"(|z - yl)ﬁ +T(Jz - yl)w
1 nf Ty r—y . - n
:—W|m—y|1 <|x_y|-(0,~--,0,—1)—|x_y|-(O,-~-70,—1)> using |Z — y| = |& — y| over IR}
n
1 _ -
=—— |z -yt (Yn — Tn — Yn + Tn)
nwy, |z —yl
_ 2mp " . . -
= |z —y|~ using reflection point Z,, = —x,,
NWy,

Hence we define our Poisson’s Kernel as

oG 2z 1
Kgn (z,y) := —(z,9) = Vo eRY, yeodRY (1.35)
* v, yeorr  Wn |z —y|™ * *
3. Now suppose u solves the Dirichlet Boundary Value Problem
Au=0 R7?
“ + (1.36)
u=gq OoR"}
for an appropriate choice of g. One expect the solution defined by (1.32)
2z,
u(z) == i/ 99 4 veer: (1.37)
NWn J or7 |z =y

to be our solution that solves (1.36) classically.

Theorem 1.3.3 ([val0] Theorem 2.14). Let boundary data g € C(R"~1)NL>(R"1). Then the function
u defined as (1.37) satisfies

(a) ue C®RY)NL>XRY) (interior reqularity)
(b) Au =0 in R’} (interior equation)
(¢c) For any xo € ORY,
Jim u(z) = g(xo)
Hence u € C°(R}) (continuously approach boundary data).
Proof. (a) We begin by verifying (Math Stacks Exchange)

K(z,y)dy =1 VareRY (1.38)
oR7

For each z € R", denote z = (2, x,,) where 2’ € R"™!

2 1 2 1
ORT nwn Jory |2 =yl nwn Jory |z — 2"+ 2" —y|

dy

Q:En/ 1
nwn Jre-1 ((2,)2 +Z” 1( vi)?2) 2

21‘" P 2 /
an /Sn 2/ 1'2 + 7"2 (22 +1r2)3 drdS( ) Change "= “"E B y|

— Dwy, 1 _
:27(71 Jw 1xn/ 7( " 2dr
0

n
Nwy, 2 +r2)2

-1 i 0o " n—2
= QMIQ / ((Iu)ndu change 7 = z,u
0

Ny, " 2 + 22u?)z

zg(n—l)wn—l/w w2 F(ZE/ w2
Wy, o (14+wu?)2 \FF(” )Jo (L+u?)z



https://math.stackexchange.com/questions/60659/evaluating-the-poisson-kernel-in-the-upper-half-space-in-n-dimensions
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We want to verify that

/C><> i du:—ﬂr(%l) Vn>2
0 (1+U2) -

3

N

!
—~
VI3
~

i. For n = 2 indeed

™

< 1 2 1 ) ©  Vrl(3) . 1
E— = —F S = — = F — =
/0 T du /0 T+ tan(0)2 sec”(0)do 5 using (2) VT

ii. Assume for n — 1 with n > 3. Then

oS} n—2 1 oS} o -3 oS} n—4
/ Y du= / W 3d((1 +u?) T = 2 / Y ___du IBP
o (1+wu?)z 2—=nJo n—=2Jo (1+u?)* >

Induction hypothesis

= using I' function I'(z 4+ 1) = I'(z)z
Making use of (1.38) one immediately obtain u € L*°(R") via

u(e)] <| - K(z,9)9(y)dyl < llgllp~orn)y V2 eRY
n

On the other hand, the function

e
K(y):w €RY o o= (2,y)
Vy yEOR™

is harmonic in x for any y € OR’} (notice this uses symmetry of G). In particular, the more derivatives

one hit on K (-,y), the better integrability it inherits. In particular, using Dominated Convergence
one can interchange derivative and integration so that

Oy u(z) :/ O, K (2, y)g(y)dy
OR™

Azu(z) = / ALK (z,y)g(y)dy =0 VxeRY
OR™

This verifies v € C*°(R’) and that
Au=0 R?

(b) The crucial thing is whether u achieves boundary point continuously. For any xzo € OR’, using
g € C(R*™ 1), for any ¢ > 0, there exists § = 6(g,zg) > 0 s.t.

&
ly — 20| <0 = |g(y) — g(z0)| < 3

One would hence like to understand the difference on two portions

(1.38)
lu(z) — g(xo)| < . K(x,y)g9(y) — g(zo)|dy
= / K(z,y)lg(y) — g(zo)|dy + / K(z,y)lg(y) — g(zo)|dy
ly—x0| <0 ly—zo|>d

use continuity of g use uniform convergence outside any neighborhood of size ¢

The first portion is small due to continuity and unit integral
€
[ K@) - seoldy < lg) - glao)| < 5
ly—wo|<d 2

The second portion is small due to the term x,, — 0 as © — xo built in Poisson Kernel (1.35). Notice
we’re sending x — g, hence one can take

)
\xfx0|<§
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for our ¢ fixed above. Thus on the second portion

P 1 1
Iy—xo|<|x—y\+lfﬂ—xo|Slw—y|+§élx—y|+§|y—xo\ e 5|y—$o|<lx—y| (1.39)

one can estimate

[ K)oy < C) ol e [

ly—xo|>d |$ )

|2

(1.39) EX
< ) lgll e, /| el g,

y—x0|>8 ‘y - x0|n
< C() llgll oo g1y 8~ fn]

Now we take dy = da(g,m, 0, d, g) < g s.t.

g

) gl e 1) 57262 < 5

so that for any |x — xg| < d2 one has

/_ ‘>6K(ffyy)|g(y)—g(xo)|dy§

DO ™

Hence for any ¢ € OR’} and ¢ > 0, there exists do > 0 s.t.

lu(z) —g(zo)| < &

Notice Uniqueness in general fails in view of (1.13).

Schwarz Reflection Principle Since we're dealing with half space model, let’s discuss a useful technique
to continuously reflect a harmonic function defined on one side to the other, known as the Schwarz Reflection.

Lemma 1.3.3 ([GT01] Problem 2.4). Let QT C R% and assume part of its boundary intersects the plane
{x, = 0} with non-empty interior w.r.t. subspace topology (o denotes interior w.r.t. topology in R™ intersect
ORY)

T:= (007N OR%)° # @
Now given a harmonic function u € C*(QT) N C°(QT UT) that continuously attains boundary T with value 0

Au=0 QF
u =0 T
One may define its Schwarz Reflection
U, - ) = 4 210 Z0@n o an) v VozeQtuTuQ (1.40)
—u(Z) = —u(x1, + Tp1,—Tpn) Tn <0

where Q™ s the reflection of Q* w.r.t. {z, = 0}
QO ={zeR"|7€Q"}
Show that U is harmonic in QT UT UQ™.

Proof. For any x € ™, compute
n—1
AU(x) == 0yu(@) — (—1)*Opnu(F) = —Au(i) =0
i=1

It suffices to consider the points z € T'. But for any r > 0 s.t. B.(z) CQTUTUQ™

1 1
][ U(y)dy = n/ U(y)dy + n/ Ul(y)dy
B,.(:v) WnT BT»(:L’)ﬂ{yTLZO} WnT B,-(w)ﬂ{yn<0}

1 1 -
= — / u(y)dy — — / u(g)dy
wnT B, (z)N{yn>0} WnT™ J B, (z)N{yn <0}

—0=U(z) VazeT

Thus U satisfies mean value property on T', and via Theorem 1.1.2 one obtain AU (x) = 0 for any x € T. Thus
U is harmonic in the domain QT UT U Q™. O
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Poisson’s Integral Formula over ball Bg(0) Consider the domain ([Eval(] 2.2.4.c., [GT01] Section 2.5)
Q = Bg(0)
1. For any z € Bg(0) with |z| = R, again we consider how to reflect © — & € R™\ Br(0). The natural choice
is
R2
.o {p® T#0 (1.41)
00 z=0

Why is so? Notice for 0 # x € Bpg fixed, and any y € 0Bpg, consider the triangle formed by the three
points o o
AOwya Oz = ‘JJ|, Oy:Ra TY = |$_y|

We want to reflect in a way s.t. the triangles Aoy, and A,z are similar with the angle

Zx0y = Ly0z preserved

where o o
To ensure similarity, one needs to ensure
0y 07 — . R?
Ox Oy ||
To ensure 7 € 0z, one take
R2
= —z
||

as defined. Such reflection is known as the Kelvin Transformation w.r.t. the sphere dBg(0), which maps
0 to oo, interior to exterior, and vice versa. Notice under such definition, necessarily

ly—z R |7
o=yl Jal R (142)
Now we define the corrector function
~T(H@-y) 2#0
O(z,y) = L YV y € Br(0 1.43
(@.9) {_F(R) "7 VyeBa0) (1.43)

Intuitively, for x = 0, the pole is directly centered at the origin, and because the fundamental solution is
radial, the corrector @ is just constant across 0Bg. For x # 0, for simplicity take R =1

—-n =, —-n ~12—n (1.42) —-n
—|zP " (ly = 7[) = —Culz[* "y — 27" =T ~Culy — 2f? Vye€oB
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Figure 1.5: Reflection Point for Ball

We verify
(a) & € R"\ Bg(0) for any 0 # x € Br(0), hence —I'(‘% le| (Z—")) is well-defined, thus smooth in y € Br(0).
For x = 0, ®(0,-) is constant in y, hence smooth.
(b) The boundary values agree. For any x # 0

el oy - el oy 22 _plel B _
O(z,y) = -T(HE-v)=-T(Flz-yl) "= F(R| || yl)=-T(x—-y) VyeIBgr(0)
while for =0

®(0,y) = -I'(R) = -TI'(~y)  VyeIdBr(0)
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(¢) For any x # 0, ®(x, ) solves (1.29) in y € Br(0)

Jz/? ]

Ay®(w,y) =~ AT (@ —y) =0 ¥y Br(0)

For x =0,
A,8(0,)=0 ¥y e Br(0)
Hence (1.43) is a corrector function for any « € Bgr(0).
2. Now we define the Green’s Function as in (1.30) ([GT01] (2.23))

T @E-y)+T(@-y) = e Br0)\{0}

—F(R)+F() z=0 VyeBr0),  v#e

GBro)(7,y) = {
(| —R[)+T(Jx—yl) Vazé&Bg, y € Bg, r#y (1.44)

Indeed, the equality holds. For any x # 0

i LI R \CL’I \/ |=[?]y[?
—I'(—=(z - =-TI(+—z—-—=y) =-T R? — 2z -
(R =) = T~ ) = Tl = ) = T vy AL
—F(|x—]'%y — R|) which has no singularity at = 0, and coincides with = = 0 case

Again, in view of Representation formula (1.32), we need to compute ([[IL11] Corollary 1.23)

oG

7(1},y)
aVy yEOBR
First note outer unit-normal takes the form
Yy
VoBr(0)(y) = i
Then we compute V,G(z,y) for y € OBg.
\rl
Ty |y| 2z -
(2 Ro%gy‘”” $T (- ) L2
R "% — R |z — yl
-y 2?2 ay — zy
VGl vl) = TR~ R e ) o vy oy
o Ly ey L e Y
" nw, R R R nw Ty R

We need to distinguish the cases where z = 0 or not. If x = 0 then the above writes

1 1

VyG0.y) ) = R

If & # 0 then one can use similarity of triangles in reflection

(taz) 1 oz ey 1 " -y

VyG(xay)'V(y) = —m|x—y| (f—?) e — |z —y|""(R —?)
_ v ey xey 2P\ RP—2f
C nwp T —y|m R R R )  nw,Rlz—y|"

Hence we define our Poisson’s Kernel as (which works for both 2 = 0 and x # 0)

oG

R? — |z|?
Kpno)(z,y) = 87(9079) |
Yy

= B Br(0 1.45
non Bz — g Ve Bgr(0), yedBgr(0) (1.45)

yEOBR
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3. Now suppose u solves the Dirichlet Boundary Value Problem

Au=0 Bg(0
“ = (0) (1.46)
u=g  0Bg(0)
for an appropriate choice of g. One expect the solution defined by (1.32)
R? — |z|? / 1
u(z) == ————— 9(y)dS(y) V x € Bgr(0) (1.47)
nwn R dBR(0) |z —y|"

to be our solution that solves (1.46) classically.

Theorem 1.3.4 ([Eval0] Theorem 2.15; [HIL.11] Theorem 1.24; [GT01] Theorem 2.6). Let boundary data
g € C(0BR(0)). Then the function u defined as (1.47) satisfies

(a) u € C*(Bgr(0)) (interior reqularity)

(b) Au =0 in Bg(0) (interior equation)

(¢) For any xg € 0BR(0),

Jim u(z) = g(zo)

Hence u € C°(Bg(0)) (continuously approach the boundary data,).

Proof. (a) Note G(z,y), and thus gTG = K(-,y) is harmonic in z if y € Bg(0). Hitting J,, on K(z,y)
remains smooth, thus L' over bounded domains. Hence by Dominated Convergence Theorem one
interchange

By, u(z) = /a 0K @ e()dS()

Au(z) = /6 | AK@g)dSH) =0 V€ Ba)

and hence harmonicity implies smoothness via Theorem 1.1.2.
(b) We verify

K(z,y)dS(y) =1
OBRr

Indeed, since now we’re working with bounded domain, Green’s Representation applies. In particular,
we apply (1.32) to the function u = 1 € C%(Bg) N C(Q) so that

1 / 9C e pyasty) = [ K(x,y)dsw)
o

Br 61/1/ OBRr

Now to show u continuously approach boundary data, pick any xg € dBg(0). Using g € C(0Bgr),
for any € > 0, there exists 6 = §(e, zg) > 0 s.t.

£
ly — 20| <0 = |g(y) — g(z0)| < 3

One estimate

() = g(xo)| = | . K(z,y)(9(y) — g(x0))dS(y)|

< / K (. 9)lg(y) — 9(z0)|dS(y) + / K(2,9)lg() — g(0)|dS(y)
|y—zo]|<d ly—x0]>d

use continuity of g use uniform convergence outside any neighborhood of size §

For the first portion
g
/ K (2,9)l9(y) — 9(20)|dS(y) < lg(y) — glao)| < =
ly—zo|<d 2

For the second portion, arguing as before

R2 — |z 2
[ Kl - senlasw) < Cou R lalceny [ T asw)
ly—0|>5 ly—zo|>s [T — Yl

(1.39) R? — |x\2
< Cn R lglewsy [ o
C(6Br) ly—zo|>8 |$0 - y‘n

< CnR) lgllcopyy o " (B — |2

dS(y)
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It suffices to choose d2 = d2(g, x0,0,g,n, R) < J s.t.

n 5
|zo — 2| < b2 = C(n,R)|9llcopyd " (R? —[a]*) < 3

Hence for any € > 0 there exists ds s.t.

u(z) = glao) <&V |z — 0| < 5

O

Kelvin Transform Since we’re dealing with inversion w.r.t. spheres, we introduce Kelvin Transform.
The inversion w.r.t. unit ball as in (1.41) extends to

z € R"\ {0} » 2" = # e R"\ {0} (1.48)

1. Immediately observe x — z* is smooth. Also, for any = € R™ \ {0}

x*

R

yields x + z* is surjective. On the other hand, suppose x1, 5 € R™ \ {0} satisfy

T L2

= * = * =
P T T P
IZ?1|.T2‘2 — 172|£171|2 = 0

1] = |22

1 = T2
Thus = — z* is injective. Now z +— 2* is smooth diffeomorphism from R™ \ {0} onto itself whose inverse

agrees with itself.

2. We define the Kelvin Transform of a function v : 2 CR"\ {0} — R as

w(z) = |z "u(zt) = |x|2_"u(‘x%) VeeQ ={reQ|z e} (1.49)

Now assume u solves the Poisson’s Equation
Au=f O CR™\ {0}

Then its Kelvin Transform (1.49) solves ([GT01] Problem 4.7)

Au*(z) = |x\—n-2f(#) VaeQr (1.50)
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Proof. We compute using brute force

0w () = (ol () = (2 = )l " ) + b0yt 00 (15 )

|z ]2

= 2 = m)lal () + el () (&f? B 2Mj)

af? |z[? jz[*

B (1) = n(2 250 ) +<2—n>|xl*"u<#>+ @ -l ) (25 - 227

| 127\ |z[? ||
—n)lx|l :L' u T ik S TiTk B
[e[2” \ |2 |$| AT I:zcl4 |lz> |zl

n 51 1 i
+ |z~ 8u(‘ |2)<2 |]4x1—2| |4(a:j+a:151])+8| |6>

3;‘”(%) <M - 2%>

|z[? |z[?

ol el el
) S
R G T
= a7 A g) = a7 2f( 5)

This amounts to say that the Laplacian Operator is invariant under Kelvin Transformation.
Poisson’s Integral Formula and its Consequences In this paragraph we deduce properties of harmonic
function using Poisson’s Integral Formula, instead of MVP.

1. In fact, one can first deduce MVP from Poisson’s Integral Formula.
Corollary 1.3.2 ([HL11] Remark 1.25). Let B C R™. Let u solve (1.46). Then
1
u0) = s [ owds)=f gas (151)
nw, R Jop, 9BR(0)

Proof. Let = = 0 in Poisson’s Integral Formula (1.47). Then

2
u(0) = R /8 g(yn)dS(y)l_l/aB 9(y) dS(y)

nwnR Jop, Y] nwy, R

2. One has a more quantitative version of Harnack’s Inequality from Poisson’s Integral Formula.

Corollary 1.3.3 ([HIL11] Lemma 1.26). Let u be harmonic andu > 0 in Br(xg). Then for any x € Bgr(xg)

R — |z — x0 R no? R+ |z — 0 R ne2
= < 1.52
Rile—aol \Brlo—ag)) 000 g o \Gofomag) o0 (052

Notice as |x — x| — R the estimate fails as the denominator R—|x —xo| — 0. In analog with the classical
Harnack’s Inequality, one shall take B, 5(x0) to estimate sup against inf.

Proof. WLOG assume g = 0 and v € C(Bg). By Poisson’s Integral Formula (1.47), for any = € Bg

() = Bl u(y)
(2) /8 as(y)

nwy R Br 1T —y"
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Using

11 1
(R+lz)™ = o —yl* = (R—|2)"

R—l|z|<|z -yl <R+ 2| <= Vy € 0Bgr, x € Bg

one obtain using Mean Value Property

1 R?—|x? 1 R — |z
we)> et [ st = g e [, w0 ase

R —|z| Rm—2 / (151) R — || < R >”2
= ds = 0
(R + |l‘|)"_1 nwan—l 0B U(y) (y) R+ |$| R |$‘ u( )
1 R?— |z / 1 R+ |z /
u(x) < u ds _ u ds

R+|z|  R"2 / sy R+lz| [ R \"7°
B Jal) BTy, "W = e &)

Hence translating back yields (1.52). O

Instead of pointwise estimate, of course we can formulate the Harnack’s Inequality over balls, in a cleaner
form.

Corollary 1.3.4 ([FRRO22] Theorem 2.1). Let u be harmonic and w > 0 in B1(0). Then there exists
C =C(n)>0 st forany pe (0,1)

C
sup u(x) < — inf u(x 1.53
supu(e) < (e ik (o) (1.53)

Proof. Again we make use of Poisson’s Integral Formula (1.47)

(@) = (1— |af?) ]ﬁB |xu(y;|nd5(y) VieB

For any y € 9B; on the boundary and = € Bj in the interior, one has

1
<(1-lz))™" Yz € By, y € 0By

L=fol Slo =yl ST+ fal = (Utla) ™" < o <

Using u > 0, the trivial bound follows

u(m) — (1 _ ‘x|2)][ U(y) dS(y) > 1_|'T]£B udS(y)

oB, | =yl (14 [z)"

1 )
= e 7@31 45@)

wlx ﬂ u :1"‘7‘3” U
@) < Tz mel W) = T mel )

Fix p € (0,1). Now for any z1, x2 € B, one may compare

1+ |24 ][ Lo (A4 fa)" "
ulr)) < —m—— udS(y) < u(x
S |y S o i
(1+p)" o
< —X < — B
Sa=,r u(zg) < i p)nu(xg) Va1, 22 € B,
Taking sup on LHS and inf on RHS, (1.53) follows. O

. One has Liouville Theorem immediately from Harnack derived above.

Corollary 1.3.5 ([[IL11] Corollary 1.27). Let u be harmonic function in R™ bounded from either above
or below. Then u is constant.

Proof. (a) If u is bounded from below, it suffices to consider « > 0. This is done by taking u + C for C
sufficiently large s.t. w+ C > 0 in R™. Now using Harnack (1.52), for any R > 0

R (Rf|x|>”“(0) <ul) < 7, <Rf|x|>n2“<0>

Let R — oo on both sides to arrive at u(0) = u(x) for any € R™.
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(b) If on the other hand w is bounded from above, it suffices to consider u > 0 as well. This is done by
taking —u + C for C sufficiently large s.t. —u 4+ C > 0 in R™. Flipping the signs in (1.52) yields the
same result 4(0) = u(x) as R — oo.

O
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1.4 Maximum Principle

In this section we derive estimates of harmonic function using Maximum Principle. This technique translates to
more general elliptic operators. We first prove Theorem 1.4.1, the Weak Maximum Principle for subharmonic
function (Comparison Principle), then in the sequel we apply this to different test function carefully chosen. In
particular, we deduce

1. Interior gradient estimates using Bochner’s Technique (1.56)
2. Hopt’s Lemma (Theorem 1.4.4)

3. Global Holder estimates inherited from Holder Boundary data (1.65).

Weak Maximum Principle via Touching We first prove the Weak Maximum Principle for subharmonic
functions, avoid using MVP! In the following we demonstrate two strategies

1. A proof by introducing small perturbation to the solution
2. A proof by constructing a barrier and touching the solution.

Theorem 1.4.1 ([HL11] Theorem 1.29). Let u € C?(By) N C°(By) be subharmonic Au > 0 in By. Then

sup u(z) < sup u(z) (1.54)
z€B; z€0B;

Proof following [HI.11] Theorem 1.29. The only problem that stops us is the semi-positive definite of D?u(x)
as implied by Awu > 0 instead of strict inequality. We give us some room by lifting u. For any ¢ > 0. Define

ue(z) := u(x) + e|z|? (1.55)
Then one immediately observe

Au(z) = Au(z) + E(Z 6¢(2|x|%)) = Au(z) + 2ne > 0

sup u(x) < sup ue(z) Ve>0
z€B1 TzE€B1

1. Suppose there’s interior supremum of u., i.e., g € By s.t. us(x9) = sup ue(z). Then necessarily
reB,

Vuc(z) =0, DQuE(xo) <0

Hence taking trace of Hessian one has
Aue(zo) <0

which contradicts Au.(x) > 0 for any x € B;. Thus supremum of u. must be achieved on the boundary

sup u(x) = sup u.(x)
reB; r€OB;

2. Hence

sup u(x) < sup us(z) = sup us(z) < sup u(z)+¢ Ye>0
€ B, reB, r€OB, r€EOB,

Take € — 0 to conclude.

O
Proof following De Silva Analysis IT 2025. WLOG up to subtracting sup u from u, it suffices to assume
x€0B,
sup v =0
r€0B,

We wish to prove

u(z) <0= sup u VazebB
r€dB;
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1. We give us some room by lowering a concave parabola on top of u. We define a family of concave parabola
as

() = t(1 — |a[*)
so that
8;%(,2%(.%) = —Ztl‘i
A¢i(z) = —2nt <0 Yt>0
¢e(x) =0 VaedB;
Since w is continuous up to the boundary, and v = ¢ at 0By, one can start with lowering ¢ from ¢ large

enough so that o
d1(x) > u(z) Voehb

2. Assume that there exists xg € B; in the interior s.t.

supu = u(xzg) > 0
By

Strict positivity of u(xg) ensures there must exist some t s.t. ¢; can touch u at xy. So we consider the
largest £ s.t.
¢r(x0) = u(xo), ¢r > u in a neighborhood of x

Thus z¢ is a local minimum for their difference ¢7 —u, which is always non-negative. Since z; is interior,
necessarily

A(¢y — u)(x) = 0

But notice their difference satisfies
Apy —u)(z) <0 using choice of ¢ and u is subharmonic in B
Hence we reach a contradiction at ¢ and zg.

O

Bochner’s Technique (Interior Gradient Estimate & Harnack’s Inequality) In R", Bochner’s For-
mula involves hitting A on |[Vu|?. We demonstrate how to use such technique in proving estimates.

1. If one assume for u harmonic, then Bochner tells us

n n n

A(|Vul?) = Zaquq(Z(arJu)Q) = Zaﬂci (ZQ(ar_fu)afﬂjaﬂﬂiu)

j=1 i=1 j=1

=2 " ((3:0;u)* + 0judjiiu)
i=1 j=1
=2|D*u|*  using Au=0
That the RHS has a sign usually helps us by simply throwing the term away. Notice in particular |Vu|?

is subharmonic. Also notice Ric does not occur due to flatness of R™.

We use Bernstein-Bochner’s Technique to deduce interior gradient estimate.

Theorem 1.4.2 ([HL11] Proposition 1.31). Let u € C?(By) N C%(By) be harmonic in B1(0). Then there
exists C = C(n) s.t.

sup|Vu| < C(n)supu (1.56)
B2 0B

Proof. Let n € C§°(B1) s.t. m = 1 on By/. Since we want to capture interior behavior of |Vu|, we
calculate (with Einstein summation)

A?|Vul?) = V- (20| V|’V + 20> D*uVu) = 0; (20| Vul*0in + 2n*9;jud;ju)
= 2(9;n)?|Vu|® + 4n0ind;;ud;u + 2n|Vu|*0im + 4ndind;jud;u +W+ 20 (0;5u)? harmonic
(2(8in)* + 2095n) [Vul® + 8ndindijudju + 2n0*(9;5u)?
2(0im)* + 200;m) |Vul® — C|Vn|*|Vul® — n*(0;;u)* + 20°(9;u)? Young’s Inequality
—C|Vn|? + 2nAn)|Vul? + n?|D?ul? combing terms

—C|Vn* + 2nAn)|Vu|? simply throwing away the last term due to non-negative

AVARRAVARRAVARR V]

—C|Vul? up to some constant that depends on choice of n
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Now the second clever point is that, one can reinterpret |Vu|? using harmonicity
A(u?) = 0;(2udiu) = 2|Vul* + 2uAu * hagmonic 2|Vul?
Thus plugging this interpretation into the above yields
A |Vul? + Cu?) >0 for C large enough constant
Thus using Weak Maximum Principle for subharmonic functions Theorem 1.4.1

sup (1%|Vul? + Cu?) < sup (n?|Vul* + Cu?) = C sup u?

€D x€0B; x€0B;
sup |Vu|> < C sup u? using choice of cutoff
z€B1 /3 T€IB,
which yields (1.56) upon taking square root. O

In particular, (1.56) yields interior Holder estimate([HL11] Proposition 1.31). For any « € [0, 1]

[u@) —u)l _ [ule) vl o0 v ye By x4y (1.57)
z — yl | =yl 0B,

In other words

||uHCa(Bl/2) < C(n)supu YV a€l0,1]
0B,

One can also do Holder-rescaling. Apply (1.57) to

up(x) == VirebB
pa
for any p small of your choice, one get
_ _ (1.57) 1
Pz —yl* |z —yl* 0B, P w€IB,
1
[Wees, ) = [Wolca@ ) < ij lullos;) (1.58)

This is the rescaled-version of interior Holder Estimate for Harmonic Function.

2. If one take v = logu for u > 0 harmonic, one has additional structure that (Einstein summation)

1 1 1 u= 1
Av = 0;i(log(u) = 9;(-du) = ——5 > (9iu)® + ~ Au Auso —5 2 ()’

_ Z(%aiuf = =S (0w)? = —|Vo]? (1.59)

3

Then hitting A on w = |Vv|? gives us some different equation. Following similar computation as above

Aw = A(|V’U|2) = 8”(2(8312)2) = 8¢(28jv8jiv) = 2((91']'1})2 + 25‘jv8j(Av)

J
(1.59) 2(0iv)* — 20;09;(| V)

Aw + 2Vv - Vw = 2|D%v?
Now how can one manage to use |D?v|? We note
o, AM-GM ]

|D*0f? = Z(aijv)2 > Z(auﬂ) >

0]

n n

(Z 3¢¢v)2 _ (Av)z

(1.59) Vo]t w?
and one obtain

1
Aw +2Vv - Vw > sz (1.61)
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Now at point & where w reaches interior extrema, one can use
Vw(z) =0 Aw(z) <0

so that necessarily

w(z) =0
On the other hand, if RHS of (1.61) writes w% — C for some positive constant, then one has pointwise
estimate

w(z) <C

Let’s see how the above Log-Bochner’s technique help us to deduce Harnack Inequality.

Theorem 1.4.3 ([HL11] Lemma 1.32, Corollary 1.33). Let u € C?(B;) N C°(By), u > 0 and harmonic
in By. Then there exists C = C(n) >0 s.t. for any x1, 22 € By,

u(zy) < Cu(zs)

Proof. First of all notice it suffices to assume u > 0 in B;. If not, u achieves interior minimum and thus
u = 0 throughout B; and we're done. Now for any x1, x2 € By /2, look at the estimate from FTC

u(r1)
u(x2)

log( ) =logu(xy) — logu(zs) < |z1 — x2|/0 |V(logu)(tzy + (1 — t)aa)|dt

If one can obtain universal log estimate

sup |V(logu)(z)| < C(n) (1.62)
11631/2
Then the above writes
u(zy), (162)
lo < C)|zy — a2l <C(n
B S Cn)lan — sl < O(m)

u(zy) < ec(”)u(xg) V1, 22 € Byjg

Hence it suffices to prove (1.62).

Now we define
v:=logu w = |Vu|?

indicated as above. We want to obtain uniform gradient estimate on

sup |Vou(x)| < C(n)
:L’EBl/Q

The difference with (1.56) is that v here is not harmonic, and RHS needs to be independent of v. In our
language, we seek for C' = C(n) > 0 s.t.

w(z) <C V€ B (1.63)
then taking square root on both sides yields the result. Hence it suffices to prove for (1.63).

(a) We try for test function ¢ € C§°(B;). As before we compute
Alpw) = 9i(p Y (9;0)%) = 0,(Dspw + 200,v05v)
J

= Apw + Vi - Vw + 2V - D*vVu + 2¢|D?*v|? + 2¢0;v0j4;v
(1.59) Apw + Vo - Vw + 2V - D*vVv + 2¢p|D%*v|* — 2¢pVv - Vw
Let’s expand the term

Vo -Vw = Bigpai(Z(ajv)z) = 20;p(9;v0;v) = 2V - D*vVv

J
Thus one has

A(pw) +20Vv - Vw = Ap|Vo|? + 4V - D*vVu + 2| D?v|?
Apw) + 2V - V(pw) = Ap|Vu|? + 4V - D*0vVv + 2V - V| Vo|? + 2¢|D?v|? squeeze ¢ into V
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We look at RHS. One want to group the terms with |D?v|?, hence we rewrite and apply Young’s
Inequality

1 1 [Ve|? 2
Vo - D*vVo = /o Vo - D*yVo > —~¢|D*]* - C Vv
Vo foiD* — c 2wy
so that

2
Algw) + 290 - V(gw) > gD + (Aso - c'ijf') Vol — 2Vl [V

(1.60) 2
> %uﬂ + <A<p - c?f') V|2 — 2|Vy||Vol?

(b) Now one needs clever choice of cutoff so that % is bounded in By /5. In fact one can take ¢ = n*
for some n € C§°(By) with 77|Bl/2 = 1. Then

\V4 2 Gv 2
| ZDI _ 16" In477| 162 |V

Ap = 0;(4n°9;m) = 12|V |* + 4 An

We rewrite

4
n
A(n4w) + 2V - V(n4w) > ng + (4773A77 - CnQ\VnF) |Vou|? — 8% V|| Vol?

4

> %wQ — C1(n,n)|Vv]* = Ca(n, n)|Vo]?
7]4

- Zw2 — C1(n,n)w — Ca(n,n)w

3
2

4
> g—wz —C(n,n) Young’s Inequality
n

Notice n*w is non-negative, continuous and compactly supported in B;. Using cutoff, 774w‘ 0B, = 0.

Assume at zg € supp(n) the function n*w(zg) achieves interior maximum. To show for (1.63), it
suffices to obtain the estimate at
w(xo) < C(n,n)

To do so, we use
V(ntw)(o) =0 A(n'w)(z) <0

so that 4( )
1 4 2 n{To) o

< <
ot @i (e) £ T u(a) < Cnm) ¥ o € supp(i)

Restrict to By /2 and fix choice of 7 to recover (1.63).

O
Hopf’s Lemma In this paragraph we prove the Laplace baby version of Hopf’s Lemma, which says the

outward normal derivative at the maximum point on the boundary of a ball is strictly positive.

Theorem 1.4.4 ([H1.11] Proposition 1.34; De Silva Analysis I1 2025). Let u € C*(B1)NC*(By) be subharmonic
i Bi. Assume xg € 0B, s.t.

u(z) < u(xo) V x € By, T # T
Then 5
u
5(»’”0) >0
Proof. Let’s first see why this is non-trivial. Using u(z) < u(xo) for any = # ¢, one can only obtain
Ou . u(zg) — u(zo — tv)
87(170) = lim ; >0

since we're taking the limit as ¢t — 0. The key to prove is ‘strictness’.
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1. We add a small perturbation. For a > 0 to be chosen, define
v(x) == emelzl’ _ g VzeB; (1.64)
so that

div(x) = efo‘lm‘r“(—2oza:i)

Av(z) = (—2na + 4cu2|ac|2)e*o‘|"”‘2

We look at the region % < |z] < 1. Then one can choose « sufficiently large s.t.

1
—2na+4a2|x\2 >0 v 3 <lz| <1

a>2n suffices
Hence 1
Av(z) >0 Vigmgl
Also notice
1
v(z) >0 V§§|x\§1
v(x) =0 x| =1

2. Now for any € > 0, define perturbation as
ue(z) == u(x) — u(zg) + ev(x)
so that
ue(z) <0 lz] =1

1
ue(z) <0 || = 3 for € > 0 chosen small enough

Aue(z) = Au+eAv >0 using v subharmonic and Av > 0

Applying Weak Maximum Principle Theorem 1.4.1 for Subharmonic function u. on By \ By s therefore
yields

1
ue(x) <0 V§<|x|<1

In other words, using v(xg) =0

w(ze) — u(x) > ev(x) V¥ % <l <1

S

(u(xo) —u(zg — tv)) > —8%(1}($0) —v(xg — tv)) VOo<t< %

sending t — 0 yields

ou Ov
il > o
ov (z0) 2 “ov (o)
But we can compute the RHS
0
& (20) = v/ (Jo) = ~2afrole= " = ~20e7 <0
so that 5 5
u(xo) > —E—U(xo) =2eae”“ >0

v ov
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Interior Cone Condition We claim that one can also do for interior cone condition. It suffices to build
the cone barrier. Let’s define in R? ,
u(r,0) = e~ " cos(d)

Then

Oyu = —2are " cos(0)

Oy = —20u + 4o’ r?u

Hence

1 1
Au = Oppu + = 0ru + —28§u
r r
22 1
= 4o+ 4a”r - |u
r

= (@ar®—1)*=2) 5

r

Now this has a negative sign if we choose r < rg small universal, and then choose a small depending on 7.

Global Hoélder Regularity from Hoélder Boundary data Notice up until now we're doing mainly inte-
rior estimates. From Poisson’s Integral Formula we know certain solutions defined by Green’s Representation
achieves boundary data continuously (given continuous boundary data).

But in general, given boundary data with higher regularity, does the solution to Laplace Equation inherit
higher regularity up to the boundary as well?

Theorem 1.4.5 ([HL11] Lemma 1.35). Let u € C*(By) N C°(By) be harmonic function with boundary data
¢ € C%(OBy) for a € (0,1). Then u € C*/?(B;) and

[U]caﬂ(ETI) <C(n,a) [SD]C&(@BI)
Proof. 1. We first claim it suffices to prove for any zy € 9B;

p 1@ )| _ @) — (o)

1.65
weB, |T — 20|*/? v€dB, |T— xo|® (1.65)

In philosophy, to obtain global estimates, it suffices to first do for one fixed point on the boundary. To
see why if suffices, we denote
d, = dist(x,0B1) Voe B

We want to use (1.65) to deduce

u(e) — )| _ o

o —y[3 ®loe(9By) Vx,ye B TFyY

For any such x, y, pick xg, yo € 0B s.t. the distance are realized
dy = |z — x0] dy = |y — yol
WLOG assume 0 < dy, < dy, i.e., y is closer to boundary 0Bj.

(a) If &, y are sufficiently close, one can simply reduce to interior estimates. In particular if

1 1
2=yl < 5do = gl — ool

One may apply rescaled-interior Holder estimate (1.57) to the function u — u(z) in the ball By, (x).

Thus
- 1
[ule) =)l o L up fu— (o)
[z —yl= dZ Ba, ()
(1.65) z) — oz
< C(a) sup (@) = olao)] < C(a)[plo=(am,)

z€dB, |T —xo|®
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(b) If z, y are not close, i.e.
1 1
|z —y| > idx = 5\:5—3:0|
One controls the distance to the boundary via
|20 — yo| < [zo — 2| + [z — y[ + |y — yo| < 5lz —y|
so that
lu(z) — u(y)| < |u(z) — u(zo)| + |ul(zo) — ulyo)| + ulyo) — u(y)|

(1.65) )2 o2

< C (dx + @0 — Yol + dy ) [elce(am)
< C(a)le = yI? [¢lox@on,)

Since both cases are dealt with, one has global Holder Estimate.

2. Now we prove (1.65). Notice the claim is invariant under translation and rotation, hence it suffices to do
for the ball
Bl((la 07 o ;O)) = Bl(el)

and for the point
x0=0=(0,---,0)

Why is this ball a smart choice? On the this ball, the points satisfy

VT E
x%—i—---—l—xi:%cl

|z|? = 224 YV x € dB1(e1) (1.66)
and this relation simplifies the computation a lot! Also, WLOG assume
p(z0) = ¢(0) = u(0) =0
We want to build a test function v defined on Bj(ey) s.t.
u=p<uv 0B (e1) (1.67)
Av <0 Bi(e1) (1.68)
Then since Au = 0 in Bj(ey) is harmonic, one has by the comparison principle
u<ov Bi(er)

Now we build this v. Let

v(x) :=2% sup ‘¢(x)|x1% V Bi(e1)
z€B;(e1) |‘r|a

We can ensure (1.67) (This is why we need Holder Regularity of ¢ !)

w@”_|wm|ﬂa§< s wmn)mw

|x|o¢ z€B1(e1) | |a

(1.66) ( sup Iso(rf)|> 2%2F = v(a)

z€B;(e1) ‘m|a

We can also ensure (1.68) by the simple computation

lp(z)| a0 o o2

Av =2%
z€Bj(e1) |x|a 2°2

<0 using o < 2

Thus using the comparison principle

u(@)| <2t sup DI
2€By(e1) |7
<2t sup P
2€B;(e1) 17
sup |u(:va)| <938 ()|
r€B1(e1) |x‘§ r€B1(e1) |x|a

and this gives (1.65) upon translation and rotation.
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Touch Let |Au| < K in By and w =0 on 9B;. Then

< K
HUHLOC(Bl) = on
Proof. Denote ¢ = 5-(|z|?> — 1). Then
Ap=1
=0 0B
Now u + K¢ satisfies
0<A(u+ Ko)

51

hence is subharmonic. Using Maximum Principle for subharmonic functions yields

K
Kop)<0 = u<-Kp< —
mex(u+ K9) <0 = us Koo

On the other hand u — K¢ satisfies
Alu—K¢) <0

hence is superharmonic. Using Minimum Principle yields

By

K
influ—K¢) > inf(u—K¢)=0 = u>K¢p>—— B
B 8B

2n
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1.5 Perron’s Method

Up until now one only has method to solve Laplace’s Equation over certain domains via Green’s Representation
and Poisson’s Integral Formula. For general bounded open domain, can one also build a solution to Laplace’s
Equation?

Perron’s Solution resolves the problem for a large family of general domains. In the following, let 2 C R™
be bounded open domain.

Weakly-Subharmonic We begin by defining a weaker notion than subharmonic functions, which allows for
only continuity, but makes use of one-sidedness.

Definition 1.5.1 (Weakly Sub-Harmonic; [HL11] Definition 6.1). u € C(Q) is weakly subharmonic if
u<v in B, V B balle Q and ve C*B)NC(B) harmonic s.t. u=v 0B

u € C(Q) is weakly superharmonic if u > v in B for any B and v as above.

One observe that a weakly-subharmonic function inherits the Comparison Principle of an actual subharmonic
function.

1. First and most importantly, a weak subharmonic function also has Strong Maximum Principle.

Property 1.5.1 ([HL11] Lemma 6.2; [GT01] Section 2.8(i)). Let @ € R™ be bounded, open and connected.
Let v € C(Q) be weakly-subharmonic function. Then w cannot achieve interior supremum unless u s
constant throughout 2.

Proof. (a) Let M := supu(x). Consider the closed subset
€N

Oy i={zeQulz)=M}

Since 2 is connected, Qs as a subset cannot be both open and closed unless it is either the whole
domain 2 = Qj; or Q = &. Now assume there exists y € (2 that achieves interior supremum

u(y) = iggl&(%) =M

hence Q) # @. If we’re able to prove ), is open, necessarily Q = Qy, i.e., u = M throughout €.

(b) Now for any x¢ € Qy, consider B = B,.(z) € . One can solve for v € C?(B) N C°(B) s.t.

Av=0 B
v=1u 0B

using the Poisson’s Integral Formula (1.47). Since u is weakly subharmonic, necessarily
u<wv B
One on hand, since v € C?(B) N C°(B) is harmonic, by Weak Maximum Principle Theorem 1.1.4

v(xz) < supv(z) =supu < supu(z) =M  VzeB
oB OB z€Q

On the other hand, using weak subharmonicity of u at z¢
M = u(zo) < v(xg) <M
Thus v achieves interior supremum at the point . Using Strong Maximum Principle Theorem 1.1.3
v=M throught B

In particular
M = supv(x) = supu
oB dB
But B around zg is arbitrary. By choosing any ball of smaller radius around zy and applying the
above, one conclude
B(w0) C Qu

Thus we’ve fit an open ball around zq into 2,7, so Qs is open.
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2. As an immediate corollary, one has the comparison principle.

Corollary 1.5.1 ([HL11] Lemma 6.2). Let Q C R™ be bounded, open and connected. Let u € C(Q) be
weakly-subharmonic, and v € C(§2) be weakly-superharmonic s.t.

u<w o0
Then either

u<v Q
or -

u=v Q

As a technical lemma, one notice weak-subharmonicity is preserved under taking finite maximum.

Property 1.5.2 ([GT01] Section 2.8(iii)). Let uy,--- ,uy be weakly subharmonic in ), then max{uy,--- ,un}
s weakly subharmonic in Q.

Proof. Take any B € € and v € C?(B) N C(B) harmonic s.t.
max{uy, -+ ,un} =v 0B
There exists v; € C?(B) N C(B) harmonic for i = 1,--- | N s.t.
w; =v; < 0B

Using each u; is weakly subharmonic,
(173 § (3 B

But both v; and v are harmonic in B with boundary data v; < v. Using comparison principle
u; <v; <wv B Vi=1,---,N

Thus one get

O
We remark that, if one a prior showed equivalence between weak subharmonicity and subharmonic in the

viscosity sense, then ‘subharmonicity’ is closed under taking maximum is trivial.

Harmonic Lifting Now given a weakly subharmonic function u, for any ball B fixed, one can construct a
function w that lifts v to a harmonic function on B.

Definition 1.5.2 (Harmonic Lifting(Replacement); [GT01] Section 2.8(ii)). Let u € C(£2) be weakly-subharmonic
function, and let B € Q. The harmonic lifting of u on B is w € C(2) that satisfies

Aw=0 B
w=u Q\B
stadd Wil come harmamic A Hin ,
subharman ¢ N romuing  wiakly” sohaomen

Figure 1.6: Harmonic Lifting

One immediately observe that
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1. For any B &€ 2, due to Uniqueness Corollary 1.1.1, the harmonic lifting w of u on B is uniquely determined.

2. Since u is weakly-subharmonic and w is harmonic in B, and they agree on 2\ B

u<w 9]

3. The nontrivial property of harmonic lifting is that, it remains weakly subharmonic upon lifting the weakly
subharmonic function.

Property 1.5.3 ([HL11] Lemma 6.3). Let u € C(Q) be weakly subharmonic, and B € Q. Then the
harmonic lifting w € C(Q) of u in B is weakly subharmonic.

Proof. We aim to prove that for any B’ € Q and v € C?(B') N C(B’) s.t.
Av=0 B  wv=w 0B

one can infer that
w<wv B

One think about what B’ consists of. We need to make use of u and B. Indeed one can partition
B'=(B'NnB)U(B'\ B)
and we treat the two portions separately.
(a) On B’ \ B, by definition of w as harmonic lifting of u in B
w=u B'\BCQ\B
now since v is harmonic in B’ \ B and u is weakly subharmonic over €, in particular
u<wv B

Thus one obtain
w=u<wv B'\ B

(b) On B’N B (WLOG assume this is non-empty), both w and v are harmonic. Using Weak Maximum
Principle Theorem 1.1.4
w—v< sup w—v
(B'NB)

Now what is the supremum on the boundary? Notice
d(B'NB)=(0B'NB)U(B'NdB)U (0B’ NdB)

Hence using choice of v = w on 9B’

w—v=0 9B'NB
using w = « on OB as harmonic lifting, and u weakly subharmonic, v harmonic, hence u < v in B’

w—v=u—v<0 B'NnoB

using again v = w on OB’

w—v=0 OB'NoB
Thus we conclude

w—v< sup w—v=0 B'\ B
9(B'NB)
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Perron’s Solution Given Q2 C R” bounded connected open domain. Let ¢ € C(92) be continuous function
defined on the boundary. Perron constructs a function defined using boundary data s.t. it is harmonic within
Q.

Let the admissible set be

S, = {v € C(Q) | v weakly subharmonic in Q and v < p 9Q} (1.69)

and we define our Perron’s solution to be

u(x) := sup v(x) Vaoel (1.70)
vES,

Proposition 1.5.1 ([HL11] Lemma 6.4; [GT01] Theorem 2.12). Given ¢ € C(0R). u defined as in (1.70) is
harmonic in 2

Au(z) =0 Ve
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Figure 1.7: Perron’s Solution

Proof. The idea is as follows. Using definition of (1.70) as supremum, one can construct an increasing sequence
of functions v; in S, that approaches u. Then for each v; we consider a harmonic lifting w;. We show that the
sequence w; converges to some w € C'(Q) that is harmonic. Finally we demonstrate that in fact v = w in Q. In
the following we setup step by step. Denote

= inf M =
m= infel() sup £(2)
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1. First we need a reason to construct the v;. Note S, # @ because constants are weakly-subharmonic,
hence
m e S,

and therefore it’s eligible to take an increasing sequence. Next we want v; to have uniform upper bound.
Notice M as constant is harmonic and ¢ < M on 02. Thus

v< M VveS, = u(z) <M Yzel

and we have a uniform upper bound
(Y S M

We also want to ensure v; > m has uniform lower bound in our sequence. To do so we need to prove the
admissible set S, is closed under taking finite maximum. Take vy, - ,vny € S,. Using Property 1.5.2,
we know

max{vy, - ,UN} remains weakly subharmonic in

Then notice v; < ¢ on I for any ¢ indeed implies max{vy,--- ,o5} < ¢ on 9, and therefore the finite
maximum belongs to S,. Now, since m € S, and v; € S, for any 7, one can redefine v; as

max{m,v;} € S,
and we have a uniform lower bound for v;.
2. Now fix a point z¢ € 2 and construct m < v; € S, as above s.t.
u(zg) = lim v;(xg)
i—00
Take B, (x0) € €, and construct w; as harmonic lifting of v; on B, (xg), i.e.

Awi =0 Br(xo)
W; = v; Q \ BT(mo)

Why does w; have a limit w, and why w remains harmonic in B,.(z¢)? This is due to usage of Compact-
ness Theorem 1.2.3, which asserts a uniformly bounded sequence of harmonic functions converge locally
uniformly to a harmonic function. To apply the Theorem one need uniform boundedness of w;. On one
hand, from Property 1.5.3, we know w; € C(f2) are weakly subharmonic. Also

w; =v; < o0 Vi

Thus w; € S, for any 7. In particular

<l
<

w; <Ku< M
On the other hand, using w; as harmonic lifting
m < wv; <w; Q Vi
Hence w; is uniformly bounded over Q by
m<w;, <M V1

Now apply Theorem 1.2.3 one has w € C(B,(x¢)) s.t. w; — w locally uniformly (up to subsequence) in
B, (z) and Aw = 0 in B, (x0). We know

m<w<u B (z0)
and in particular at the point xg
u(zo) = lim v;(xo) < lm w;(xg) = w(zo) < u(zg) = w(xo) = u(xo) (1.71)
1—> 00 1—> 00

3. In the third step we show
w=u  Bp(zg)

Take any other point x; € B,(zg). Again, one can construct a sequence ¥; € Sy s.t.
w(zy) = lim 0;(zq)
11— 00

V; > W, Vi using Property 1.5.2
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where w; € S, as are in previous step. Again we construct w; as harmonic lifting of @; on B, (zo)

A?I)Z' =0 Br(.’L'o)
’LT},‘ = ?71‘ Q \ Br(mo)
For similar reasons as above, since

Again w; is uniformly bounded sequence of harmonic functions over B,.(z). Apply Theorem 1.2.3, we
know @; — @ locally uniformly to harmonic function @w € C(B,(z¢)). Moreover

m<w<w<u<lM B,.(x9)
Let’s pause and see what we aim at. In principle, since this x; is arbitrary, it suffices to prove
w(zy) = u(xq)
Our trick is to transit using .
(a) It is immediate u(x1) = w(x1) due to construction

u(ry) = zliglo 0i(x1) < Zli)r(r)lo wi(z1) = w(xy) < ulxy)

(b) To show w(z1) = w(x1), we want to make use of Maximum Principe. First notice
w—w<0 B,.(x9)
and at the point xq

u(wo) "LV w(wo) < (o) < ulwo)

hence w — @ achieves interior maximum at xzg. Now using w — @ is harmonic in B, (zg), by Strong
Maximum Principle Theorem 1.1.3

w—w=0 By (z0)
In particular equality holds true at .

The proof demonstrates how compactness of harmonic functions lies behind existence of solutions. O

Perron’s Solution Approaching Boundary Data Notice up until now one has not discussed how the
Perron’s solution u (1.70) approach boundary data ¢. In fact, whether u can continuously approach boundary
data relies on the boundary of our domain. Let £ C R™ be bounded open connected domain.

Barrier Function and Regular Points Let zy € 0€). How can one possibly show that as x — xg for
x € Q, one get |u(z) — p(xg)] — 07 The idea is to use some wy, (x) s.t. zligclo Wy () = 0 and bound
lu(z) — ¢(z0)| S wao (x)
We define precisely what we mean by w,,. Notice this definition is purely dependent on the domain 2.
Definition 1.5.3 ([GT01] Section 2.8). Let zg € 9Q. We call w,, € C(Q) a barrier function at zo if
1. wg, is weakly superharmonic in Q.
2. wyy >0 over Q\ {xo} and wy,(zo) = 0.

In particular, we call zg € 92 a regular point if there exists a barrier function as in Definition 1.5.3 at zg.
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Figure 1.8: Barrier Function and Exterior Ball Condition

Let’s see how the existence of a barrier function at a boundary point implies continuity up to the point.

Lemma 1.5.1 ([GT01] Lemma 2.13; [HL11] Lemma 6.5). Let zog € 9Q be a regular point and w,, the barrier
function at xg. For u € C(Q) Perron’s Solution defined as in (1.70) with ¢ € C(9) boundary data, one has

lim Ju(z) - p(x0)] = 0

T—T0o

Proof. Let’s see what tools we have. First, since ¢ € C(99), for any € > 0, there exists § = d(xg,&) > 0 s.t.
ly =m0l <0 = lp(y) —elzo)| <e

Now for |y — x| > J a positive distance away from xg, we use wy, > 0 to ensure there exists K = K(wg,,0) > 0
large s.t.
[y =0l 26 = K, (y) > 2sup|g]

Thus globally over 0f2
[p(y) — p(xo)| < €+ Kwyy(y)  Vy € 0D

rewriting above yields

p(wo) — e — Kwgo (y) < p(y) < @(z0) +e+ Kwgo(y) ¥V yeoR
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1. Since wg, () is weakly-superharmonic, ¢(z¢) — e — Kwy, () is weakly-subharmonic in €2. Moreover, using
definition of S, (1.69)

o(xo) — e — Kwg, (y) < o(y) on the boundary y € 99

Thus
p(xo) —e — Kwgy € S, is admissible

Using definition of Perron’s Solution (1.70)

o(xo) — & — Kwy, (z) < u(zx) VaoeQ

2. On the other hand ¢p(z) + € + Kwy, (z) € C(Q) is weakly-superharmonic in Q. For any v € S,,
v(y) < ¢ < p(wo) +e+ Kugy(y) ¥y e

Then using weak version of Comparison Principle for Weakly Subharmonic and Weakly Superharmonic
function Corollary 1.5.1 one has

v(z) < p(x0) + €+ Kway(z)  Vze
Notice this works uniformly for all v € S, thus

u(z) < p(xg) + & + Kwy, () VaoeQ

Combining both sides, one obtain
lu(z) = p(x0)| < € + Kwg, (2)
Letting x — zg on both sides yields
lim |u(z) — p(zo)| <€

T—rT0

Notice this works for any € > 0 hence the result follows. O
Solvability of Dirichlet Boundary Value Problem over Regular Domain What’s more powerful
is that, all boundary points being regular is equivalent to all BVP problems being solvable over the domain Q.

Theorem 1.5.1 ([GT01] Theorem 2.14). Let Q C R™ be open bounded connected domain. The boundary value

problem
Au=0 Q
u=¢ 00

is solvable (i.e., u € C(Q) N C°(Q) solution ezists) for all boundary data ¢ € C(Q) iff all points of I are
regular.

Proof. Assume all points are regular. Using Proposition 1.5.1 u is harmonic in 2, and using Lemma 1.5.1, u
approaches the boundary data continuously at all boundary points. Thus the BVP is solable for any boundary
data ¢ € C(99Q). On the other hand, assume BVP is solvable for all continuous boundary data . Then for
any xg € 0f), one take

o(x) == |z — x| Ve

Indeed

1. One solve the Boundary Value problem with boundary data ¢, then the solution u, € C>(Q) N C°(Q) is
harmonic in ©, in particular, u € C°(€2) is weakly-superharmonic.

2. The boundary data ¢(z) > 0 for any x € Q\ {z¢} and ¢(zg) = 0.

Hence u,, is a barrier at the point z¢, and by definition, z is regular. O
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Exterior Ball Condition It suffices to determine what domains have regular boundary. We give a
sufficient condition that builds up a barrier for free: the exterior ball condition.

Definition 1.5.4. A bounded open connected domain @ C R™ satisfies the exterior ball condition if for any
xo € 0N2, there exists exterior ball B,(yo) C R™ s.t.

QNB.(yo)=2 QN B,(y) = {zo}
Now given a domain with exterior ball condition, and given xg € 99, B,(yo) as above, we claim the function
Wey (@) :=T(x —yo) —T(wo—y) Va2e
is a barrier function at xg. Indeed

1. Awg,(7) = AT(z—yo) = 0 for any x # yo. Since y ¢ €, this is sufficient, and thus w,, € C(Q) is weakly
superharmonic.

2. Notice for any x € Q \ {z0}
I'(z —yo) = T(|z = yol) > T(lzo — ol) =T'(wo — yo) <= way(x) >0

and
Wao (20) = T(2o — yo) — T'(xo —y0) =0

Hence domains with exterior ball condition necessarily satisfies Theorem 1.5.1.

C? Domains satisfy Exterior Ball Condition In particular, all C? boundaries are domains with exterior
ball condition.

Remark 1.5.1 ([GT01] Problem 2.11). Let Q C R™ be bounded, open, connected domain with 9Q C?, i.e., for
any xo € ON) there exists r > 0 and g € C*(R"™1) s.t. upon relabelling and reorienting

QN B(z0) ={x € By(xo) | &n > g(z1, -+ ,xn—1)}

Then 2 satisfies the exterior ball condition.

-

9‘(0 X)) v (aq.lyﬁéﬁ,, 13'\55

wote  yed, \Lu‘,a,w Nl
€%
R W uan“l > m%»ﬂ\\ré T} R T

Figure 1.9: C? domain satisfies Exterior Ball Condition
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0. Since boundary is C?,

Proof. Upon translation we take zg = (0,---,0) = (z(,0) origin so that g(xf) =
= (0,---,0,—1). In particular,

one has outer-unit normal defined v € C1(9Q; R"). Upon orienting, take v/(zo)
using explicit expression of v one has

1
Op-19,—1) = Vg(zp) =0 R"!

- (Dig,--,
\/|V9\2+1( v -
-*0

Now since g € C?, the Hessian of g at ¢ is also continuous. In particular using Taylor, for any z € R"~! s.t.
|z — x| = |z| < d with § > 0 small

(Oa 70,—1)21/(1'0):

1
9(w) = g(z0) +x - Vg(xp) + 527 D?g(h)x + o(6%)
With our cboice of g(x() = 0 and Vg(z() = 0 one has
1
l9(@)] < 51D*g(x0)lle|* + o(|x[*)

Since g € C?, all second derivatives commute, hence the hessian matrix

D?g(xp)
is symmetric. A symmetric matrix is diagonalizable, hence there exists real eigenvalues Ay, -+, A\,_1 € R of
D?%g(z(). Now one can choose C' > max{\y,---,\,_1} so that

|D?g(x))| < max{Ai,- -, Ap_1} <C
Thus there exists § = 6(C') > 0 small so that for any |z| < §
l9(2)| < Claf?
Why do we want a control on |g|? This is because we want to pick a r > 0 s.t. the ball
Br((0,-++,0,=7)) = By

satisfies B, N {0} = {0} while B, C Q°.
Now for the three objects

graph of g over |z| <4, {—C\a:|2 | |z| < 0}, B, = B.(0,---,0,—r)

How do we ensure the parabola lies on top of the ball? We want to ensure that for any y = (v/,y,) € B, with
ly’| < 6, necessarily
LA (1.72)

Notice y € B, with |y’| < ¢ yields

(Y yn + 1) <7
ly'|° +y2 + 2ry, <0

Ah! We pick
1
< —
"=2c
so that the above implies
Y1+ < —2ryn
1
S _6yn

Cly'P <Clyl* < —yn

Hence such choice of r ensures (1.72) is satisfied. Thus for

r < min{

—.0
2C"7 }
The ball B,.((0,---,0,—r)) touches 02 only at the point 2o =0 € R” and B, NQ = &. O
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1.6 H! Theory for Laplace Equation

In previous sections, we defined the Laplace operator in the classical sense, i.e., for u € C2, we defined

Au = i 8iiu
i=1

Yet one can understand the Laplace Operator via the weak sense, which naturally arises from the Calculus of
Variations. A ground rule is that, PDE comes from Variational Problems, and solutions to PDEs are critical
points for the energies.

1.6.1 Dirichlet Problem in H'

1. Let © C R™ be any bounded open domain (no assumption on regularity at the moment), and consider
any function g defined on 9f2. Let’s think about the problem

1
Minimize  £(u) := 5/ |Vu|*dz among functions u s.t. u = g on 02
Q

Notice to make sense of the Minimization Problem above, one only need to specify order-one differentia-
bility of u, and moreover, the derivative suffices to be defined in an integral sense s.t. Vu is L2. This
allows us to choose

ue HY(Q) = WH2(Q) as our function space to work with

On the other hand, one can interpret u = g in the trace sense, hence it allows us to pick g € L?(99).
Remark that the Trace theory requires 92 with certain regularity. C! is preferable, but usually 99
Lipschitz suffices.

Thus one can write formally our Minimization problem (1.74). Given 2 C R™ open, bounded domain with
0Q Lipschitz. Given g € L?(9Q). We may define our admissible set (the set among which we minimize

our energy)
A:={ue Hl(Q) | w = g in the trace sense} (1.73)

The minimization problem seeks for

u €A st E(ug) = inf{&E(u) | u e A} (1.74)

2. What are some necessary conditions for a minimizer u to (1.74)7

For any v € C§°(€2) compactly supported within €, consider u + v for € > 0 small. Since v is compactly
support, this does not touch boundary data g, thus u + €v is valid competitor. Using that u is minimizer,
one shall obtain

E(u) < E(u+ ev)
/|Vu|2§/ \V(u+ev)|2:/ Vul? + 26V - Vo 4 22|V 2
Q Q Q

—5/ \Vv|2 < [ Vu-Vv
2 Ja Q

Taking ¢ — 0, this amounts to say

OS/Vu-Vv
Q

On the other hand, choosing u — ev a downward perturbation yields the other side, i.e.

Oz/Vu-Vv
Q

Thus a minimizer v to (1.74) necessarily satisfies

/ Vu-Vv=0 Ve g () (1.75)
Q

Assume for now u € C?(€2). Then by Green’s First identity (1.6) (essentially Integration by Parts)

0= / v%dS - / vAu = f/ vAu using v € C§° compactly supported
o OV Q Q
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Hence assuming for u enough regularity, v as a minimizer to (1.74) necessarily solves
/ vAu =0 VoueCP(R) (1.76)
Q

which amounts to say Au = 0 in {2 a.e. via the fundamental theorem of Calculus of Variations ([FRRO22]
Corollary 1.2).

3. In view of (1.76), we understand Minimizers to (1.74) as ‘weak solutions’ to some Dirichlet Boundary
Value Problem.

Notice C§°(Q) is dense in Hg (£2), which is the dual of H() for Q bounded. Thus one is allowed to pass
to the limit and relax (1.75) to H} ().

Definition 1.6.1 (Weak Solution to Laplace BVP; [FRRO22] Definition 1.9). Given Q@ C R™ open,
bounded domain with OQ Lipschitz. Given g € L*(95).

We say u is weak solution to the Dirichlet Boundary Value Problem
{Au =0 Q
u=g o0
ifu e A asin (1.73), and u satisfies
lévuwmzo Y v e Hg(Q) (1.77)

4. More generally, one may consider a forced Minimization problem. Given 2 C R™ bounded, open, Lipschitz
domain, and g € L?(99Q) as before. Moreover, let f € L?(Q).

1
Minimize Er(u) == / §|Vu|2 — fudz among functions u € A (1.78)
Q

Following a similar procedure, assume u as minimizer to (1.78), compute for any v € C5° ()

— 1 2
lim Er(utev) = &(u) = lim — (/ eVu- Vv + E§|VU|2 - Evf)
Q

e—0 £ e—=0 ¢

:/Vu«vavf
Q

Thus v minimizer to (1.78) necessarily satisfies

/QVU'VUZ/QUf VoveC§o(R)

Again, assuming v € C? and doing Integration by parts for the LHS, one obtain

—/QAuU:/QfU Vv e P (2)

which amounts to say —Au = f in Q a.e.

Definition 1.6.2 (Weak Solution to Poisson BVP; [FRRO22] Definition 1.9). Given @ C R™ open,
bounded domain with OQ Lipschitz. Given g € L*(99). Given f € L*(Q).

We say u is weak solution to the Dirichlet Boundary Value Problem

“Au=f Q
u=yg o0
if u e A asin (1.73), and u satisfies
/ Vu- Vv = / fv Y v e Hi(Q) (1.79)
Q Q

Notice for convention, we write —Au = f because then in the weak form (1.79) we have positive signs on
both sides.
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Existence and Uniqueness (Calculus of Variations) As a first thing, to ensure it makes sense to discuss
weak solutions (1.77) and (1.79), one need to show existence of minimizers to the Minimization problems
(1.74), (1.78), which are indeed ‘weak solutions’ as we’ve discussed. We demonstrate the proof via Calculus of
Variations.

We do for the general case with the forced energy.

Theorem 1.6.1 ([FRRO22] Theorem 1.10). Let Q C R™ be bounded, open, and Lipschitz. Let g € L*(0S) and
f € L%Q). Also assume A # @. Then there exists a unique minimizer ug € A as in (1.73) s.t.

1
Er(up) = inf {/ §|Vu\2 — fudx |u e A}
Q
Proof. 1. First we show existence. Since we’ve assumed A # &, pick any w € A. Then we compute
&5(w) = [ 31Vl
a2
|€¢(w)] < *lVUJ|2 Tl 2o lwll 2y < o0
Q2
Thus

inf{/ %\VUF — fudx |u € A} < Ep(w) < o0
Q

and hence we're allowed to take minimizing sequences using the definition of infimum. We take

k—o0

{ug} CA  Er(ug) < Ef(w) Yk, lim &f(ug) = inf{/ ;|Vu|2fudx|u€¢4}
Q

A common procedure in showing the limit exists is by passing to a weak limit via compactness. We need
uniform bounds of {u} in H'. First observe via Poincaré and Trace Inequality

1
@ o0

—|Vuk|2 —ugf +/ urf + ||9||2L2(OQ))

<5f 5/ lug|? + 27:/ |f12 + ||g||2Lz(aﬂ)> using Young’s

/ |ug |2dx < C(n, Q) (Ef + Hf||L2(Q) + ||g||L2(aQ)) choosing € = ¢(n, Q) small and absorb
(1.80)
On the other hand

1 1
/§|Vuk|2=/ §|Vuk|2_ukf+/ukf
Q Q Q

< Ep(w) +llurllpz o) 11l L2 ()

(1.80)
< O, 9) (Erw) + 1 o) + 913200

Thus we have the sequence uy, uniformly bounded in H'.

(a) Using Banach Alaoglu, unit balls in weak* topology are compact, hence there exists ug € H'(Q) s.t.
up — up weakly in H' up to subsequence. Due to the nature of weak limit

l[uoll g1 () < hkfgi(gf [kl 1 ()

(b) Using Rellich, W12 € L2, passing to another subsequence uj, — ug strongly in L2.

Now using Trace Inequality

otk = woll 2 o0y €, ) (e = w0l gy + V2 = Vet e
gC(n,Q,f,g,gf(w)) vV k
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Since {up — up} is uniformly bounded sequence in L?(992), by Banach Alaoglu again, up to another
subsequence, ux — ug weakly in L?(9€2). But us, = g on 952 for any k since uy € A, one obtain

Uy = ¢ o0

And thus ug € A is admissible. Now

1
Er(up) <lim inf/ —|Vug|* = lim / Sfug using weak limit in H', and strong limit in L?

< lim &f(uk) = inf {/ 1|Vu\2 — fudz |u e A}
k—o0 Q 2

Thus ug is minimizer to (1.78).

2. We then show Uniqueness. For any v € H}(Q2), consider u + v
1 1
Er(ug+v) = / §‘VUQ|2 + Vug - Vo + 5\Vu|2 — fug — fu
Q
1
= E(uo) +/ ~|Vo? +/ Vug - Vv — fo
Q2 Q
1.79 1
s ua) + [ 519
Q2
Ifv0, [|[Vu]? #0 due to v € H} (we identify a.e.), thus

Er(uo +v) > Ef(ug)

gives strict inequality so ug + v is not minimizer. Consequently uq is unique.

One shall remark that, given g € L?(99), the condition A # & is not guaranteed.
Remark 1.6.1 ([FRRO22] Remark 1.11). Given Q C R™ bounded open, and Lipschitz, A # & iff

_ 2
/ / lg(z) g(ﬁl drdy < o0
o Joa T —y|"

Existence and Uniqueness (Functional Analysis) On the other hand, one is allowed to forget totally
about the underlying Minimization problem and merely look at the weak solution defined as in Definition 1.6.2.
We demonstrate an alternative proof using Functional Analysis, in particular, Riesz Representation, which
works for zero boundary data.

Theorem 1.6.2 (Weinstein Analytic Methods for PDEs 2024). Let Q C R™ be bounded, open and Lipschitz.
Let f € L?(Q). Then there exists unique weak solution ug € H}(Q) to the Dirichlet Boundary Value Problem

—Au=f Q
u=20 00N

as in Definition 1.6.2, i.e.

/VUO-VU:/fU Y v e Hy(Q)
Q Q

Proof. 1. Recall H! with the classic inner product
(u,v) g = / uv + Vu - Vo
Q

defines a Hilbert space. Hg(2) € H'(f2) as a subspace indeed inherits the same inner product, and due
to HZ () is closed w.r.t. norm induced by (-,-) g1, (Hg(2),(-,-)z1) again defines a Hilbert space.

The point in this proof is that, one can define another inner product
(u,v) gy == / Vu-Vo  YVu,ve HHQ)
Q

on H}, which turns out to be equivalent to the classic one. In the first step we see why they induce
equivalent norms, i.e.

(Ho (), [l 1) = (Hy (), Il 2)
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To do so, we simply use Poincaré. For any u € HE(Q)

2 2
lullgion = [ 1Vl < [l + 9 = e o
2 2
lulls oy = [ 1+ 19 < €0, [ 1Vul < O 9) lulye
Hence (Hg(Q), |||l ) has the same convergence in norm as a Hilbert space, which is to say, it is a Hilbert
space itself.

2. The reason why one wish (Hg (), ||-|] H&) defines a Hilbert space is to apply Riesz Representation. Consider
the map
T+ (HY), [ y) — R

v|—>/ﬂfv

T} is indeed linear. To see T’ is bounded, one check

Tr) =1 [ fol < [1fllz2 0 0l 220
Q
< C(n, Q) (| fll 2 (o) VIl 20 using Poincaré again
=Cn, ) [ fll 20 HU”Hé(Q) by definition of our new inner product

Thus the operator norm is bounded for any f € L%(Q)

1Tl = sup Ty (v)] < Cn, Q) [ fll 2
vEHF () 0]l 13 (0 =1

and one obtain a bounded linear operator.

Now using Riesz Representation, there exists a unique element ug € Hg () s.t.
Tr(w) = (uoy0)m ¥ v € HY(Q)
i.e. (1.79) is satisfied
/fvz/Vu0~Vv Ve H(Q)
Q Q

O
Solvability of Dirichlet Problem in H'
Theorem 1.6.3. There exists a unique u € H*(By) for any given ¢ € H'(By) as boundary data
Au = f + 0ig; By, u—p € Hy(By) (1.81)

and f, g; € L*(By).
Moreover

[ull g < C(n) <||f|L2 + > lgil g2 + ||<P||H1>
By definition of weak solutions, u solves (1.81) if
Vu-Vv+/ fv—/ g-Vv=0 Vv e Hy(By)
B B B
We let the RHS be in H' and they act on H} as
<f—|—divg,v>::/fv—g~Vv Yve H}

Immediately notice f + divg is a bounded linear functional on H}. So H~1 = (H})* and

1+ divglly o < U7l + lgll»
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Fredholm Alternative We’'ve seen that
A:H) - H™!

u— Au

is a linear isomorphism. Thus the inverse

At HT S H)
f +divg — A7Y(f + divg)

is bounded.
Moreover, Since Hg is compactly embedded in L?

Hyel*?C H™

We see that
AT H T S HT!

and the restrictions of A~!
AL 2 L2

are compact linear operators.
But what happens when we have a zero order term?
Now consider the eigenvalue problem for f € L?

Au+ Au = f, u € H}
If we denote the compact linear self-adjoint operator
T=A""':1%-1IL?
Then applying T to both sides of the equation yields
u+ANTu=TFf
We check T is self-adjoint.

Proof. For any f, g € L?, there exists unique uy, u, € Hg s.t.

/VUf-Vv:/fv Vve H}
/Vug-Vv:/gv Vove Hy
Now
(A7 f.9) Z/quZ/Vuf'Vug
— [wi =127

This is solvable iff
Tf € Range(I + \T) = ker(I + \T)*

ie.

/vadsz VoveV,

where
Vyi={v € H} | Av+ \v =0}

The eigenspace V), is finite dimensional and is nontrivial only for a sequence of A — co.

68
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1.6.2 Caccioppoli
Theorem 1.6.4 (De Silva Analysis Ii Spring 2025). For
Au = f +divg B

One has
1V0ll 5y ) < © (Il zagany + 11 zaay) + 190 g )

Proof. When we deal with weak solutions, we always come up with smart test functions. (In the classical
solutions we build barriers).

-] Vu-Vo=[ fo—g Vo
B1 Bl

@ :=n*u for n € Cg°(B1) s.t. n=1o0n By )y
We plug in and obtain

[ V() = / fiu— g- V()

Bi1
—/|Vu|21]2 —2/77UVU'V77: /anu—/(ng-V(UU)ﬂLnugVn)

On the other hand notice by product rule

[ IV = [ 1V +n9u = [ Vnl? o 9ul + 2090 vy

Thus one can rewrite the LHS and equate with the RHS

~ [1vupi =2 [mivu v == [1V@uR+ [alvo?
=/anu—/(ng-V(nU)Jrnug-Vn)
Then

/|V(77U)|2 =/u2\V77I2—/anu—ng-V(W)—nug‘Vn
S/uZVn|2+C</f2772+/n2u2>
+( /ng +6/|V77u )—i—C(/nuz—i—/ngnQ)

[ 1w < € (lulls + 1713 + lol)

One also has Caccioppoli for boundary version.

Theorem 1.6.5. For
Au = f +divg Bf
with
u=0 {z, =0}
One has
IVl 2gst,,) < € (lull ooy + 1 iaap) + 190 o))

1.6.3 Higher Regularity
Theorem 1.6.6. Let u solve weakly for f € L?
Au=f B
Then u € HZ (B1) and
lllzz(s, < C (Il oz + 11 2a) )

If moreover f € H* then v € HF'? and

loc

Vllgesa, oy < C (Il gy + 1 ey )
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Proof for H?. Discrete Integration by Parts. We define

VZu(ac) = %(u(w + hey) — u(x))

Thus we show for any ¢ € H'(Q') with ' € B,
1
—5 | u
=+ [t~ e - 1 [uro
= [ uta) 0t~ hew) — o) == | u(@)v;" (o)

‘Work for V;hv test function. Assume for any v € H}

Viu)ow) = 3 [ ule+heo@) - 1 [ u@)o@

Qf

S

Vu-VV, 5o+ [ fu=0
Q/ Q

— | VViu-Vo+ [ fu=0
Q o
Pick v = UQVZu. Let n € C§° with n =1 in By, but n = 0 outside Bs/4, and 0 <7 < 1. Compute
VViu-Vo= [ VVFiu-V(n?Viu)
o o
= / 2V iu - VnViu + n?|VViul?
Plugging back yields
0= —/2nVV’,§u~V77V2u— /nQ\VVZu\Q +/ fu
Q/
/ n?|VVhu? = / 2mVViu-VnViu— | fu
Q/

<[99+ e [ Ivalieial 4 [ £ [
(/ﬁwv@ﬁgc(Ava@P+/j?+/ﬁ>
SC’(/U2+/f2>

where the last step uses Caccioppoli. Now send h — 0. O

Proof for Higher Order Derivatives. Assume the result holds for k¥ € N. Then we already have interior H**2
regularity of u. Then we observe what 6f+1u solves. Note for any ¢ € Hg

/va§+1u~v¢: (—1)k+1/vu~vaf+1¢
— (71)k+2/fa£€+1¢
— [oise

Thus the equation is weakly satisfied
ATy = oF 1 f

The result follows by taking for any j=1,--- ,n

V= rﬁV?@f“u

In particular if

weakly, then u € C'*° by Sobolev Embedding.
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1.7 Weak Sub/Superharmonicity

Besides ‘weak solutions’, one is of course welcome to define ‘weak sub/supersolutions’. The notion of weakness
here is of course in the energy sense, i.e., different from Definition 1.5.1 for the Perron’s Solution.

Weak Subharmonic and Weak Superharmonic Functions Recall for any v € H

/A’LLU:—/VU~VU
Q Q

Now ensuring test functions v are signed, one may compare Au with f via the following

Definition 1.7.1 ([FRRO22] Definition 1.9). Let Q C R™ be open domain. Let f € L?(Q) and u € H*(Q).
We say
Au>f weakly in

if
— Vu-VvZ/vf V’UEH&(Q), v>0
Q Q
We say
Au< f weakly in
if

- Vu~Vv§/vf Y ou e HY 9, v>0
Q Q

In particular we call uw weakly subharmonic if
Au >0 weakly in Q = /VU-VUSO Y ou e HEH ), v>0
Q
and we call u weakly superharmonic if

Au <0 weakly in Q — Vu-Vu>0 Vv e HY ), v>0
Q

In fact, one may even reduce the above definition to u € L{ () via
Au20<:>/uA<p20 V>0
Q

and
AuﬁO(z}/uAgoﬁO V>0
Q

1.7.1 Pointwise Representation

Increasing/Decreasing Averages The important thing about weak subharmonicity (resp. superharmonic-
ity) is that, one has increasing (resp. decreasing) spherical (ball) averages.

Lemma 1.7.1 ([FRRO22] Chapter 1; [Caf98] Lemma 2). Ifu € L}, () is weakly subharmonic, then the average
s an increasing function of r

T u Va V By(z9) € (1.82)
B (o)

If u is weakly superharmonic, then the average is an decreasing function in r

T u N Y B,.(x0) € (1.83)
B, (x0)
Proof. WLOG do for n > 3. Recall the fundamental solution and its cutoff
M(2) ol 2 p

(a) = Culaf™", mm—{m@|ﬂ<p

where P are convex paraboloid that glue in C' fashion and
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Now take test function
Pe = P * e, p=Tp, =T, p1 < p2
so that

1 1
0<lim | ulAp. = / u <XB — ——XB )
e=0Jq ) Q ‘BP2| "2 |BP1| n

Thus the ball average is increasing. O
One has an immediate compactness result.

Lemma 1.7.2. Let @ C R" be open domain. Let w, € L}, (Q) be a sequence of locally uniformly bounded
functions satisfying (1.82) (alternatively (1.83)). Assume

Wy, —> W : 2 — R pointwise
Then necessarily ws, € L1 () satisfies (1.82) (alternatively (1.83)).

loc

Proof. Take any x € Q and B,.(z) € Q. Since w,, is locally uniformly bounded in n and converges pointwise to
Woo

lim Wy, = / Woo
" Be(a) By (x)
is ensured by DCT, where domination comes from

sup |w,| < Cypr Vn
B (x)

This gives woo € Li ().
Now for any 0 < r; < ro < dist(z, 992), for any n € N, using w,, satisfies (1.82) WLOG, one obtain

][ w, < ][ Wy, Vn
By, (2) By, (2)
][ Weo < ][ Weo
By, (z) B, (z)

Hence weo, satisfies (1.82). The exact same argument applies to (1.83). O

Passing to the limit via DCT gives

Pointwise Representation and Upper/Lower semi-continuity The following is a most important fea-
ture of weakly subharmonic/superharmonic functions: they have a pointwise representation!
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Figure 1.10: Upper and Lower Semicontinuity

Lemma 1.7.3 ([FRRO22] Lemma 1.17). Assume u € L, ().

loc

1. If u satisfies (1.82), then one may redefine u

u(xp) = Th_r&) o) u = ir;% ]{37.(10) u € [—00,00) YV zy €2

73

(1.84)

s.t. 4 =wu a.e. x € Q. Moreover, such U is upper semi-continuous, i.e., for any xo € Q and for any e > 0,

there exists U C Q) open neighborhood around xq s.t.
u(z) < a(zo) +¢ VaeelU
or equivalently

limsup @(z) < a(xo) YV xzy €

T—T0o

2. If u satisfies (1.83), then one may redefine u

u(xg) = lim u= sup][ u € (—00, x| Yz €
20/ B, (o) >0 J B, (x0)

(1.85)
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s.t. =wu a.e. x € Q. Moreover, such @ is lower semi-continuous, i.e., for any xo € Q and for any € > 0,
there exists U C Q) open neighborhood around xq s.t.

a(x) > u(xo) — e VeeU
or equivalently
liminf @(z) > a(xo) YV xg €€

T—T0o

Proof. 1. Note the definition (1.84) is well-defined if u has increasing average, and (1.85) is well-defined if u
has decreasing average, then @(zg) = u(xg) if o is a Lebesgue point, hence 4 = u a.e. in Q.

2. Consider any xg € 2 and a sequence xp — zo. Using dominated convergence theorem to characteristic

functions
][ u = lim U
B, (z0) k=oo J B, (x4)

Now if u satisfies (1.82)

][ u= lim u > lim sup @(zy)
B, (o) k=00 JB, (ex) k—00
Letting r — 0 yields
a(zp) = lim u > limsup u(xy)
r—0 B, (z0) k—oo

On the other hand if u satisfies (1.83)

][ u= lim u < liminf @(zy)
BT‘(IO) k— o0 Br(fﬂk) k— oo
Letting r — 0 yields
(xp) = lim u < liminf a(xy)
r—0 B, (z0) k—o00

1.7.2 Equivalence for Weakly Subharmonic Functions

In this paragraph we collect the Equivalence characterisations for a function being subharmonic. Some of the
statements were proven earlier or later. But no harm doing it again.

Proposition 1.7.1 (Strong Subharmonicity). Let u € C?(Q). Then the following are equivalent
(a) Au >0 pointwise classically.

(b) u satisfies the spherical Mean Value Inequality, i.e.

][ u < 7[ u V Bi(z) C Bs(z) € Q2
OBy () JOBs(x)

(¢) u satisfies the Mean Value Inequality

][ u§][ u V Bi(z) C Bs(z) €
Bi(x) Bs (@)

Proof. 1. (a) iff (b). WLOG we do at 0. For any r > 0, we employ rescaling

% <7é3 u> - % (ﬁ 5 u(m)dS(x)) = f,, Vul=) s
ou | 9

U r
]éBT 81/dS nwWy,r* 1 /aBr Ov 5 n ]{;T uzl

Thus f,, wu is increasing in 7.
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2. (a) iff (¢). WLOG we do at 0.

2 (£ )= 2(f wem) =, wuten-i

][ Vu(y) - ydy ! /T s Vu(z) - z dS(z)ds
B, r 0 s

n
Wt r Jon,

1 T
/ f/ Au(z)dzds > 0
wpr™ Jo T JB,

Thus fB u is increasing in 7.

Proposition 1.7.2 (Savin Analysis IT 2026). Let u € L} (Q). Then the following are equivalent

loc

(a) Au >0 weakly subharmonic, i.e.
/uAthO VeeliE(Q), ¢=0
Q
(b) u satisfies the Mean Value Inequality

T U mereasing in T B,.(z) €
By (x)

In particular, the Mean Value Inequality implies that u is upper semi-continuous.

Proof. 1. (a) implies (b). Let I', € CH!(R™) denote (1.22)

_fT@ ez
Fole) 1= {P@:) 2] < o

where P is convex parabola s.t.

1

AP = 7XBP
Byl

Now for any p; < po, take the function

QO('T) = sz (.23) - FPl (.13)

and mollify it .. Now

/uAgaE >0
Q

while the LHS writes (using ¢ € C1! and a.e. convergence and DCT)

1 1
lim [ ulAp :/uA(p:/u(ixg - ——XB, )
=0 Jq : Q Q |sz| "2 ‘BP1| o

][ uz][ U YV p1 < p2
By, By,

Thus

2. (b) implies upper semi-continuity.

(0]

Building on the previous argument, since the Mean Value Inequality holds, one may define % pointwise

via
a(zx) = lim u
r—0 B,(.’/C)
By Lebesgue Differentiation, u = u a.e. at the Lebesgue points.

Now using u € L] _, fB () U are continuous in z (this is done by doing translation and then DCT applied

to characteristic functions). Thus @ as infimum of continuous functions is upper semi-continuous via:

choose z — xg, then for any r > 0

][ u= lim u > limsup @(z)
B, (z0) k=20 J B, (z) k—o00
On the other hand letting r — 0 gives

lim u = u(xg) > limsup ()

r—=0/p, (zo) k— o0
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3. (b) implies (a). For uw not smooth, mean value inequality is preserved for u.. But u. are smooth, thus
using the previous characterisation
Aus) >0
Now ue — u in L{. ., and thus Weak Stability Corollary 1.2.2 preserves the inequality

Au >0 weakly

Subharmonic in Viscosity sense

Definition 1.7.2 ([FRRO22] Definition 1.20). We say u € C(Q) is subharmonic (resp. superharmonic) in the
viscosity sense if for any ¢ € C*(Q) that touches u from above (resp. below) at xq € 2,
¢ = (resp. <) u u(wo) = (o)
One has
Ag(zo) = 0 (resp. < 0)
Note in this case, |z| are subharmonic and —|z| are superharmonic.

Lemma 1.7.4 ([FRRO22] Proposition 1.21). Let ui, us be two subharmonic functions, then max{ui,us}
remains subharmonic. For two superharmonic functions, min{uy, us} remains superharmonic.

Proposition 1.7.3 (Savin Analysis I 2026). Let u € L}, () and upper semi-continuous. Then the following
are equivalent.

(a) Au > 0 weakly subharmonic.

(b) u is subharmonic in the viscosity sense, i.e., for any ¢ € C%(Q) that touches u from above at o € €,
necessarily

A(p(l‘o) Z 0

Equivalently, this is to say a strict superharmonic C? function cannot touch u from above in the interior.
(¢) For any P quadratic polynomial that touches u from above at xo € ), necessarily
AP(.%‘()) Z 0
Proof. 1. (a) implies (b). A weakly subharmonic function u satisfies strong maximum principle, i.e., assume

Ap < 0in © and that u < ¢, then

Alu—p)>0 Q

u—p <0 o0
Now the strong maximum principle says if there is g € Q s.t. u(zo) — @(z9) = 0, then u — ¢ = 0. But

this contradicts.

2. (b) implies (c) is trivial since P itself is C2. For (c) implies (b), let z¢ € 2 and let ¢ touch u from above
at xg. Then consider the polynomial

P =u(zo) + V(xo) - (x — x0) +

1 €
5@ = 0)" D*p(0)(x — w0) + Sle = wol®

For |z — x| sufficiently small, P touches u from above at zy. Hence
0 < AP(xg) = Ap(xg) +en
Take ¢ — 0 to deduce
Ap(xo) >0

3. (b) implies (a). We show that u lies below its harmonic replacement in any ball. Consider By, and let v
be its harmonic replacement with same boundary data v = u on dB;. Then we perturb v upwards via
vs(z) = v(w) +6(1 — |z|?)
so that
Avs(z) = Av(z) —2nd < 0
is strictly superharmonic. Then u — vy cannot achieve local maximum in B;. Thus

supu — vs < supu — vs =0
B 9B
and we arrive at
u(z) < v(x)+6(1 — |z|?) V>0
Take § — 0.
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1.7.3 Maximum Principle

One obtain a weak version of maximum principle as an immediate consequence.
Lemma 1.7.5 ([FRRO22] Proposition 1.13). Let Q C R™ be bounded open set. Let u € H'(Q). Assume

Au<0 Q weakly
u>0 0f) trace sense

Then v >0 in €.

Proof. By definition

Vu-Vo>0  YoveHi(Q), v>0
Q

What functions can we test against? Note one can write

where both ™, u~ > 0. Recall u € H'(Q) iff both u™, u~ € H'(£2). Since u > 0 on 9, this is to say u~ =0
on 9. Thus v~ € HE () which is non-negative, is a valid competitor. We obtain

/ Vu-Vu~ >0 (1.86)
Q

Recall our target is to show
u >0 Q <= u- =0 Q

Since one already specified trace u™|,, = 0, it suffices to prove

[ v -
Q

But this is
/ |Vu™|? = / Vu~ - Vu~
= / Vu~ - (Vu~ — Vut) using u~ut =0 in Q
(1.86)
= / Vu™ -Vu < 0
Thus © > 0 in Q. O

L*> Estimate Making use of the weak comparison principle, one obtain a trivial L>° estimate for weak solution
to Definition 1.6.2. In some sense, this is to say variational structure recovers the classical theory.

Corollary 1.7.1 ([FRRO22] Lemma 1.14). Let Q C R™ be open, bounded domain, and let uw € H'(Q) be weak
solution in Definition 1.6.2 to

“Au=f Q
u=gq o0
Then one has estimate
ol ey < € 2) (1711w + 19 2 0y (1.87)

In particular, if f, g € L™ then uw € L*>(Q).

Proof. If either || f||, or ||g||,, = oo this is trivial. Otherwise redefine

1
a(x) = u(x)
11l Lo @) + 9]l < (a02)
~ 1
f=
1 Lo ) + 1191 Lo (a0
. 1
g =

g
11l 2o ) + N9l £ a0
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So that @ € H'(2) solves weakly
—Au=Ff Q
W= a0
with ~
J| ;00 <1
17 .- 1l <

It suffices to bound ||af| , < C.
One wish to build a barrier w and compare with 4. Take R large so Q@ C Bg(0). Define

R2 _ |{)3|2
=11
w(x) 7 +
so that
2x;
Oyw = — =+
YT
2n
Aw=——
YT
Pick M = 2n so that
Aw=-1 Q
w>1 o0
Now let’s evaluate the difference w — 4. Compute
Aw—a)=-1+f<0 Q

w—a>1-G>0 90

Thus apply the Maximum Principle Lemma 1.7.5 to w — @ so that
w—u>0 Q

And the bound follows
2
u(z) < |lwll ooy < o +1=C(n,Q) ae. x €
One still need to prove for the other side. To do so consider
W= —w
so that
Av=1 Q
w< =1 909
Evaluate the difference u — w.
Alb—w)=—-f—-1<0
t—w>g+1>0 o0
Thus apply Lemma 1.7.5 to @ — w yields
a>w ae. Q — —u(x) <C(n,Q) a.e.
Hence one has the bound
aflp < C(n, Q)
ol ey < €00 (11 ey + 1901 o
O

On the other hand, one has a rescaled variant of the estimate (1.87) in balls B,.(0).
Corollary 1.7.2 (Rescaled Version of [FRRO22] Lemma 2.14). Let B, = B,.(0) CR". Let u € H'(Q) be weak

solution to
—Au=f B,
U=y 0B,

(1.88)

Then one has estimate
e,y < C) (72 1l 5, + 190 e 05 )
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Proof. Let’s do it directly without dividing by large constant so we see more clearly where the terms comes

from. Define barrier function
r? — |z|?

w(@) = —————||fllps,) T 119l 1= 085,
2n

Then w solves
Aw = —||fllp(p,) Br
w = gl o8, 9B,

Then the difference between w and u solves
Aw—u) == |fllp~p,)+f<0 B,
w*U:HQHLw(aBT)*QZO 0B,
Thus apply Maximum Principle Lemma 1.7.5 so that

w—u>0 B,

r? — |z|

2
u(@) Sw(@) = === |l=(s, + 19~ o8,
< C) (©* 1o, + 9~ om,)) Y@ E€B,
Now consider the other side

Alutw)=—=f=[fllpepy) <0 By
qungJngHLoo(aBr) ZO 3Br

Apply Maximum Principle Lemma 1.7.5 so that

u(w) 2 —w(z) 2 =) (1 lwqoy + Molmon,) ¥ € B
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1.8 Harnack’s Inequality

Recall in the previous sections, we derived Holder Estimates (1.57), (1.58) from Interior Gradient Estimates,
where the latter uses either Mean Value Property (1.15), or Bochner’s Technique (1.56).

In this section, we recover Holder, and higher regularity using Harnack’s Inequality. This will turn out to
be useful in more general elliptic type operators.

Recall that, we have already derived Harnack’s Inequality for harmonic functions in various means. The
ground rule is to assume u > 0 harmonic in an open set.

1. Assuming Mean Value Property, we derived Harnack’s as in Theorem 1.1.5. u > 0 allows us to compare
directly via MVP.

2. Assuming Poisson’s Integration Formula

) = (1= Jaf) f 940y weB

B;(0) “T - y|n
we derived Harnack’s Inequality (1.52), and (1.53). « > 0 allows us to compare directly via the formula.

3. We also derive Harnack’s Inequality Theorem 1.4.3 via Bochner’s Technique, leveraging (1.59), (1.60),
(1.61). Assuming harmonicity makes sense of the key formula (1.59), and u > 0 allows us to take

v = log(u).

In the following we demonstrate the sequence
Harnack Inequality = Oscillation Decay = Holder Regularity

This is essentially the logic to gain regularity for more general elliptic operators.

Also, in the following we use Weak Solutions defined as in Definition 1.6.2. Although we showed Harnack’s
Inequality for at least continuous functions, in the sequel we never differentiate the solution nor the equation.
Since we work on balls By, using Corollary 1.7.1, u € L*(Bj) automatically follows from u € H'(B;) if we
impose L*° boundary data. Hence one allow for u weakly solving the equation upon identifying u equivalent
modulo a.e.

1.8.1 Harnack to Holder for Harmonic Function

Oscillation Decay We assume Harnack’s Inequality of the form (which we’ll use)

Au=0 kly h ic in B
Y wearly a.rmo-mc me supu < Cinf u for some C(n) >0 (1.89)
u >0 non-negative in By Bi/s Bi/2

Given Q C R” open domain, and a function u € L*(2), one define its oscillation in Q as

oscu < supu — infu
Q Q Q

where inf and sup are understood as essential inf and sup.

Lemma 1.8.1 ([FRRO22] Corollary 2.3). Let u € H*(By) be harmonic. There exists 0 = (n) € (0,1) s.t.

oscu < (1 — 6)oscu (1.90)

B2 B:

Proof. If either supu or iélf’u, is 0o there is nothing to prove. Otherwise we work with u € L*°(By).
By 1
Define a function
w(z) = u(z) — infu
B,
Since u satisfies Au = 0, indeed Aw = 0. Also by our definition, w > 0 in B;. If w = 0 somewhere in the
interior, then u = iélfu constant and (1.90) follows trivially. Hence we assume w > 0 in Bj.
1

One may apply Harnack’s Inequality to w as in (1.89). One obtain

1
supw < Cinfw < ——supw > —inf w (1.91)
By /2 B2 By/2 Bi/2

In particular, we consider 0 < % < 1.
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1. First wesee 1 < C. If ]ignf w > 0 this trivially follows via
1/2

infw<swpw<Cinfw = 1<C
Bi/2 B2 B2

Otherwise from Harnack’s Inequality (1.91)

supw < Cinfw =0 = supw = infw=20
B2 Biy2 B2 Bi/2

Thus w =0 in By /. But this contradicts our assumption w > 0.

2. Then we rule out C' = 1. If so, again
supw = inf w
Bi s Bi/2
Using definition of w this gives
supu = infu = oscu =0
B2 Bi/2 B2
Hence (1.90) holds trivially, so WLOG one may assume C' > 1.

Thus one do estimate

oscu = supu — inf u

B2 B, Bip
= (g?gu - iglfu) - (érll/fQu - iglfu) = ]sgtll/pQw — Jérll/'fgw = Jg})ls/czw
(121) (1 — 1) supw = (1 — 1) (supu — infu) < (1 — 1) 0scl
C) B, C) B, B C) B
(1.90) follows upon defining 6 := . O

Holder Regularity To obtain Holder Regularity, one first need to use linearity of the Equation, and rescale
([FRRO22] Corollary 2.6). Assume u € H'(B,(z¢)) is harmonic. Then @(z) := u(xo + rx) is harmonic in B; as

Ad(z) = r?Au(zo +rz) =0

Now for # as in (1.90), one write the rescaled version of

(1.90)
osc u= osc u(x) < (1—0)oscu(x)
Br/2(z0) IEBI/Q r€By
1 — (1 1.
(1 G)x%sglu(xo +rz) = (1 9)3?(83?0)u (1.92)

One make use of (1.92) to obtain Holder Regularity for some « > 0.
Lemma 1.8.2 ([FRRO22] Corollary 2.7). Let u € H*(Bg) N L°(By) be harmonic in By. Then there exists
a=a(n)>0and C=C(n) >0 s.t
[U]Co,a(m) <C ||u||Loo(Bz) (1.93)
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Figure 1.11: Oscillation Decay implies Holder Regularity for Laplace

Proof. A first thing to do is rescaling the size of u
1

Uh:=—"
2 [|ull oo (8s)

u

so that
1

@l o5y <

Why %? Since it looks better
osctt < 2 [l po (p,) <1

Now let’s estimate. For any z, y € By, with z # y, one may pick k € N sufficiently large s.t.
S Bsz(y) \ B27<k+1)(y) <~ 2~ (k+1) < |.’17 — yl < 27k (194)

Let’s control the function values at the points x, y

(1.92)
a(z) —a < osc 0 < (1-0 osc U
lu(z) — a(y)| < p 2, S ( )BT(H)@)

IN

< (1= Q)kBos(c)d applying (1.92) k times
1y

(1- H)k%scﬁ using Bi(y) C By for y € By o

IN

<(1-0"
To obtain some power, we rewrite
(1-0)F =27k «— a:=—log,(1—-6)>0
Thus one obtain
[a(x) — (y)| < 27+ = 20~ (kDo

(1.94)
< 2%z —y|? using x stays positive distance away from y
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Dividing to LHS and taking supremum in z, y yields
. . i) ~ a(y)
YEB1/22€B, 1 (Y)\B,—(k+1) (V) |£L’ - y|

[@co.em ) < 2°

< 2¢ VkeN

Unravelling @ yields (1.93). O

1.8.2 Harnack to Holder for Poisson’s Equation

One shall see that Harnack’s Inequality remains true for Poisson’s Equation, i.e., with RHS
Au=f

Let’s first state a version of Harnack’s Inequality for Poisson’s Equation.

Theorem 1.8.1 ([FRRO22] Theorem 2.9). Let u € H'(By) and f € L°°(By) solve weakly

Au = f B1
Then there exists C = C(n) > 0 s.t.
supu < C <infu+ |f||L°°(Bl)) (1.95)
Bi 2 Bi/s
Proof. Let’s write
u=v+w
where v solves weakly
Av =0 Bl
v=u>0 0B
and w solves weakly
Aw = f Bl
w = O 631
For v we apply the classical Harnack’s Inequality for harmonic functions (1.89) so that
supv < Cinf v (1.96)
By /o Biyz
while for w we apply L estimate (1.87)
Sflalpw S Clfllpoe(myy (1.97)
1

Thus one obtain

supu < supv + supw
B2 By /o By /o

(1.96),(1.97)
g
e (o 1l

(1.97)
< i < !
<C <ér11/f2u + supw + ||f|Loc(Bl)> < C(éfll/iu + £l o (Byy)

1/2

O
Oscillation Decay Similar as in (1.90), one obtain an oscillation decay, but with error introduced by f.
Lemma 1.8.3 ([FRR0O22] Corollary 2.10). Let u € H*(By) and f € L>(By) solve weakly
Au=f By
There exists @ = 0(n) € (0,1) s.t.
gcu < (1 = O)oscu + || fll Lo (5,) (1.98)
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Proof. WLOG assume v € L°>°(By). Define

w(z) = u(z) — iglfu

Then w solves weakly the Poisson’s Equation with non-negative boundary data

Aw:f B1
wZO 831

Hence we apply (1.95) to w

supw < < C( ll’lf'w + ||f||L°O(Bl )

By /o
—infw < ——su w + o
e < g |l a

WLOG one may take C' > 1. To use the above, note

oscu = oscw = supw — inf w

By/o Bys By s By/o
1
<(1—=)supw+||fll;
(1) sopw+ Wl

1
=(1-—= su u—mfu + o
(1-2) <Bp ) .

< (1= &) oot Wl

Holder Regularity To obtain Holder Regularity, as before one need to use linearity of
Au=f

and rescale ([FRRO22] Remark 2.11). This time, however, due to our forcing, Harnack’s Inequality is not
invariant under rescaling.
Assume

Then defining

() = u(zg + rz) Ve B
f(x) :=r?f(xo +rzx) Vae DB
At(z) = r?Au(zo + rz) = r2 f(xo + rz) = f(x) Voehb

As one zoom in, the force term gets smaller and smaller. For 6 as in (1.98)

(1.98)
osc u=osct < (1—9)oscu+ HfH
B,./2(0) B2 Le°(B1)
=(1-4 o 1.99
( )ngfo)u 12l oo (B (o) (1.99)

Again one make use of (1.99) to obtain Holder Regularity for some a > 0. In this proof, we need to decide
how close we take our points x, y to be, and allow the oscillation term to eat the forcing term via an inductive
procedure, which is delicate analysis.

However, note this is essentially (8.92).

Lemma 1.8.4 ([FRRO22] Corollary 2.12). Let u € H'(Bg) N L*°(Bz) and f € L>(Bz) solve weakly
Au = f BQ

Then there exists « = a(n), C = C(n) > 0 s.t.

(oo @ < C (Il ez + 1/l w22 (1.100)
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Proof. A first thing to do is to normalize
1
U
2 lull oo () + 1l oo (82)

. 1 f
2lull g,y + 11/l Loo (1)

u =

so that

I

<1
L (B2)

Now take any x, y € By, with ¥ # y. There must exists k € N s.t.

x € Bsz(y) \324“1)(@/) <~ 2_(k+1) < |l‘ — yl < ok

Let’s pick some kg € N fixed to be chosen later, and divide into two cases: k > kg or k < ko.

85

(1.101)

1. In the case where k < kg, ¢ and y are sufficiently far away from each other. Then for any o > 0 the

following holds

li(z) — a(y)| < osc < 1 =20kFDg=alk+l) vy 4 5

By

< 2ok |y using o > 0 and lower bound in (1.101)

< 2a(k°+1)|x —yl® using o > 0 and our assumption k < kg

This deals with

sup sup -
VEB. /20€ B,k (W\By— 41 (v) 1T~ Yl

We remark that, in this step, one has two free parameters to choose: kg and a.

[6@) =3 _ gatory) v g < o)

(1.102)

2. Now we pick kg = ko(n), & = a(n) and deal with the case k > ko, i.e., when x and y are sufficiently close

to each other.

Let’s first try to run our argument using (1.99)

(1.99) .
jie) i) < osc @ < (1-6) osc a+a*V||f]
B,k (y) B, -1 (v)

<(1—-6) osc a+ 4= (k=1)
B,—(k-1) )

=(1—0) osc i+ 4 Fogko—(k=1)
B, (k-1)(¥)

Let’s choose ko = ko(0) = ko(n) sufficiently large so that
gl=ko < 1(9
-2
Then one obtain an iterative relation

1
osc @< (1—0) osc i+ —f4r0F
B, (k+1) (¥) B,k (v) 2

L>(By—(k—1)(¥))

(1.103)

This seems like an induction. So indeed, one can pick a to ensure some induction holds. Let’s aim for the

induction as such: for some C' = C(n) >0 and a = a(n) > 0

osc @< (2 ke VEk>k
B,_x(y)

(a) For the base step k = kg, we simply let

0sc i < oscii < 1 = 2Foag—hko

B, (ko+1) (¥) Bs

So we pick our C' = C(n) fixed to be

C := 2k

where we save a(n) for later to pick.

(1.104)
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(b) Now for the induction step, assume (1.104) holds for k. One wish to prove for k + 1. Thus, plugging
into our iteration (1.103) one obtain

1
osc a<(1-6) osc u+ 594’“”"“

B, (k+1) (¥) B, x(y)

~ 1
<(1-6)C27F 4 594’“‘3_’C using inductive hypothesis
To ensure the induction works for step k + 1, one seek for a = a(n) > 0 s.t. the following holds
~ 1 1
(1= 0)C27* 4 SoaboF = (1= 9)2th=) - p22(ho=h)
1
— 2kga 1-6 271{,‘0& 7022(k07k)7k0a
(-0
S 2kgo¢27(k+1)a
— (1 _ 9)2—/&‘@ + 1922(k0—k)—k0a < 2—(k+1)0¢
5 <

Since k > ko, picking o < 2 yields

22(’607’6)7’60& < 2&(/@07’6)7’600( — 27&’{?
Thus the above simplifies to ensuring

1
((1 —0) + 29) g ke < 9= (bt ba

Defining
1
a = a(n) := min{2, —log, (1 — 59)} >0
yields B
osc @< (2 (ke
B, (k+1) (¥)
Now going back to the original estimate, for k > kg and x, y s.t. (1.101), one has
(1.104) _

la(z) —a(y)| < osc u < C27k
B, k(y)

= 020~ (k+ha < 0oy — g« using « > 0 and lower bound in (1.101)
And this deals with

sup sup M <2 YV k> ko (1.105)
YEB1/22€B,_k (Y)\B,— (k+1) (V) |x - ZJ|

Thus combining both (1.102) and (1.105), and defining
C = C(n) := max{2%ketD) C9o}
one conclude (1.100) via unraveling @. O

1.8.3 Weak Harnack for Sub/Superharmonic Functions

In this section we develop the Weak Harnack Inequalities for Subharmonic and Superharmonic Functions, which
will turn out to be useful when one only have one-sided operators.
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Weak Harnack for Supersolution

Theorem 1.8.2 ([FRRO22] Lemma B.4). Let u € C(By) N H'(By) solve

AUSO B1
’U,ZO Bl

Then there exists C = C(n) > 0 s.t.
lJull £ (B SC 1nfu

Proof. For any x € B3, via Mean Value Property

1
u(z) > ][ u > u
Byys(x) |Bass| [, s

Now for any x € dB, 3, consider the ball By ¢(x)

f >
pinf juz ellulli s, o@)

ZC/ u > c|Bys \ Byl
By /6(x)NByy3

> cinf u
B3

Thus

Bi/2

where in the last step we used decreasing average of superharmonic function.

Weak Harnack for Subsolution

Theorem 1.8.3 ([FRR0O22] Lemma B.5). Let u € C(By) N H'(By) solve
Au Z 0 B1
Then for any € > 0, there exists C. = C(n,e) > 0 s.t.

sup < Ce ull -,

By

Proof. By mean value property, for any r > 0

lull e s,y < 0][ w < C i ]é“

T

for any € > 0. Now by Young’s Inequality, for any § > 0

1
i £, 6 <8l + Co (][ u)
B, B,

=0 ||ull o (p,) + Cor™*

lll o (5, ) < 0 Nl oo,y + Cor™* Null e

To conclude, use Lemma 1.8.5 below.

Absorption Trick To deal with the above issue, we introduce a clever trick.

Lemma 1.8.5 ([FRRO22] Lemma 2.27). Let S be a sub-additive function defined on balls of Bj.

Let o € R, v > 0. Then there exists 6 = 0(a,n) > 0 s.t. if

S(By/2(z0)) <6-8(Br(wo)) 7% -y Y B, (g

Then there exists certain C = C(n,a) > 0 s.t.

S(Bij2) <C-v

Bi/6(z)NB1y3

inf u > Céﬂf u>c Hu||L1 (By/s) >c ||u||L1(Bl/2)

|u||L6(B )

87

(1.106)
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Proof. Given (1.106), we rewrite
r*S(By2(x0)) <6-795(Br(w0)) +v ¥V Br(x0) € By

Let’s in fact stay a bit from the boundary and write

r r
(5)0‘3(3#4(960)) <é- (§)a5(3r/z($o)) +v  V By(20) C B1
Denote R ,
Q:= sup (5)*S(By/a(w0)), Q:= sup 715(B,/2(20))
BT(Io)gBl BT(Io)gBl

The above immediately gives

Q<6Q+~
Now we claim it suffices to prove there exists C' = C(n,a) > 0 s.t.
cQ<Q (1.107)

If so, one conclude via choosing ¢ small universal depending on C' = C(n, «)

CQ<Q<iQ+y
(C=6)Q <y

1
< -
Qs
Take xg = 0 and r = 1 to conclude.

We prove (1.107). Take any B,(x¢) C By, one may cover B, p(zo) with finitely many balls B, s(z;) for
2j € Byja(20), and j = 1,--- , N for N = N(n) open depending on the dimension.
Thus for any B,(x0) C By

N N
r*S(B,2(w0)) < r*S(|J Brys(z) <Y S(Brys(z)))
j=1 j=1
< N4*Q
Q < N4*Q
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1.9 Miscellaneous
These were mainly question taken from Ovidiu’s lecture notes.

Lemma 1.9.1. Let u € C?(Bf)n CO(Bifr) be harmonic in the half ball. Then

1. If u =0 on the flat portion of the boundary where x,, = 0, then its odd reflection

U(l‘l,'-- ,$n71,.'11n) -TnZO

ﬂ(xla"' 7mn717xn) = {

_u(x17"' ,1'71_1,—33”) T <O

1s harmonic in Bj.

Proof. Tt suffices to check MVP on zg € {x,, = 0} N By. For r > 0 small so B,.(z) € By

: /
U= w(xy, - ,xn_l,xn)f/ w(xy, o1, —xy) | =0=1(xo)
][B,,.(zo) W™ ( By (z0)+ By (0)~

where the last step is simply achieved by a reparametrization. O

2. If 0y, u =0 on x, =0 then its even reflection

u(xlv"' 7xn7171’n) 9Cn20

ﬂ(l'l,"' 7xn—1a‘rn) = {

U(.Z'h"' 7$n717_$n) xn<0
is harmonic in B.

Proof. Take any x¢ € {x, =0} N By. For r > 0 small so B,(zg) € By

1
][ 0, U = — / Oy, u(x1, + yTp_1,Tpn) + / —Op, u(T1, X1, —Tp)
B, (z0) WnT Br(z0)T By (z0)~

Thus we know 0, @ is harmonic in By. But all other derivatives are continuous across {x,, = 0} by the
trivial extension. But one can repeat the continuity across for higher derivatives, and thus one can switch

A0, u) = 0, (AT) =0
This means A% is constant along z,, direction. But in the interior By or By we know Au = 0. Thus

An =0 in B;. O

Lemma 1.9.2. If
Au=f Q

i weak sense. Then
Aluxg.) = f*ge Q. = {dist(z,0Q) > e}

in weak sense for g. € L' compactly supported in B..

Proof. For any ¢ € CZ(£.)

/ / u(y)ge (@ — y)dyAp(z)ds =
Q. JB:(2)
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Lemma 1.9.3. 1. Assume u € C?*(Q) with u = 0 on 9%, where 9Q € C'. Let @ denote the extension of u
by 0 outside 2.

Show that
Al = Auxg — dyudH™! |aQ

where xq 18 the characteristic function of Q and d?-l”*1|8Q denotes surface measure of OS).

Proof. Let’s make sense of the above in the weak sense. For any ¢ € C§°(R"™)

/ aA<p:/uA<p:— Vu-Vgo—i—%
Q 50 Ov

Q
0
= | Aup— &,
Q o0 OV
= Auxap —/ Dyup dH" 1L
R™ R™

O

2. If Au =0 in Q and u = J,u = 0 on a an open smooth portion I' C OQ of the boundary, then u is
identically 0 in Q ([GTO1] Exercise 2.2).

Proof. Take g € I' C 09 and consider a small enough ball B,.(zg) s.t. 0B, (x9) NI does not exceed the
smooth boundary portion on which v = 0,u = 0. Now extend u by zero outside (2.

For any ¢ € C3°(Br(z0))

/ uAgo:/ uA(pz—/ Vu-Vap—l—ﬂé/u/&f
By (x0) B (0)n9 B (0)n9 AB.(z0) OV
0
= / Augp —M: 0
By (z0)N$ (x0)NT v

Thus u (extended by zero outside) is weakly harmonic in B,.(xg). By Weyl’s lemma, we know w is classically
harmonic in B, (z¢).

But then there is an open set on which w vanishes. Thus all derivatives of w vanish there. Now using
analyticity of u as harmonic function, we know at all points in the domain, w is 0. O

Lemma 1.9.4 ([GT01] Exercise 2.14). Assume that u > 0 and Au < 0 in R™. Show that

1. if n =2, u is constant.

Proof. Denote

m(p) := lg‘li:r; u(z)

Fix 0 < r < R and define

L lom(R) —log(el) | los(fx]) ~lo(r)
A@) =m0 R Toatr) T " Tog(R) —Toe(r)

Such H is harmonic in the annulus {r < |z| < R}. Now

H(z) =m(r) = minu(z) < u(x) Vx| =r

|z|=r
H(x)=m(R) = ‘irllir}%u(x) < u(z) V0z|=R

Thus by the infimum principle
H(z) <u(x) Vr<|z]<R

Now for each fixed r < p < R, taking infimum in |z| = p yields

H(z) <m(p)  Vl|z|=p
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Note for fixed |z| = p

log(R) — log(p) log(p) — log(r)

H@) =mr) Ry “Toatr) T " iog(R) “tog(r) = ")
log(R) — log(p)

m(r) log(R) — log(r) < m(p)

For r fixed and send R — oo gives
For R fixed and send r — 0 gives

combining both gives
m(t) <m(p)  Vtel0,00)

so m achieves maximum at p. But p is arbitrary. Thus m = m(1) has to be a constant. But on the
other hand, since dB; is compact, u is continuous, and most importantly, u > 0 is bounded from above,
the infimum of u must be achieved somewhere on 0B;. The strong infimum principle therefore forces the
superharmonic function to be constant. [

2. if n > 3, then u is not necessarily a constant.

Proof. If superharmonicity is in the weak sense, then consider |z|>~™ but on dB; we conduct a har-
monic replacement in By. Thus this gives a non-negative superharmonic function, and nontrivial. It is

superharmonic because we'’re taking minimum among two superharmonic functions.
If want C? over whole R™ consider
1
ue) = ey
(1+[z[?) =

Then compute
2—n
2
Diu(x) = (n — 2n(1 + |2[*) "% 2 + (2= n)(1 + |2*) %
Au= (n—2)n(l+ |z|2)" "% |22 + n(2 — n)(1 + |z[?) "%

=n(n—2) ((1+]al) " = (1 +12)") <0

Oiu(w) = (1+ |x‘2)_%2xi =2-n)(1+ |-T|2)_%.’E7L

While also uw > 0. O

Lemma 1.9.5. Assume that u € C? N L is harmonic function defined in By \ {0}. If u vanishes continuously
on 0By, then u = 0.

Proof. Since v € L*°, assume WLOG that «4(0) = a > 0 is a boundary condition. Then one may define a
sequence of functions

us(x) 1= == (|7 = 1) el >e
a x| < e
Now the family of functions satisfy
uE|8B1 =0, u5|aB€ =aq Au. =0 B; \ B

Using Weak maximum principle for u the harmonic function defined on By \ {0} with boundary values u = 0
on 0By and u = a on {0}, we know 0 < u < a for any = € By \ {0}. In particular

u < g 0B U 0B,
Au=Au., =0 B;\B:

Now the maximum principle (comparison principle) says for any = € B; \ B.

a —n
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But this value on RHS converges to 0 as ¢ — 0. Since u(z) does not depend on ¢, pass ¢ — 0 on RHS to see
u(z) = 0. Note for any x € By \ {0}, one can always find ¢ > 0 small so that z € By \ B:(0). Thus u = 0 on

B\ {0}.

O
Lemma 1.9.6 (Rellich Identity). Let u € C%(B,) N CY(B,) be a harmonic function. Compute
div(z|Vul? — 2(z - Vu)Vu)
and deduce that
(n— 2)/ |Vul|? = r/ \Vul|? — 2(0,u)?*do
. 0B,
Proof. Compute
div(z|Vu|? = 2(z - Vu)Vu) = 0;(2;0;u® — 22,;0;ud;u)
= n(‘?ju2 + 2xi<9ju8iju — 25138JU6LU — 233]‘(91‘]‘1,661‘11 — 2xj8ju6“-u
=n|Vu|? = 2|Vu|* - 2(z - Vu)Au
= (n—2)|Vul? = 2(z - Vu)Au = (n — 2)|Vu|? using harmonicity
Now using divergence theorem
/ div(z|Vul? - 2(z - Vu)Vu) = / L \Vul? - 2(z - Vu)Vu
B, 4B, |5U| |z
= / r|Vul|? — 2r(d,u)? do
0B,
O

Lemma 1.9.7. Find the radial solutions to the biharmonic equation

A?u =0
and compute its fundamental solution.
Proof. Assume u(x) = v(]z|). Then compute
T
Opu(@) = v'(|2[)—
|z
2 22

" €Ty / 1 /
Oiiu(x) =v (\9c|)|x|2 +o (le)m —v (IxI)W

n—1
B =" (fa) + = ()

; —1 n—1
0;Au = ’UW(|$|)& - LJJW’(M) + —5ziv"(|z])
|z | |3 ||
Oiadu = v () 24 + o (fal) - — o (a]) L
|z | || z|

n—1,, n—1, n—1,,
+3 |l‘|5 xlv(|x|)_ |J}|3 ’U(|£L’D— |.13|4 ;v (‘CUD

— 2B () + o (ol) + Tt e
A%u(r) —v(4><|w|>+v (o) |1
+3-mit g | o(lal) - ‘ (el
+(n = 2) v () + )

| |
_’U(4)(|{E|)+ (n_l)v(?))('x‘)_’_ (n_TiTg_l)U”ﬂf)— (n_3)(n_1) ’

o EE

Thus the radial solutions solve
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To solve this, let

w(r) =v"(r) + ——
Thus A%y = 0 corresponds to Aw = 0, which further gives

w(r) = Ar* "+ B n>3
w(r) = Alog(r) + B n=2

For n > 3. Now the trick is to write p(r) = v’(r) and writes

n—1
p(r)+

p(r)=Ar*"+ B

(" p(r)) = Ar 4+ Br"~! multiply by 7"~ on both sides

A B
" p(r) = 57’2 + gr" +C
A B
v'(r) = 57"3_" + o +Cri
Now to proceed, if n # 4
A 4—n B 2 c 2—n
= — — D
v =g Tt e T

=t ear? M o esr? + ey
Ifn=4

A B
V'(r) = 57“_1 +ort Cr?
v(r) =cplogr +cor 2 +e3r’ ey

For n = 2. Again write p(r) = v'(r) so

P () + plr) = Alog(r) + B

(rp(r)) = Arlog(r) + Br multiply by r on both sides

1 1 B
rp(r) = A <2r2 log(r) — 47‘2> + 57"2 +C

A 1 B A
v(r) 5 <2r2 log(r) — 47'2) + (Z - g)r2 + Clog(r)+ D

= c17%log(r) + e log(r) + c37? + ¢4

Now the philosophy is, one want to match coefficients so that Av = T" the fundamental solution

1 2—n >
P(T) _ (27n)nwnr n=3
= log(r) n=2

Imagine hitting two derivatives on v, then one want to pick out the singular term that gives precisely the
singular term characterizing the fundamental solution.

For n > 5, choose ™" as singular term

Q") = (4 —n)|afm 2t

1
3—n —-n,.2

Ouu(r'™") = (4= m)(3 =)o~
)27+ n(4 = n)af2 " -

(4= n)a]*™" = 2(4 = n)[a*~"
SO

1
®(z) = 2(4 —n)(2 — n)nwy,

|x‘4—n
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For n = 4, choose log(r) as singular term so

9, (log(r)) = —

R
1 1722
aii 10g(’l") = W - |{B|4
n—2 2
A(l =—=—
( Og(’l")) ‘$|2 |£C|2
SO
D) = o loa(r) = — - log(r)
T = 2(2 — n)nwy, OBV = Tz o8
For n = 3, choose r as singular term so
61‘7“ = &
||
1 2
pur = L _ 2
EJEd
-1 2
Ar="
I
SO
1 1
[ - =
() 22— n)nwnr 87T|x‘

For n = 2, choose 72 log(r) as singular term so

8i(r2 log(r)) = 2z; log(|z|) + z;
2
3ii(r2 1og(r)) = 2log(|z]) + 2 ‘32 1

A(r?log(r)) = 4log(|x|) + 4

so (we drop 4)

0(r) = [+ og(l)

94



Chapter 2

Poisson’s Equation and C*® Estimates

In this section we obtain sharp regularity estimates for Poisson’s Equation given certain RHS forcing. We
establish

1. C?“ Estimates via an Integral Representation, i.e., Potential Theory.

2. Schauder Estimates via Comparison Principle approach, including Wang’s Method [Wan06] and Cam-
panato’s Method.

3. Calderén-Zygmund W?2? Estimates

2.1 Potential Theory

In view of Green’s Representation (1.32), the study of solution to Poisson’s Equation should be closely related
to the study of Newtonian Potential. Recall the fundamental solution I" writes (1.20)

=1 =2
n(2—n)w, |z|"—2 n=3

Let 2 C R™ be open domain (not necessarily bounded). Define their convolution as (if well-defined)

w(z) = /Q P(x — )/ (y)dy (2.1)

2.1.1 Potential Theory Basics

Let’s see for now n > 3. When is fB ) I'? convergent?

€
1
P — n—1
/E(O)F 70(71)/0 e L dr

p2-—n)+n—-—1>-1 <= p<L
n—2

This is convergent if

Compute
1 1 , N
St =l=r=5
Yooas 2

When is [ [VI|P convergent? For any n > 2

€
1
- n—1
/BE(O)|VF| —C(n)/o gy L4 dr

p(l—n)+n—-1>-1 <:>p<L

is convergent if

n—1
Compute
11 ,
ro i
But what about |D?T'|? Similar computation requires
n
p<—=1
n

so we know [, ©0) |D?T| is not integrable for any € > 0. This is the key enemy that we deal with.

95



CHAPTER 2. POISSON’S EQUATION AND C%< ESTIMATES 96

2.1.1.1 Newtonian Potential C° Regularity

Let’s begin by studying: When is (2.1) well-defined? Due to the singularity at 0, it is natural to study
wa@) = [ Ta-pfeds+ [ -
Q\Ba (I) Bs(i)
for some ¢ > 0 fixed. Let’s discuss the case for €2 not necessarily bounded.

Well-definedness of w for n >3 Forn >3, T'(x —y) ~ W What conditions do we need on f 7 On
one hand, one need f € L'(Q) so that

1
_ dy < .
/Q\Bg(z) Dz —y)f(y)dy S o /Q\BE(I) | f] (2.2)

is bounded for any ¢ > 0 fixed. On the other hand
1

[ re-nswascn [ ol

B.(z) |£L’ -

1 S
com(f 2 V([ ) Ll
( )< B.(x) |1’l/|q(”2)> ( Bg(a;)|f| ) P g

1 _ € 1 n—17,. _ € n—1—q(n—2)
/Be(r)u_yw_c(n)/(; m’r dT_C(n)/(; r dr < oo

1 n-2 n
— n—-qgn—-2)>0 < - > —— = P>y
q n

Q=
-

Notice

Hence picking f € LP(2) for p > & deals with the second term (Math Stack Exchange). In particular one may
pick f € L*(Q) in a more straightforward sense

1
/BE(I) Iz —y)f(y)dy < C(n) ||f||Lm(Q)/B . ———ldy < Cn) || e

We collect the conditions for n > 3
1L fel'(Q)NLPQ)forp>%>1
2. or f € LY(Q) N L*(Q) suffices.
3. otherwise  bounded, and f € LP(Q) for any p € (%, oo] suffices.

In general, the philosophy is that one need L' integrability far away, and L? for p > 5 high integrability near
the origin.
From here one obtain the estimate for any f compactly supported.

[wllpee < ClFl Lo

Well-definedness of w for n =2 Forn =2, T'(z—y) ~ |log(|x —y|)|, this is the logarithmic potential. Due
to growth of size log |z| at co, one need more rapid decay of f at co. In particular one may choose f € L(£)
with compact support so that

/ Me—y)fdy < s |log(lz]) £l
Q\ B (x) ze€x—supp(f)\Bc(0) supp(f)

is bounded for any £ > 0. On the other hand, near the singularity, one could take f € L>°(£2) so that

/B T = DIy < O 1l / [ og(r)lrdr < C(n) | ] 0y < log(e)
Let’s also try using Holder

/ Iz — y)f(y)dy < C(n) / | og(jz — y)II/ ()\dy
B.(x)

Be(z)

gc<n></3()|log(x—y>|q) (/B()Ifl”> %+$:1


https://math.stackexchange.com/questions/1724067/well-definition-of-newtonian-potential
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Note (WLOG assume € < 1)

/Bs(m) [log(z — y)|?dy = C(n) /06 [log(r)|%rdy = C(n)(—1)? <10g(5)52 3 q/os rlog(r)qldr)
='--§C(n,q)|log(5)|52 VqGN

Hence any 1 < p < oo is valid. But even p = 1 itself is valid. Notice

C(n) /B  Tosllz bl wldy < O /8 » / | log(r|r|f (z + rw)|drdS(w) < C(n, <) /B [y

Hence for n = 2 it is valid to take
1. f € LY(Q) with compact support.
2. otherwise Q bounded, and f € L!(Q) suffices.
In general, the philosophy is that one need better integrability fﬂ\ B.(x) [log(|z — y|) f(y)|dy < oo far away, and

only need L' integrability near the origin.
Continuity Let any x € R" and A > 0
wa+ 1)~ w() = [ D) (Ha+h-y) = fo = )dy

which is well-defined once we know f € LP for p > % (and hopefully compactly supported, and WLOG n > 3).
Now to sending h — 0, the limit passes under the integral due to DCT. Thus w is continuous pointwise
w € C(R™).

2.1.1.2 Newtonian Potential C' Regularity

Well-definedness of 0;w On the other hand, if we study the derivatives

Q

The convolution works out better. Notice for any n > 2

1 1 i 1
T (VT (2)| S

~ ‘x|n—1

9y, T (z) =

nwy Jz[1 |

Thus the far-away portion works the same as (2.2) provided f € L}(Q)

1
/ 0, T — ) f W)y S —— / ]
Q\ Be (x) € Q\B:(x)

On the other hand, if we assume for f € L>(Q)

/B ( )5‘mif($ —y)f(y)dy < C(n) HfllLoo(Q)/O P e < C(n) || f | e oy €

Let’s also try Holder.

1

1 E v 11
9,0 (z — dy < C(n /‘ S / P 1.1,
[, 2l =) ey ”(M |$_y|q(nl>> (mx)'f') s

_ =C(n) : prar=DEn=1g, oo
B.(x) |z —yla=D 0

“— n—qn-1)>0 < p>n
Hence for any n > 2 it is valid to take
L fe LY (Q)NLP(Q) forp>n
2. or f € LY(Q) N L*(Q) suffices.
3. Otherwise Q bounded, and f € LP for any p € (n, o] is valid.

In general one need L! far away, and LP for p > n integrability near the origin.
From here one again obtain the estimate for any f compactly supported.

IVwl[pee < Clfll L
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Continuity of the first derivative w € C!  We further study: when is (2.1) C'? To do so we construct C*

functions converging locally uniformly to w and 0;w.

Lemma 2.1.1 ([GT01] Lemma 4.1). Let Q C R"™ be open domain. Let f € L*(Q) N L>®(Q) (for n = 2, one
need more integrability at co so that (2.1) is well-defined). Then the Newtonian potential w € C1(R™) and for
anyt=1,---,n

o) = [ 0T -)f)dy  YocR"
Q
Proof. Choose n € C(R) s.t.
0<n<1, In'| <2, nt)y=0 Vt<l1, nt)y=1 Vt>2 (2.3)

and define our sequence of functions as

wele) = [ Iz — (=) py)ay

3

First of all w. is well-defined due to integrability of f to ensure well-definedness of w. For the derivative we
compute

o) = [ (0ur@ =20 4 v - (IR )y

e lelr—yl

Here w. € C*(R") since 770%5;1/') cuts off singularity at origin smoothly, and [ |VI'(z —y)f(y)|dy < co due to
f € L* N L. The second portion is due to well-definedness of w.
Now why does w. converge to w, and d;w, converge to v(z) := [, 92, I'(z —y) f(y)dy? We compute

(o)~ weo)] < [ 106 =)0 = =) 10y

) ) 1. n>3
< [ TE =00y < {cm) 17l <2l log(e)] n=2

() = duelo)] < [ 100 Te =) (1 - (=) re -y 2y (P28l

9 9 9

<[ (9Tl 2 = i)y

_ {c<n> /1l € nx3
= OO0 Il (e + ellog(e))) n=2

Thus w. — w and d;w. — v locally uniformly in x as e — 0. Due to C'(B,) is Banach space for any r > 0, the
locally uniform convergence gives w € C*(R") and d;w = v in R". O

2.1.2 Newtonian Potential C? Regularity

We further study: when is (2.1) C?? The answer here is not as straightforward as Lemma 2.1.1 due to the term
2
(102,00, T (@ = y)| + =10, T'(x = y))|f (y)|dy
|z—y|<2e €
as one shall possibly expect. But here

1 1
[ e~ [ eia = o)
le—y|<2e € 0o ¢

€
/ 10; 0 T (@ = y)| ~ / e = 0o
|z—y|<2e 0

There is no decay and this is in fact co! The clever way to introduce decay here is to make use of f. Notice
even a tiny bit of e power should make this work, hence choosing f € C'* shall help us.
We remark two things

1. First, (2.4) holds for z € 2 instead of x € R™ since we need to use f € C'“ which is defined only in Q.

2. Second, choosing 2 bounded simplifies a lot by not violating divergence theorem and not considering far
away integrability.
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Lemma 2.1.2 ([GT01] Lemma 4.2). Let Q C R"™ be bounded open domain. Let f € L>(Q) N C%*(Q) for
a € (0,1] locally Hélder continuous. Then the Newtonian Potential w € C?*(Q), and for any i, j=1,---,n

T) = / Ooia, V(@ —y)(f(y) — f(2))dy + f(x) O L —y)v;(y)dS(y) VazeQ  (24)
Qo Qo

where Qg is any bounded domain containing Qg s.t. divergence theorem holds, and f = 0 outside 2. In particular
Aw(z) = f(x) Vel (2.5)
Proof. Let’s first study why the RHS of (2.4) is well-defined.

1. For the second part, notice y € 9 is far from the singularity. Since Qg is bounded, |f(z)| < oo due to
f € C(Q), the integral is finite.

2. For the first part though, one need to make use of the structure f(y) — f(z) and the Holder regularity.
Again, using €y is bounded domain, and f extended to 0 outside €2, the integral is finite far away from .
One is left to check the quantity for € > 0

| O, V(@ —y)(f(y) — f(2))dy| < C(n)[flcoe(b. () / —npn—lag,

B (x)
< C(n, a)[fleoe(B. ()™ < o0

And the bound is uniform for any positive distance away from 0f). Notice the small exponent « is crucial,
since |D2I'(r)| ~ 7™ itself is not integrable at the origin.

In fact this already sheds light on how we use Holder Regularity in the proof.
Using Lemma 2.1.1 we know w € C*(R"), then for 5 as in (2.3) we define

/ 0., (e~ (T pay

Here (;w). € C*(R™) for similar well-definedness reasons as above. In particular, for any j = 1,--- ,n we
compute

03(0):() = [ (9h,00@ = a0 4+ 000w = (UTEH IR pgpay
- [ o, (awir(x (= y')) F(y)dy
Q

3

2.4) to incorporate f(y) — f(z) one need to rewrite

—~

But in view of

0;(0;w)e () Og; (81;1.1"(:5 — |x —yl > fly using f = 0 outside Q

I
S~

0

0., (0u00c - y>n<';y'>) 1) = 1@y + 1) [ 0, (0.0 - a2 ) ay

Qo

2

0

2 [ o (06 =2 ) 0 = sy + 1) [ 2.0 =y wasty

9 0

—~
=

Now we define u(z) := RHS of (2.4). One can estimate

() — 0,0)o()| < [ 10,00, e~ )1 (222
Qo 990

- /cc y|<2e (|8TJT7F(I —yl+ g|arir(x - y)|) |f(y) — f(2)|dy

|lx —

€
2
C(n)[f]co,a(BQE(z))/ (r—"+ grl_")rar’L_ldr using Holder Continuity of f
0
< C(n)[flco.e(By. (2))€" v dist(z,00) > 2¢
In other words, for any ' € Q

lu(z) — 0;(0sw)c(x)| < C(n)[flco.a(ane® Vv dist(x, Q') > 2¢

IV () = f(@)ldy + | ()] 102, T (@ —y)(1 = n(—2

NIS(y)
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Hence 0;(0;w). converges uniformly to u in Q. Now 0;(0;w). converges locally uniformly to u in © as ¢ — 0.
Using (0;w). converge locally uniformly to d;w in Lemma 2.1.1 one obtain

Ojiw(x) = li_r)% 0;(0;w)e(z) = u(x) Vel

Now to see (2.5) take o = Bg(z) for R large so that

Auw(z) = / AT(z — y)(f(y) — F(2))dy + f(z) / V.T(x — y) - v(y)dS(y)
Br(z) o

BR(I)

Notice the first term vanishes because for any r > 0

| AT(z = y)(f(y) — f(x))dy| = | AT(z — y)(f(y) — f(z))dy|
BR(I) B,(:v)
S 2[f]C“(Br(vc))c(”)/O s7"s"ts%ds < C(n) [flee(B, @)r” Vr>0

LHS is independent of r, hence send » — 0 on RHS to conclude
[ At =)t - f@)dy =0
Br(x)

The second term gives

—y)-v = f(x —x)- y—r = f(x ue to choice o .
S [ Ve vds) = S [ IRy =) st = ) due to choiee of (121

O

2.1.2.1 Dirichlet BVP problem for Poisson’s Equation over bounded domain

As an immediate corollary, the Dirichlet BVP problem for Poisson’s Equation over bounded domain Q (with
regular boundary) is uniquely solvable if the bounded forcing is of Holder regularity.

Theorem 2.1.1 ([GT01] Theorem 4.3). Let Q C R™ be open bounded connected domain. Let 02 be regular.
Assume f € L*>(2) N C%*(Q). Then for any continuous boundary data o € C(0Q), the Dirichlet BVP

Au=f Q
u=¢ 00N

is uniquely solvable, i.e., u € C%(Q) N CO(Q) solution exists.

Proof. Define w as the Newtonian potential with force f (2.1). First note from Lemma 2.1.1 that w € C*(R™),
in particular, continuous up to dQ. Using Theorem 1.5.1, since 9 is regular, consider v € C°°(Q) N C°(Q)

solution to Laplace BVP
Av =0 Q
v=p—w O0f)

Using Lemma 2.1.2, f € L®° N C%*(Q) yields w € C?(Q) with

Aw=f Q
Hence we define
uU=0v+w
Using bounded domain, u is the unique solution to the desired Dirichlet BVP problem. O

2.1.3 Interior C** Estimates via Potential Theory

In the following we plan for local Holder estimates for solution to Poisson’s Equation. To begin, we prove the
fundamental local Holder estimates for the Newtonian Potential.
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2.1.3.1 Newtonian Potential local C>“ Regularity

In this estimate we work with our best friend, balls. Denote B, = B,.(0) for r > 0 arbitrary. We shall see that
f € C¥(By,) for 0 < a < 1 itself gives local Holder regularity, which is much of an improvement compared with
Lemma 2.1.2 locally!

Lemma 2.1.3 ([GT01] Lemma 4.4). Let f € C*(Ba,) for a € (0,1). Then Newtonian Potential w € C*%(B,.)

and there exists C = C(n,a) > 0 s.t. the non-dimensional Holder norms satisfy

[ D?w HCOa(B) C”f”coﬂ(BZT) (2.6)

i.€.
||8ijw||co(§r) + Ta[aijw]coya(Bf.) <C (HfHCO(B*%.) + TQ[f]cOa(E)) Vi,j=1,-,n
The reason why we work with B, instead of unit balls is because the formula (2.4) is difficult to scale with.

Proof. Recall we already have the formula (2.4). Hence we directly estimate [|0;;w|| o )

v) = / 0T (x — 1) (f(y) — f(@)dy + f(z) / OT(x —y)w;(y)dS(y) VaeB,
Boy

OBa;

0@ < COeonqaz [ la=sl e = yl°dy

2r

C(n) Hf||CO(B—T) 7" |0By, | using closest distance between y € 9B, and x € B, isr  (2.7)
2r
COMlennay [ 574 s+ C0) vy

< Cn.0) (I loogzn) + 7 Neoamy) Vo€ B

Now to estimate the Holder seminorm, we take any two points =, T € B, s.t. 0 < 0 := |z — T| < 2r, and

consider their middle point
1
§ = 5(33 +7T)

Our issue mainly happens when x and T are close. Hence to study the behavior there, we essentially study the
ball Bs(§) with radius § = |« — 7| and centered at the middle points, which surely contains the two points z, T
and sits inside Bs,..

Let’s compute

aww( T) — 3”10( )
_ / B,T(T — 1) (f(y) — £(@))dy - / 0T (& — 4)(f(y) — F())dy + / (F@OT(E — y) — F@)OT(x — y)) v; (4)dS(y)
B, Bo,

OBa

Always keep in mind that, one aim for the form

030(@) = u0)| S Ol ) (lowe - ol + w2210 )

due to our scale in balls of size r.

1. For the boundary portion dBsy,., we split into two parts which respectively use the Hélder semi-norm of f
and the classical derivative of 9;I".

| (f@OL(T —y) — f(2)oil'(z —y)) v;(y)dS(y)|

0B2,

:|A; (f@) = (@)L (@ —y) + f(2) QDT — y) — Al(z — y))) vj(x)dS(y)|
<@ H/B L@ —y)v(y)dS ()| + | f (= |/B 0;0(T — y) — OL(z — y)|dS(y)

< CM)[fleo.e @ lT — 2| the closest distance between y € B, and 7 is r, and r'~"|0Ba,| = O(1)
(2.8)

+ 1 flcomr [T — 2| / |V8 (& — y)|dS(y) for & in between the line segment of z, T

1
C(n)[flcowmn)l® — :r|°‘ +C(n) [ fllcomr ;|f — closest y € OBy and & is 7, and 7~ "|0By| ~ r~*
(2.9)
T —al|” T

- use —— < 1 and put the 27 into C'(n, «)
r r

C)flco.emyl® = 2| + Cln, ) | flloo s
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2. For the interior portion Bs,., we mainly split into two portions

B;s(§),  Bar \ Bs(§)

On B;(€) near the singularity, one need to rely on f € C%* to obtain the extra power §% On By, \ Bs(€)
away from the singularity, one is allowed to rely on derivatives of I" which are classical.

[ om@ =00 - r@dn= [ aiTe =) - fa)dy
<[ @E - D) - £@) - 9T~ )W)~ f@)dy]
B2r\Bs(€)

+ / (1051 (@ —y)(f(y) = F@)] + 10451 (x — y)(f(y) — f(2)]) dy
Bs(€)
(a) Let’s begin by dealing with the Bs(£) portion. Consider for example the part at point x
[ 10T =) 0) = @Dy < Co)lonnqary [ o= vl o —yld
Bs () Bs(£)

5(&

< CM)[fleo.e @ /B ‘ |z —y| "z — y|“dy recenter Bs(&) C B%(;(x)

%5("5)
4
< C(n)[f]COQ(E)/() ’I“_n+o‘+n_1d7~ < O(n,a)[f]co,a(?%) |f— JT‘Q

o

The exact same argument applies to
| 10ut@ = )5~ F@)ldy < Cn,0) flona gl — ol
Bs(§)
(b) On the far-away portion, we rearrange
| / (9,T(@ = y)(f(y) = F@)) = 0T (@ = y)(f(y) = f())) dy]
B2, \B;s(&)
= | (05T (@ —y) = 0T (x — y)(f(y) — f(@)) + 05T (& — y)(f(z) — [(Z))) dy|
B2r\Bs (€)

S/ (0, T(T — y) — 0T (x = 9))(f(y) = f(@)|dy + [ f(2) — f(@)]] 0T (z — y)dy|
B2r\B;(£) B2, \Bs(8)

For the second part we apply Green’s Formula to compute
[ o= | AL (x — y)u; ()5 (y)|
B2, \Bs(€) 9(B2,-\Bs(£))

| are-yweasw - [ o - pu@ds)
OBay 836(5)

<[ le-slraswr [ fe-yldse)
9Bz 9B5(¢)

5
< C(n)r'™"0Bar| + C(n)(5)" "10Bs]
< C(n) the shortest distance on dBs,. to x is r, and on 9Bs(£) to x is g

Hence for the second part one obtain

[f(z) = f@)| 0T (x — y)dy| < C(n)[f) o 51T — |
B2, \B;5(§)

For the first part we make use of differentiability of 0;;I"
[ lourE =y - st - ) s) - F@)ldy
B2, \B5(&)

< |z — x| IVO,;I (& —y)l|lf(y) — f(T)|dy for & in between the line segment of z, T

BZ7'\B5(£)
|f(y) — f(@)]
y—e>s & —y["*

< C)T —2([flcomr /

-6 [T —

< C(n)|z — z dy using third derivative estimate of T’

ly —z|*
y|n+l
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Let’s pause the think about the relations between y ¢ Bs(§) and the distances |y — &, |y — |, |y — T
Since |y — &] is centered around &, to apply change of variables, one want to establish estimates of
the kind

ly—z| < Cly —¢]
ly—2[ = Cly —¢]

To determine the constants, we investigate the case when y, x, &, T, £ lie on the same straight line,
i.e., extremes happen. In the worst case |y — Z| = 24 yet |y — £| = & hence

3
_ 7l < Sy —
ly =zl = 5ly = ¢
In another worst case |y — & — 36 and |y — £| = 0 hence

1 2
— <
ly—2] = |y —¢]

Thus

/ 1(05T(F —y) — 0;;T(x — y))(f(y) — f(@))|dy
B2, \Bs (&)

< C(n,a)|T — 9C|[f]C°~a(BT>r) /

ly —&|* " dy
>5

< C(n,a)|T — x|[f]cova(BTT)/§ pa—n—ltn—1g.

1
=C(n,a)|T — x|[f]co,a(g)m5”‘*1 This is where we need strict o < 1!

< C(n, a)[f oz [T — 2|*

Now one may put everything together and observe

— _ o T —z|¢ _
0y0(@) ~ 0y0(0)] < Cn,0) (oo 7 ol + If v,y ") Va7 € B,
1
Olenn ) = C00) (oo + o Il )
And (2.6) follows. O

In the following, one has immediate corollaries in Holder Estimates for solutions to Possion’s Equation
Au=f
The following are a priori estimates. One need to assume the existence of solutions in different cases, then with
Holder forcing f, one obtain Holder estimates.
2.1.3.2 (?%“ Estimates for global solution with compact support

In this simplest case we assume for some 0 < o < 1 with both compact support solution and compact support
forcing ([GT01] Theorem 4.5)

uwe C3R™), feCRY, Au=f R" (2.10)

1. First, we remark that given condition that both v and f have compact support, © must be the Newtonian
Potential (2.1) that uniquely solves (2.10)

uw)= [ Te-y)iwdy  voerr

To see this, let supp(f), supp(u) C Bg(0) for R > 0 sufficiently large. Then Bgr(0) is open bounded
domain with smooth boundary. Using our assumption u € C3(R"), indeed u € C?(Bg) N C'(Bg), hence
the Green’s Representation formula (1.26) applies

u(z) = /8 BR(“(”«?:,“ )= T — y))as) + [ T - wauwiy

vy Bn
- / T(a — ) f(y)dy = / (e —y)f(y)dy VzeBn
Br

R > 0 large is arbitrary, hence u as Newtonian Potential is compactly supported global solution to (2.10).
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2. Now our estimates follow directly. Let supp(u),supp(f) C Bgr(0) for R > 0 large. Then

(a) One directly obtain C° estimate.

wuns|ﬂmq%t@(mwu—ymw Ve By

R

)] < o |
Bar

2R 2_n, n—
2 [0 Wllonga Jy " 2 ar = ) ooy B 23
>~ 2
C I fllcogam Jo " og(r)|rdr < C |1 fllcoam) R2|log(R)| n =2
lullcogm < CO) I fleomm B n23

T(z —y)ldy  using Br(0) € Bar(x) for « € Br(0)
(@)

(b) Applying Lemma 2.1.1 one obtain C! estimate.
Ou(x) = / 0., T(x—y)f(y)dy Vax€Bg
Br(0)

WW@NSCWHUMWEQ/ 0. T(x —y)ldy  using Br(0) C Bar(x) for € Br(0)

Bar(x)

2R
smmmmmﬁ7ﬂwwmammm@R
IVl o) < COV I llgogmy R

(c) Applying Lemma 2.1.3 one obtain C? and C?“ estimate. Due to the compact support, Bag in (2.6)
reduces to Bgr

1D?

u”co(BiR (n,a) (HfHCO(BiR) + Ra[f]CUva(?R)>
n

¢
1
[Dzu]cow“(ﬂ) < C(n,a) (Ra \|f||00(?R) + [f]COﬂ(BR)>
Now, putting together all above, for n > 3, one obtain estimate for the non-dimensional norm
Hu||'02,a(B—R) = |lullgo + R||Vul| o + R? HD2u||C0 + R**[D*u)co.a
< C) [1fllcommy R?+C(n,a) 11l oy R* 4 C(n, a)[f]coya(BfR)R%a
’ 2
< C(n,0) {0 R
In particular we’ve improved the regularity

u € Cy*(R™)

2.1.3.3 Interior C*>* Estimates for solutions over open domains (in balls)

Of course one can remove the condition that both u and f have compact support over R™ into an open domain
case. Let Q C R™ be an open domain. One obtain estimate for C? solution and 0 < a < 1 Hélder force both
defined in  ([GT01] Theorem 4.6)

u € C*(Q), fec9), Au=f (2.11)

Compared to the previous problem (2.10), (2.11) specifies a common open set for which u and f are defined, and
moreover () can be taken to be unbounded. One still has interior estimates in balls, which are our prototype.
WLOG assume 0 € Q.

1. For any R > 0, one may consider the solution u restricted to the ball Byr(0). First notice that as in
Theorem 2.1.1, u takes the form

u(e) =v(z) +w(z) V€ Bap
where
Av=20 BQR
= - d
w /Bm Lz —y)f(y)dy

This is because we a priori assumed for a solution u € C?(£2). Thus over Bag, the structure of u follows
from the unique solvability of Poisson’s equation to the natural boundary condition w|, Bar-
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2. Now let’s estimate the size of u.
(a) For w the Newtonian Potential of u in Byg, we estimate w in Bg

()] < | flloomm) /B T@—y)ldy ¥aeBr

2R

< fllescmmm) [ la=u)ldy  wsing Ban(0) € Banla) or & € Ba(0)

3r(z)
R? n>3
< C0) 1 Flleo@am) {32 log(R)| n=2
10w (z)| < C(n) | fllcommm B as in Lemma 2.1.1 V x € Br

|0;w(x)] < C(n,a) (||f\|co(fm) + Ra[f]COYQ(BTR)) as in Lemma 2.1.3 YV x € Bp

1 .
[D2w]co,a(§R) < C(n,a) (RO‘ ||f||c0(BTR) + [f]COVQ(BQR)> as in Lemma 2.1.3

Putting together the estimates for Dw, one obtain estimate for non-dimensional norm

R Dwllgammy = RIVW|cogry + R HDQchwBT?,) + R*** [D*w] o, 37)

< C(n, ) B2 (11 llcozm) + B [fleon@mm ) = ) B2 Iflcon @y (212)

(b) For v = u—w the harmonic function in Bag, we estimate v in Bg. First we need to control C° norm
of v, which needs to be distinguished w.r.t. dimension

i. For n > 3, trivially
o(@)] < Ju(@)] + [w(@)] < lull oz + C) 1l co@am B (2.13)
ii. For n = 2, R?|log(R)| replaces R? in the classical decomposition. But as suggested in [GT01]

Theorem 4.6, One regard
(1, T2, 73) = (1, T2)

for
Ug iz, + Ugozy = f(xlva) Byr C R?

Then u solves
Au = ﬂxlml +ﬁzgzg +ﬂm3x3 = Ugyzq + Ugozs = f(x17x2) v (xla (EQ,.’E,?,) S B2R g RB
By uniqueness of Dirichlet Problem w = ¥ + w where

AV =Ty 0, + Vagus + Vggay = 0

W(r) =w(x1, T2, 23) = / Lz —y) f(y1, y2)dyrdy2dys
Bar

Now one has improve C° estimate
[w(@)| < Cllifllcomm R? V (21, 29,23) € Bap C R’
[5(2)] < [a(2)| + [@(2)] = Ju(zr, 22)| + [@(21, 22, 23)| < [ullogr + C I flcommm B (2.14)
Now for C! and C? estimate with n > 2, one use gradient estimate (1.15) and then higher order
gradient estimate (1.18)
1
|[Vou(z)| < C’(n)ﬁ [vllco@m) YV x € Br (1.15)
1
|(9”’U(Z‘)| < C’(Tl)f2 ”U”CU Ban Vx € Bg (1.18)
R (B2r)

In particular one obtain C?® by doing bit rescaling and apply (1.58)

(1.58) 1 (1.18) 1

[Oiv]cemr < C(“)@WUUHCO(T%R) < C(n)WIIUIICO(@)

Putting together the estimates for v one obtain estimate for non-dimensional norm

R[IDv|[ g0z = RVl cozr) + R |\D%||CU(37R) + R**[D*0] o0 (7

(2.13),(2.14) )
<COlloogn = C0) (luloogmm + Iflcogm B2)  (215)
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(¢) To put things up, for n > 3 one decompose
u=w-+v
in the classical sense, while for n = 2 one decompose
u(xy, x2) = u(z1, T2, x3) = V(21, T2, 23) + W(T1, T2, X3)

Since all estimates mentioned above works the same for either decomposition, one treat them equally
and obtain estimate

lullez.a ) = lulloozmy + BIVUllgomy + B2 1D?ull o gy + B ID* U] oo 5
< ull oz + RUIVWl oy + VOl com))
2 2 2 24+« 2 2
+R (HD Wl oy + 1P v||co<BfR)) +R* ([D wlgo.o By + [D vlco,a@)

= lullcommy + B ||Dw||lcl,a(BfR) + RHDUHICM(BT?,)

(2.12),(2.15)
<) ulleozm + CO) IS oo B+ C,) [ Fllene grm B

< O, 0) (Il oy + B2 1 lconcmm)) ¥ Bar €9 (2.16)
In particular we’ve improved the regularity
u € C*(Q)

2.1.3.4 Compactness

As an immediate corollary, one obtain compactness result for ‘being solution to Poisson’s Equation’ via equicon-
tinuity on compact subdomains of second order derivatives.

Theorem 2.1.2 ([GT01] Corollary 4.7). Let @ C R™ be open domain. Let u, € C?(S) be uniformly bounded
sequence of solutions to
Au, = f Q

for the same force f € C*(Q2). Then there exists a subsequence un, S.t.
Up, —> U locally uniformly

to some u € C%(Q) that solves
Au=f Q

Proof. Since u,, is uniformly bounded, assume there exists M > 0 s.t.
ltmllgngy <M <00 ¥m

Now for any subdomain " € Q' € , fix some i, j € {1,---,n}, one use interior second order derivative
estimate (2.16) to obtain

10i5um | o @y < C(Q, ', 0, q) (HuchO(W) + ||f‘|coya(ﬁ)) SCWM A+ [|fllcoa@y) <oo  Vm
Hence {0;;unm } is uniformly bounded over €. On the other hand, using Interior Holder estimate (2.16)
|0ijtum () — Dijum(y)| < C(Q", Q' n, ) (”UmHCO(W) + Hf”co,a(ﬁ)) |z —y|*
SCM A+ flcoo@)le—yl*  Vo,yeQ” Vm

Hence {0;ju,} is uniformly equicontinuous over ©”. One may do this on any compact subdomain, hence via
diagonalization and Arzela-Ascoli, there exists v;; € C(€2) and a subsequence s.t.

03U, — Vij locally uniformly kE— oo

One may pass to another subsequence and converge for another pair of (i, 7). Hence after passing to n X n many
subsequences, there exists v;; € C(Q2) for 4, j =1,--- ,n s.t. (up to subsequence)

OijUn — Vsj locally uniformly Vi, j=1,---,n



CHAPTER 2. POISSON’S EQUATION AND C%< ESTIMATES 107

Now we do for first order derivatives. Fix ¢ € {1,--- ,n} one use interior first order derivative estimate (2.16)

105tm | go @y < C(Q7, ', ) (HumHCO(W) + ||fHCO(W)) SOCM A+ [|fllcogyy) <00 Vm
Brttn (&) = Ditima ()] < C(Q, X 11,0) (It | o ey + I ooy ) 12— 9
<O A | flovea)le—ul Yoy Vm
Apply Arzela-Ascoli there exists v; € C'(£2) s.t. up to subsequence
Oy, — v; locally uniformly

One again pass to another subsequence and converge for another ¢ to obtain v; € C(Q) for i = 1,--- ,n s.t. up
to subsequence
Oiyy, — V; locally uniformly Vi

Finally, doing the trivial C° estimate and passing to the last subsequence
[umllco@my < M < oo V'm

Um () — um (y)| < C(Q", Q' n) (Hum”cwﬁ) + ||f||cf)(ﬁ)) [z =yl SCM +[|fllgo)lz —yl <oo  Va,yeQ” Vm

One obtain v € C() s.t.
U —> U locally uniformly

Recall we're been constantly extracting subsequences. Recall that C2?(Q’) is Banach space for any Q' compact
subdomain, hence
8iv:vi7 aijU:Uij Vi,jzl,--~,n

Thus v € C?(Q) and
U —> U, OiUp, — O3V, Oijum — 0i;v locally uniformly

In particular
[Av — f| = lim |Au, — f]=0 VaoeQ
m—00

Thus v solves classically the Poisson’s Equation

Av=f Q

2.1.4 Boundary Holder Estimates via Potential Theory

In the following we discuss estimates up to the boundary. Let R" := {z € R" | z,, > 0} and denote
2.1.4.1 Newtonian Potential Boundary C%“ Regularity
In this estimate we work with our second best friend, balls intersection R”}, possibly centered at 0 € OR'}.

Lemma 2.1.4 ([GT01] Lemma 4.10). Let f € C’O‘(Bi;;) for o € (0,1). Let the Newtonian Potential of f in B3,
be as in (2.1)

ww)i= [ T@-niwdy  VoeDs
BZT
Then w € Cz’a(?f) and there exists C = C(n,a) > 0 s.t. the non-dimensional Hélder norms satisfy

ID*wllo.0 sty < C 1 ligo ) (2.17)

1.€.
”8%]’“)”00(5) + Ta[aijw]co,a(?:r) <C (Hf”co(?;) + ra[f]co,a(?;)> Vi, j=1,---,n
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Proof. Recall the formula (2.4) applied to Q = B; and Qy = B,

= [ due =)t )~ f@)dy+ £@) [ 0T = uw,)dS) Ve By

dB,.
What portions do we have on 832*;7 Let’s decompose
OBj, = (B2 NOR}) U (B2, NRY)

The difficulty happens when we’re at the first boundary portion Ba,. NOR! essentially because the ball structure
fails. Due to this, the essential estimates (2.7) for C? and (2.8), (2.9) for C*% wouldn’t work.
What can we do to remove such bad boundary portion? A first notice is that for any j # n,

Vj‘am =0

Also notice divergence theorem holds for the piecewise smooth B, hence w € C?(B5.) following Lemma 2.1.2,
and thus 0;;w = 0j;w. This amounts to say the two bad boundary portions

[ are-pm@ise) = [ 6T pu)dse)
Ba,NOR™ Ba,NOR™

So as long as either i # n or j # n, the bad boundary portion vanishes due to the normal. Hence the estimate
for 0;;w for i # n or j # n follows as in Lemma 2.1.3, and (2.17) follows for ¢, j not all n.
Now for Opnw, let’s make use of our equation (2.5)

Aw=f VaxeBt

One obtain an expression
n—1

Onpnw = f - Z Osw

i=1
and thus using norm structure

n—1

e - Sy 11 /e
i=1

< C(n,a) |Ifl;

C0, B+)

and (2.17) follows. O

2.1.4.2 Boundary C*“ Estimate for solutions over B/ half balls

Now we have our boundary estimate for half ball for Newtonian Potential as in (2.17). The question is: How
do we go to estimate for solution to Poisson’s Equation?
If one want to write as before
u=w-+v

for w Newtonian Potential

wi@) = [ Ty

Yes w has estimates via (2.17), but what about boundary estimates in v? How do we get estimates as below?

PIDVI 5, < O (Il + 1oz, )

In particular estimation of ||v|| 0 with RHS is fine, but we lost gradient estimates for harmonic functions up to
the boundary, which only work for the interior.

A clever strategy to deal with this is to reflect our harmonic function to B,,, and define a harmonic
function in Bs,, on which we can apply interior gradient estimates. The technique we use is Schwarz
Reflection.

But we need to impose further that

v=u—w=0 T := By, NORY}
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so that reflection works. Now we have another issue on the boundary value. Yes we can impose the condition
that v = 0 on T for now, but

w(xla oy Tp—1, 0) = ’U.)(IC/, 0) = / ]-—‘(1'/ - y/v _yn)f(y)dy 7& 0

+
BQT

Hence we need to redefine a potential w that carries the estimates from Newtonian Potential
(2.17), but also achieves 0 boundary data

w=0 T

Can we do this? Yes we can, by replacing the Kernel with Green’s Function (1.34). In fact if we
also reflect f to the other side B,,., we keep the estimates as in (2.17).

We deliver our estimate ([GT01] Theorem 4.11). Denote Bs, = Bs,(0), B3, := Ba, NR™. Assume for some
0<axl

we C*(Bf)NCYBY,), wu=0 T:=ByNdR:, feC*Bf), Au=f Bf  (2.18)

1. Denote
Bj, = Bo, NR™ = {z € By, | z, < 0}

In the first step we define our new potential w, then reflect f to Bs, and see how our estimates (2.17)
translates to this case.

(a) Recall & = (x1,- - ,&p_1, —T,) denotes the reflection point. Recall Green’s Function writes (1.34)
G(x,y) =T(r—y)+ (@,y) =T(w—y) ~T@-y) VeeBj, yeBl, y#z

and we define

i(x) = [ Glew)f(y)dy = / (M@ — )~ T(F — y)) f(w)dy (2.19)

+ +
BZT BQT

One immediately notice

Ai(z) = A, (/B+

2r

P - y)f(y)dy) +a, ( e y)f(y)dy>
2r
= f(z) Vx € By using (2.5) and A,T = 0 far from singularity
And our friend: 0 boundary value, as argued in Property 1.3.3.
w(xy, - Tp-1,0)=0

(b) We define our reflected force as the trivial reflection

e . f(%‘):f(xla"'axn—laxn) anZO V.TEBQT
f(z):f(xla"'axn—lafxn) Tn <0
f carries the Holder Regularity. For any x € B;,, and y € B,,., consider

z = intersection of line segment connecting = and y, with R’}

Then
() = f ) < [f(@) = f(2)| n /() = F(y)l

lz -yl = |z—yl® |z — yl|*
|z — y
< Wlooag ey + Veoan (="

- Hf’ C°(Ba,
<Ml go gy +2r[Fflpozr) < 2 ||f|\/co,u(3j+r) (2.20)

|z — |

|z -y

|1

o0 (Ba) y Trilleos @
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(¢) Now with f one can rewrite .

i@ = [ M@=y =T@=9) f@dy= [ (Nw=9) =Tl =) )y using radial symmetry of T

+
B,

Notice for the second portion, one can shift § to f(y)

[ T pswiy
B

2r

:/ F@“ﬂ%h+%ﬁ@mﬁ@:/i L' =y xn — (—yn)) (Y, —(=yn))dy
BarN{y»>0} BarN{yn>0}

=/ Nf—yhm—wwﬂyrwwﬁﬁz/fF@—yﬁwwy
Ba,N{yn<0} B

27

Thus w rewrites

Now for the first piece, we have good estimates as in (2.17). For the second piece we apply interior
estimates (2.6) to B;} and Ba, so that

1D

@l 0.0 @F) < 2[1D? +|p?

!/
W2 HCO’C‘(Bii)
!/

I
wl“coqa(ﬁ)

<2C(n,a) an’co,a(;;) +C(n,a) | f (2.17) and (2.6)

CD,Q(E)

2.20)

(

On the other hand, the first order derivative removes the singularity, hence we estimate directly V.
For any x € B}

V()] < 2[Vwr (2)] + [Vws(2)|

4r
OO eny |, oo < |

__r
CO(BZT)
r

<C(n)
<2 ||VUJ1H

< C(n)

”fHCO(Bi;T)

Vol + [V ||

co(B) co(B) co(B)

”fHCO(Bi;rr) r

Thus from the first set of estimates one obtain the estimate for non-dimensional norms

2 =1 I
103, g, <7 (Vo g7, +7 1020 o 7))
< C) 11l go gz, ™ +4C0,0) 1 . 57,
< Cm ) fllgon gz, 7™ (2.21)
2. Now in the second step, we define
vi=u—w  Bj

Since both v =@ on T, one get ¥ = 0 on T. Also ¥ is harmonic
Ab=Au—-Aw=f—-f=0 By

One may define the Schwarz Reflection (1.40) V € C%(Ba,) s.t. V =@ in By, and apply Lemma 1.3.3 so
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that V' is harmonic in Bs,. Now since we have interior estimates for harmonic function V', one obtain

(2.15)
r Do’ <DV ey < CW) [Viioozr
2

< C(n) |9

Cla (B+
co(BT) using definition of Schwarz Reflection (1.40)
%’V‘

< C(n) <||u|CO(B§) - ||w||C0(B§>>
2" 2"

= C(n) <||U|CO(B;§T) + ||’w1||co(37;) + |w2||C0(B;§T)>

< C(n) (||u||CO(B; Hf‘ oo 5T ) using (2.13), (2.14)
< 00 (llull gy + C) Il oz, ) sing (2:20) (2:22)
3. To obtain the estimate for u, we mimic steps that lead to (2.16). For n > 3 we define @ as in (2.19). For

n = 2, we view the solution as defined in n = 3, and choose I'(x — y) = 73w3 |z — y|~! as our kernel. The
definition (2.19) follows with force f defined in n = 2. In both cases we define ¥ = u — w.

5 + 7 || Vul| + 7% || D?u| + 2T D?y]

Co(B;)
+ 7| D

/ J—
1ull a5y = I1ell o
< ]l

CU(B;F) 0, B+)

+ || D3|’

co(B;) cha (B

2.21),(2.22
CE il + O 0) U, 7+ C0) (el i, + 1o, 7°)
- CO(B;) ’ GO (B3,) C°(B3,) C°(B3,)

< 0. ) (Ilull oz, + 1 e 5,7 (2:23)

Ol B+)

In particular we’ve improved to C%® regularity up to the boundary
ue C>*(B})

2.1.5 Global C?“ Regularity for solution to Dirichlet BVP over By balls

Recall that for 2 C R"™ open bounded connected, one has well-posedness of Dirichlet Boundary Value problem
Theorem 2.1.1. A natural question to ask is, if given f € C%%(Q) Holder forcing and boundary data with
sufficient regularity, does our solution u inherit C%?

For general domains we leave to later. But for Balls, one has trick known as Kelvin Transform (1.49). The
good thing about the Kelvin Transform (1.48)
is that this maps the unit ball centered at e,, = (0,--- ,0,1) to the half space with boundary {x,, = %} Indeed,
for the boundary portion, take any = € 9B (e,)

|z —en| =1

n—1

Z 2+ (z
i=1

|z|? — 22, = 0

1 Ty

- *

2 e T

Now for the interior, |x — e, | < 1,

1 x
2 n *
Thus _ 1
B, (en) Kelvin Transform (1.48) {LU cR™ | T, > 7} (224)

2
Now for a solution to Poisson’s Equation u defined on

Au=f Bi(en)
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Using (1.50), we know its Kelvin transform

u(x) == |x|2_"u(ﬁ) Y x> 3
solves the Poisson’s equation
* _ —n—2 z 1
Au*(x) = |x] f(W) vV x, > 3

Now one has flat boundary for u*, and may apply estimates obtained from (2.23).
We deliver our first set of estimates assuming zero boundary data ([GTO01] Theorem 4.13). Let By be unit
ball in R™. Assume for some 0 < a < 1

weC*B)NC’B,), wu=0 9B, feCYB), Au=f B (2.25)

1. For any boundary point zg € 0B, one may do translation so that assume xy = 0. Also, one may do
rotation s.t. By = Bi(e,). Now as is calculated in (2.24)

Kelvin Transform (1.48)
—

1
Bl(en) {Z S Rn | Ty > 5}

One consider u* as in (1.49) which solves

* e T 1
Au*(z) = |z] 2f(w) V oz, > 3

2. Now consider the portion of u* defined in
1 1
Bl = Br(gen) N{z, > 5}

for 0 < r < % small. On this piece one has estimates via (2.23)

T

o2 ()

/
x|/ < * o 2 .
[0l o e 7y = €0 0) <Hu leo ) + 0@ > (220

Notice we’ve made use that 9B, is mapped to {x, = %}, and we assumed
U*|xn:% = ulpp, =0
(a) Let’s control RHS of (2.26) via u and f. The question is: what does By map to under Kelvin
Transform? For any = € By,

|z — —en| < 2r
|z — 2, < 4r? — = <0
Ln -
1< EE =1y

Thus, using that Kelvin Transform equals to its inverse transformation, and we know one started
with Bj(e,), necessarily

B3 is mapped into Bj(e,) N {x, > 1} under Kelvin Transform
Hence one has control over RHS of (2.26)

* _ 2—n i
||'LL HCU(B;,,) - H|w u<|1‘|2)

< C(n)

CO(B3,) lelleo @)
2r

r2 < C) | fllon G 7

CO,C((B;T)

Both of which one has good control of via assumption (2.25).
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(b) Let’s bound LHS of (2.26) from below via u. The important thing to understand is, which portion of
u are we controlling using this estimate? First of all, B;(e,) gets mapped to {z, > %}7 so we want
to study which part of Bj(e,) gets mapped into B;f. To see this, for any point

1 1
M B:_ = Br(ien) N {xn > 5}

x necessarily satisfy

o tey| <
Tr— —e, T
2
lz|? — +1<r2
]
1 1 T
14+ (5—r?)— < 2 5
TG

Notice + —r? > 0. Since § < |z| < & +r, in order to maximize LHS, |z| may be taken to be 3. Thus
one need to ensure

1
——=2-4r <3,
(3)7

Since the inverse Kelvin Transform is itself, this is to say

1+ (5 —1%)

1 1
By,2(2e,) N By(en) is mapped into B, = Br(ie") N{z, > 5} under Kelvin Transform

Thus one has estimate

/

/ T /
U roe s < ||u(—% < C(n,r)|Ju* —
Il sty < [ UG o, < OO 1 o)
Now following estimates as above, one translate (2.26) to
/ !
||UHC'21“(B4T2(26”)031(6")) S C(Tl, r, Oé) (||u||CO(B1(en)) + ||f||COv“(B1(e,,L))> (227)

In particular, notice putting xy at the origin 0 gives the estimate up to the boundary portion near the
point 2e,. This is due to the nature of Kelvin Transform.

3. Now using dB; is compact, there exists finitely many balls with fixed radius 472 for 0 < r < §7 and with
centers on the boundary s.t.

N
0By C | By (xi)  forw; €0By,i=1,--- N
i=1

Now for each By,2(x;), treat x; as 2e,, and its reflected point w.r.t. the center as 0 the origin, one recover
estimate (2.27). Hence

N
S Nln zmimn < Clmr N (el gogar) + 1o r))
=1

Now the interior portion is included via

N
B\ <U By,z (%)) C BRr € Brye € By
i=1
Hence following (2.16)
il < C s Roe ) (Il oo ey + 1 o )
Summing the Interior and Boundary estimate up gives the full estimate

N
’ ’ /
lullez. @) < Mlloza@m) + D Mellee @z amm
i=1

< C(n,0,1, N, Rye) (Il ooz + 1 o ) ) (2.28)
In particular, we've improved to C%® regularity over the whole ball

u € C**(By)



CHAPTER 2. POISSON’S EQUATION AND C%< ESTIMATES 114

Hence one has C%“ global regularity for Dirichlet Boundary Value Problem.

Theorem 2.1.3 ([G'T01] Corollary 4.14; De Silva Analysis 11 2025). Let By C R™ denote unit ball. Assume for
0<a<l, feCY¥By), p € C*(By). Then the Dirichlet Boundary Value Problem

Au:f B1
u=¢ 0B

is uniquely solvable for u € C*%(By). One has estimate for C = C(n,«a)

lullge.a @) < € (I€llcnam + 1 lcon ) (2:29)

Proof. First, using Theorem 2.1.1, we know u € C?(B;) N CY(B;) solves the Dirichlet BVP uniquely. Denote
v = u — . Then v necessarily solves

A’U:fngD Bl
v=>0 8B1

Note the force for v belongs to o
f—=2ApeC(B)

Hence v fits into our assumption (2.25) with zero boundary data. Using estimate (2.28) one obtain
v e C*(By)

Thus —
u=v+pec C»(B)

What estimates do we have?
lull oo ary < IWllgae@my + lellcne g
2.28)
< 00,0) (1ol com + If = Allcon@r) ) + Ielose )
< C(n,0) (Iolloogam) + 1l cnecam + 1 fllcoegam

Let’s deal with the [|v||o term. Notice v is of 0 boundary data, hence using Green’s Representation (1.32), for
any ¢ € By

o) < Wlleogam | [ Gl
BQ(I)
<N fllcoay (/ IT(x — y)|dy + C’(n)) using Property 1.3.2
BQ(:E)

<Cm)fllcomy  Vreh

Thus one obtain the estimate (2.29). O
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2.2  Singular Integrals

We ask under what conditions is w := f * T" as in (2.1) a classical solution.

Lemma 2.2.1 (Savin Analysis II Spring 2026). For w the Newtonian Potential (2.1), with f € C3*(R™) Hélder
with compact support, and 0 < o < 1. Then w € C*(R"™) and

Oijw = %f +pv. (f*0;,T) (z) (2.30)
Compare the formula with (2.4).
Example 2.2.1. We remark that f continuous fails. For example examine
u(wn, @) = (2 = a3)(~log Jo])*

and consider

To—T7 4 1
+ B 0
f(z) = 2P ((1og|m|)é 2(1Og|z|)g> 172 \ {0}
0 0

Such f is continuous but not Hélder of any .
Now on the region B,y \ {0}

Au=f B1/2\{0}

and u € C*°(By2\{0})NC°(By2) but u & C*(By)s). In fact no C? solution in By o exists for such f. Indeed,

Surface of u on punctured By,

u(x1, X2) = (x — x3)y —log|x| on punctured Bi,

0.4 1
0.10
0.2 0.05
L 00 0.00 g
—0.2 1 —0.05
-0.10
-0.4
~04 ~0.2 0.0 02 0.4 -0.15
X1
-0.20
(a) Heatmap of u on By 3 \ {0}. (b) Surface plot of w on By/; \ {0}.

Figure 2.1: Plots of u(z1,22) = (2} — 23)/—log |#| on the punctured disk By s \ {0}.
assume there is such v € CQ(Bl/Q) with Av = f in By 5. Then w = v — u solves

and w is bounded at 0. Then w can be extended to be a harmonic function in By/o. But this contradicts u is
not C?.

Well-definedness of Singular Integral Operator T'f Let’s make sense of the singular integral operator.
First of all, the Cauchy Principal Value is defined via

p-v.(f * K)(x) := lim K(y)f(z —y)dy (2.31)
e20Jrm\B.(0)
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Proposition 2.2.1 (De Silva Analysis II Spring 2025). Assume that for
K:R"\ {0} >R
we know

1. K is homogeneous of degree —n, i.e., there exists g € C(0By) s.t.

_ T
K(z) = || "g(m) (2.32)
2. K on the sphere averages out to 0
KdS = / gdS =0 (2.33)
831 BBI

Consider the singular operator defined via

Tf(a) = pv. (7 + K) () 2 iy | o K0y

e—0

Then Tf is well-defined function, and in fact Tf € C(R™) for any f € C’g’a(R") Holder with compact
support, 0 < a < 1.

Proof. Take f € Cg’a(]R”). Since f is compactly supported, there exists R > 0 large s.t.
[ K@fe-way=[ K-y
R™\ B, (0) Br\B:(0)
We first compute

R R
Bgr\B:(0) 5 dB,. c 2B,

Now it makes sense to look at the difference

[ RGe—wa= [ K-y - ) dy
Br\B:(0)

Br\B:(0)

We would like to show this converges uniformly in x as € — 0.
But before, this we need to ensure the following integral (which is the candidate for a limit as above)
converges

R
| K@ =9 = f@)dy] < Colflooe [ 1o ldr = O [flone R < o0
Br 0

This is a function that is L*°.
Ok, now we want to show

[ K@) (@ —y) - f(o)dy - /B o K@U =) = 1)

Br

=| K(y)(f(z—y) — f(z))dy|

B:(0)

< / KW —y) — F(x)ldy
B.(0)

< C[f]eo.e /E P e gy
0
= C(n,a)[flco.e”

which converges uniformly in « as € — 0. Hence this convergence is uniform on all compact subsets, which
means

K(y)(f(z —y) — f(x))dy = lim K(y)(f(z —y) - f(2))dy = Tf() (2.34)
Br Br\B:(0)

Defines T'f € C(R™). O
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Representation Formula for 0;;w In this paragraph we prove Lemma 2.2.1. Notice in our case

p.v.(f * 05T (z) = lim 9i;(y) f(z — y)dy
<70 JRm\B.(0)

= iig%f * (03, Be ) ()

Why does 0;;I" satisfy assumptions for Proposition 2.2.17 Compute

I=C,lz>™
T = 2

eI
—nmixj + |$|25ij
‘x|n+2

0,7 = C,

Now

_ s 25,,
/ 0T = C, / . n+Lx| + =0
8B, 0B, |z|

Thus Proposition 2.2.1 is applicable to K = 0;;I". Consequently, the second term on RHS of (2.30) is in fact
continuous. Since f itself is continuous, once we prove the representation formula, we know that w € C?(R").

Proof of Lemma 2.2.1. Recall our best friend to approximate I, the I'. € C11(R")

I.(z) r || > e
xXr) =
: mpg (2l —€®) +T(e) Ja|<e

Now define w® := f «xI'.. We compute

dijw(x) = f* 9;;(Tc) ()
(0 ( 2)xB.) (@) + f* (05T xBe) ()
(

B)(@) + [+ (0i;xBe ) (¢)

B
ﬂ][ F 4 (0T x5:) ()
B.(x)

n

fx
fx
[
5

Now using Lebesgue Differentiation Theorem and that f is continuous, and the definition for (2.31), one obtain

5ij
lim 00 (@) = 2 £ (&) + pv.(f * 0,T) (2)

Since w*® converge uniformly to w and 0;;w®(z) converge uniformly as well, we know that J;;w must coincide
with the limit of 0;;we(x). O

Properties of p.v.(f*0;;T")(z) Assume that u € C§°(R"), then u = w. One may apply the Fourier Transform

() = /n u(z)e S de

so that the inversion writes )

u(z) = a(€)e™ ¢
(@) = oy [ )

Now if we take derivative

the equation Au = f under transformation is
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and thus

diju(§) =

Notice ifg in the front is homogeneous of degree 0. This is multiplying f by something that doesn’t decay at
all. Thus formally

GTE = i
— 1 2
BT =~ + 1o

C%> Regularity of Singular Integral Operator 7T'f

Proposition 2.2.2. Let « € (0,1). Take K as in Proposition 2.2.1. If we furthermore assume that K is
homogeneous of degree —n with g € C%Y(0By) being Lipschitz so that it has decay rate

C
K <
VK@) <

(2.35)

Then for any f € Cy**(R™), in fact Tf € CO*(R™) with
[T f]coe < C(n, K)[f]co.e

If supp(f) C Bg, then
17l oy < CUE Rl oo 7y

Proof. WLOG assume [f]co.« = 1. Let supp(f) € Bg. We look at y, z € Bg. Denote a = |y — z| > 0.

Figure 2.2: Balls for T'f where a = |y — 2|

Let’s write
Tf(z) =pv(f+ K)(z) 2V [ K@) (f(z—2) - f(2)) da = / K(z— o) (f(z) - f(2)) da
Br Br(z)
— [ Ke-oU@ - fedot [ K- o) () - f@)d
Bia(z) 50 (2)

—ola)+ [ K(z-a) (fo) - ) de

5a(2)
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In particular, if one consider @ = R being large, then the second term vanishes, and one has shown

1Tl e () < CR[flcoo

If we’re able to prove the first result, then the second item follows.
On the other hand, we write

Tf(y) = pv.(f+ K)(y) "2 [ K@) (fly—2) - f(y)) da = / K(y—2) (f(2) — f(y)) da
Br BR(y)
- / K(y— ) (f(z) — f()) de + / K(y— ) (f(z) - f(2)) de
Ba(y) Bg(y)
= o(a®) + / K(y— ) (f(z) — f(2))de + / K(y— ) (f(z) - f(=)) da
B§,(2) Buia(2)\Ba(y)

Notice the subtlety that once we're on BS(y), the term fBC(y) K(y — z)f(y)dz = 0, thus we can freely replace

this f(y) with the f(z) that we want.
Let’s analyze the last term

/ K(y =) (f(z) ~ f(2)dr Sa™" - -a" = ofa)
Bia(2)\Ba(y)
Thus we subtract and obtain the difference of the two major terms

Tf(y) =Tf(2)] = o(a®) +| (K(y — =) — K(z — x)) (f(z) = f(2)) du|

<ofa®)+ Moo [ sup [VE(@ =)l -a-fo - 2fds
B, (2) £€lz9]
) o0
< o(a®)+C- a/ pm(Fn) L pe =l gy

=o(a®) +o(a-a*"*) = o(a®)

The novelty is that for z is both far away from y and from z, then the distances |z —y| and |z —z| are comparable,

and the difference
|K(y —2) — K(z —2)| ~ |z| !

has faster decay rate compared with the decay rate of the Kernel themselves K (z—x) ~ |z|™", K(y—x) ~ |z|~™.
O
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2.3 Schauder Estimates via Comparison Principles

In this section we look again at Interior Schauder Estimates in the following form

Theorem 2.3.1 ([FRRO22] Theorem 2.14). Let a € (0,1) and f € C%*(By). Assume u € C*(By) solves
Au=f B,

Then u € C%%(By) locally, and in particular there exists C' = C(n,a) > 0

lullgaa @) < € (0l oz + 1o car)) (2.36)

We're essentially redoing the Interior Holder Estimate in balls that we obtained as in (2.16). But in this
section, we assume nothing about Potential Theory. We only use Comparison Principle and the equation itself!
Now before we dive into the proofs, let’s see what Theorem 2.3.1 gives us.

Covering Argument First of all, if one has estimate on a ball of small size, via rescaling and covering by
finitely many balls one can obtain estimate on a larger interior ball ([FRRO22] Remark 2.15).
In particular, if u solves weakly
Au = f Bl

and one already has estimate on B,, for r € (0,1) small and o € (0, 1) with universal C

lullgaazrr) < € (Il gy + 1 llcon ) (2.37)

Then we ask: How can one obtain estimate on ball B,, with ro € (r1,1) ?

||U||c2,a(372) < C(ri,72) (HUHLOO(Bl) + ||f||cova(3*1)> (2.38)
We cover via the following.

Covering Argument. Let 7 := (1 —r5)ry and consider the open cover {B,(z)}.ep,,. Since B,, is compact one
may cover B, with finitely many balls {B,.(z;)},.

Now, since each By_,(z;) C By, one may apply the estimate (2.37) to each translated and rescaled By_,, (x;)
ball. Let’s see what our estimate for the rescaled solution

a(z) = u(z; + (1 —r2)x), At=(1—7r)flzi+ (1 —rp)x) = f() VeebB
satisfies. Plugging in (2.37) one obtain

Hﬁ||cm(BT) = ”uHLOO(BT(z,;)) (1—72) ||VU||Loo e T (1 —r2) HD UHLW(BT(;ci)) +(1- T2)2+Q[D2U]Co,a(m)

<C <||a|Loc<Bl> + Hf‘ c&a(&))

= C (Il sy ooy + (1= 72 ooy + (1= 72)

24« [f] 00,0(317,7,2 (IL)))

so that

lullgne gy < Cr) (Il e 5,y oy + I o ) < CO1r2) (Tl sy + 1 o))

N
lull e 7= Z [l g @iy € NCOL12) (lullp(sy) + 1 oo @r))

O

From a priori Estimate to Regularity Improvement Now we demonstrate how a priori estimates
(assuming C? regularity) actually helps us in upgrading the regularity of a weak solution. In the following we
assume for Theorem 2.3.1.

Corollary 2.3.1 ([FRRO22] Corollary 2.16). Let o € (0,1) and f € C%*(By). Let u € L>®(By) N H*(By) be
weak solution to
Au = f Bl

Then u € C*%(By) and the same estimate (2.36) holds.



CHAPTER 2. POISSON’S EQUATION AND C%< ESTIMATES 121

Proof. A standard tool is to convolve the solution with a mollifier, i.e., for n. € C§° with supp(n.) C B¢(0) and
[ me =1, define

Ue *= Ne ¥ U

Since mollification commutes with derivatives, u. solves weakly
Au, = f; B .

Mollification u. € C*°(Bj_), hence to u. we can apply our Interior Schaduer Estimate Theorem 2.3.1. In
particular for ¢ small enough, one may consider the solution satisfying in, say, Bz g, and obtain via the covering
argument the following

el ae @) < € (el gy + 1 llcon @) )

A natural and important question to ask is, whether one has uniform bound of the RHS in . Indeed

w@l < [ oo Dy < lulmipy Vo€ Bie

€

@< [ V= 9@y < Wl Y€ B

€

fola) = fo(y)] < / F@—2) = fly = Dne(2)dz < [fleonggmle —9l* Vo, ye B

€

Thus one has the desired uniform bound
ltellezn @) < € (Il ooy + I llcomqam) Ve <1

From Oscillation decay implies Holder Continuity Lemma 1.8.4, we know u € C(Bj). Thus the mollification u.
converges locally uniformly on compact subsets to u. Combining the uniform convergence, that C? is Banach
space and uniform bound in C*® so that one can apply Arzela-Ascoli, one obtain u € C*%(B; /2) in the limit
and the estimate (2.36). Again via a covering argument one can do for any ball By B, 2 B/, and thus
u € C%%(B,) for any p < 1. O

L*> force We remark that at least Dini continuity on the force is required to guarantee u € C?, and f € C%®
is necessary for u € C*“. On the other hand if f € C' or merely f € L>, the best one can do is u € C'~¢ for
any € € (0,1), not even up to C11.

Proposition 2.3.1 ([FRRO22] Proposition 2.18). Let u € L>=(By) N HY(By) be weak solution to
Au = f B]_

Then u € CY1=¢(By) for any € € (0,1), along with the estimate for C. = C(n,€)
lllors-e @7z < Ce (Il o) + 15 e s)) (2.39)

2.3.1 Campanato’s Method

We demonstrate Campanato ([FRRO22] Second Proof of Theorem 2.14; De Silva Analysis IT 2025). Let’s first
make a sequence of simplifications to our target (2.36).

1. If either of RHS of (2.36) is infinity this is trivial. Otherwise upon dividing by big constants

. 1
U= ou
[ull oo (yy + 1fll oo (BT
~ 1
= of
[ull g 5,y + [1f o 3y
One may assume
HUHLOO(Bl) <9, ||f||co’a(BT) <9

for 06 = d(n,a) > 0 small to be chosen. This is treating our equation as a small perturbation of Laplace
Equation!
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2. One wish to bound
[DQU]co,a(m) <C

If so, via Interpolation between
2
lellezz7) = C) el @) + [P oo B75)

one recover the result (2.36).

3. Now one need to recall a local polynomial characterisation of C*< ([FRRO22] A.5).

For universal constants p € (0, %), M > 0, if for any € Bj/o, there exists a sequence of quadratic

polynomials {P, ,«}32, defined on B; s.t.

o= Peptll o oy < MPHH VEEN

Then there exists C = C(n,a, p) > 0 s.t.

2
[D u]co,a(m) S MC

Hence our task reduces to constructing the sequence of quadratic polynomials with p*(?*®) error in L™
to u.

4. In fact it suffices to work with the origin 0 and construct a sequence Py := I . If so, one can simply do
a translation to the polynomials, and one is eligible to do it for any = € By s.

Let’s see what our task is upon the simplifications.

Lemma 2.3.1 (Campanato). Let a € (0,1) and f € C**(By). Assume u € C%(By) solves
Au = f Bl

with size
ull oo 5,y < 6, 1fll oy <0 (2.40)

1

for 6 = d(n,a) > 0 to be chosen. Then there exists some p = p(n,a) € (0,5) and a sequence Py of quadratic

polynomials s.t.
e = Pill oo (5, o) < 0", APe=f(0)  VYkeN (2.41)

And we wish to construct Py by choosing universal constants 4, p.
Proof. One construct via induction.

1. Let’s do the base case k = 0. We define

Py(x) :== %MQ

Why is this good? Because

APy = f(0)

(0) !
u(@) = 5 2o l] < ull ) + 5 1 aoe

1
<(1+ %)6 <1 by ensuring ¢ small enough

and thus
l[u— P0||Loc(31(o)) <1

2. Now let’s do induction! Assume (2.41) holds at step k € N, i.e., Py is already constructed. Then one wish
to construct P41 s.t. (2.41) holds at level k + 1.

(a) First note what we assumed is at scale B,». To go into scale B +1, we rescale

_ u(pFz) — Py(phx)
- pk(2+a)

a(x) : VaebB
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Now what equation does @ satisfy? We look at

2k
Ad(z) = prEeE) (Au(p*z) — APy (p"2))
= % (f(pkx) — f(O)) using equation Au = f and inductive assumption AP, = f(0)
P

_ 1 . :
1A oo,y < a Hf(pkx) - f(O)HLOO(Bl) < fllcoe@y <6 using assumption (2.40)

On the other hand

N u(pFz) — Py(p*x)
U(.’L‘) = pk(2+a)

_ 1 k k 1
”uHLOC(Bl) < pk(2+°‘) ||u(p 1') - Pk(p x)HLOO(Bl) = pk(2+o‘) ”u - Pk”LOO(Bpk(O))

<1 using inductive assumption [[u — Pyl[ (5 , (o)) < pFte)
P

Why do we need such a u? Notice this is small perturbation of a harmonic function in B;. We
consider the solution w to

A’LU =0 33/4
w=1u 3B3/4

Then their difference necessarily satisfies

|A(d —w) <6 B3/4
uw—w =20 8B3/4

Using the Maximum Principle (for weak solutions) (1.87) one obtain the estimate

i~ ] e 5, ) < C0)5 (2.42)

(b) Using the fact that harmonic functions w are analytic Corollary 1.1.5, there is a quadratic polynomial
P, of degree 2 at the origin, i.e.

1
P,(z) :=w(0) + Vw(0) - = + ixTDQw(O)x
that approximates w in the taylor expansion fashion, i.e.
[[w— Pw”Loo(B,,) < C(n)p’ (2.43)
Now for any p < %, one naturally wish to ensure
[t = Pullp(,) < o= wllpe(p,,,) + 110 = Pullpes,) < C(n)(6 + p%)  (242), (243)

< pte wish to ensure

To do so, we first choose p = p(n, ) small so that

24+«

Cn)p® < 5p

DN | =

Then we choose 6 = d(n, @) > 0 small so that
1 2+a
C(n)é < 2P

Thus
it = Pullpe s,y < 07 (2.44)

(c) The last question is: what is our Py41 for the next iteration, and why is (2.41) satisfied at the step
k+17?
We naturally unravel via rescaling

u k$ — kx
() — Py () = A2 p)k(zf:’g(” ) _pyx) VaeB,

_u(@) — Py(x)
P
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Using (2.44) one obtain

u(z) — Py(z)

) PR\ 24-a
| ) P )N <p V&€ By

plk+1)(2+a) V&€ By

~—— T
IA

u(z) — (Pk(z) + pFETI P, (

Now if we're to define "

Plsi(a) = Pe(a) + 9O Pu(5)

P17 remains a quadratic polynomial in x and one obtain the targeted estimate

_ (k+1)(2+a)
| Priillpee(s ) P “

Now what about the last thing, AP;41(0) = f(0)? One calculate

APy (z) = AP(z) + pk<2+a>APw(pik)
= AP (z) = f(0) using inductive assumption

where we computed

P, =w(0 O;w(0)x; 1 8;;w(0)x? Oi;w(0) ;25
()+Zi: (0) +22i: ()’+1§;§n jw(0)wiz,
J#i
0ii Py = 0;;w(0)
AP, =Aw(0)=0 using w is harmonic at 0

O
2.3.2 Wang’s Method
We demonstrate Wang’s ([FRRO22] First Proof of Theorem 2.14; [Wan06] Theorem 1).
In the following we assume for f Dini Continuous in By, i.e., for
w(r) = sup [f(z)— f(y)|
z,yEB;
o=yl <r
modulus of continuity of f, one has
1
/ 0 g < oo (2.45)
0 r

The proof demonstrates estimate on the growth of D2y given such Dini continuous forcing data. Notice this is
improvement compared to our method provided in Potential Theory (2.4) (which requires C%* force).
One wish to obtain estimate of the following.

Lemma 2.3.2 (Wang). Let f be Dini continuous in By with modulus w(r). Assume u € C%(By) solves
Au = f Bl

Then defining d := |x —y| for x, y € By /32, one has the estimate for C = C(n) > 0

16d 1
|D*u(z) ~ Duly)] < C(n) (dnuumww [ [

v B 2.46
. . . > x, Yy € Byjz2 (2.46)

Notice Dini continuity (2.45) indeed yields finiteness of the RHS

/016d Y) - /01 w(r) o

d/(jlw(§)<c/(ilw(T)<oo

r r

g
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Yet if we're additionally given f € C%® for 0 < a < 1, then we recover our desired estimate (2.36) via the
following

16d 1
|D?*u() — D*u(y)| < C(n) (dnuHmBl) + floos @) /0 ™+ d[flco.e @) /d )

a—1 11—«

d* 1 1
= C(n,a) (d||u||Lm<Bl>+mCo,a(Bl)a+d[f]co‘a(31)< + Ly ))

1
< C(n,a) <||u||Loo(Bl) + a(l_a)[f]co,a(fel)) d®

D% oy < C,0) (Il ) + oy )

and we conclude via C?® interpolation.
If we have f € C%! then the estimate takes the form

1
|D*u(z) — D*u(y)| < C(n) (d”U”Lw(Bl) + d[f]co,l([Tl) + d[f]covl(Bf) /d T)
= C(n) (Il () + [Floos ) + Flooa el log(@)]) - d
(D2 con 3757 < C0) (Il o 3, + [l ) (1 + Nog(@))

Proof of Lemma 2.3.2. WLOG one may do the estimate at the origin. Let’s manipulate the idea of ‘zooming
in’. Let p := % We write p so as to be clear about the dependence, but we really need 1/2 to make ‘playing
with balls’ simple.

Consider a sequence of functions ug for k € N that solves

{Auk — f(0) By

U = U 8Bpk

We claim this sequence of functions is good! And in fact one conclude our estimate using
|D?u(x) — D*u(0)| < |D?*ug(0) — D*u(0)| + | D*up(x) — D?*up(0)| + |D*u(x) — D*up(x)] =: T+ IT 4+ TIT (2.47)

Notice here one has two smallness. For |z| close to 0 which we can control, there should be some k large so that
I, IT and IIT are small w.r.t. |z|.

1. First notice their difference solves

and we had the estimate on forcing
1£(0) — fHLOO(Bpk) < w(p")

Then using the rescaled Maximum Principle (1.88) one obtain

(1.88)
ik~ ull sy < CFIFO) = Fllpen ) < Co™Mulp") (2.48)
(a) First one notice immediately
llue — uk+1||L°°(Bpk.+1) < Jur — u||L°C(Bpk+1) + [Ju - uk+1HLoc(Bpk+1) < Cp™w(p")
Why do we need consecutive terms in the sequence? Because they’re harmonic
Aug —ugs+1) = f(0) = f(0) =0 Bkt
Hence one has interior gradient (1.15) and second order derivative estimates (1.18)

l|uk — Uk:+1||Loo(B 1)
IV (uk = ks )l oo, ) < C0) T = < C(n, p)pFuw(p®)

) < C(n, p)w(p®) (2.49)

HDQ’UJQ - DQ’LLk;-‘,-l HLOQ(Bpk+2
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(b) We further ask: How do we obtain convergence in Vuy and D?uy, so that looking at the term I as in
(2.47) makes sense?

Since u € C? by our assumption, in particular one has Taylor Expansion estimate
lu(z) — P(z)| < Clz|? Ve b (2.50)
where P(z) is the quadratic polynomial

P(x) :=u(0) + Vu(0) - x + %J;TDQu(O)x

Notice the polynomial satisfies
1
AP(z)=A (u(O) + Vu(0) -z + 23:TD2u(O)x> = Au(0) = f(0)

Hence the difference is harmonic

Afup —P)=f(0) = f(0)=0 By
One therefore has again harmonic function interior estimates

1
IVeuk = VPl ,0) < €5 k= Pllio s,

C
< 5 (s = e + e = Pl )
(2.48),(2.50)
< O (p"w(p") +p*)
Vur(0) = Vu(0)] < |[Vur = VP pis ) + Cp**|D*u(0)] -0  k— oo
C

| D%y, — D2PHLoo<BPM) < p

(e = wll oy + I = Pll ez ) < C(0") + %)
|D?uy(0) — D?u(0)| = |D?ui(0) — D*P(0)] < C(w(p®) +p*) =0 &k — o0

Thus one has convergence at the origin

lim Vug(0) = Vu(0) lim D?uy(0) = D?u(0) (2.51)
k—o0 k—o0
2. Recall one need to pick k depending on = to make I, IT and III small. We make our global choice of
pk+4 S |.T| < pk+3 (252)
which we’ll need to make sense of later.
3. We estimate the size of I via the following.
I = |D?u(0) — D?up(0)] “2" lim [D?u;(0) — D2uy(0)]
.]—)OO
Z - D? uj+1(0)]

2.

—~

j=

4 oo

< cun Y ule?
j=k

Now let’s pause and observe that for w(r) decreasing in r

oo K
J) — i J
w(p!) = lim > w(p’)
=k =k
K 1 o
_ j
71{123100 — pj—p]-‘rl /pj+l’wp)d7’

IN

1 & w(r) 1
lim —— g / dr using both w(r) and — are decreasing in r
r

1 P ,
:7/ Md?" using p/ — 0 as j — o0
1—pJo
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What do we need on k to make RHS small? In our choice (2.52) one has
Pt < al = o < p

Hence the estimate follows

aEd

w(r)

p
I =|D?u(0) — D?*ui(0)| < C’(n,p)/ dr ¥V p" < x| < pF T3 (2.53)
0

r

4. For IIT, we adopt a similar trick, but the analysis is much more delicate. Fix our z satisfying (2.52). Here
we look at another sequence of functions v, that solves

Avg = f(x) Bye(x)
v =u 0B ()
One wish to estimate III via D?v;, in the triangle inequality
III = | D%u(z) — D?ui(z)| < |D*u(z) — D?vy(z)| + | D?*vp(z) — D?up ()]
(a) We claim the first portion follows exactly as in the procedure for I. In particular, the difference solves
A(vg—u) = f(z) = f Bpe(x)
ve—u=0 0B ()
Hence applying rescaled Maximum Principle (1.88) again yields
o = wll e ay) < CO IF ) = Fllioe s a1y < CrP ) (2.54)
As in (2.49) one obtain

| D?v — D2W+1HLOO( @) < C(n, p)w(p?) (2.55)

B et2
Running the Taylor series expansion around x again gives convergence as in (2.51)
lim D?v(z) = D?u(x)
j—oo
Thus the first portion follows as our previous step for I.
(b) For the second portion, however, notice the difference solves
Avg —ug) = f(z) = f(0)  By(z) N Bye(0)
But what is the intersection B,x(x) N B,x(0)? Note as we've chosen (2.52), in particular
lz| < pF+3 < pht? (2.56)
Then necessarily
=yl <P = g0 <oyl la] < P = ) = Buea(2) C By(a) N Bk (0)
where picking p = % universal indeed satisfies
=1

pt+p==-+

NN
N =

Thus one obtained interior equation
A(Uk - ’LLk) = f(LL') - f(O) Bkarl (LL') (257)

How can one estimate this with constant forcing on the RHS?

i. Notice in general, for constant A

one subtract u — £ |z|? so that

A
Alu——z|*) =0 B,

2n
Applying harmonic estimates (1.18) to this one obtain
A C A
D*(u— —|z|*) < 5 |u— o lal < S llullp~(p,) +Cn)A
H 2n L>(B,/2) r? 2n L>(B,) 2 e
A

C
+C)A < 5 4l (p,) + C)A

2 2 o 2
HD uHL“(BT/z) < HD (u_ 2n|x‘ ) L°°(B/2)
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ii. Hence the interior second order gradient estimate for (2.57) writes
||D2Uk' - D2Uk||L°°(Bpk+2(;E)) < C(Tl, ,0) (p72k ||U]C - ukHLOC(BPk+1 (x)) + |f(l’) - f(0)|) (258)

Now what about the term [|vx — k| p w11 () that appears on the RHS? One use u in the triangle
p
inequality
[l — Uk”Loo(BpkH(m)) < vk — u||L°°(Bpk+1(x)) + [Ju— UkHLoc(BP,CH(x))
< vk = ullLOO(Bpk+1(gc)) + [lu - ukHLOO(BPk) using Br+1(2) C Byr

(2.54), (2.48)
< Cpfw(ph)

Thus we’re happy to conclude for the second portion

(2.58) -
|D?vi(2) — D?ug(z)| < || D, — DgukHLm(BpM @ < Cnp) (p o — Whll o (B s (@) T I (@) = f(0)|)

< C(n,p) (w(p®) +w(|z))) using the above and definition of w
< C(n, p)w(p") using (2.56) (2.59)
Thus as a conclusion for the two portions, for pF* < |z| < p**+3 satisfying (2.52), one obtain

IIL = | D%u(z) — Duy(x)] < |D?u(x) — ()| + [D?ui(x) — D2up (o)

03w+ )

(2.55) 2. 59)

(2.53) p Irl
< C(n, p)/ @dr VP <) < ph 3 (2.60)
0

5. For II, recall we're keeping k fixed. Define
hj::Uj—Uj—l v‘j:]-,,k

Why so? Because h; are harmonic in B,;, one has the interior higher order gradient estimates (1.18). In
particular, one has for any |z| < p**3 (as in (2.52))

|D*h;(x) — D*h;(0)] < Clz| || D, Vx| < pFt3 definition of differentiation

< C’|:v|pk+2 HDthHLx(BPHZ) harmonic function gradient estimate (1.15)
152 L
SC(n,p)|x|p—]HD thLoo(Bpj_H) using j <k
w(p’) L »
< C(n, p)|x|7] using second order estimate (2.49) (2.61)
P
Then we rewrite
IT = | D?uy(z) — D?*uy(0)]
k
< Z |D2h;(x) — D*h;(0)] + | D*uo(x) — D*uo(0))]
(2.61) k 3 ) .
< C(n,p 2:1 +C|x| | D u0||Loc(Bl/8) using definition
j=
C(n, p)|z| Z " + l[woll oo (5,) using gradient estimate for harmonic functions
P
Jj=1
k .
w(p?)
C(n,p)lz| Z P + lluo — ull poo (5, + lell oo ()
Jj=1
(2.48) k w(p? b w(p?)
< Clnp)la| | D )+ lull g,y | = Clrsp)lal | D +llull Lo,

j=1 p] =0 p]



CHAPTER 2. POISSON’S EQUATION AND C%< ESTIMATES 129

We notice again

k j k g i k j .
w(ﬁ)zz 1 /P w(pj)dr: 1 Z/P w(/ﬂ)dr
j=0 r =0 p—=pt pitt P! 1-p =0/t p2i
k
1 1
< Z W) dr using both w(r) and —; are decreasing in r
1-— P =0 pit1 r2 r2
1 1
_ / w(;“) dr
1- P Jpktr T
We know from condition (2.52) that
|z| < pF+3 < phH!

hence the estimate follows

1
wr
IT = | D%uy (z) — D*ui(0)| < C(n, p)|| <||u|Lm(Bl) +/ T(Q)dr> Vot < x| < PP (2.62)
|z|

6. In this step we sum up our estimates for I, IT and III.
|D*u(x) — D*u(0)| < I+ II+III

(2.53),(2.62),(2.60) 16]z] (o Lol
< e, p) ( [ ol e s + o i i) vaeBiy
0 T

where we need |z| < { to make sense of p~*|z| < 1. Now upon translation, the result (2.46) holds for
T,y in Bl/32'

O
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2.4 Calderé6n-Zygmund Estimates
The philosophy for Calderén-Zygmund Estimates are that

feLPforl <p<oo = uec WP

Estimate for p =2 Let’s estimate for a simple case p = 2.

Theorem 2.4.1 ([FRRO22] Remark 2.13). For any u € H*(By) and f € L*(By) that solves weakly
—Au = f Bl

One has u € W22(By) and the estimate for some C = C(n) > 0

loc

lullwas, sy < € (Il ey + 1 2gs,) ) (2.63)

Proof. Leveraging density one may do for u € C°°(B;) so that in particular D?u € L? is well-defined. Then
take a cutoff
n € Cy°(B1) withn >0, s.t. n=1in By, and = 0in By \ B34

One compute

10%0) s,y =2 [ M0 <X [ ot
i,j Y Bi/z i 7B

=— Z / 0515 (nu) 0 (nu) using nu of compact support and IBP
i,j 7 B1
=2 / By (nu) 0y (nu) = | A(nu)®
ij 7B By

= / (0;(udim + ndsu))? = / (uAn + 2Vu - Vi + nAu)?
Bl Bl
<C) [ 8l 4 [VaP Vol
By
< Clnn.dn) [+ (B + Va9
By
Now let’s estimate the middle part

/ |Vul?|Vn|? = f/ uV - (|Vn*Vu) = f/ ud; (|Vn]20;u)
Bl Bl

B

= —/ ’LLAU|V77|2 —/ 2u3in3iin8¢u
B

1 By
_ / uAUIVWIQWJr / 20, mdhn) + W
B, B1 B 1

< C(VnP. | A, Vol D)) / u? + |Auf?

By



Chapter 3

Classical Maximum Principle

In this chapter we study the maximum principle for more general elliptic operators.
Given open domain 2 C R™. Consider an operator of the form

Lu = a;j(x)0iu(z) + bi(z)0u(x) + c(x)u(z) Vae (3.1)
We assume a;; = a;j; is symmetric. We introduce certain terminologies ([GT01])
1. L is elliptic at x € Q if the coefficient matrix (a;;(x)) is positive, i.e.
0 < A@)[EP* < ay(0)€:&; < A@)g* vV EeR™\ {0}
for A(z), A(z) as the smallest and largest eigenvalue of (a;;(x)).
2. L is elliptic in Q if A(z) > 0 for any z € Q.

3. L is strictly elliptic in Q if
)\(l’)Z)\()>0 Vel

4. L is uniformly elliptic in € if the ratios are bounded

A(z)
A)

<C Vazel (3.2)

One also wish to limit the relative importance of the lower order terms b;0;u, cu w.r.t. the principal term
a;;0;;u. One make the assumption that

|bi ()]
A(z)

<C VYzeQ, i=1,,n (3.3)

The above definitions, are of course, quite general. In most books one discuss in simpler settings.
Remark 3.0.1. One may do a normalization to simplify the discussion.

1. When L is elliptic in 2, one may normalize the operator
o 1
L:==-L
A
by dividing by the smallest eigenvalue of a;j(x) at each point. Then

€ VEeRrR™\ {0}

. A(z)
0 < [€]* < ag;(2)&g; < o)

So immediately L is strictly elliptic.

2. Upon normalizing, the assumption (3.3) translates to boundedness of b

b;(z)] <C  YazeQ, i=1--.n

3. Upon normalizing, if L is uniformly elliptic in Q, (3.2) translates to boundedness of a

1<lag(z)|<C  VYaeQ,  Yij=1,--,n

131
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Remark 3.0.2. Let L be elliptic in Q. When a;j, b; € C(Q), then automatically on any subdomain ' € Q,
a;j, by € L=®(Y) and a;j stays a positive distance away from 0. In particular, the assumption (3.3) holds and
L is uniformly elliptic on Q.

One shall observe that, for a;; symmetric positive-definite matrix, one may apply Spectral Decomposition
that
(aij) = A=QTAQ

where A are diagonal eigenvalues and @) = (g;;) are corresponding orthonormal eigenvectors. Now
n
ai; = el Ae; = Z \eGh
k=1

Since Y _, ¢4 =1, the RHS gives a convex combination of eigenvalues. In particular, any a;; diagonal entry
is trapped in between the smallest and the largest eigenvalue [, A].

3.1 Maximum Principle

3.1.1 Weak Maximum Principle

It is worth noting that the weak maximum principle requires only the ellipticity condition (not uniform ellip-
ticity). In the following we assume L is elliptic in Q (Ellipticity suffices!), a bounded domain. Assume (3.3)
holds. Assume one has a solution

u€ C?(Q)NClQ)
1. Let’s see for a simple prototype ([HL11] Lemma 2.1). Under the assumption
Lu >0, c=0 Q
One can easily conclude that
Supu = supu (3.4)
Q 29

Proof. Assume there exists zy € € interior s.t.

u(xg) = supu
Q

Then due to interior maximum and v € C? around x, necessarily
Oiju(zo) <0, Oiu(zg) =0
Hence
Lu(zo) = a;j(x0)0iju(xo) + bi(xo)u(xg) <0

which contradicts Lu > 0. O

Note only the semi positive-definiteness of a;; is used here.

2. Now the important thing is, the result (3.4) remains true even if we assume Lu > 0 ([GT01] Theorem 3.1;
[EvalO] Theorem 6.4.1).

supu = supu (3.5)
Q o0

Proof. The idea is to introduce a perturbation of the solution. Consider the function e¥*1 for v large to
be chosen. Compute

L7 = ai1y?e™ + byye™t
> (A 4 biy)e™™ > 0
for v sufficiently large (using assumption (3.3)). Notice here we're just using Ellipticity at the point

(21,0,--+,0), and a1 is assumed to be positive at this point.

Now define
Ue = U+ e’
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One obtain
Lu, = Lu+eLe?™ >0 Ve>0
Apply previous result, one know

sup(u + ee?™1) = sup(u + ee*1)
Q 0

Using €2 is bounded, sending ¢ — 0 yields (3.4). O

3. Now let us relax the condition to ¢ < 0, which alternatively require non-negative maximum.

Theorem 3.1.1 ([G'T01] Corollary 3.2; [HL11] Theorem 2.3; [[Zval0] Theorem 6.4.2). Let L be elliptic in
bounded open bounded domain Q. Assume (3.3) holds, and that u € C*(Q) N C°(Q). If

Lu >0, c<0 Q)
Then

supu < supu™ (3.6)
Q o0

where u := max{u, 0} denotes the non-negative part.

Proof. By assumption v is continuous. Assume the open set {u > 0} # &.

£’U, = aijﬁiju —+ bzalu + cu Z 0
Lou := a;;0;u + b;0;u > —cu > 0 on {u > 0}

Hence applying the previous result to £y on each connected component of {u > 0} one obtain

supu = sup w=  sup u=supu’
Q QN{u>0} o(2N{u>0}) o0
If on the other hand Q C {u < 0}, the inequality (3.6) possibly holds. O

One needs to remark that negativity of ¢ is essential.

Remark 3.1.1 ([HL11] Remark 2.4). Consider k > 0 and the problem for Q@ C R™ bounded open with O}
sufficiently reqular.

Au+ku=0
u=20 o0

Then L?(Q) has a complete orthogonal sequence of smooth eigenfunctions indexed by k € N.
Or, for example, when n =2, k=2 and
Q= [0,7]?
The function
u(z,y) = sin(a) sin(y)
is nontrivial solution.

As in the case for harmonic functions, one has two immediate corollaries: uniqueness to Dirichlet Problem,
and a comparison principle.

Corollary 3.1.1 ([GT01] Corollary 3.2). Let L be elliptic in 2 bounded open domain with ¢ < 0 in . Let
u, v € C*Q)NCOQ).

1. If
Lu=Lv
U= o
Then v = v in Q.
2. If
Lu> Ly Q
u<wv o0

Then v < wv in Q.

The Comparison Principle will be our best friend.
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3.1.2 Strong Maximum Principle

In the following one need to consider £ uniformly elliptic in €.

Hopf’s Lemma One begin with the Hopf Boundary Point Lemma.

Theorem 3.1.2 ([GT01] Lemma 3.4; [[TL11] Theorem 2.5, Corollary 2.9; [Eval(] 6.4.2). Let L be uniformly
elliptic in Q bounded open domain. Assume (3.3) holds. Let that u € C?(Q) N CY(QU {xo}) for some zg € O
ERA

Lu>0 Q

and

1. the boundary point xo satisfies an interior ball condition

2. u(xg) > u(x) for any x sufficiently close to x (in particular, in the interior tangent ball)
Assume also, that either

1. ¢=0

2. or ¢ <0 with % < C, and u(xg) > 0 (thus xg is a non-negative local mazimum,)

3. oru(xg) =0
Then the outer normal derivative of u satisfies the strict inequality

Ju
v
Proof. Take y € Q and consider the ball B,.(y) C Q s.t. B,.(y) N9Q = {xg}. This is valid due to interior ball

condition.
For fixed y as center, we construct the Hopf barrier

(zg) >0 (3.7)

v(z) = e—ale—yl* _ o—ar? Ve B (y)

Hoy—f Rarr e
oot
¢
e
-V —¢le - )
oo 0
i)
w- WUy

we wiote Ug= U UMY S
Hmﬂw we're w«vmw] w ) < - ¢

Figure 3.1: Picture for Hopf Barrier 3.1.2

Notice v satisfies (with ¢ included)

—alz—y|?

0iv = —2a(x; —yi)e
dijv = (404 (i —ya)(zj —y;) — 204(%) —ele—yl®
Lv = (( ( )( ) 2a5zg) a;; — 2a (xz — yi)bi + C) 67a|w7y|2 — 0670”2
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and that
v=0 OB (y)

Assume for now ¢ < 0. If one restrict on the annulus

Br(y> \ Br/Z(y)

one may take « sufficiently large to ensure

Lv = ((4042(@ yi)(z; —y;) — 20«5”) ai; — 2a(z; — yi)b; + c) e~ole=yl® _ ppmar®
> ((4042(531- yi)(zj —y;) — 2045”) a;; — 2a(x; — yi)b; + c) e~ale—yl® using ¢ < 0
)+

1
> (a®r®A = 2a(ai; +rjb]) +¢) e —alz—y|® using we'’re on 3" < |z —y|<r

ag; bl. e\ _alz_uy2
A 2,2 2 2 e alz—y|
= (ar a(—)\ —&—r—)\)—l—/\ e
Now using our assumption on uniform ellipticity, on (3.3), and on —‘f\l < C, one obtain

@i
"<

>| >

0] ]
< < <
<C, Yy =6 y =C

Hence one wish to choose « large s.t.
o?r? —20(r)a—C >0

which is indeed valid for r fixed.

Now we think of sliding —ev down to touch the function u — u(zg) from above at the point zy. Essentially
we use that v creates a positive angle at xq, which forces u to create a larger angle at x¢, giving us (3.7).

We do our analysis on the annulus B,.(y) \ B,/2(y). Since

u(x) < u(xo) YV z € B.(y)
Using continuity, one may choose € > 0 small so that
w—u(wg) < —ev(®) OB, (y)
On the other hand v = 0 on 9B, (y) indeed gives
u—u(xg) < —ev 0B, (y)
Notice
L(u—u(xg) +ev) = Lu— cu(xg) +eLv >0 B,.(y) \ By2(y)

where we’ve used either ¢ = 0, or u(zp) > 0 and ¢ < 0. Now one obtain via comparison principle (Weak
Maximum Principle Corollary 3.1.1) that

U — ’U,(.’IJQ) < —¢ev Br(y) \ Br/2(y)

Now in particular picking
Tr=x9—tv v outer-normal at xq

one obtain )

1
g(u(xo) —u(xg —tv)) > —5;(1}(1‘0) —v(zg — tv))
where we’ve used that v(xg) = 0. Now taking ¢ — 0 yields

hgri)mf 1( (x0) — u(xo — tv)) > fsg(xo)

where P
873(560) = Vo(wo) v = 20" (g —y) v < 0

Hence (3.7) follows for the case ¢ =0 or ¢ < 0 with % < C with u(zg) > 0.
Finally, if one only has the condition u(zg) = 0, consider using the operator

L—ct

and the result follows. O
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e Ws Raever
0,1]:1 A o uﬂa‘b b'

B

Hoﬁ Barree 13 7o

2

W(o- W - U > & (-t %ij)
Vi

\
2 2.
7) |n.. 71,(,!)(,. t\)}'bﬂ’i:)\’ va _iﬁ,f{u)r &_}'\\(‘,,
th) v 1= o s =
X 79
=) Vul) Q) 7°

) ;,uwy,)(;o

Figure 3.2: Picture for Hopf’s Lemma 3.1.2

With Hopf Lemma, one may show for Strong Maximum Principle.

Theorem 3.1.3 ([GT01] Theorem 3.5; [HL11] Theorem 2.7). Let £ be uniformly elliptic in Q open domain
(not necessarily bounded). Assume u € C%(§) solves

Lu>0 Q
Then
1. if c =0, u cannot achieve interior mazimum unless u is constant.

2. if ¢ <0 and ITC‘ < C, u cannot achieve interior non-negative maximum unless u is constant.
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Proof. Assume there exists zo € € interior s.t. u(z) achieves a non-negative maximum. Then consider the

open set
Q" ={zeQulz) <u(z)}

Pick any point y € Q7 s.t. r = dist(y,0Q7) < 3dist(y,0Q) (if 9 exists). Then consider the ball B, (y), on
which
u < u(zo) x € Br(y)

Thus one may do Hopf’s Lemma Theorem 3.1.2 (with either assumption) at the ball B, (y) with boundary point
o so that
ou
—(20) >0
81/( )
But this is contradiction to an interior maximum. O
One make few observations for the Strong Maximum Principle.
1. Assume one already know u is constant throughout 2. Then if ¢ < 0 for some point, necessarily u = 0.

2. Assume u achieves interior maximum at z¢ and u(xg) = 0, then regardless of sign of ¢, via Hopf Lemma
Theorem 3.1.2 one has u = 0.

Or one may simply remember the punchline: if ¢(x) < 0 and bounded (which is very good assumption), one
has for classical solution Lu > 0 with u € C?(Q) N C(Q)

1. If w <0 on 09, then u <0 in Q (by Weak Maximum Principle). In fact, either v = 0 or u < 0 strictly in
Q (by Strong Maximum Principle). ([HL11] Corollary 2.8)

2. If Q has interior sphere condition and u € C*(€2), then for any zq € Q that u(zo) achieves non-negative
maximum, necessarily zo € 952, and

unless u is a constant. ([HHL11] Corollary 2.9)

3.1.2.1 TUniqueness of Boundary Value Problems

We see uniqueness of Neumann Boundary Value Problem (up to adding constants).

Corollary 3.1.2 ([GT01] Theorem 3.@. Let L be uniformly elliptic in Q open bounded domain with interior
sphere condition. Let u € C*(Q) N CY(Q) solve

{Lu =0 Q
gu—=0 00
Assume either
1. ¢=0
2. 0orc<0 with% <.
Then u is constant throughout Q. If ¢ < 0 at some point, then uw = 0 throughout €.

Proof. Assume u # constant. If u is constant on 92 then uniqueness of Dirichlet problem forces u = constant
in Q, and we’re done. Otherwise one may assume either u or —u achieves non-negative maximum at point
zp € 0. By Strong Maximum Principle, any point in €2 is strictly less than the maximum value, otherwise it’s
constant and we’re done. Now in the worst case, one still has the Hopf Lemma which forces

)
3%(9”0) >0

yielding a contradiction to the Neumann Boundary condition. Hence u = constant in €.
On the other hand, if for some 21 € Q, ¢(z1) < 0, then using u constant throughout 2

Lu(z1) = c(z1)u(z1) =0 = u(z1) =0
Hence v = 0 throughout €. O

Or, more generally, one can do for mixed boundary conditions.



CHAPTER 3. CLASSICAL MAXIMUM PRINCIPLE 138

Corollary 3.1.3 ([HL11] Section 2.1 Application). Let L be uniformly elliptic in 2 open bounded domain with
interior sphere condition. Let u € C*(Q) N C1Q) solve

Lu=f Q

Ut a(zu=¢ 00

with f € C(Q) and ¢ € C(0R). Assume
c <0, a>0

Then
1. Ifc#0, % < C, ora#0, thenu € C*(Q) N CY(Q) has at most one solution.

2. If c=0 and a =0, then u € C?(Q) N CY(Q) has at most one solution up to constants.

Proof. Notice, via linearity, the difference of two possible solutions solve the homogeneous equation. Thus it
suffices to consider solution u to the homogeneous equation

Lu=0 Q
9u ta(z)u=0 09
1. Let c£0or a # 0. If u # 0, WLOG assume it has an positive maximum at zo € Q.

(a) Assume z( occurs in the interior. Then by Strong Maximum Principle u = u(zg) > 0 throughout €.
If ¢ < 0 at some point, say ¢(z1) < 0, then using u is constant

Lu(x1) = e(z1)u(xr) = e(x1)u(xg) <0

yields a contradiction to the equation. If on the other hand o > 0 at some point x5 € 02, then at

the point x4

%(332) + a(x2)u(zs) = alx)u(zg) >0

a contradiction to the boundary condition. Then that x( lies in the interior is ruled out.

(b) Assume zy € 01, then one directly apply Hopf’s Lemma (in view of interior sphere condition) to

obtain 5
u
5(950) >0
But then at the point xg, u(xg) > 0 by assumption, and « > 0, hence
ou
5(‘%0) + Oé(mo)u(l’o) >0

a contradiction.
Hence u = 0 is the unique solution.

2. Let ¢ =0 and o = 0. Then directly using Corollary 3.1.2 with ¢ = 0, one obtain u is constant throughout
Q.

O

3.1.2.2 Strong Maximum Principle with relaxed assumption on ¢

In this section we relax the assumption ¢ < 0 with multiple alternatives.

Serrin: u <0 A result by Serrin uses the stronger assumption v < 0 in §2 to conclude either u =0 or u < 0
in 2, without mentioning the sign on c.

Theorem 3.1.4 ([HL11] Theorem 2.10). Let u € C*(Q)NC(Q) be classical subsolution Lu > 0. Assume u < 0
in Q, then either u < 0 in Q or u = 0.

Proof. Two methods.

1. If for some interior zy € 2, u(zp) = 0, then this should be local maximum. Then consider decomposition
c=ct—c so

ai;0iu + b;0yu — ¢ u > —cTu>0 using u < 0

Since —¢~ < 0, one conclude via Strong Maximum Principle that either v = 0 or u < 0. But u(zg) =0
yields u = 0.
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2. Another method considers v = ue™“*1. Assume that a;; is symmetric. Compute

Ojv = Ojue” "t — qude” !

&-jv = &-jue_a”“ - a@iuélje_‘ml - aajuéue_a”“ + a2u(51i51je_o‘””1
SO

,Co'U = aijﬁijv + bz(‘iv

= e Lou — 2aay,;0;ue” %" — abjue” %"t + alag ue” %%

Now add both sides with 2aaq;0;v so that

a;;0i;v + (b; + 20:a1;)0;v = e~ Lou — 202a1ue” %" — abiue " + oag ue” 0%t

=e "1 Ly — (a®ay; + aby +c)v

a;;0;;v + (b; + 20a1;)0;v + (a2a11 +abytc)jv=e " Lu>0
Recall one has a sign on v < 0 due to u < 0. Thus for « sufficiently large
aij0;jv + (b; 4+ 20a1;)0iv > —(a®ay; + aby +¢)v > 0
Now conclude via Strong Maximum Principle that either v = 0 (thus v = 0) or v < 0 (thus u < 0).

O

Existence of Supersolution Barrier w > 0 with Lw <0  For the usual Maximum Principle to apply, let
Q be bounded domain.

Proposition 3.1.1 ([HL11] Theorem 2.11). Assume there exists w € C*(Q) N CH(Q) s.t. w > 0 in Q and
Lw < 0. Let u € C*(Q) N CL(Q) be classical subsolution Lu > 0.
Then the ratio 7 cannot achieve interior non-negative maximum unless - is constant.
Moreover, if -+ achieves non-negative mazimum at xo € OS2 and ;- # constant, and 02 admits interior
sphere condition at xq, then
(o) > 0

Proof. Consider ;>. We compute

U Oiu  udw
az(a)_ w - w2

u,  Oyu  Oudjw  Ojudw  udjjw ud;wo;w
a”(E)_ w o ow?  w?  w? 2 w3

Thus using the above
U U U U
L(—) =0a;;0:;(—) + b;0;(— —
(w) i '7(w)+ (w)+cw

1 1 U U U
= Eﬁu — QEaijaiuajw — Ebzolw — ﬁaijaijw + QEaijaiwajw

1 2 u, 2u u (1 1 U
" U waJ jw (w) FO;W0;w w (waj jW + " w) + W

One obtain

u 2 U Lw, u 1
. (= . 4.0, o TN — >
aljazj(w)+(bz+walyayw)aZ(w)+( w )w wLU_O
Now if we want to apply our original Maximum Principle, one need to ensure w > 0 and that Lw < 0. O

Corollary 3.1.4 ([HL11] Remark 2.12). Let the operator L in §) satisfy that there exists w € C%(Q) N CH(Q)
s.t.w>0in Q and Lw < 0.
Then the comparison principle applies to L. In particular, the Dirichlet Boundary value problem

Lu=f Q
u=¢ 0N

has at most one solution.
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Proof. Assume wu; and us are two solutions to the Dirichlet Boundary Value Problem, then £(u; — ug2) = 0,

then the ratio %(ul — ug) is either constant (thus u; = uy due to boundary condition), or *1=*2 cannot achieve
O

interior non-negative maximum, which also forces u; = us.

In the following we discuss when such w exists for certain £. This is Maximum Principle for a Narrow

Domain.

Proposition 3.1.2 ([HL11] Proposition 2.13). Let £ be uniformly elliptic operator with constant A > 0. Then
there exists do = do(\, [|b]lgo s [|¢T]|qo) > 0 s.t. for any d < do, if for some e unit direction, the domain Q is

narrow in the sense
(y—z)-e| <d Va,ye

One has the existence of w € C2(Q) N CL(Q) s.t. w >0 in Q and Lw < 0.
Proof. Assume WLOG that Q C {0 < 1 < d}. Construct

w(z) = e — 21 >0 VaoeQ

Now compute

Ohw = —ae*™!
Onw = —a?e™
Lw = a11011w + bidyw + cw = —(aar; + aby)e®™ + c(ead — )

< —(Aa? = [|b]l o )€™ + ||c* | o e

Choose a = a(, [|b]| o » [|[¢T || o) large so
Ao —[[bllco o > 2| ]| o

Then choosing d < do = do(\, [|b]|co ; [lc* || o) sufficiently small so that

e —9<0

yields the result.

There’s an counter-example for unbounded narrow domain where maximum Principle fails.

u(x, y) = e¥®sin(x/6) (6=1)

400
350
300
250 .
200 3
150
100
50

Figure 3.3: Picture for u(z,y) = e¥ sin(x)
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Q=(0,6m) xR
v .1
u(z,y) = e’ sm(gx)
O u = —e? cos(laz)
‘ ] )
145, 1
Oyu = 565 sm(gx)
1, .1
Opzl = 76—2614 sm(gsc)
1, .1
Oyyu = ﬁey sm(gx)

Au=0 (0,6m)xR  V3>0

ulyq =0
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3.2 A Priori Estimates

3.2.1 Dirichlet Estimates
Dirichlet Bound (¢ < 0) Let’s first establish the A priori bound for the Dirichlet Problem.

Theorem 3.2.1 ([GT01] Theorem 3.7). Consider 2 open, bounded domain. Let L be elliptic in Q, with bounds
on coefficient (3.3)
[bi ()]
A

Assume ¢ <0 in Q. Let u € C?(Q) N C°(Q) solve

<p VxeqQ, Vi=1,---,n

Lu> f
for f € C(Q). Then one has the estimate

\fl

supu < supu + C’bup
Q

for C = C(diam(2), 8) > 0.
Proof. Since 2 is bounded, WLOG one assume there exists d > diam(2) > 0 s.t.

QC{zeR"|0< 2 <d}

Consider barrier model
QT

Hitting our operator Lo = a;;0;; + b;0; on it yields
ﬁoea“ = (a11a2 + bla) et
arl 2 by ax
=\ —a | ™t
( XA )

(a — ﬁa) T
upon choosing a > 8 + 1 sufficiently large

AVARLY)

A
A
Using such e**!, one construct our barrier as

— + ad aTq |f7|
vi=supu' + (e —e
09 ( ) o A

Assuming sup‘f | < 50. Now

Lv = Lov+ cv
i

= —supTEOe"””1 +cv
< /\sup |f)\ | using ¢ < 0 and supu™ >0
Ele)

Hence
Ly < f< Lu Q

On the other hand

v>u o0 using the portion supu™
2Q

Hence by Comparison Principle
v>u Q

In other words

supu < suput + C(B, )bup ‘f |

Q o0



CHAPTER 3. CLASSICAL MAXIMUM PRINCIPLE 143

In particular, when
Lu

I
~
2

One may redo the above for —u to obtain

‘ — e T
sup(—u) < supu~ + Csup——
Q 89 a A
Hence as a combination of both, one obtain
< uplul 4 Coupl!
[ull comy < suplul + Csup h (3.9)
a0 Q

Dirichlet Bound (¢ not too positive) One can generalize a bit for ¢ without a sign, but not too positive.

Corollary 3.2.1 ([GT01] Corollary 3.8). Consider Q open bounded domain. Let L be elliptic in Q, with bounds

on coefficients
) +
MAS& E%§7<

A
for C as in (3.8). Assume u € C*(Q) N C°(Q) solve

C(diam(2), 8)

Lu=f Q
for f € C(Q). Then one has estimate
lullose < 7= (suplad + s (1)) (3.10)
1-Cv \ an a \A
For C = C(B,diam(Q2)) as in (3.8).
Proof. We rewrite ¢ = ¢ — ¢~. Now
Lu = Lou+ cu
Lou—cu=f—ctu
Now apply the Dirichlet bound (3.9) to Lou — ¢~ u one obtain
et
suplu| < sup|u| + Csup (|fcu>
Q 89 Q A
, an (1 le*]
< sup|u| + C'sup + Csup( w)
89 o \ A o A
(1 — Cv)sup|u| < suplu| + Csup (|f>
Q o9 o \ A

3.2.2 Neumann Estimates

Theorem 3.2.2 ([HL11] Proposition 2.16). Consider Q@ open bounded domain. Let L be strictly elliptic in ,
with bounds on coefficient (3.3)

Assume u € C?(2) N CH(Q) solve

Assume
c(xz) <0 Q, a(z) > ap >0 o0

Then
suplul < (8, dinm(€2), o) (11 flowq@ + el ciom) (3.11)
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Proof. 1. We first do the special case
c(z) < —e¢p <0
Define the trivial competitor
1 1
V= 1 llcoy + o0 lelleon

where we need to compare with both +u. Notice

zvc( fllonn + ||sa||cwm) oo < L(w)

ov O(£u)
2+ ol =a (£ Wlom + o Woloom ) 2 Ieloom = X5 +a(e))

Essentially one want to make use of the idea of Comparison Principle. We want to show necessarily
v > 4u Q

To do so, assume v £ u achieves a negative minimum in 2. Since

L(vE+u) <0
Using Weak Minimum Principle the negative minimum is possibly achieved at zy € 0. Now at such
point x¢
ovtu .
3 (xo) + a(zo)(v £ u)(zo) < afxo)(vEu)(zo) <0 using a > ag >0
v

Contradicting our boundary condition

% T ey > 2E

Hence .
viu>0 = SUPW < *||f||00(9)+ ||80||c 0%)

2. In the general case assume
c(x) <0
Consider splitting
u(z) = z(x)w(z)

for some auxiliary function z positive function in Q. Compute

f=Lu=0a;;0;;(zw) + b;0;(2w) + czw
= a;j(0;(20;w + w0;2)) + bi(20;w + wO;z) + czw
= a;j(0;20;w + 20;;w + O;w0;z + w0;;2) + bi(20;w + wo;z) + czw
= z(a;;0;;w + b;Ow) + z(a]7 %2 + aij 9z )8 w+ (cz + ai;0;5z + bi0;z) w
Hence
f 1 1
; = aijaijw + Blﬁlw + |c+ ;aijaijz + ;bZaZZ w
1
;,CU = aijaijw + B;0yw + %w

for 0 0
iz iz
B, :=b; ,iL i,i
+ (a, . + ajj p; )

One obtain a second order linear elliptic equation on w. On the other hand, the boundary condition
translates to
ou 0(zw) 0z ow

p=—t+tou=——"+azw=w—+27— +azw
v ov ov

0
(2
=z 8V aw way
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Hence

gozaw+<a+18z)w o0
z v z

We claim that one may choose z appropriately so that one return to the first case for the equations w.
More precisely, one wish to choose z so that

1 1 .
—a;50;52 + —b;0;2 < —cp <0 for some ¢y of our choice
z z

|182 <1
- —a
z Ov 270

In this case, one pick
2(z) = A+ e — ™

where we assumed WLOG that diam(Q2) < d and
QC{0<z <d}

Let’s see how we choose our A and v to satisfy what we need.
1

A+ erd — e

< —(a117* + b17)

1 1
;aijé‘ijz + ;bzazz = (—an'yze”l — bl’yevzl)

- A+ evd
R A=)
Aderd = A+ ed
A
< T At ed choosing v > 8 + 1 sufficiently large
e
A
< gm0 <0 using L is strictly clliptic
e
On the other hand
10z 'ye'le

=51 <1

< Ll < Z
z0v' — < A|e |72a0

A+ erd —erm

using strict-positivity of ag

where we picked A to be sufficiently large depending on ag, 7, d.

Hence w solves for the first case, and one has the estimate

+[Z
co(Q) Z 1C(6Q)

suplul < O(8.d.0) (11f lowgay + 1ellcion)

f

z

suplw| < C(8,d, ap) (
Q
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3.3 Gradient Estimates

Consider 2 C R™ bounded open. Consider the equation
a,J&]qubﬁlu = f(x,u) Q

for f € C(Q,R).

3.3.1 Bernstein’s Technique

Theorem 3.3.1 ([HL11] Proposition 2.18). Let 2 be bounded open. Let u € C3(Q) N CL(Q) be solution to
aij(')iju—i-biaiu = f(x,u) Q

for a;j,b; € C1(Q), f € CHQ x R), and a;j uniformly elliptic with constants \, A > 0.
Then there exists C' = C(n, A, diam(Q), [lai;|| o1, [|billcr , M = supw, || fllor @x—arng)) > 0 5.t
o ,

sup|Vu| < sup|Vu| + supu + C
Q o9 a9

Proof. Denote Lu := a;;0;;u + b;0;u. Now we compute

0i(|Vul|?) = 8i(Z(8ku)2) = Z 20, ud;pu
k

k

(9”(|V’U,‘2) = Z 2 (ajkuazku + 8ku8ijku)
k

Now how do we know what equation |Vu|? solves? To do so, we differentiate the original equation in x,

OrijOiju + Okb;0;u + a;0;jku + biOiu = O f + Ong1 fORu
a;;0;ku + b;0it = O f + Ons1 fORU — (Ora;0;5u + OkbiO;u)

Now making use of our previous computations, we multiply both sides with dyu and sum in k
;03 u0KU + b; 0 udku = (O f + Ong1 fORU — (Okai;0i5u + Opb;0iu)) Opu multiply both sides by du
aij(?ij(|Vu|2) + b;0i(|Vul?) = 2a;;VO;u - Vo;u + Z (O f + Ong1 fOru — (Oraij0iju + Okbi0su)) Opu
k
Now via uniform ellipticity, then Young’s Inequality one obtain
L(Vuf?) > %MD?UP VUl — Cy (3.12)
Then agenda is as follows: One want to add terms to the LHS so that £(|Vu|? + terms) > 0, and one may

apply the Weak Maximum Principle. The two bad terms one needs to fight against are —C;|Vu|? and —Cs.
We first add au?

0i(u?) = 2udju
&-j (uz) = 2814u5'ju + 2u8iju

so that (renaming the constants) for « large
1
L(|Vul|? 4+ au?) > Z)\|D2u|2 + C1|Vu* = Cou? — Cs
Now one has the bad term —Cyu? to fight against. We add ef*
aleﬁwl — 565901

so that (renaming the constants) for 5 large depending on supu
Q

1
L(IVul* + au? + 1) > 1)‘|D2U|2 + C1|Vu|? — Cou? — C5 + B%ar1€”™ + BbreP™ >0

where we put Q C {z; > 0}. O
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3.3.2 Berstein’s Technique for Interior Gradient Estimate
Theorem 3.3.2 ([[11.11] Proposition 2.19). Let Q be bounded open. Let u € C3(Q) be solution to
aU@Uqubz(?zu = f(a:,u) Q

for a;j,b; € C1(Q), f € CH(Q x R), and a;j uniformly elliptic with constants A, A > 0.
Then for any compact subset Q' € Q, there exists C = C(n, A, diam(£2), dist(Q',0Q), [|as; || o s |bill ¢ , M =
Slslzpuv Hf”C'l(ﬁx[fM,M])) >0 s.t.

sup|Vu| < supu + C
Q' a0
Proof. Instead of considering |Vu|?, one would like to multiply with a cutoff n € C§°(Q2) with n > 0. Now

8¢(7)|Vu\2) = 6¢77|Vu|2 + 2n26ku6iku
k

0 (n|Vul?) = 9m|Vul® +20in > Opudjpu +20;m Y dudgeu + 20> (djpudiptt + Opudijru)
k k k

Hence in view of our previous computations (3.12), denoting £ = a,;0;; + b;0;

L(n|Vul?) = aij[“)ij(n|Vu|2) + b;0;(n|Vul?)

= 20L(|Vul?) + 9;n(4a;, Z Okudjru + b;|Vul?) + a;;0im|Vul? using a;; = aj; symmetric
k
> n(AD*ul* = C1|Vul? = Ca) — C5 (C(e)[Vul? + | Vn* | D*uf® + [Vn||Vul?) — C4| D?n||Vul®

Now choosing € > 0 small and picking 7 s.t.
[Vn|* < Cn

yields non-negativity of the leading order term, hence
2 1 2,12 2 2
LnlVul”) 2 17 AD | = CL(ID7n] + [Vl + 1+ 1)[Vul” — Can

Now for fixed choice of 7, add the terms au? and e?* for o, 8 large depending on 7 so that
L(n|Vul? + au? + 771) > 0

Conclude via Weak Maximum Principle. O

3.3.3 Boundary Gradient Estimate

In the boundary version we forget about Berstein, but still use Classical Maximum Principle. The barrier
function one need encodes in a ball to the exterior of €2, that depends on the distance from a point to the center
of the ball.

Theorem 3.3.3 ([[1L11] Proposition 2.20). Let Q be bounded open, with exterior ball condition. Let u €
C2(Q)NCQ)NCHQU{xo}) be solution to

aijaiju—l—biaiu = f(x,u) Q

for a;j,b; € C(Q), f € C(Q xR), and a;j uniformly elliptic with constants A\, A > 0.
Then there exists C = C(n, A\, A, diam(Q2), M = S?]p|u|, 1l coqaxi—nemm > 1€l 2@y » llallco s [[bllgo) > 0 s.2.

0
|5 @)l < C

Proof. Assume for simplicity that v = 0 on 9§2. This is done upon subtracting u with ¢ € C?(Q) s.t. u = ¢ on
oN.
Denote F' := sup|f(-,u)|. Denote £ = a;;0;; + b;0; so that
Q

L(tu)=xf>—-F Q
Now for any zy € 0f2, one would like to build a function w s.t.

Lw < —F Q, w(zg) =0, w >0 o0 (3.13)
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If so, via Weak Maximum Principle

— —w<u<w Q
+u—w <0 o0

{E&um >0 Q
Now letting = xg — tv where v denotes the outward unit normal of 92 one obtain

—w(x) + w(zg) < u(xog — tv) — u(xg) < w(z) —w(zp)
t - t - t

Now sending ¢ — 0 yields

In addition to (3.13) one also need a uniform in zy € 92 bound on %'

We need the exterior ball condition. Let Br(y) with Br(y) NQ = {z0}. Now let d denote the distance from
z to the center y B
dlz) =lr—y|— R Vazel

so that
0 < d < diam(Q) < oo

Let’s define

for 1) € C?[0,00) to be chosen. Compute

Ow = ' (d(x))0id

Ty —Yi
dud(z) = 1=y
- 0y (zi —yi)(zj —y;)
Pudle) = P

The good choice about d is that now

(xi —yi)(z; — y;)

ai;03d(z) = aj7—— — aij
o) =t T T
! ! 0;d(x)0;d(x)

—a— i ——O:d(2) O d(x

Ple—yl ey
A A . . . . .

| | — | | using diagonal entries trapped in between smallest and largest eigenvalues
x—y xT—y
A=A

-~ R

so that

Lw = aijaijw + b;0;w
= aijw”(‘*)idajd + aijw’&jd + bz’l//azd

A=)
< a;;9" 9;do;d + WJI\T + 16l o ||

We want to make the RHS smaller then —F', which is negative. The goal is thus to require
" <0, P >0

so that one may bound

A=)\ require

Lw < X"+ (R + ||b|cﬂ> < —F

It suffices to find ¥ a solution to

V' +AY' +B=0
1 /A=A
A= (A52 4 bl

B=_F

Sl = >
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which has solution of the general form

We need to determine Cy and Cs.
In view of our requirement (3.13) we need

So let’s impose conditions

Y(0)=0
bd)>0  Yde o o0)
YP'(d) >0  Vde|0,00)
P"’(d) <0 vV d e [0,00)
This translates to
Ci=Cy=C
B L1 s
P(d) Ad(:v)—i—C(A Ae >0
= et - i (0B

Y"(d) = —ACe™ 44 < 0

To ensure the last inequalities one need to take C large so that
B Ad .
c > 7¢ vV d € [0, diam(Q)]
B .
C > 2ZeAd1am(Q)

Now since ¢’(d) > 0 and ¥ (0) = 0, automatically 1(d) > 0 is satisfied. O
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3.4 Classical ABP Estimate
Consider the upper contact sets for a function u € C?(£2). This is the part that u is concave
I ={yeQlu(@) <u(y) + Du(y)-(z—y) VzeQ}

One has
D?u(y) <0 Vyelt

If w is merely C(€2), one define
IMt={yeQlulx)<uly)+p (x—y) Vzeq, for some p = p(y) € R"}

Now u is concave in Q iff Tt = Q.
Let Q C R™ be bounded domain.
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Lemma 3.4.1 (Geometric Lemma; [HL11] 2.24). For any g € L}, (), g > 0. Then for any u € C*(Q)NC°(2)

loc

[ o< [ apuldepiu
B (0) T+

supu — supu™

M := %, d = diam(2)

Proof. WLOG assume u < 0 on 0. We first claim

for

/ g< / g(Du)| det(D?u)|
Du(I'+n{u>0}) r+n{u>0}

Indeed, for any € > 0, the function
Xe = Du—eld: Q—R"

is invertible on I't since
Dx.=D*u—el <0 is strictly negative on I'"

Thus by change of variables

/ 9= [ 9(x2)| det(Dy.)|
xe(TtN{u>0}) I'tn{u>0}

Passing € — 0 yields (3.15).
Second we claim
B (0) € Du(T't N {u > 0})

Le., for any |a] < M, there exists & € Q s.t. u(z) >0, 2 € I'" and Du(z) = a.

(3.14)

(3.15)

(3.16)
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Figure 3.4: Claim (3.16)

To do so, consider any |a| < M, and WLOG assume 0 € {u > 0} s.t.

u(0) = supu =m
Q

Then define
Lz)=m+a-x

What’s good about such L? At 0, L(0) = m, while
L(z) >m —|al||z| >0 VaeQ, in particular at 02

Now we claim there necessarily exists & €  s.t. Vu(Z) = VL(Z) = a. If a = 0 this is done by picking Z = 0. If
a > 0, there exists 1 close to & s.t. u(xy) > L(z1). Now

{(u—L)(m1)>0 z1 € Q
u—L <0 19)9)
Then there necessarily exists £ € 2 where u — L achieves non-negative maximum, so that
u(Z) — L(&) > 0, V(u—L)(Z) =0, D*(u—L)(Z) <0
Thus (3.16) is achieved. O

Let’s see how we make use of the geometric lemma (3.14). First note for symmetric A = (a,;) that is elliptic
in © (hence positive-definite), denote

geometric mean of the eigenvalues of A

D* := (det(A))

3=
I
—
>
S,
—
N
~—
~
3=

Notice by the GM-AM inequality, for any B matrix that is nonnegative-definite

TINE)F <> aB) = ~1(B)

i=1
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Then for any z € I't so D?u(x) is non-positive definite ([HL.11] Remark 2.25)

| det(—D?u(z))| < (M det(—AD?u(x))| = (Dl*)n
11 2 n o —0i0iu(@)
< (D*)n(gTr(—AD w(@)" < (— Hr—)

Thus combining with Lemma (3.14) one obtain for g > 0

—a;;0;;u(z)
gs/ g(Duy(Z25%U®) 1
/BM(O) [ (D=2

On the other hand, taking g = 1 and using (3.14)

supu — supu™ (3.14)
n

/ 1:wn|M\”:wn(%) < / | det(—D?u)|
B]V[(O) T+

(327) / (—aijaiju(x)
T+

supu — supu™ < C(n, diam(£2)) (/ (—au&ju(x))n>
Q a0 r+ D*

Thus if u € C%(Q) N C(Q) is solution to
aijﬁiju = f Q
where a;; is symmetric, elliptic, one has the ABP estimate
1
supu < supu™ + C(n) ( (f)") '
Q 0 r+ D*

replace with f is only place to use equation

Let’s do the general form.

Theorem 3.4.1 ([HL11] Theorem 2.21). Let u € C?(2) N C°(Q) solve the elliptic inequality

Lu = aijaiju + b;0;u+ cu > f, aij > 0, c<0
Then for C = C(n,diam(€2), %Ln(rﬂ) >0

supu < suput + C H f—
Q 89 D

Ln(r+)
Proof. We need to choose properly the g to apply Lemma (3.14).
For 41 >0
—aijaiju < biaiu +cu — f
<b;Ou—f over {u > 0}

< [Vullbl + 7 :lb\'|VU|+7~u

1

n—2

< <b|" + (f)") ! (|Vul|™ + ,u”)% <27 Cauchy and Hélder
W

(—aydyu)" < 2 (|b|” i <J;>”) (V™ + )

Now we choose (this is where we use p > 0)
1
el
to both ensure g € L _ integrability, and to balance out the gradient term. Thus

1 (19 1 5
/ ‘ |n + un S / |D In + n|det(_D u)|
B (0) [P 2 r+n{u>0} XU 2

(327) / 1 (—aijaiju(w)
r+nfuso} |Dul™ + pn nD*

g(p)

)n

o / T — <b|” ; (*’;_)")

| det(—AD?u(z))|
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(3.17)

(3.18)

(3.19)

(3.20)
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Let’s also deal the the LHS
1 Mo M™ + y»
/ —_ C(n)/ r"ldr = C(n) log(#)
B 0 I

wo) [P+ e

Thus

e < e [ (G
MP < g (exp (C(n) /F e (Qﬁbn + #f Dm)) - 1)

_|[=
n= |5

If f =0, choose

L (T+n{u>0})
Iff=01let u—0. O
ABP for Prescribed Mean Curvature Equation Consider the Prescribed Mean Curvature Equation
(1 + |Vu?)Au — d;ud;udyu = nH(z)(1 + |Vul?)? (3.21)
for H € C(Q). This is Quasi-linear Equation of the form
Qu := a;;(x,u, Vu)diju + b(z,u, Vu) = 0
where

aij(z,2z,p) = (1+ \p|2)5z‘j — PiDj
b(z,z,p) = —nH(z)(1+ \p|2)%

In particular, since A = a;; is symmetric, one may compute its spectrum via the following: for p # 0, let
v =pso

Ap=(1+pf)p—IpfPp=p
so p is an eigenvector with eigenvalue 1. Now for any v L p, compute
Av = (1+[p])v = p(p"v) = (1 + |p|*)v
so 1+ |p|? are eigenvalues of multiplicity n — 1. Thus

det(ai;) = (1 + [p|*)"~"
D" = det(ai;) " = (1+ |pl?)

n—1
n

The computations include the case for p = 0 as well.
Now, what can we say about 1;)* ?

b 2,p)] _ [ H@)I(1+ o)}

n+2
Pl < P = | HE@)I+ 1) 5
nD (1+1pP)

In view of (3.17), the RHS is essentially what we’re trying to bound.

Proposition 3.4.1 ([HL11] Proposition 2.27, Corollary 2.28). Let u € C(2) N C?(Q) be solution to (3.21).
Then if

Hy = / |H (z)|"dx < wh, (3.22)
Q

one has for C = C(n,Hp) >0
sup|u| < suplu| + Cdiam(Q?)
Q a0
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Proof. First consider Qu > 0 so
—a;;(z,u, Vu)iu < bz, u, Vu)

Plug into (3.17) with z € I'" implies —a;;0;;u is non-negative definite, thus one can do for any n (no worries

on the sign!)
—a;:0u\"
o= [ v (220)
/BM(O) r+ nD

< [ aTulHE A+ V)

One has not made the choice of g yet! Let’s just choose

_ 1
(1+[p2) "5
so that
1 e rn—l
/ g=/ ﬁznwn/ ————dr
n Rn (]_ + |p|2)T 0 (1 + Tz)T
3 tan(9)" !
= nwnA (sec((ﬁ)))”” sec(6)?df change r = tan(0)

s 1
= nwy, / ’ sin(0)" ! cos(6)df = nwn/ t"ldt = wy,
0 0

Thus continuing from above yields

. (3.22)
/ gs/ H@)|" < Hy = wn=/ p
BM(O) T+ n

Because the inequality is strict, M is bounded by constant that depends on g (which is dimensional). Thus

M < C(TL, Ho)

supu < suput + C(n)diam(Q)
Q o0

Now use the other part of the equation and consider —u that solves (3.21) with an opposite sign on the
RHS. -

ABP for Monge-Ampére Equation Now we consider the equation with solution u € C(Q2) N C?(£2)
det(D?u) = f(z,u, Vu)

First for f = f(z), choosing g =1 in Lemma (3.14) gives

/ 1§/ |det<D2u>\s/ £l
B}u(o) T+ T+

1
1 n
supu < supu™ + diam(Q) (w /Q f|)

Q o0

Doing for —u and the other side of the inequality gives ([[TL11] Corollary 2.30)

1
1 n
supl < suplul + dia() (- [ 111)
Q 0 Wn Ja

One may also consider the Prescribed Gaussian Curvature Equation

n+2

det(D%*u) = K(z)(1 + |[Vul?) 2 (3.23)
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Proposition 3.4.2 ([HL11] Corollary 2.29, Corollary 2.31). Let u € C(Q) N C?(Q) solve (3.23). Assume
Ky = / |K (z)| < wy (3.24)
Q

One has for C = C(n, Ky) >0
sup|u| < sup|u| + Cdiam(2)
Q a9

Proof. With g to be chosen, compute
[ ax [ avoldeDiol < [ g(VulE @+ vup)
By (0) T+ T+
Let’s pick g to cancel out the last term so

/g:wn

(3.24)
/ gg/ K ()| 2 wn:/ g
B}u(o) T+ R

Thus there exists (due to strict inequality) C' = C(n, Ky) > 0 s.t.

Due to previous computations

M < C(n,Ho)

unraveling and doing for the other side yields the result. O

Maximum Principle for Domain with small volume
Theorem 3.4.2 ([H1.11] Theorem 2.32). Let u € C(Q2) N C?(2) solve
Lu = a;;0;u + b;j0;u+ cu >0 Q
with a;; elliptic, sup|b| + |c| < A, and u < 0 on ON.
Then for |Q] s;zwll depending on n, A, D* diam(Q2) one obtain
u<0 Q)

Proof. If supu < 0 there is nothing to prove. Otherwise note
Q

a;;(2)0;u(x) + bi(2)0u(z) — ¢ (z)u(zr) > —cT (z)u(x) the RHS we treat as force
Now —ct < 0 and one may apply the ABP estimate (3.19) so

ctu

supu < supu™ + C(n, A, D*, diam(Q)) T

Q o0

Ln(r+)

< Cllefl oo () supu - Q| using u < 0 on 0N
Q

< —supu by choosing || sufficiently small

Q

N | =

which implies supu < 0. O
Q
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Schauder’s Approach

4.1 Holder Spaces

The notations in [GT01] are terrible. We include them all here.

4.1.1 Notations for Different Holder Norms
([GTO1] Section 4.1, Section 4.3, Section 6.1)
Holder Seminorms Let xp € R™ and f defined on D bounded set containing xo. Let « € (0, 1].

[flaszo == supM ath Holder coefficient of f at zg w.r.t. D
’ D ‘iL' — :L‘()|O‘
[fla;p == sup @) = Fy)l = [flco.(m) ath Holder seminorm in D

z,yeD, a4y |T—Y*

f is called a-Hélder continuous at xg if [f]az, < 0o. When a =1, f is called Lipschitz continuous at xg.
[ is called uniformly a-Hdlder continuous in D if [f]ap < 0.

f is called locally a-Holder continuous in D if f is uniformly a-Hdélder continuous in any compact subset K
of D.

Holder Spaces. Let k € N. Let Q C R™ be open subset. The classical function spaces are
C*(Q) = {u: Q — R | DPu exists and uniformly continuous in Q for any |3| < k}
C*(Q) :={u:Q — R | for any K C Q compact subset, u € C*(K)}
So functions in C*(2) have continuous kth derivatives all the way up to the boundary. Now for « € (0, 1]
CH(Q) :=={u € C*"(Q) | [Dula0 < 00, V |B| =k}
= subspace of C*(Q), whose kth derivatives are uniformly a-Holder continuous in Q
Cr(Q) = {u € C*(Q) | [DPu]ax < o0, ¥V |B| =k, ¥V K C Q compact}
= subspace of C*(Q2), whose kth derivatives are locally a-Holder continuous in €2
Also denote
CE*(Q) := {u € C**(Q) | u has compact support in Q}

Seminorms Let k € N and a € (0, 1]

[u]k,0,0 = |Dku|0;Q = sup sup\Dﬁu| supremum norm for all kth derivative
|Bl=k €

[k a0 = [Dku]a;g = sup [Dﬁu]a;g a-Holder seminorm for kth derivative
18I=k

Norms Let k € N and « € (0, 1]

lullor @y = lulke = lulko0 = Z[u 00 = Z |Diufo.q = Z bup bup|D5u| norm for C*(Q)

j=0 j= 0\ =J
k
[ullon, @ = = |ulk,ai2 = [Ulrse + [Ulkae = [ulko + [DFu]aa = Z ‘51‘1p slglzp|Df8u| + ‘Sl‘lp [DPu] 00 norm for C**(1Q)
3=0 J

156
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Nondimensional Norms (Global) Let k£ € N and « € (0,1]. Let 2 be bounded with d := diam(<2).
koo k ‘ k ‘
||quctk(§) = |ulpn = Zdﬂ ulj00 = Zdj | D ulo.o = Zdiam(Q)J . ‘Zl‘lp‘sgp‘Dﬁld non-dimensional norm for C*(Q)
j=0 j=0 j=0 =J

Hu”/Ck'O‘(ﬁ) = |u|;€,a;ﬂ = |u|;c,Q + dk+a : [u]k,Oé;Q = |u‘;c,Q + dk+a : [Dku]Ot;Q

= zk;)diam(ﬂ)j . ‘Zl‘li)jsgp|Dﬁu| + diam(Q)* e . |Zl|1:pk[DﬁU]a;Q non-dimensional norm for C*(Q)
=
For u € C%*(Q2) and v € C%A(Q), the product uv € C%7(Q) where v = min(e, 3), and
[uvll go. @y < max(l 4+ d* P 72) ||ul| o, g - 1Vl go.0 o
ol @y < el @y - [0l @
Interior Nondimensional Seminorms and Norms. Let 2 C R" be any proper open subset. Let
d, = dist(z, 0Q), d, = dist(y, 09), dy,y = min{d,,d,} Vo, ye (4.1)
For k € N, « € (0, 1], define seminorms

[u)}.q = [ul} 0.q i= sup supd’ - |DPu(z)] interior non-dimensional supremum norm for kth derivative
’ ” |B|=kz€Q
DBu(z) — DBu .. . N
[u]f 4.0 == sSup sup dﬁza | (z) B W)l interior non-dimensional ath Hélder seminorm for kth derivative
o |Bl=k zy -y
T, yeN

Define norms on subspaces (for which the following are bounded)

k
lulie = luliog =Y [0
§=0
k
= Z sup supd’, - |DPu(z)| interior non-dimensional norm for C*(Q)
j=0 [Bl=jz€Q

k

|’u’|lt,a;Q = ‘U|Z;Q + [U]Z:,a;ﬂ = Z[u]j,ﬂ + [u]z,a;ﬂ
=0
k
. D8 _ DB
= Z sup supd?, - D u(x)| + sup sup dit® - | D u(z) = uw)l interior non-dimensional norm for C**(()
j=018l=j=€Q |Bl=k 27y, lz =yl

If Q is bounded and d = diam(€2), then the interior and global norms are related by
[ulf ai < max(1,d*" ) ulk a0
If Q' € Q and o = dist(2',09Q) then
o_k—i—a)

min(l, |u|k:,oc;Q < |’LL Z,a;ﬂ

o-dimensional Interior Seminorms and Norms. Let  C R" be any proper open subset. Let d, d,
and d; , be defined as in (4.1). For k € N, o € (0,1], and a real number o € R, define seminorms

[ f],(fg)2 = f],(:gﬂ = |Zupksu8d’;+” | DPf(z)] interior supremum norm for kth derivative with dimension o
=kx€

B _ DB
(@) ._ ktato |D7f(@) — D7 f(y)|
o i= sup sup d, .
[f]k’ HY) 18—k 2y Y |.’E _ y|a

T, yeQ

interior ath Holder seminorm for kth derivative with dimension o

Define norms

Bl=jz€

k k
|f|l(fs)) = Z[f]ﬂ)2 = Z sup supd’ 7 - |DP f(z)] interior o-dimensional norm for C*(Q)
=0 =0 @

1) 0 = 1150 + A1) g
k

, DP — DB
= E sup supdi ™ - |DP f(z)| + sup sup d§2a+” D) - fw)l interior o-dimensional norm for C*% (1)
{0 181=jme e |z —y|

r,y

One has

o+T1 o T
|fg|((],a;Q) < |f|((),o)¢,Q|g ((),o)z;Q Vot+t720
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4.1.2 Interpolation Inequalities
Lemma 4.1.1 ([GT01] Lemma 6.32). Let j,k € N, o, 8 € [0,1] s.t.
j+B<k+a
Let Q CR"™ and u € C**(Q). Then for any € > 0, there exists C = C(e, k, j) s.t.
[u]},8:0 < Cluloe + €[ulf a0

In fact
|ul} .0 < Clulog + eful} a0 (4.2)

Let’s in fact demonstrate a simpler lemma that’s been used.

Lemma 4.1.2 (Interpolation Inequality; De Silva Analysis II Spring 2025). For 0 < a < 1, for any € > 0,
there exists C = C(n,e) > 0 s.t.

[ullez@y < Cllull oo () + €[D*u] o.aa) (4.3)
Proof. Assume Not. Then there exists g > 0 and a sequence u,, s.t.
||8ijunHLoo(Q) >n ||un||Loo(Q) + go[aijun]co,a(ﬁ)

Prepare to apply Ascoli-Arzela. Upon normalizing

1

Uy U

B ||aijun||L°°(Q)
one obtain a uniform bound leveraging linearity
1> nlltn || Lo (q) + €0[0ijtin] co.0 (a)

In particular

N 1
[aijun]co,a(ﬁ) < 5 Vn

yields uniformly equi-continuous. Together with the uniform bound
Haz‘janHLao(Q) =1
one may apply Arzela-Ascoli so that there exists a subsequence
0ijlin — Wij uniformly on 2
Reach contradiction. On the other hand

<—-—=0

1
||UnHLoo(Q) n

implies
Uy — 0 uniformly on 2

Since differentiation commutes with uniform convergence, necessarily

wig = i, Ot = Oy iy ) =0

But this contradicts with our assumption

Haijan”/;ac(g) =1

Thus
||D2u||L°°(Q) < Cllull oo (g +5[D2U]Co,a(§)

Now following a same procedure as above, one may prove
IVl oo oy < Cllull ooy + € HDQuHLOO(Q)
Whence (4.3) follows. O

The following Compactness result is used in Method of Continuity.
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Lemma 4.1.3 ([GT01] Lemma 6.33). Let j,k €N, o, 8 € [0,1] s.t.
j+B8<k+a
Let Q CR"™ and let S be a bounded subset of the Banach Space

O = fu € O (Q) | [ulf g < o0}

Suppose the functions f € S are uniformly equi-continuous on Q.
Then S is precompact in ciP e, for sequence {f,} C S (which is uniformly bounded), there exists a
subsequence fn  that converges to some f € S in the norm | - |;‘ﬁ

Proof. By Ascoli-Arzela, for any { f,} C S (in particular uniformly bounded and equi-continuous by assumption)
there exists subsequence f, and f € C¥*s.t. f, — f uniformly on Q.
We want to upgrade the convergence from uniform to |- \; - Since S bounded, there exists universal
M >0 s.t.
(frmlhao <M V¥

Using Interpolation Inequality (4.2), for any & > 0, there exists C' = C/(¢) s.t.

‘fnm - f|;,ﬁ;ﬂ < C‘fnm - f|0§Q +€|fnm - f|z,a;§2
< Ce+e(l+2M) Vm> N(e) e N

where we used uniform convergence for the first item, and uniform boundedness of f,, for the second. O
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4.2 A priori Schauder Estimates

4.2.1 Theorems

We demonstrate the big Theory. Let 0 < o < 1 (< 1 is important as this uses C*“ estimate for Poisson’s
Equation).

Theorem 4.2.1 (De Silva Analysis IT 2025). Assume that u € C*(By) solves
Lu = a;;0;u + bj0ju + cu = f B,
where A = (a;;) > A is uniformly elliptic, and
aij, bi, ¢, f€C"(By)

Then u € Cz’“(Bl/Q), and there exists C = C(n, o, X, a;5,b;,¢) > 0 s.t.

lullgaa @) < € (el sy + 1o car)) (4.4)

Let us also write a boundary version for the the above. Denote B; C R"~! as the ball in one-dimension
lower.

Theorem 4.2.2 (De Silva Analysis IT 2025). Assume Q = {z, > g(z')} with g € C%*(B}) and g(0) = 0.
Assume that uw € C*(QN By) N C°(QN By) continuous up to the boundary, solves

Lu = a;;0iu + bj0ju+cu = f BinNQ
where A = (a;;) > A uniformly elliptic, and
aij, bi, ¢, f€CO*(B1NQ)
Also assume u = p € C**(9Q N By) boundary data.
Then u € C**(XN By), and there exists C = C(n,a, A, aij, bi,c) > 0 s.t.

lllgna@rzmm < € (Il (gyr0) + 1l @) + 19 0.0 ormmm) ) (4.5)

4.2.2 Tools

Rescaling Assume

Then what does rescaling give us? Set
() = u(rz) Ve B

We ask what equation u solves. To see this, scale back

a(%) —u(z) VzeB,

and plug in the original equation

Tizaij(m)aija(g) 4 %bi@)m(f) +e@i®) = f(z) VazeB,
iy (r)digily) + bi(r)Ohily) + clry)iy) = flry) Yy € By

with
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How are the norms related?
lli; | co. (By) — ||azj||Loo (B1) + [ai5]co, «(By) — ||aw||Loo(B y T “laijl o, «(B,)
o

el co.e ) = 1ell oo 5,y + [Eoa@r) = 2 lell e s, + 77 oy

ooy = 171, * Flemom = Wlumy + 72+ oo

+ bl oy = 7 10l oo s, + 7 il con 37

co.e(BY) “llee(By)

€0 (By) Lee(B1)

Affine Transformation Assume that u solves constant coefficient equation
£0u = aij(O)&»ju = fo Q, ai]‘(O) = aji(O) (47)

which is uniformly elliptic
NP < aij (0066 < AlE? VEER"

Let P be a constant matrix that denotes a nonsingular linear transformation
P:QCR" 5 QCR"

xHszﬂ::(ZP x
J

and define the transformed function @ as

Now what does @ solves?

Oiu(x) = 0;(wo P(x)) = 6kﬂ(y)8i(P(a:)) = Oru(y Z Pyyxy) = Opu(y)Pr;

diju(z) = 0;((0ku) © P(x)) Pri = (0r0¢tw) (y) Pej Pri
= (P") ik (Oett) (y) Prj
D?*u(z) = PTD*u(y)P
Applying Ag = (a;;(0)) on both sides gives
ai5(0)d;u(x) = Priai;(0) Py (Oet) (y)
so u solves B ~
apure(y) = fly)  VyeQ
where
Qg = Pkial-j(O)PjE
A=PAPT
f(y) = fo(P™'y)
Ok, now the agenda is, we want to transform so that it reduces to the Laplace Operator, i.e.
Ske = Priai;(0) P},
I =PAyP"

Such affine transformation P exists because Ag is symmetric and positive-definite. In particular, using spectral
decomposition (since symmetric)

=QTAQ Ao = diag(Aq1, -+, \,) eigenvalues of Ay, @) orthogonal matrix so QTQ=1

Now due to positive definiteness, all eigenvalues for Ag are positive, thus one define

Ao=AZIAZ  AZ = diag(v/Ar -+, V/Aw)
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so that
[ = PAyPT = PQTAQPT = (AZQPT)TI(AZ QPT)
Pi=Ay QT
In particular, since the orthogonal matrix () preserves length
1 -1 7 1
A7z |z| < |y| = |Px| = [Ag 2Q x| < A7 2|z
How do the norms change? For C' = C(n, A\, A, Q,Q,a) >0

1 _
C ||UH02~Q(Q) < ||u|\02,a(g) <cC HUHCZO‘(Q)

1 _
rel [follco.a(qy < Hf”co,a(g}) < Clfollco.a oy

In particular, as along as Ay > Al is satisfied, the Schauder estimates for Poisson’s Equation transforms to
the equation (4.7) ([GT01] Lemma 6.1).

lullen gz < Cllull po iy + 1l oo gamy) (4.8)

4.2.3 A priori Interior Estimate

The following is the key a prior estimate for Interior Schauder Theory. Here we assume u to already lie within
the space C*%, and derive the bounds on |[u/|2.a.

Lemma 4.2.1 (De Silva Analysis I1 2025). Assume u € C*%(By) solves
Lu = a;;0;;u + b;0;u+cu=f By
where A = (a;;) > M is uniformly elliptic, and
aij, by, ¢, f€C¥(By)

Then there is a smallness universal 6 = 6(n,a) > 0 and C = C(n, \,§) > 0 universal constant s.t. for any
data small enough

lais = Gisllgo.nay» Woillcon ) lellcongam <8 (4.9)
One has
lulloza i) < € (Il g ) + 1 Flloomar)) (4.10)

Proof. Method of Freezing Coefficients. The idea is using a;;(0) = J;; Identity matrix. So we rearrange
and treat the rest as force

Qij (0)6Uu = (aij (0) — aij)(‘)i iU — bﬁlu —cu+ f =g
Applying (4.8) C%* estimate for constant coefficient operator gives
lullcaam < C (16l o sy ) + 19l o mrm) )

Let’s unravel g using smallness assumption and interpolation inequality
Hchmu(m) < [[(ai; (0) — aij)aijunco,a(m) + ||biaiu||coya(33/4) + HC“Hco,a(BSM) + ||f||co,a(33/4)
(4.9)
2
<394 (HD uHCO,a(m) + ||VU||00,~(B3/4) + ||U||cowa(33/4)) + ||f||cowa(33/4)

(4.3)
< 6 (Cllul gz, ) + [D*Wconr ) + 1 lcon@m

We're tempted to squeeze [D?u]o.« to the LHS by choosing the coefficient in front to be small. But we cannot,
because the domain on which we evalutae [D?u]co. increased from B /2 to B3y.
How to remedy for this? One try to rewrite

lullgae ) < € ((L+ D)l oy, + 1 lcomm ) +CO sup (DUl go. )
By/s(2)CBsya

[Dzu]co,a(m) < Olllull oo (y,4) + 1l oo m,7) + NBUS(S;;I&BSM[DQU]C&@(W) (4.11)
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where we’ve chosen § < 1, and then denotes p := C§ to be chosen small, universal.
Rescaling. Now we use that u solves the equation on B, C By. Let’s conduct rescaling back to unit ball

() = u(rz) VaoebB;

so that @ solves (4.6)

with

@i = bijllcon @y < llaig = 0ijll e,y + 7 lai; = dijllco.o ) <0

i oy <7 [bill oo g,y + 7 il goa By <6

llllco.a@ry =T ||C||Loo(37,) + 7 co.a @ <0

Defining the Iteration.
Now running (4.6) again yields

Y+p  sup [DQQ]CO,a(m)

T |
e .

2 a 24« 2+« 2
te[D? U]COQ(BT/Z) = (||UHLoo(Bg,,/4) + it ||choﬂa(B3r/4))) + pr®t 5, (Sl)lgB ) [D u]cova(Br/g(m))
r/8(T)=D3r/a

[D2u] . (B SO (HUHL‘X’(B::.TM) + ||fHCo‘Q(m))) +p sup [DQU]COYQ(W) be generous...
B, /g()C B3y 4

But this doesn’t have to be done at the origin. In fact, picking any B,.(z¢) € B; would work. Also, leveraging
the linearity of the equation, one may divide by a huge constant and ensure

lull oo 5,y + 1fll oo @) =1

Therefore one obtain

[Dzu] < (Bora(zd) S CTig + 12 sup [D2u] o (Boalz)
C0-(B,./2(x0)) By.)s(2)C By (o) C02(B,./s(x))
Notice for the supremum over the larger ball, it is essentially achieved somewhere, say on the ball B, /g(z1).
Thus the above gives
2
(Dl oz s < O+ 1D o @m0

This takes the form of iteration! In the following, take r = 1 and x¢y = 0 to start with. There exists a sequence
of points {z,,} C By and radius s.t.
ry, =271 Vk>0

and
xk-‘rl S B3Tk+1/2(xk) v k Z 0

along with the iteration

[D2U]Coya(m) S C?“k_g + M[DQU]CO,Q(Bi vk Z 0

e (Tet1))

Denote

ax = [D*u] co.o (B )

and the iteration writes
ap < M2%% 4+ pagq (4.12)

where M = 8C' is universal constant.
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Choice of parameter. We claim that, one may choose p sufficiently small, universal, s.t.
[D?u] Con(Bry) = @0 < C universally bounded in u

Assume not! So no matter what p small we pick, no matter what C' large we take, there is always a function u
s.t. ag > C. We want to argue this cannot happen, by construct a sequence aj, that blows up as k — co. Why
is this a contradiction? Because u are assumed to be C%%,
Now p and C' we're free to pick. We claim that there is a large enough C' and ¢ > 0 to be determined, s.t.
as along as
ap Z C

one has
ay>Co®  VEk>0

To show the existence of C' and o, one need to do induction. Assume for k, then for k + 1 to hold, one need to
ensure

(4.12) 1 ok
aky1 = — (ap — M2%)
I
1
> — (Co]c — M26k) using inductive hypothesis
1

Now the only thing one want to ensure is the following

1 (Co® — M2%+) > Cot !
i
Co*(1 — po) > M2k

Let’s say one pick

p=2", 20<o<pu!

Then it suffices to pick C so large s.t.

M 2" M
C>1—,ua_27—0

Therefore a;, — oo and we reach a contradiction.

4.2.4 A priori Boundary Estimates
Lemma 4.2.2 (De Silva Analysis IT 2025; [GT01] Lemma 6.4). Assume u € 0270‘(Bif) solves
Lu = a;;0;5u + bi0ju + cu = f Bf
where A = (a;;) > A is uniformly elliptic, and
aij, bi, ¢, [ €C™*(BY)

Also assume u = ¢ on the boundary O(B;")
Then there is a smallness universal 6 = §(n,a) > 0 and C = C(n, A, 6) > 0 universal constant s.t. for any
data small enough

— <§

lais = 0ijll go.o 57y > Willoaz7y» Nellcoa(ar)

One has
[elgaezimy < © (Hllim sy + 1oz + 1elloaear) (4.13)

Ck Domains We define domains of class C%»<.

Definition 4.2.1 (C*© domains; [G'T01] Section 6.2). A Q C R™ bounded domain is of class C** for k € N,
a € [0,1], if
for any xo € 99, there exists a ball B,.(xg) around x¢ and a bijection ¥ from B,(xzo) onto D C R™
U : B,(z9) > D CR"

ey — () (4.14)

s.t.
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1. U(B,(x0) N Q) CRY.
2. U(B,(x9) NONY) C OR%. And in particular one may take ¥(xy) =0 € R".
3. W e CPY(B,(x0); D) and ¥~ € C*%(D; B,.(x0)).

We say ¥ straightens the boundary near xg.

4 L;\,ﬂ&\)‘*‘) N ‘

?7, o)

M

— -t w
49 ¢ c(

Figure 4.1: C?® Flattening the boundary

In particular, using both ¥ and W~! are in particular Lipschitz, there exists universal K = K(¥,Q) > 0 s.t.
for any z, y €

1
TT—yl < [¥(2) - ¥(y)| < K|z —y|

Domain Transformation Assume we're given 9Q a C*“ domain, by which we mean for any zo € 9, there
exists a neighborhood N around zy and a C>® diffeomorphism

V() = (@} (x), - 9N (2))

defined on B,(zo) € N, that straightens the boundary in N as in (4.14).
Assume for xg € 02 and p > 0 small, the equation is satisfied in

Lu = f Bp(l’o) nQ
We ask under the transformation
u(z) =a(y) =ao¥(z) VaeQnB,(x)

what equation % in W(B,(zo) N€2) € D NR’} solves, and how the norms of the coefficients change.
We compute

8 (i 0 W) (z) = Ayi(y) D" (x)
03 (11 0 U)(x) = Opeit(y)b* (2)0;0" () + Owii(y) i b ()

so that

17) U(uo\I/)( )
a;; (2)0:0" ()09 (2) Okei(y) + aij(2)0i; 0" () Opii(y)
bi(2)u(x) = bi(x)0p* (x) Ok (y)
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The equation therefore writes
Lu = a;;j0;ju(z) + b;j0;u(x) + cu = a;j(x)0;;(ao W) (x) + bi(x)0; (o ¥)(x) + c(@o ¥)(x)
= i (2)0" ()09 (2)eti(y) + (aij ()i 0" () + bi(2) 99" (x)) Draly) + c(a)aly)

Thus @ solves

Lii(y) = are(y)Oeuly) + be(y)Owii(y) + ey)a(y) = fly) ¥y € V(2N By(20))
where
(U ()0t (U ()95 (T (y)
(U ()0 (T () 4 b (U ()0 (T ()

—~

To ensure the coefficients in £ remain Holder C%“, one really need to ensure ¥ € C%* due to the term Bijwk
built in the definition of by.
Assume our original A = (a;;) is uniformly elliptic with ellipticity coefficients

MEP < aii&&; < AP VEER®
Does uniform ellipticity of A adapt from that of A7 Note
are(y) = 005"
(A(y))ke = (DY (2) A(x) DV (2)) e
So for any n € R"
0" An = n" DU (z) A(x) DV ()n = (D¥ )" A(DYT)
ADWT [ <" An < A|DUTy|?

Now how does the norm |DW¥T5| compare with |5|? Using ¥ is C! diffeomorphism, denote the universal bound
as K
sup  |D¥()], sup[ DY (y)| < K
xEBr(xO) yeD

Then
|DWTn|* < K2[nf?
0> = |(DYT) "1 DY Ty < K2 DY Ty|?
Thus the uniform elliptic constants for A writes
A <o An < AKZf? ¥y € R"
How does Hélder norms of the Coefficients change? A first remark, under change of variables
lgo ‘I’ilnco,a(ﬁ) =lgo ‘IﬁlHLw(D) +lgo ‘11711007“(5)
<9l Lo (B, (o)) F 19l o Brmen) !|D‘I”1||§x(p)
< (U4 K M9l co.o ey
Then
Jauclony < s © ¥ gy 1005 0 ¥ g 1055 0 ¥
< (L4 KV DY G005y 133l oo 5z
< O [DY o [ DY ) Nl o (o)
iy < (U KV (10| o gy I0sslcom gy, + 1Dl 4l oo )
DU, (il oo ) + 10illcon ) )
el gon ) < (14K llll o B,
|7] < (1K) £l gon 5o,

¢ (D)

< C(a7 H\I/HCZQ ’

C0,a (E)
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4.2.5 A prior Global Estimates
Theorem 4.2.3 ([GT01] Theorem 6.6). Let Q be C** domain. Let u € C**(Q) be solution of

Lu = aijaiju + blalu +cu = f Q
where A = (a;;) > A is uniformly elliptic, and
Qg bia c, f € Coya(ﬁ)

Also let p € C*(Q) and assume u = ¢ on ON).
Then for C = C(n’ a, A, Q, ||ain00,a ) HbiHCUva ) HC”COA)

el < (Nullpoqa + Iellona + 1Flcon) (4.15)
We claim it suffices to prove for the case u = 0 on 92 and so ¢ = 0. Indeed, if we let v = u — ¢, then
Lv=f—Lp=fcC® Q)
Then using conclusion (4.15)
loleza@ < € (Il + 1 o)

and thus

[ullgza@) < Vllo2a@ + [#lloza@)

< C (Il oy + Iellaa + 17 o)

< C (Il + 1l oza + 1 o))
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4.3 Existence

We demonstrate our ultimate goal: the Existence of Solution to Dirichlet Boundary Value Problem.

Theorem 4.3.1. Assume Q is C>%, f € C%*(Q), p € C2(99Q).
Assume coefficients A = (a;;) > M, either ¢ <0 or ¢ < co(A, A, Q) (s.t. the mazimum principle holds) and

aij, bi, c€ 0% (Q)
Then there exists a unique u € C%*(QQ) that solves
{z:u =f Q
u=¢ 0N
and

[ullz.a@ <C <||f|\coya(§) + ||90||czva(asz)) (4.16)

By a solution to the Dirichlet Boundary Value Problem we mean a function u € C?(2) N C°(2). But the
statement says u is in fact C%* all the way up to the boundary if ¢ € C%*(95).

If a C?? solution exists, then it will satisfy the estimate (4.16) in view of the a prior C*“ interior and
boundary estimates, in particular (4.15).

Remark 4.3.1 (De Silva Analysis II Spring 2025). Notice that in a priori estimates, ||ul|;« ) on RHS can
be bounded by f and ¢

lall ey < € (Iellema + 1 llcon )

This is quite a subtlety, by it is achieved by the mazimum principle (3.8), or essentially (3.9).
HUHCD@) < sup|u| + C(A)sup|f|
aQ Q
Let’s achieve this again by hand. As long as one has a barrier ¥ s.t.

LY <=6y
w > 0 oN

then one may choose ty big s.t.
todo = [ fll Lo + llepll oo

Now as one lower t — tg, the first touching point of t1) and u must occur in the interior (as |u| < tdy on 092),
and at such a touching point

L(t) < —tdg < —todo < — ||l < Lu
contradicting that t1p — u has a minimum at such touching point. Thus the strong minimum principle says
ty > u Vt>ty Q

which is to say

[ull oo < C(I[fll Lo + Ml o)

‘We remark that the assumption on c¢ is important.

Example 4.3.1. Consider
v +u=0 (0,7)
u(0) =0
u(m) =1

Notice there is no general solution, since the formula takes form

u(t) = Asin(t) + B cos(t)
But

yields contradiction.

Now after subtracting a C%“ extension of the boundary data ¢ from w, one may assume that ¢ = 0.



CHAPTER 4. SCHAUDER’S APPROACH 169

4.3.1 Method of Continuity

Contraction Mapping Principle Let X be normed vector space. T : X — X is a contraction mapping if
there exists 6 € R s.t.
[Tz —Ty| <Ollz—yll VazyeX

Theorem 4.3.2 ([GT01] Theorem 5.1). A contraction mapping T in a Banach Space X has a unique fized
point, i.e., there exists unique x € X s.t.
Tx ==z

Proof. Take x¢ € X and define x,, := T"x(. For any n > m

n n
lzn —zmll < D Moy =zl = > |77 e = T |
j=m+1 j=m+1
< ) 9371||xlfx0||§1 5 lor =0l >0 m— o0
j=m+1

So x,, is Cauchy sequence and there exists z € X s.t. (because X is complete), due to T' continuous

Tx = lim Tz, = lim xz,41 =z
n—oo n—oo

O

Method of Continuity In order to prove existence, one need to use the following functional analysis tool.

Theorem 4.3.3 ([GT01] Theorem 5.2). Let X be a Banach Space, Y a normed vector space, and Lgy, L; €
L(X,Y) bounded linear operators.
For any t € [0,1] denote
Lt = (17t)L0+tL1 X =Y

and suppose there exists constant C > 0 s.t.
|zl y < C||Lix|ly VeeX, Vtel0,1] (4.17)
Then Ly maps X onto Y iff Ly maps X onto Y.

In particular, since the relation (4.17) implies all L; are injective, as long as Ly is invertible, we know L is
invertible.
The proof relies on the contraction mapping principle.

Proof. Suppose L is onto for some s € [0, 1]. Then since the estimate (4.17) holds at s, we know Ly is in fact
invertible, so linear operator as following exists

L;h:Y - X
Now for any ¢ € [0,1] and y € Y, solving the equation
Liz=y
is equivalent to solving

Lix=y+ (Ls — Ly)x
=y+ (t—s)Lox — (t —s)Lyz
r=L'y+ (t—s)L; (Lo — L)z
Consider the linear operator
Tz:=L'y+ (t —s)L; (Lo — Ly)x
Now this is a contraction mapping if

s—t] <6 !
5 — =
C(I Lol + I L1 1l)
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because for any z1, xo

1
HT.%‘l — TJ?QH = (t - S)Ls_l(Lo — Ll)(xl - 1‘2) =7~ Ls_l(Lo — Ll)(l‘l — 332)
=l I CLoll + [ Lall) | I
(4.17) 1 . )
< (2 ESA (Lo — L1)(z1 — z2) ||y using assumption at s
Mo —Lall s, o)
= ol +I1Z.] ™ *

Therefore by Theorem 4.3.2, one know there exist a unique z € X s.t.
r=Tx

which is equivalent to say (as our deduction)
Lix =y

provided |s — t| < ¢. But this ¢ is universal, so one may divide [0,1] into sub-intervals of length less than d,
and thus the mapping L, is onto for all ¢ € [0, 1] iff it is onto for any fixed ¢t € [0, 1], in particular, at ¢ = 0 or
t=1. O
4.3.2 Proof of Existence

In the proof we consider the Banach space
X=0p%={uelC*@Q)|u=0 09}

and _
Y =C%*(Q)

We consider the family of operators

Once we ensure two things
1. Ly = A is invertible.

2. The estimates (4.17) hold
[ullgza@ < CHIA = A + L (u)| co.a

In particular, this is ensured by our a prior estimate for Ly (4.15) (assuming we already have a solution
u e C0p®).

Then we may apply the Method of Continuity Theorem 4.3.3 so that L; is invertible, i.e., for any force in
C%*(Q) there is a unique u € C3'*.
Recall we’ve assumed for zero boundary data because we can always add back.

Proof of Existence Theorem in balls B; We let Q = Bj.

Proof of Theorem 4.3.1 in Balls. Invertibility of Ly. Note Ly = A. We know the operator A is invertible
in B; due to C*“ estimates up to the boundary for Laplacian (2.29). This is essentially done by the Kelvin
Transform.

The estimates for all ¢ € [0,1]. But we also have the a prior estimates! For both interior and boundary
versions, which gives us (note we’ve assumed zero boundary data)

(4.16)
lllgnagry < C (Il zy + 1 llcon )
(3.9)
< Cliflcosy

Thus the method of continuity guarantees existence in B;.
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Proof of Existence with continuous boundary data ¢ € C°(9B;)

Corollary 4.3.1 ([GT01] Lemma 6.10). For ¢ € C°(0By), there is still classical solution u € C*%(B;)NC°(By)
to Theorem 4.3.1.

We approximate ¢ with a sequence @5, € C%* that converges uniformly to ¢.

The upshot is: We only constructed convergence in boundary data. What can we say about the
convergence in solutions u?

Then we solve the problem uy € C%(By)

Luy=f By
up =@r 0B

and since we’ve shown existence on balls with C*“ boundary data, we know uy € C%*(B;) and
E(uk - Uj) =0 Bl
up —uj = pp —p; 0By

Thus by the Maximum Principle
llur — Uj”Loo(Bl) < llew — Soj”c(aBl)

where the latter being Cauchy implies {uy} is a Cauchy sequence and hence it converges uniformly to some u
which must be continuous up to the boundary, and coincides with ¢ there.
By interior a priori estimates

lutll g @i < € (lutlls,) + 1/ lcoe @i )

where [Jug]| (B) 18 uniformly bounded. Thus by Ascoli-Arzela D?uy, converges uniformly up to subsequence,

so u € C*%(B1) N C°(B;) and solves
Lu = f Bl

C? solution with no sign/smallness assumption on ¢ are 0>
Corollary 4.3.2 ([GT01] Lemma 6.16). If u € C%() solves
Lu=f Q
with Hélder coefficients, but with no sign/smallness assumption on c, then we conclude u € C*%(Q).
Indeed, for any B,.(z¢) C €2, one may rescale it back to the unit ball. For r sufficiently small,
é(x) == r2c(xo + ) Ve B

will essentially satisfy the smallness assumption. Then one can solve the rescaled equation with continuous data
() :== u(zo + rz) in By, i.e., search for w € C*(B;) N C%(By) s.t.

Lw=0 Bl
w=1u 8Bl

Is the problem solvable? Yes, by our previous Corollary 4.3.1. And by uniqueness, w = @ in B;. Since w are
C?“, one do this locally in any ball B,(z¢) C  and conclude u € C%%().

Proof of Existence in domain Diffeomorphic to a Ball For ¥ = (¢!,--- ,4") a C% diffeomorphism
between 2 and a ball By, and assume u solves the original equation

Lu=f Q

Then the deformed solution @ defined via
u(z) =uo U(x)

solves in By the equation
Lu = aij&z/)kajwzawﬂ + (aijaijz/}k + b)la/l/)k)akﬂ + cu = .}E B,

Since this is C% diffeomorphism, the coefficients remain C% and the Existence Theorem on B; applies. Thus
there exists unique @ € C*%(By). u is unique and satisfies the same estimates.
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Proof of Existence in general C?>® Domain In order to apply Method of Continuity 4.3.3, one need to
ensure A is invertible in a regular domain.
From Theorem 2.1.1, one know that over 2 bounded regular (all points on boundary one can build a barrier)

Au=f Q
u=¢ 0N

for f € C%*(Q) and p € C(99), there exists a unique solution u € C2(Q2) N CO(Q).

Is this enough to ensure Ly = A is invertible? NO! Because in the domain of our operator, we need
u € C*(Q) globally.

Now with the help of Corollary 4.3.1, we know for our classical solution u, it is in fact C* in the interior.

It suffices to show such u is C%“ all the way up to the boundary. How do we do the boundary estimate?
([GTO01] Lemma 6.18)

{ x,?ﬂlx"s

¥’

ac—.C

T,
Q (v dae D ('l domain
1Y% BTY A‘l}‘wvna‘YKL‘*‘ %

—

Qf:‘lbtm Ul o D

I el

N
W) -o mﬂb"fh

A rllaY'n \N e,\*lvm*b)
[’ MVLN' . CA(“\\\(’,

1l o ol 4 1\ ll 1'd_
e T P ) Lf" Ca |

Figure 4.2: C%® all the way to boundary

Up to covering, let xo € 99 and take ball B,.(x() around. Using 952 is C*“ domain, flatten out the boundary
via ¥ that is C%>*. Now for any open region R € ¥(B,(x¢) N Q) with a piece of boundary portion lying on
OR", take any D a C?* domain that contains R.

Now take @) a sequence of C%% boundary data converging uniformly to u (transformed to define in
U (B, (20) N Q)) on dD. Let ux € C**(D) be solutions to

Euk = f D
Uk = Pk 8D

which exist uniquely due to ‘Existence Theorem for domains diffeomorphic to balls’. By the Maximum Principle

l|ur — Uj”Loo(D) < ek — <Pk||Loo(aD)
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to uy, is Cauchy hence it converges uniformly to some w that is continuous up to the boundary 9D and coincides
with u there.
Recall one has the a priori Boundary Estimates (4.13)

||uk||(127a(§) <C (Huk”Loo(D) + ||f||co‘a(5) + H‘Pk||c2,a(§)>

Thus D?uy converges uniformly up to subsequences via Ascoli-Arzela, and the limit u € C*%(R), giving the
C? estimate on the boundary.

4.4 Higher Regularity

Interior Higher Regularity We state the interior Regularity theorem.
Theorem 4.4.1 ([GT01] Theorem 6.17). Let u € C?(Q2) be solution to

Lu=f Q
with f,a;;,b;,c € CH*(Q). Then u € CkT22(Q).

Assume for simplicity take b; = ¢ = 0.
Base Step: for k£ = 1 we cannot simply differentiate the equation. Therefore we work with difference
quotient
v(x + heg) — v(z)
h

Djv(z) ==

What does D?v solve?
First of all we add and subtract the two equations to formulate in the discrete difference setting

a;;(x + hep)Oiu(z + hey) = f(x + hey)
aij(w)0iu(z) = f(x)
aij (v + heg)Oiju(x + hey) — aij(v)0iu(r) = f(x + hey) — f()
ai;j(x + heg) (0iju(x + hep) — Oiu(z)) + (aij(x + he) — aij(x)) Oiu(z) = f(z + hey) — f(2)
aij(x + heg)dy; (Dju(x)) + Djaij(x)diju(x) = Dy f(x)
Hence we treat RHS as forcing
a;j(x + heg)0;; (D?u(m)) = D?f(x) — D?’aij(x)aiju(x) (4.18)
Now applying Interior Schauder Estimate
1D ullgnaginy €| 1DMllgne +  [Dhosllgne Nl
—_——— —_————

need C1'% of foce need C1'“ Regularity of aqj

Since all RHS are bounded in the Hélder norms, this is a uniform bound on C% norm on the sequence D?u.
Due to the Holder exponent there is equi-continuity, thus using Ascoli-Arzela up to subsequence we know that
{Dhu} converges locally uniformly to dpu, and that dpu € C%. Using C** are Banach spaces and e, € S*~!
arbitrary one get u € C32,

Inductive Step: Now we’re allowed to differentiate the equation. Assume the data are C*®, and
we already know that u € C*%. Then

Op(a;j0iu) = Op f
i0ij(Opu) = 0o f — OpaijOiju

Since we're assuming all coefficients belong to C*¢, here
agf S Cl’a, (%aijaiju S che

Hence 9pu solves the equation again with C1® coefficients, meaning d,u € C*® by our inductive hypothesis.
Thus u € C*“. Now one can keep differentiating the equation.
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Global Higher Regularity

Theorem 4.4.2 ([GT01] Theorem 6.19). Let u € C?(Q) N C%(Q) solve
Lu=f Q
u=¢ 0N

where ¢ € CkT22(Q), and f,a;j, b, c € CH*(Q). Then u € CF+22(Q).

First flatten out the boundary and call the domain G with a boundary portion T' C {z,, = 0}. Now the
equation for differential quotients (4.18) makes sense for any £ =1,--- ,n — 1 on the portion (for |h| < hg)

G :={z € G |dist(z,0G\T) > ho}
which has a hyperplane portion 77 C G'.

Boundary a priori estimates apply there, and then one repeat the argument for interior higher regularity
base case (assuming all data are C1) to gain dyu € C?*(G' UT’) for any 1 < ¢ <n — 1.

(1' , MFD')
e

Figure 4.3: Boundary Portion

What about 0,,u? There one cannot do difference quotient because x + he,, for h < 0 is not in the
domain! We use the equation satisfied on the boundary

af’rmannu = f - (‘Cu - annannu))

Since we assume C'1'® data, and we’ve shown that all mixed second order derivatives are C*® up to the boundary
potion, all things on RHS are in C1'*. Thus 9,,,,u € C1* meaning d,,u € C**(G'UT"). Thus u € C>*(G'UT").

To upgrade to higher regularity, each time we differentiate the equation in tangential direction and gain
regularity, then use the equation to bound the normal derivative.

4.5 Fredholm Alternative

We ask what happens when one does not have the sign assumption.
Let
Lu = aijaiju + bzalu + cu

where a;j, b, ¢ € C%*(9Q).
If ¢ <0, then we know B B
L:CP* Q) — Co(Q)
u— Lu

is invertible for Q C?* domain, using Existence Theorem 4.3.1. Also, the map
— —1 — J—
T:C% Q)% ¢ Q) = Q)

is compact, by the usual argument based on Ascoli-Arzela.
Then, if ¢ does not have a sign assumption, we can write

Lu = a;;0;ju + b;0;u + (¢ — N)u+ \u
where A = supc. Now if we let

Q
Lu:= a;;0iu + b;Ou+ (¢ — Nu
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such coefficient in front of uw has the sign convention. The problem transforms to ask if
Lu=Lu+u=Ff

where £ now has a sign convention, is solvable.
Denote T as the operator corresponding to £. Then we ask whether the following is solvable

(I +XD)u=Tf

The main point is that when an operator 7' is compact, its range is almost finite dimensional in the sense that

T'(B) is included in an e-neighborhood of a finite dimensional space. It follows that the analysis for the range
and kernel of (A™!T" + I is similar to the finite dimensional case: it is invertible iff the homogeneous equation

has a unique solution u = 0.
Using Fredholm Theory Theorem 6.1.2, one can in fact show that the problem admits a unique solution
except for a sequence A\, — 0 where \; are eigenvalues of L s.t.

Z’U,k + Agur =0 Q
uk:() o

Theorem 4.5.1 ([GTO01] Theorem 6.15). Let
L= aijaij +b;0; + ¢

be strictly elliptic operator with coefficients in C%%(Q), over C*>* domain.

Then
Lu=0
u=~0 oN

has only the trivial solution, in which case the inhomogeneous problem

{Eu:f Q

1. either the homogeneous problem

u=¢ 09

has a unique C**(Q) solution for all f € C%*(Q), p € C>*(Q)

Lu=0 QO
u=20 oN

has nontrivial solution, which forms a finite dimensional subspace of C*%(Q).

2. or the homogeneous problem

Proof. First note the homogeneous problem is equivalent to

Ly=Ff—Lp
v=20 o0

Thus it suffices to restrict £ to
C*(Q) i={ue C**(Q) |u=009}

Let o > supc be any number. If 0 = 0 then we’re done. Otherwise
Q

L,i=L—0:Cr%%) = C%(Q)

is also invertible. Furthermore the inverse mapping £,!, by a priori global estimates (4.15), and bounding
||| by boundary data (3.8), we know £, is a compact operator from C%*(Q) into C*(Q).
Consider then the equation

wtolylu=LYf  feC™ @)

Using Fredholm Alternative Theorem 6.1.2 for the compact operator £, we know either
u+ol;tu=0

only has trivial solution 0, or ker(I + o£!) is a finit dimensional subspace of C%%(Q) (Theorem 6.1.3). O
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The importance of the alternative for the Dirichlet Problem is that it shows uniqueness to be a sufficient

condition for existence. N -
Remark that C?(Q2) solutions of Lu = f are also in C*%(€), and hence the nullspace of £ in C?(Q) is also

finite dimensional.
Remark also the set ¥ of real values ¢ for which the homogeneous problem

Lu—ocu=0
u=~0 o0

has nontrivial solution is at most countable and discrete (Theorem 6.1.3).
Furthermore, if o ¢ ¥, any solution of the Dirichlet Problem

Lou=f O
U= o0

satisfies the estimate
lullgza < € (Il cza + 1flconm)

In general we can guarantee existence to an equation Lu = f as long as we can bound ||u|; .



Chapter 5

Function Spaces

5.1 Sobolev Spaces

5.1.1 Basics for Sobolev Space

Weak Derivative Let u, v € L{ (Q). We say v is a weak derivative of u if

/u@igp:—/gov Ve C5° ()
Q Q

We denote v = 9;u.
Lemma 5.1.1. One has uniqueness of weak derivative.

Proof. If both vy, ve € L. (U) satisfies

/uDa(j)dx:(—l)‘o"/vlgﬁd:c:(—l)'a‘/wgzﬁdx V¢ e CrU)
U U U

Then fU (v1 — vg) pdx = 0 for any test function ¢. Hence vy = vy a.e.
Lemma 5.1.2. Let 0;u be weak derivative of u. Let n. be mollifier, then
Oi(u*nz) = (O;u) * ne

Proof. Note
Oi(u*n:) =ux*(0;n:)

/u@@ /au

Apply ¢(y) = n.(x — y) for fixed z € Q. so

For any ¢ € C§°(Q)

(Oiu) * e (x /8u Y)ne(x —y)

_ /Q udy (n(z — ) = /ﬂu(y)ams(x —y)
= (u * 31775)(55)

Lemma 5.1.3 (Stability under weak convergence). Let uy be sequence s.t.
U — U, Ojup, — v
Then O;u = v.

Proof. For any ¢ € C§°(Q)

/Ukaitpz —/ Oiurp
0 Q

Take limit on both sides, then use uniqueness of weak derivatives.

177
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Sobolev Space Let 1 < p < oco. Define
WhP(Q) := {u € LP(Q) | D“u weak derivatives exist up to order |a| < k and are LP}

Define
[ullwen(q) IIUHLP+ZII5 ull o - Y 1Dl
la|=k

WkP(Q) are Banach space under norm convergence.
WEP(Q) is defined as the closure of C5°(€2) under the norm W*»(1).
If p = 2, denote H* = W*2. H'(Q) are Hilbert space

(u,v) ::/uv+/Vu~Vv
Q Q

Smooth Approximations Let 1 <p < co. Take u € WFP(Q).
1. Mollification u * 7. converges in W'l P 1o .

2. For Q C R" bounded open, there exists u,, € C=(Q)NWHP(Q) s.t. uy, — uin WFP(Q) ([Eval0] Theorem
5.3.2).

Proof. Let Q = [J;2, Q; for Q; = {dist(z,09) > +}. Choose smooth partition of unity w.r.t. open sets
Vi= Qi3 \ Qip1, Vo = Q3

0<&<1,  &LeCEW), Y &=1 Q
=0
so that -
uzz&u
=0

For w € W*P, & is supported on V;. For § > 0, mollify for ; small so

1 .
e, % (€)= Etllymney < 570 VP20

supp(ne; * (&u)) C Qipa \ QU Vix>1
Now for any ' € Q

’L

Z ||77€L z giuHWk:P(Q) < 0
Wk.»(Q) =0

Take sup in €. O

3. For  C R™ bounded with Lipschitz boundary, there exists u,, € C*(Q) s.t. u,, — u in WkP(Q).

Extension Let O C R" be bounded. If 99 is nice, we can extend functions in WP(Q) to functions in
WLP(R™) that preserve the weak derivatives across 9Q. Let 1 < p < oo.

Theorem 5.1.1 ([Eval0] Theorem 5.4.1). If 9 is Lipschitz, for any Q s.t. Q € Q, one may define Extension
Operator as a bounded linear operator
E:W'P(Q) = WhP(R™)
u— Eu

s.t. Bu=u a.e. in Q, supp(Eu) C Q, and there exists C = C(p,Q,Q) >0
”EUHWLP(R") <cC ”u”WLP(Q) (5.1)
Proof. After bi-Lipschitz transformation consider Q C By, 9Q = B; N {x, = 0} flat. We reflect u evenly in the

., variable via,
_ u(x) Bt
’U,(J?) = / / 1 17
—3u(z’, —wy) +4u(a’, —5z,) B

so that in By
0 1 g _

3xna = 30, u(z', —x,) — 20, u(x', —=x,), 8—%11

= 0, u(z',0)
{zn=0}
and all tangential derivatives match. Go back to original domain, cover boundary with finitely many balls, then
patch up using partition of unity. O

2
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Trace One may assign boundary values to u € WP (). Let 1 < p < oc.

Theorem 5.1.2 ([Eval(O] Theorem 5.5.1). If 00 is Lipschitz, one may define Trace Operator as bounded linear

operator
T:WhP(Q) — LP(09)

u— Tu

s.t. Tu = u|yqg for ue WHP(Q) N C(Q), and there exists C = C(p,§2) > 0 s.t.
1Tull Lo o0y < C llullwir) (5:2)

Proof. After bi-Lipschitz deformation assume that locally Q is B} x [0,1]. First take u € C(Q). We want
to have the estimate. In this case define T'u := u|,g,. Look at ball of boundary with radius » > 0. For any
§€Cg°(By)st. £>0and { =1 on B,/ look at

/ lulPdz’ < / &|ulP da’ let’s do integration by parts the other way around
{xn=0}NB, /2 {z,=0}NB,

=— / (&lulP),, dz here ¢ is useful due to compactly supported
4

T

== [ (a6, +plup Gignuyu, €) do

T

< C/ (lul? + |Vu|P) dz Young’s Inequality
Bt

Now by density and flattening out the boundary one can conclude. O

Theorem 5.1.3 ([Eval0] Theorem 5.5.2). If 9 Lipschtiz, u € Wy (Q) iff Tu = 0 on 0.

5.1.2 Gagliardo-Nirenberg-Sobolev
We demonstrate the Sobolev Inequality.

Theorem 5.1.4 ([Fval0] Theorem 5.6.1). Let 1 < p < n. Let u € Wy P(R™). Then there exists C = C(n,p)

s.t.
1 1

(L) <e([var) w=m (53)

Scaling A simple scaling argument demonstrates the choice of p*. Take u € C§°(R™). We want to inequality
to be dilation-invariant, in particular, for

5.1.2.1 Direct Proof

ux(z) = u(Ax)
we want the same form to take place. Assume for some q.
R e e ey R
n n R’n
||U>\HLq(Rn) <ATa ||“||Lq(JR<")
<X |Vl
—_—————

we want to ensure this

—OoNE (/ |vu|p) ’
Rn

| Wen@rde = [ [wowras = [ vat)pay

</R Wu(y)'pd‘y); - (/R vmx)mm);

[l paggny < CAZ 757 [Vunll

But for the gradient, we scale as

Therefore one need
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Since we would like to have the inequality that is invariant under dilation, the natural choice is

L GO
p q
We solve for ¢
n_n_,_n-p
q p p
1 n-—p
q np
np
q =
n—p
We thus define the Sobolev Conjugate as
pt = P Vi<p<n
n—p

Direct Proof of Sobolev Inequality We first do the case for p = 1.

Proof of (5.3) for p=1. Up to smooth approximation assume u € C§°(R"™). Since we’re working with compact
support, for any = € R" fixed, for any i =1,--- ,n

T
u(x) < / 31'“(301,"' s Li—1,Yiy Lit1, - ,xn)dyz'
— 00

o0
lu(z)| < / Ve, - @im1, Yis Tivr, o0 @) | dys

— 0o

note we only integrated out x;, this is still a function in other variables
_1

1 o - .
|u(x)|n—1 < </ |VU(I17 y Li—15Yiy Lit1y " azn)|dyz> Vi= 17 y

— 00

Now we ‘raise to the power n’ by multiplying together all of them, but each integrated in a difference y;.

()| 7 s]j(/

—00

1

oo n—1

IVu(xy, - Tt Yi, Tig1, - ,1:7,)|dy,;>

Notice both sides are functions in the variable x. For each coordinate variable z;, the RHS as product of n
functions has only n — 1 of them including x; as a variable.

Hence if we integrate both sides in x; variable, the one function on the RHS whose y; get integrated out can
be viewed as ‘constant’ in x;, then pulls out the product directly. In particular let’s first integrate in x;

| @l

— 00
1

00 =t oo n 00 w1
g(/ |w<y1,x2,-~,xn)|dy1) -/ 1‘[(/ |Vu<x1,-~,xi_l,yi,ml,w,xn)|dy¢) dy

T00 =2

But how do we deal with this bunch?

Again, since the RHS is integration in x; only, all other variables are treated as constants. Thus the RHS is a
product of n — 1 functions in z;. How do one usually bound the L' integral of a product of n — 1 functions?
One may use the generalized Holder inequality with exponents

1 1
-1
n—1 n—1

n — 1 many of them

so that we raise to the power n — 1 for each of them

oo N e3¢} ﬁ
/ (/ ‘VU(.’I}]_, s Li—1yYir Tig1, - axn)|dyz) d.’L']_
—00 ;5 —o0

i=

n _1_

oo oo n—1
SH </ / |Vu(x1,--~ sy Li—1yYiy Li41y" " 7$’n)|dyzdx1>
: —o0 J —o0

=2
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In particular, we swapped the order of product and integration in x1. Now we collect all of them

/ |u(x)| 7T da,
1

00 e oo oo n=1
S (/ |Vu(y1,$2,"' axn)|dy1) H </ / |VU(I1, s Li—15Yiy LTi41, " ,.’13n)|dyid$1)
i=2 N\ T T

— 00

Now we integrate in x5, and follow the same logic of pulling out the one on RHS whose ¥y got integrated

out
[ @ o,
- ;ooo oo 1
< </ / [Vu(z1,y2,- - 75Un)dy2d$1>
1

oo ) ” oo roo n—1
/ (/ IVu(y:, za, - ,In)dy1> H (/ / Vu(zr, @1, Y, T, ,In)|dyid$1) dzo

note this still has variable in x5 so we put it under dxs

But for this huge bunch we can again apply generalized Holder as L' integral of product of n — 1 functions
1

1
SIS T
S </ / |VU($1,y2, e 7xn)dy2dx1>
: </ / Vu(ys, w2, 7$n)|dy1d$2> 11 </// [Vu(@y, w2, yi, 7In)|d$1dz2dyi)
—o0 J —oo i—3 —o0

1

= (// IVu(yi, y2, z3, - - ,wn)ldmdyz) . (/// \Vu(zy, 2, Y- - ,fcn)ldxldxzdyi> -

3

EQ

we combine the first two integrals

We integrate inductively up until z,,_; to obtain (we denote 2’ € R" 1)

1

[ utwan < [ |Vu<y',a:n>|dy'-(/ |vu(x)|dx>"‘
Rn—1 Rr—1 R"

Finally we integrate in z,, to kill the game

/n u| ™ de < (/R |Vu(cc)d:c)
(/ |u n”ldx>n"1 < /R |Vu(x)|da (5.4)

Notice in particular, for p = 1, the constant in front is 1. O

Next we do the case for general 1 < p < n.

Proof of (5.3) for 1 < p < n. We work with |u|” for v > 1 to be chosen. Apply our previous result to (5.4) to

get
([ =) " < [ 9turia
= [ Vs
Rn

Recall we want the RHS with Vu in LP. To do so we use Holder

/ |u|“wdx§(/ |u|<“>p’)” (/ |Vup)p
Rn n n

where p’ = %. Ok, regardless of the power for the integral, at least we want the power of the integrands to
match. To do so we require

_ /_('7_1)17
n_l—(V—l)p =01
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and we want to solve for ~y

1 1 n p—1 mnp—n
vy n—=1p np —p
171 np—n __ n-—p
v np—p np—p

n—1
Y= p
n—p

And thus we find out the exponent to be precisely the Sobolve conjugate

mn n—1 n np N
= p. = :p
n—1 n—p n—1 n-—p

It suffices to verify the powers of the integral

n—1 1 n-1 p-1

n p n p
np—p—np+n n—p 1
np np p*
Thus we have estimate - )
n “np n — 1 P
([ )™ <220 ([ our) 59
n n—p n
Notice in particular, the constant in front blows up as n — p. O

5.1.2.2 TIsoperimetric Inequality Interpretation
An interesting inequality and useful inequality.

Lemma 5.1.4. For a(t) non-negative decreasing, one has for any n > 1

/OOO a(t) 7 dt > (/OOO a(t)tnl—1> " (5.6)

Proof. Since a(t) is non-negative decreasing, for any ¢ € (0, 00)

o0 n—1 t n—1
/ a(s) ™ ds > / a(s) ™ ds use non-negative
0 0

n—1

>t-alt) = use decreasing

Therefore

i n n=T 1 1 .. 1
a(s) >trTa(t)n raising to 7 power

0 n-=
n—1 o0 n
a(t) ( / a(s)
0
(s)

o0 n—1 oo 1
(/ a ) > / tn—1a(t) integrate in ¢
0 0

Isoperimetric Inequality We demonstrate that for p = 1, the Sobolev Inequality is in fact a corollary of
the isoperimetric inequality, that works for BV functions (in particular W C BV).

n—1

) > a(t) multiplying both sides by a(t) =

n
n
n

" ds
" ds
~ds
O

Theorem 5.1.5 (Isoperimetric Inequality). There exists C(n) > 0 s.t. for any E C R™ bounded Caccioppoli

|E

e / Vel (5.7)
Rn,

Loosely speaking, if one view u = x g, then this recovers the Sobolev inequality for p = 1

n—1
|E = (/ XE) <C | [|Vxsl
n RW,

Ok but this is not rigorous at all. Let’s in fact assume for (5.7) and show the Sobolev Inequality for p = 1.
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Proof of (5.3) for p =1 using Isoperimetric Inequality (Savin Analysis II 2026). Upon smooth approximation,
let u € C§(R™). Then using Sard’s Lemma, we know for a.e. ¢t € R, the level set

{u>t}

has C* boundary. In particular the isoperimetric inequality (5.7) indeed holds for these level sets. Also, for F
with C! boundary, from the theory of sets of finite perimeter, we know that

' 0E) = [ Vel = PERY)

n

WLOG assume u > 0. We use the Coarea formula

/Rn |Vu| = /OOO H L (O{u > t})dt

(.7)

3 c/ u > 6} dt
0

-1
(5.6) o o
> c(/ {u>t}tnil>
0

where we used the fact that a(t) = |{u > t}| is non-negative and decreasing. Now notice in particular using

theory of distribution function
n o0
/ {u > t}trTdt = / u
n—1 0 Rn

nLL 1 dx

Thus we recover (5.3) for p = 1.
) . /J/ e \,\

e
s

( \

—W’_—l N | ‘/\’ \

Ié\i/l ¢ () P. : pz""Vw
Figure 5.1: Isoperimetric Inequality

We give a quick sketch of a possible sloppy proof for the isoperimetric inequality.

Idea of (5.7). We claim that for f;, i =1,--- ,n functions with each f; independent of the x; variable, then

/ Hfidx < H [ fill -1 (1)
R™ =1 i=1

Notice this is essentially the key step in the direct proof.
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Now apply this to f; = P; as projections of xg along the x; variable to obtain

pi= [ o= [ Tm<TT(]n)

H (H"Y(OE))™ = H"~(9B)"

5.1.3 Morrey’s Inequality

We compute for v > 0
u(z) = [z[”

S0
Vul ~ |7
|VulP ~ |x|(7’1)p

If we want this to be integrable, one need

1
/ || DPdy = C/ rO= VP =Lgr < oo
B 0

Therefore

vy=Dp+n—-1>-1
'y>p7_ —1-2
p p

Hence for u € WP, necessarily one needs v > 1 — ;

Oscillation Control in the Integral Sense
Lemma 5.1.5. Let 1 < p < co. There exists C = C(n) > 0 s.t. for any u € WHP(R")
[Vu(y)|

|n71

][ lu(y) —u(z)|dy < C V B(z) CR" (5.8)
B, (x)

B, (z) |z —y

Proof. Upon smooth approximation take u € C'(R"™). Take arbitrary w € S, and any 0 < s < r. We
compute

S d S
u(z + sw) —u(x) = / dt( u(z + tw))dt = / Vu(z + tw) - wdt
0 0
lu(z + sw) —u(x)] < / |Vu(z + tw)|dt
0
The question is how one would like to integrate. First we integrate in w € S*~!

/ |u(z 4 sw) — u(x)| dH" ! < / / |Vu(z + tw)| dH™ ™ dt
gn—1 0 Jsn1

we change of variables back

[ wutanet e a [T S g,
0 JOB(x) OB (x) lz -y

\Y
= / L(y)_'l dy using Coarea Formula
B.(x) |7 —y["

< [ v,
B, (x) |x_y|n

now this is independent of s

On the other hand, we can change of variables on the LHS.

/ |u(x + sw) — u(x)| dH"" = n1—1 / lu(y) — u(z)| dH" (y)
gn-1 s 9B, ()




CHAPTER 5. FUNCTION SPACES

The fun step is to now plug in above.

1 / 1 / [Vu(y)|
— u(y) —u(x)|[ dH" " (y) < ———dy
snl [‘)Bs(x)| ) @) ) Bo(x) [T —y|" !

_ - [Vu(y)|
u(y) — u(z)| dH" ! < s™ 1/ ——dy
/6385(;c)| ) = u(@)] B, (z) |7 —y["t

Now we integrate both sides in s from 0 to 7.
/ lu(y) — u(x)|dy = / / lu(y) — u(z)| dH™ 'ds
By (z) 0 JOBs(z)
.
S/ S”_lds/ |VU(:UTI)J1 dy
0 B.(x) 1T —

this is independent of s

— L/ |V”v6(li)_|1 dy
n Jp,.(z) lr—yl"

ol 1 [Vu(y)|
émww (2)ldy < / Wulo)l_,

nwn J g, () 17— y["1

Morrey’s Inequality

185

Theorem 5.1.6 ([Eval0] Theorem 5.6.4). Letn < p < co. Let u € WHP(R™). Then there exists C = C(n,p) >

0 s.t.

n
ullco.agny < Cllullyregn a=1- » >0

Proof. Upon smooth approximation assume u € C1(R").

‘We first bound the sup norm. For any x € R"
u@/<f  Ju) - uldy+ ffulw)ldy
Bi () Bi ()

(59) Vu(y)|
e f SAACIC))
Bi(z) [T —y|" ! L

p—1

1 p
< C|Vul,, - / L a)
@) |z -y

We need to use our assumption p > n to conclude that

1 1 .
/B o (n—1)22 71)Ldy = C(n) / rnflr—pj(n_l) ,
(@) |z —y =1 . ]

1
= C’(n)/ P dr < C(n,p) using the sharp p > n
0

(5.9)

Next we bound the Holder seminorm. For any z, y € R”, take r = |z —y|. We work in the intersection

W = B,.(z) N B.(y)

Now

) = )| < . Ju(e) = u(:)ldz + | Juty) = u(:)ld:

<C (ér(l) |u(z) — u|ldz + ]ir(y) lu(y) — u|dz>

(5.8)
So(f T meL,
By (x) [T —2|" Bo(y) 1Y — 2"
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It suffices to look at one of the RHS. In fact the reason we require p > n is exactly the same as above. It’s just
now in this case we need to compute explicitly the dependence on r

p—1
\% " T
/ | U( )| d < CHVUHLP </ snL. S(nl)p'ﬁ)
B(x) [T — 2" 0
, p=1
<ciwuly,- ([ )
0
We just need to compute
, p=1
(/ ) = Cln,pyr5 "5 = Clnp)r' 3
0
Now recall r = |x — y|. This concludes the proof. O

5.1.4 Poincaré Inequality

5.1.4.1 Poincaré

Poincaré for p =1 We first do a direct proof of Poincaré for p = 1.

Theorem 5.1.7 (Savin Analysis I 2026). Let u € Wh(By). Then for C = C(n) >0

/ lu(z) — uly)ldzdy < C [ |Vulda (5.10)
By x By B4

/ |u—][ uldz < C/ |Vu|dx (5.11)
B B B

Proof. In the first step we essentially repeat (5.8). Take any x € B; and write y = 2 + sw with w € S"~!. For
each direction w € S*~!, we consider the radius

In particular

ry, =sup{s > 0|z +sw € B}

which is the largest radius along the direction w s.t. x 4 sw hits 0B;.

Our first target is to bound
[ 1utw) -~ ulz)ldy
B,

[u(z + sw) —u(x)] < /OS |Vu(z + tw)|dt (5.12)

To do so, look at

We multiply both sizes by s”~! and integrate in w € S*~! to obtain

[t s —uits < [ [ vute +

/ / " u(z + sw) — u(z)|dsdH"™ 1</ / s"T 1/ |Vu(z + tw)|dt ds dH™
sn—1 sn—1
/ lu(y) — u(z)|dy / / s" 1/ |Vu(z + tw)|dt ds dH™*
By Sn—t

because the ball B; is star-shaped

On the RHS, however, the trick is to use Fubini.
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we're .,Ae.\!*""v» (o
\. o b b & .
Bore quut twi| g5

Figure 5.2: Fubini

For fixed w, apply Fubini

T s Tw Tw
/ snt / |Vu(z + tw)|dt ds = / [Vu(z + tw)] / s" " tdsdt
0 0 0 ¢

_1! / [Vu(z + tw)|(r], —t")dt
nJo

Thus
1 T'w
/ lu(y) — u(z)|dy < —/ / \Vu(z + tw)|(r" — ") dtdH"?
B n Jen-1 0

just use rays r, cannot be longer than 2

2’",
/ / |Vu(z + tw)|dtdH™ !
Sn—1

L2 V),

B n By |'II"_y|n_1

rewrite in Cartesian

Now integrate in the other variable z € By to conclude

/ ;. o) — oy < 2 [ 1 (/B | m'v_“y(i)_'ldy) dn

convolution (|Vu(y)| * |wﬁ)(m)

< (/B =tk </B vutw) )
Mo w7/

integrable

< C(n) /B Vu(y)|dy

We used the Young’s convolution Inequality

1 1

1
A A

This concludes (5.10).
For (5.11), we simply divide by |B;| and use triangle-inequality

/ |u(x) —][ y)dy|dx —/ ][ ) — u(y))dy|dx </ ][ y)|dydx
B B1 By By B1 J B

< C/ |Vl
By
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Poincaré for p > 1 Now we collect the Poincaré Inequality for p > 1.

Corollary 5.1.1 (Savin Analysis IT 2026). Consider any 1 < p < oo. Let u € W¥P(By). Then for C =
C(n,p) >0

</B1 = ]{;l u|de>’1’ =C (/Bl |Vu|pd$> ' (5.13)

Proof. At step (5.12) one may raise both sides to power p so that

lu(z + sw) — u(z)|? < </03 |Vu(x + tw)|dt>p

(s . (/0 V(e +tw)|pdt);>p

Holder

-1, / V(e + tw)Pdt
0

IN

S
S/ |Vu(z + tw)|Pdt
0
Now repeat the exact same argument to conclude

/ lu(y) — u(x)|Pdedy < C’(n)/ |VulPdy
B1x By

B1

Now one need the Jensen’s Inequality

/ |u—][ ulPdx —/ ][ (y)dy|Pdx
B, B, B, By
/ ][ y)|Pdzdy
B1 /By

< c(n) / |Vulrdy
B
Take % on both sides to conclude. O

Poincaré on balls B, We collect as well the rescaled Poincaré on balls of radius r > 0, of quite much
importance.

Corollary 5.1.2 ([Eval0] Theorem 5.8.2). For 1 < p < co. Let u € WHP(R"™). There exists C = C(n,p) > 0
s.t.

u — f u
B, (x)

Proof. Tt suffices to show

- ( / fu —][ u|pdy) < Cln,p) - ( / |Vu|P> = C v [Vl 5o
sy B By () By (2) -
/ |uff WP < Cn,p) v / Tl

Define u,(z) = u(rz) for any = € B; and look at

[ = e f
B, B, B; By

(5.13)

< C’(n,p)-r"-/ |Vu, |Pdz
B,

:C(n,p)-rp-/ |Vu|Pdx

r
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5.1.4.2 Pay in Measure for WP

We follow [Moo12] Section 5.1 the pay in measure remarks.
An important feature of WP for p > 1 is that functions must pay in measure to jump from 0 to 1, while
W1 functions can have arbitrarily fast jumps.

Example 5.1.1. Consider functions ue. which are 1 on By and 0 outside By, with

1

[Vue| < =
€

Then

/ [Vue|P :/ |Vue|P < Ce . e "t =CetP
" Bi4:\B1

So for any p > 1, as € — 0 the WP norm of u. blows up. But u. have bounded W' norm with arbitrarily
quick jumps.

We record the De Giorgi Isoperimetric Inequality for p = 2.
Lemma 5.1.6 ([FRRO22] Lemma 3.15). Let u € H*(By). Denote

1 1
A={u<0}nBi,  D={u>2}NBi;, E={0<u<j}NB

Then there exists ¢ = ¢(n) > 0 s.t.
lAPIDE < 18] [ [vuf (515)
B,

In other words, |E| and the size of |Vu||;. cannot both be small.

Proof. WLOG consider u =0on A, u = % on D, whose L? norm of gradient is indeed controlled by the original

u. Denote up, as the average in By. Now for any z € D and y € A, we observe

L u(a) - u(y)

|A| < 2/ |u(z) — u(y)|dy integrate in y € A
A

[\

A|ID] < 2 /A /D fu(z) — u(y)|ddy
<2 [ [ @) = up, |+ fup, —u(y)ldedy

< 4|By] lu —up,|de < C [Vul
Bl Bl

<c|E} </ |Vu|2>
B1

where in the last step we used Poincaré. Now using construction for u, |Vu| is only supported on E, and we
can conclude. O

5.1.5 Rellich-Kondrachov Compactness
Definition 5.1.1. Let X, Y be Banach Space. We say X compactly embedds in Y if

July <Clully VYueX

and any uniformly bounded sequence in X contains a convergent subsequence in'Y .

Theorem 5.1.8 ([Eval(O] Theorem 5.7). Let Q C R™ be bounded open set with OQ Lipschitz. Let 1 < p < n.
Then WHP(Q) € L4(2) for any 1 < q < p*.

Proof. We first use Extension Theorem so that one may WLOG assume {u,,} C W1P(R") have compact
support in ¥V C R™ bounded open. By assumption we have a uniformly bounded sequence in WP

sup ||Um||wl,p(v) <M
m
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Our goal is to extract a convergent subsequence in L9(V) for any 1 < g < p*. The main idea is to
mollify, and then use Ascoli-Arzela. So for € > 0, we let

€

US, =N * Uy supp(ty,) CV
Be careful now we have ¢ — 0 and m — oo two sequences to play with.

Step 1: We want to show u, — u,, in L%(V) uniformly in m as ¢ — 0. Let’s first do ¢ = 1. Assume
Uy, smooth by smooth approximation. Then
1 T—z

U, () — U (2) = — n
@ ) =5 [ "

)(um(2) = um(2))dz = / 1(Y) (um (¢ — ey) — um())dy

B1(0)

change of variables
1 d 1
= / n/ — (um (x — ety))dtdy = —e/ 7]/ Vum(z — ety) - ydtdy
B, (0) dt Bi(0) Jo

/|u —um|d$<€/ |V (2)|dz

)8 HVU/H‘L”LP(V) Holder
<CM -¢
RHS is independent of m thus this convergence is uniform in m. Now for general 1 < g < p*, we use Interpo-
lation Inequality for LP norm so

1 1-6
0
||ufn - u’mHLQ(V) S Hufn - u”LHLl(V) ||U umHLp (V) 6 = 9 —+

Notice this is the step that requires ¢ < p*! We only obtained uniform convergence in L', so as long as
6 > 0 uniform boundedness in L?" by Sobolev Inequality (5.3) suffices. BUT we need 6 > 0, which means we
cannot conclude anything for ¢ = p*. We take away

l[uz — Um”Lq(v) <C(n,q,V)Me (5.16)
Step 2: We want to show for any ¢ > 0 fixed, {u¢,} is uniformly bounded and equi-continuous.

s, ()] < / b= ) )y

€

1 1
SUP [t | oo vy = C (1) 8P [l 1 ) < C (. V) o M

1

sup||Vu;||Loo( V) > <Cn,V)om ontl

Moreover for any h > 0
|t (2 + h) — g, (2)] < [V (z)]|A]

M - |n|

sup [fup, (- +h) = Ul e vy < C(0, V)

Step 3: For any ¢ > 0 fixed, we want to extract a convergent subsequence {u,,,} s.t.

lim sup |, — iy HLq(V) <46 (5.17)
J,k—o00
First, in view of Step 1 (5.16), we choose &€ > 0 small so
R )
llur, — um”Lq(v) < 5 vV.m (5.18)

Since for any € > 0, {u;,} is uniformly bounded and equi-continuous, apply Ascoli-Arzela so that {uf, }
converges uniformly on V. In particular for L¢ norm

lim sup H Ly

J,k—00

Combining with (5.18) one satisfy (5.17).
Finally, choose a sequence of § approaching 0, and conclude via diagonalization argument.

Let’s make some remarks.

Remark 5.1.1. For any 1 < p < oo, W'P € LP. Notice for p > n, the compact embedding follows from
Morrey’s Inequality and Ascoli-Arzela.
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Sharpness Take any u € WP(B;) non-zero, and define dilations

ue () :u(g) Ve B

Then
[ =er [
€ Bl
”uaHLP*(BE) =er ||UHLP*(31)
/ [VuelP = 5""’/ |VulPdx
B. By
n_g
HV’U‘SHLP(BE) =er ”vu”Lp(Bl)
Notice
n_,_n
p p*
* np
p =
n—p
Thus if we consider the family
1
ve(x) = iu(g) Ve B
gp* g

We obtain a family uniformly bounded in W' norm, but also uniformly bounded in L?" norm. In fact since
LP norm is a nonzero constant, there does not exist any subsequence that converges in LP . However v, indeed
converges to 0 a.e. and in any LP norm with 1 < p < p*.
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5.2 Growth of Local Intergrals

In this section we dicuss tools we use.

5.2.1 Campanato

For any x € By and r > 0, denote

Ugp p 1= ][ u
B, (x)

Theorem 5.2.1 ([HL11] Theorem 3.1). If u € L?(By) satisfies for certain o € (0,1)
2 2a 1
][ U —ug | <7 Vae By re(0,;) (5.19)
B, (2) 2
Then u € C%*(By ). Moreover there exists C = C(n,a) > 0 s.t.

lullgon @z < € (1+ lullz(a,) (5.20)
Proof. Take any x € By /3. Consider sequence 13, = 2% for k > 1. Now

|uw,rk, - uE,Tk-H |2 < 2 (|u€1?,7“k - U({L‘)|2 + |’U,(.%‘) — Ug,ryyq |2)

g?(f |ux,m—u\2+f |ux,m1—u|2>
B B"k+1

(5:19) 2a 2
< 2(rg + i)

L

1
=201+ ﬁ)ria = C(a)ri® (5.21)
At each point z € By s, the sequence {ug r, }x>1 converges as 1, — 0. We define the pointwise limit as

w(z) == kli_>11010 Uz, e

By Lebesgue Differentiation, we know for a.e. x € By /o
u(z) = a(z)

We want to show @ € C (m) First note for each k, ugy ,, is a continuous function defined on ?/2 Also,
the RHS of (5.21) is independent of z. Hence this is uniform convergence in x, and thus as the uniform limit
of uniformly continuous functions defined over By 2, we know @ € C(By /2).

For the estimate of ||| CO(Brr3) for any k fixed (say 1), consider

a(x)é\f u—a|+\f y
By, (z) By, (z)

1 n
< C(n) Z ‘ul’ﬂ‘j - uzﬂ“j+1| + ,,Tn ||’u’||L2(BmC (z)) TkQ
ik k

< C(n,k,a) ZT? + llull2(s,)

Jj=k

<CO+ullam) V€ B
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Figure 5.3: Growth of Local Integral Holder semi-norm balls

For the Holder semi-norm, consider two cases. Take x # y € By /2, and denote d = |z — y| > 0

1. Assume d < ﬁ. Consider

lu(x) — u(y)| < Ju(@) =tz 24| + |ve 20 — vy 24| + |1y 20 — u(y)]
< Cla,n)d™ + |ug 24 — Uy 24|

How to estimate the last term? Consider any £ € Bag(x) N Bag(y). Notice that By(x), Ba(y) C Bag(z) N
Baa(y).

U 00 — Uy 2a|* < 2 (|ue,2a — w(€)? + u(€) — Uy,2d|2)

—2 f (w20 — w(E)? + [u(€) — 1y 24]?)
Bag(x)NBaa(y)

B
5 |Badl ][ i 20 — uf? + ][ 24 — u? this is the Key Step
|Bal \ JByu(2) Baa(y)

< C(n)d*®

IN

Thus
lu(z) — u(y)| < C(n, )|z — y[*

2. Assume d > Wlo' Then we directly use supremum norm to control. The subtlety is that here one need the

L? norm of u
u(z) —u(y)] < 2[Jullcomr) < CO A+ [lull2(p,))
< C(n, ) (1 + [lullp2p,))d”
=C(n, )1+ [|lullp2(p,))|lz —y|*

Corollary 5.2.1 ([HL11] Corollary 3.2). If u € H}. (B1) satisfies for a € (0,1)

1
][ [Vul> <r?*72 YV a € By, re (0, 5)
B, (x)

Then u € C%*(By,5). Moreover the estimate (5.20) remains true.
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Proof. Apply Poincaré
P [P

Then apply Theorem 5.2.1.

5.2.2 Calderon Zygmund Decomposition
Theorem 5.2.2 ([HL11] Lemma 3.7). Let f >0, f € L'(Qo), and assume for some fized positive constant

f<a
Qo

Then there exists a sequence of non-overlapping dyadic cubes {Q;} C Qo s.t.

fz) <a a.e. QO\UQJ-, a< Q f <2 vV Q;
J i

(af doron - gemmad,  Cube Mnfu+m,

(5.22)

Figure 5.4: Calderon Zygmund
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Proof. Let’s describe our algorithm.

1. We pick @ if

]éfzoz

2. If not, we cut dyadically the cube @ into 2™ subcubes. Then repeat the algorithm on each of the subcubes.

Consider the collection of cubes we’ve chosen {Q;}. They’re non-overlapping by construction, and at most
countable.
Notice the algorithm necessarily runs infinitely onwards, since if at some step fQ f > « for all cubes, then

the assumption JCQU f < a does not hold true.
For each @), one define its predecessor as

Q—Q Q is cut directly from Q

Now for each Q; € {Q;} that we pick, observe

f>a as required by the algorithm

Qj
 f<a this is why we cut Qj in the first place
Qj
Now ~
Q51 =2"1Qy|
so the second half of (5.22) holds
2’ﬂ
a< L f=— f<2t 4 f<2a
Qj |QJ‘ Qj Qj

For the first half, for a.e. 2 € Qo \ U I Q;, by the algorithm, there exists an infinite sequence of cubes Q’
(which we do not pick) containing z so

f<a Vi
Q‘i
Now by Lebesgue Differentiation Theorem

f(z) = lim f<a a.e.ero\UQj
J

71— 00 Qi
O
5.2.3 John-Nirenberg and BMO Space
John-Nirenberg
Theorem 5.2.3 ([HL11] Theorem 3.5). Let u € L'(Q) satisfy
f lu —ug | <M YV By(xz) CQ (5.23)
B, (z)
Then there exists positive pg, C > 0 depending only on n s.t.
f ertliuerl < ¢ (5.24)
B, (x)

Proof. We first simply our proof into cubes. Assume 2 = Qg and we change our assumption (5.23) so that
][|u—uQ|§M YV Q C Qo cubes
Q

One also assume WLOG that M = 1.

We claim it suffices to prove the following. There exists ¢;(n), ca(n) dimensional constants s.t.

Hr e Q| |lu—ug| >t} <ci-1Q|-e Vit>0 (5.25)
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Indeed, one may use distribution function to compute

/Q epolu—ual — / |z € Q| Ju(x) — ug| > t}|dt
0

(5.25) 00 .,
< C1p0/ et Qle”* dt = C1P0|Q\/ e T ldt
0 0

<l

where we’ve chosen pg = %02 and C as the rest.

Now we apply Calderon-Zygmund to prove (5.25). Using (5.23), one may choose o > 1 s.t.

][ lu —ug,| <1< a

0

We claim it suffices to show there exists a sequence of ‘sequence of cubes’ {Q;k)}]‘?‘;l C Qo s.t.
k 1
I < <ol vE=1 (5.26)
J

lu(z) —ug,| < 2"k -« a.e. T € Qo \ U ng) (5.27)
J
Let’s see why. The condition (5.27) implies

(5.27)
{z € Qo lu(z) —ug,| >2"-a} < (JQI
J

(5.26) 1
[z € Qo | lu(x) — ug,| > 2"k -} < Y IQ| < Q| (5.28)
J

Why is (5.28) useful? For any ¢ > 0, there exists k € N s.t.
2%k a<t<2™k+1) «
Now
n (5.28) 1
H{z € Qo[ Julz) —uq,| >t} < [{z € Qo [ [u(z) —uq,| > 2"k -a}| < —|Qo]

We need to bound a—lk Notice

1

—k

— (I log o
o —a-a (k+1) ae (k+1) log « t

< e 2"«

Hence one conclude (5.25) with « universal.
log o
{z € Qo [ [u(z) — uq,| > t}| < ae™ ="' Q]

Now we use induction to show existence of {ng)}]‘”;l
In fact, in addition to satisfying (5.26) and (5.27), one also want to ensure for technical reasons that

lu ) —ug,| < 2"k -« Yy (5.29)

Q®

1. For the base case, apply Calderon-Zygmund Theorem 5.2.2 to the function |u — ug,| so that there exists
non-overlapping cubes {le)};?ozl C Qo s.t.

a< ][(1) u—ug,| <2"a v QY (5.30)
Q;

u(@) —ug,| <o ae.  ze@\|JQ (5.31)
J
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(a) (5.27) is automatically satisfied at k£ = 1 due to (5.31).
(b) To ensure (5.29), notice

_ _ _ < _
g |]£2§_1)u ug,| < ]f?u ugy|

5.30)
( < 2"«

(¢) To see (5.26), notice

(67

w1 / — <l/ - <1
IS G Y f o el S T [t vl < (1o

(5.30) 1

1

Q1 L [ e,
Q;

2. Now assume for k& — 1, so we’ve chosen the cubes {qu*l)}. By assumption (5.23) for John-Nirenberg,
we know

]é(.k_l) |u — 'U/Q;k:—l)‘ <l<a Y (5.32)

Thus for any Q;kil), one may apply Calderon-Zygmund Decomposition. For each j we apply, thus there

exists a sequence {Qg?}fil - Qg»k*l) s.t.
n k
a< ]ig?’“.) lu — UQ;k—1)| < 2"« v ng) (5.33)
lu(z) — 'U;Q§k—1)| <a a.e. x € Qg-k_l) \U Q;? (5.34)
We collect all such cubes and denote
k k)q oo
@y = Uty
J
(a) Now for any j

(5.33) 1
(k)
Q1 < /Q(k') [ —ugu-n|
757

«
*) 1 _ 1 _
Z ‘Q]’,i | < Z « /Cg(k) Ju UQ;kil)‘ = « /Q(_kn [ uQ§k71)|
K3 7 It J
(532 1 oy
< QY
«
k k 1, (k-1
DL REDID D Do
J Jj oot J
1 1 1
SE'F@O' :J\Qo\

using inductive hypothesis

Thus we’ve checked (5.26) at level k.
(b) On the other hand, from inductive hypothesis we know

u(z) —ug,| <2k —1)-a  ae zeQo\|[JQI (5.35)
J

So on this set Qo \ U; ng_l)
[u@) — ugu| <27k -

is automatically satisfied. It suffices to consider the set

e\ (el
j ¢
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But
Ue” =Jye:
Y/ V2

S0
k—1 k k—1 k
o\ Uer =Ue (Uyet)
J L J [
k— k
- UQ§ Y \ UQ;)
J i
Thus on this set we can use (5.34).

|u(@) = uq,| < [u(@) — ugu—v] T uguen —ugl

—_—— —_———
use Calderon-Zygmund at k (5.34)  use inductive hypothesis (5.29)
<a+2"k-1) «

< 2"k -« a.e. T € UQ;kil) \U Qék)
j ¢

Thus (5.27) is satisfied at k.
(¢) Tt suffices to ensure (5.29). Now for any Q;k), WLOG assume of the form Qg{? that comes from

QEk_l), one obtain

‘quk) — UQ§k71)| = ‘quﬁ) — UQEk—1)| = ]é“f) u— qu.kfl)‘
gt
< — —
~ f;;’? |u qu 1)|
(5.33)
< 2"«
\uQ§k> —ug,| < \uQ§k> — uQ§k71>| + |UQ§k—1) —ug,| <2"a+2"k—-1)-a=2"k -«

Thus (5.29) is satisfied at k.

This concludes the proof. O

BMO Space In fact we define

[ulgmo®n) = sup {][ u— ux,r|dy}
BT(‘”)QR” Br(x)
= inf{M > 0| (5.23) holds in R"}

We define
BMO(R") := {u € Li,.(R") | [ulmo@n) < o0}

Proposition 5.2.1 ([Eval0] 5.8.1). Ifu € WE(R"™), then u € BMO(R™). Moreover there exists C = C(n) > 0
s.t.

[ulsmorn) < C(n) [Vull o gny

Proof. We use Poincaré with p = 1.

][ |u—ux7,«|§0-r-][ [Vul
B, (x) B, (x)
1 n—1
1 ! ! .
<Cor L / V| - / 1 Holder
| Br(2)] ( B,(x) ) ( B, ()
1
<C-r- (7[ |Vu|")
B, (z)

< C(n) (/B ( )|Vu|"> < C(n) [[Vul

Ln (R‘n)
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Example 5.2.1. log(|z|) € BMO(R™). One need to use that for any r > 0
log(|ra]) = log(r) + log(|z|)

Hence it suffices to consider B as ball of radius 1 centered at xqg. If |zg| < 1, then

/ |log(|])] < C
B

by noticing
1 1
/ log(r)dr :Ll,ggffﬂ'g—/ 1=-1
0 0
If [xo] = 1
] No(la)) = 1og ol < €

Notice log(|z|) ¢ L>(R™), but on the other hand

[ulBmo®rr) < 2 (vl e



Chapter 6

H! Theory

6.1 Existence and Uniqueness of Weak Solutions
In this section one consider elliptic operator of the following form
Lu = —0;(a;;0;u) + b;0;u + cu
with a;; = aj; symmetric and the operator uniformly elliptic
aij(z)6; > NE> VaeeQ, VEeER"
For simplicity we assume a;j, b;, ¢ € L>°(2).

Definition 6.1.1 (Weak Solution). For f;, g € L*(Q), we say u € H'(Q) is a weak (generalized) solution to
the inhomogeneous equation
Lu=g-0fi Q

if
/ a;;0;ud;v + b;Ojuv + cuv = / gu + fi;Ov YVove H&(Q)
Q Q

Moreover, if we impose boundary data o € H'(Q), we say u is weak (generalized) solution to the generalized
Dirichlet Problem

6.1
U= 0N (6.1)

{cu =g-0.fi ©
if u is weak solution to Lu =g — 0;fi in Q and u — ¢ € H} ().
Remark 6.1.1. Note for ¢ € H'(Q), one redefined @ = u — ¢ so that for u a solution to (6.1), @ solves

Li=g—0ifi—Lp Q
u=0 o0

Hence it makes sense to assume for zero boundary data. In other words, u € Hg(Q).
Notice that in this case, both sides of the equation make sense in the duality pairing between H~1 and H}.

6.1.1 First Existence and Lax-Milgram
6.1.1.1 Lax-Milgram

One view the above as bilinear operator.
B(u,v) = / a;;0;u0;v + b;0;uv + cuv Y u, ve Hy(Q) (6.2)
Q
Hence we call u a weak solution (with zero boundary data) to Lu = g — 9, f; if

B(u,v) = (g — 0;fi,v) Ve Hy(Q)

where the RHS denotes duality pairing between H~1(Q2) and H}(Q).
Let’s quote the essential tool.

200
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Lemma 6.1.1 (Lax-Milgram; [EvalO] Theorem 6.1; [GT01] Theorem 5.8). Let B : H x H — R be bilinear
functional over H Hilbert space. Assume

1. B is bounded (continuous), i.e., |B(u,v)| < C|ull||v| for any u, v € H

2. B s strongly coercive, i.e., there exists ¢ > 0

cllul|* < |B(u,u)] VYueH

Let f € H* be any bounded linear functional over H. Then there exists unique u € H s.t.
B(u,v) = (f,v) Yve H

Proof. Recall Riesz Representation. Note for u € H fixed, B(u,-) is bounded linear functional. By Riesz, there
exists unique w € H s.t.
B(u,v) = (w,v) YveH

where the RHS denotes the inner product induced by H. One wish to write w = Au for A an invertible (linear
isomorphism) mapping. Is it?

1. We check A is bounded and linear. Indeed
(A(auy + Busg),v) = Blauy + Pug,v) = a(Aug,v) + S(Aus,v)
and

| Aul|* = (Au, Au) = B(u, Au) < C'|Jul || Au|
| Aul| < C |lu]

2. Let’s use the coercivity condition.

cllull* < Blu,u) = (Au, u) < [|Aul| ||u]
¢lull < [|Aul|
Hence if Au = 0, necessarily u = 0, and this gives ker(A) = {0}, thus injectivity of A. On the other hand,

if Auy is Cauchy in H norm, then the inequality implies uj is Cauchy, hence by completeness there exists
u € H s.t. up — u. Now by continuity of A

Au = A(klim ug) = klim Auy,
— 00 — 00

so the limit exists in H. Thus the range R(A) is complete subset of a complete normed vector space, thus
R(A) is closed.

3. We check in fact R(A) = H. Assume not, then R(A) as a closed proper subset, and H admits a decom-
position H = R(A) @ R(A)*t. Take @ € R(A)L. Then
el < B(w,w) = (Aw,d) =0
Which forces w = 0.

Thus A is bounded linear bijection between H. Now consider the linear functional f € H*. By Riesz, there

exists unique w € H s.t.
(f,v) = (w,v) VveH

Since A is linear bijection, A~ is linear mapping. Since A~! is bounded due to coercivity conditon, A defines
a linear isomorphism, hence there exists unique u € H s.t. Au = w. O

Remark 6.1.2. Notice if B is symmetric, then B(u,u) itself defines a new inner product on H, and Riesz
direct applies. The power of Laz-Milgram lies in that, it does not require any symmetry of B.
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6.1.1.2 Energy Estimate and first Existence Theorem

The question now leads to, for which kind of coefficients of the elliptic operator are B strongly coercive?
Let B be defined as in (6.2). A trivial energy estimate ([F-val0] Theorem 6.2;; [GT01] Lemma 8.4) gives

)\/ \Vu\zS/aijaiuﬁju:B(u,u)—/biaiuu—cuz
Q Q Q

smmw+wwéwwm+wu/ﬁ

§B(u,u)+05/|Vu|2+9/u2+0/u2
Q € Ja Q

i/ \VU\QSB(u,u)—i—C/uz
2 Ja Q

O lulfyey < Bl +7 [ o

For some 6 = 6(n, A, ||b]| c|l) > 0and v = y(n, ||b]| c|lo) > 0. Hence if we instead consider

oo | oo |

B, (u,v) := B(u,v) —I—u/ uv You,ve H (Q)
)

for any p > +, the bilinear form B,, is strongly coercive.
Theorem 6.1.1 ([FvalO] Theorem 6.3). There is universal v > 0 s.t. for any p > v the weak generalized
Dirichlet problem

Lu+pu=g9—0fi Q
u=0 00

admits unique weak solution v € HY(Q). In particular, if one denote L, =L+ pl, the map
L£;':H ' = Hj
g—0ifi—ru
Defines a bounded linear operator (due to strong coercivity condition).

Note in particular for Dirichlet Energy, B(u,v) := fQ Vu - Vo, using Poincaré, any p > 0 suffices.

6.1.2 Fredholm Alternative Theory
6.1.2.1 Fredholm Alternative

Definition 6.1.2. Let X,Y be normed vector spaces. A bounded linear operator K : X — Y is compact if for
any {ug} C X bounded sequence, the sequence {Kup} CY is precompact in'Y, i.e., there exists a subsequence
uy; s.t. {Kuy,} converges inY.

In the following we demonstrate the Fredholm Alternative Theory. The Theory concerns compact linear
operators from a space into itself as an extension of the theory of linear mappings in finite dimensional spaces.

Theorem 6.1.2 ([GT01] Theorem 5.3). Let T be compact linear mapping of a normed vector space V into
itself.
Then

1. either
ker(I —T) # {0}

i.e., the homogeneous equation x — T'x = 0 has a nontrivial solution x € V

2. or I —T is a linear isomorphism from V to itself, i.e., for each y € V, the equation
r—Tr=y
has a uniquely determined solution x € V. In this case, (I —T)™' : V — V remains a bounded operator.

A technical lemma of Riesz for normed vector spaces.
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Lemma 6.1.2 (Riesz Lemma; [GT01] Lemma 5.4). Let V' be normed vector space and W C 'V a proper closed
subspace. Then for any 6 < 1, there exists xg € V s.t. |||l =1 and

dist(wg, W) = inf [y — g > 6 6.3
ist(w, W) = Inf [ly — o] > (6.3)

Proof. Since W is proper closed subspace, for any x € V' \ W, d := dist(z, W) > 0. Using definition of infimum
and the fact that W is linear subspace, for any 6 < 1, there exists yg € W s.t.

d
_ < Z
e~ woll < 5

We define
T — Yo

= — so that lzgl| =1
Iz = yoll

Tg
Now

dist = inf |lzg — y|| = inf ||z — yo — ||z —
ist(vg, W) = 1nf [lzg — ] inf |z —yo —llz —yol ¥l

[ = yollv

d
> ——dist(z, W) = —— >
1z = yoll Iz = yoll
O
Proof of Theorem 6.1.2. In this proof we denote S =1 —T.
1. We begin with investigating ker(S). We claim that there exists constant C > 0 s.t.
dist(z, ker(S)) < C'||Sz|| VeeV (6.4)

Assume for contradiction, then there exists a sequence {z,,} C V s.t. ||Sx,|| = 1 and d,, := dist(z,, ker(S)) —
oo. The clever construction is to take a sequence {y,} C ker(S) that is close to the projection of x,, onto
ker(S). In particular, using ker(.S) is linear subspace, one may take y, € ker(.S) s.t.

dn < ||lzn —ynl <2dn Vo
We want to construct a bounded sequence. To do so, simply take

_ 1
Zp = M so that ||Zn|| = ]-7 ||SZ7L|| =

1
|[Szn]|=— —0
Zn — ynll d

”'rn - nH n
Hence Sz, — 0 in norm. On the other hand, using ||z, || is bounded, the trick of compact operator is to
extract a strongly convergent subsequence

Tan —z0€V

Hence
Zn; = Szn; +T2n, — 20 €V
Using linearity and boundedness of S, necessarily zg € ker(S). Where do we seek for contradiction? Now
consider the distance
1

TEETY lnf Ty — — |z, —
Ton — gnllyerd g lon = vm =l = ynll ¥l

dist(zp, ker(S)) = inf |z, —y| =
itz ker(S) = inf |z~

Now since ker(S) is a linear subspace, yy,, y € ker(S), indeed

dn, 1

_ > = Vn
1Zn — ynll 2

dist(zp, ker(S)) > dist (2, ker(S)) =

||$n - yn“

Hence this is contradiction to z, — zg € ker(95).

2. Next we investigate the Range of S. We claim R(S) is closed subspace of V. To see this, take any
sequence {x,} C V s.t. {Sz,} converges to some y € V. We want to show there exists z € V s.t. Sz =y.
We take {y,} C ker(S) as above s.t.

dy, = dist(xy,, ker(S)) < ||zn — ynll < 2d,

Using (6.4), since {Sx,,} is convergent, hence bounded, we know d,, are bounded in n, thus wy, := x,, — y,
are bounded. Using T is compact operator, there exists a subsequence s.t. {Twnj} converges to some
wg € V. Now

W,y = Swnj +Tw,, = Smnj +Tw,, > y+w €V

Using Linearity and boundedness of S we know Sw,,; — S(y + wg). On ther other hand
Swy,; = Stp, =y
Thus y € R(S).
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3. We claim ker(S) = {0} implies that R(S) = V. First consider a non-increasing sequence of linear spaces
R/ := R(S7). We claim there exists £ € N s.t. the sequence terminates R’ = R’ for any j > /. Assume
not, then one constructs a proper nested sequence RY. Now for each RY 2 Rt using (6.3) one may

construct z; € R7 s.t. ||z || =1 and
- 1
dist(z;, R7T) > 3
Now for any n < m
. 1
T2y — Tzl = |20 — S2p — T + S| = |20 — (STp + 2y — S| > dist(x,, R"T) > 3

using the structure of S =71 —-T

But {z;} is bounded sequence, and in this construction 7'z; has no convergent subsequence. Hence a
contradiction to compactness of 7.

Now we use ker(S) = {0}. Take any y € V, now S’y € R* = R*! hence there exists z € V s.t.
Sty =81 — Sty —Sz)=0
Since ker(S) = {0}, this forces y = Sz.
4. We claim R(S) = V implies ker(S) = {0}. Consider a non-decreasing sequence of linear spaces N7 :=

ker(S7). We claim there exists £ € N s.t. N = N7 for any j > £. Assume not, for each N7 C N/*! using
(6.3) one construct z;41 € N9 sit. ||zj41] =1 and

dist (2741, N7) >

DN | =

Now for any n < m

Ty — Tam = ||2m — (20 — Sz + Szm)|| >

N | =

A contradiction to T' compact.
Now we use R(S) = V. Take any z € N’ so Sz = 0. Since x € R(S) = V = R(S*), there exists y € V
s.t. Sty = x, hence S*y = 0so y € N*. But N2 = N’ hence 0 = S’y = «.

5. Now in the case ker(S) = {0} and R(S) =V, y = (I — T)~'z is well-defined linear map. Now in view of
(6.4)
JI-T)" 'y <Clyll VyeV

So S~ is bounded linear operator. Thus S is invertible, i.e., a linear isomorphism between V.

O
6.1.2.2 Spectral Theory
Definition 6.1.3. 1. A € R is eigenvalue of T if there exists non-zero element x € V' (eigenvector) s.t.
Te = \x
2. FEigenvectors corresponding to different eigenvalues are linearly independent.
Proof. Assume vy and vq are eigenvectors corresponding to A1 # Ao
Tvy = Ay, Tvs = Aoy
Assume cjv1 4 cove = 0 with ¢1,¢o # 0. Then plugging v; = %(1:2’[)2 into the first expression and using
linearity of T' gives A\; = Ao. For general n do induction. O

3. We define the multiplicity of A as dimension of the eigenspace

ker(AI —T)

4. If X € R\ {0} is not an eigenvalue of T, then by Theorem 6.1.2 the resolvent operator (\ — T)™! is
well-defined, bounded linear operator of V.
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Spectral Theory for Compact Operators

Theorem 6.1.3 ([GT01] Theorem 5.5). Let T' be compact linear mapping of a normed vector space V into
itself.
Then

1. For any A # 0 as eigenvalue of T, ker(A — T') is finite dimensional.
Proof. Assume not, so dim(ker(Al — 7)) = co. In a infinite-dimensional normed vector space, the unit
ball is not compact, hence one may find a sequence {z,,} C ker(A — T') s.t. ||z,|| = 1 yet there does not

exist any convergent subsequence. By then using 7' is compact, for the bounded sequence x,,, there exists
convergent subsequence T'z,; — y. But then

Ay, = (M =Ty, +Tap, =Tw,, =y

one has a contradiction. O
2. The set of eigenvalues for T is at most countable.
Proof. Let K denote the underlying field of V. Tt suffices to prove for any n € N\ {0},
Spi={A € K | X eigenvalue of T', |A| > %}

is finite. Assume not, so for some ng fixed, Sy, is infinite, and one may take a sequence of distinct
eigenvalues A\, € S,,. For each k, take some vy corresponding eigenvector. Consider the increasing
sequence of linear subspaces

M,, := Span{vy,--- ,v,}

Since we assumed A\ to be infinitely many, hence infinitely-many linearly-independent eigenvectors, we
know M, is always proper closed subset of V', and M,,_y C M,,. Thus using (6.3) one construct z,, € M,
s.t. ||zn]| =1 and

dist(@p, Mp—1) >

N | =

Now for n > m one consider
Tz, — Tzm| = | Anxn — A — T)xn — An@m — (A — T) @ ||
Since z, = Y., ¢;v; for v; € ker(\ I —T')

n—1

()\n - T)xn = Z(/\n - )\i)civi € My_1

=1

Where the latter indeed belongs to M, C M,,_1. Thus

1
| Tzn — T > |An|dist(zn, Ma_1) > —
2710

Hence T'z,, does not possess any convergent subsequence, contradicting compactness of T'. O

3. The countable set of eigenvalues have no limit points except possibly at A = 0. If not, the set of eigenvalues
is finite.

Proof. Assume A\ — A\ # 0 finitely many, then S . contains infinitely many eigenvalues, a contradiction

to the previous result. O
6.1.2.3 Fredholm Alternative in Hilbert Spaces
Definition 6.1.4. Let T be bounded linear operator on Hilbert Space H. The adjoint of T is T* : H - H s.t.
(T*y,z) = (y, Tx) Va,ye H
We collect some facts

1. If T is compact, T* is compact as well ([GT01] Lemma 5.9).
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2. For any bounded linear operator T': H — H ([GT01] Lemma 5.10),

R(T) = ker(T*)*

Proof. Assume y € R(T) so there exists x € H s.t. Tx =y, then for any v € ker(T™)

(9,v) = (T2, ) = (2, T"v) = 0

Hence y € ker(T*)*. Since the RHS is closed, R(T) C ker(T*)1. On the other hand, suppose y ¢ R(T),
by projection theorem there exists unique decomposition

Y=y +Y

where y; € R(T) and ys € R(T)L \ {0}. Now for any z € H

0= (y27T$) = (T*y27m)

Hence y € ker(T*). Thus using y; € R(T) C ker(T*)+

(y2,9) = (y2,91) + ll2ll* = [ly2l|* # 0

Hence y ¢ ker(T*)*. O

In particular, for I — T where T is compact, since Theorem 6.1.2 shows R(I — T') is closed, one obtain
R(I —T) = ker(I — T*)*
Theorem 6.1.4 ([GTO1] Theorem 5.11). Let T : H — H be compact operator from H Hilbert Space to itself.
Then there exists a countable set A C R\ {0}, with no limit point, except possibly at 0, s.t.

1. for any X € A,
0 < dim(ker(AI —T)) = dim(ker(A] — T™)) < 00

and

(a) The equation
A=T)z=y

is solvable iff y is orthogonal to ker(A —T™*), i.e.

(y,v) =0 VA=T =0

(b) The equation
MNM-TYx=y

is solvable iff y is orthogonal to ker(AI —T), i.e.
(y,v=0) VAN -Twv=0
2. for any A ¢ AU {0}, the equations
(M —T)x =y, N -THzx =y

are uniquely solvable for any y € H, and the resolvent operators (A\I —T)~1, (\I — T*)~! are bounded.

6.1.3 Second/Third Existence and Fredholm Alternative
6.1.3.1 Second Existence Theory

Let’s see how we make use of the Fredholm Alternative. We look at the most general Dirichlet Problem with
zero boundary data, for some F' € H~1(Q)

(6.5)

Lu=F
u=20 o0

From First Existence Theorem 6.1.1, we know there exists certain v = v(£) > 0 s.t. the operator

L,:=L+~I:Hf - H"
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is invertible, i.e.
£7':H ' = Hj

is well-defined bounded linear operator. First, notice if v = 0 we’ve happy. Hence in the following we assume
v > 0. Here I : H} — H~! is understood as natural imbedding. In view of our problem (6.5), we seek for
u € H(Q) that solves

Lou=~vylu+F

Since yu + F € H™!, we invert so
uzﬁ;l(vlu—&—F)

u now solves

U — 'yﬁ,;lfu = E;lF
Define K :=~L7 'T. One may thus view K as a bounded linear operator
K:H} — H}

In fact it also makes sense to view K as bounded linear operator from L? to L2. We do not specify the inner
product that choose, as (-, -) denoting both H! and L? inner product shall work. I believe in Evans they used
L2

The key observation is as following.

Lemma 6.1.3 ([GT01] Lemma 8.5). The operator K is compact.

Proof. We decompose I = I, where

Iy: HY — L?
uU+—u
L:I?—> H!

u»—)ﬁu(v)::/uv Yove Hy
Q

By Rellich Compactness Theorem, H' compactly embedds into L? in any dimension, hence the embedding I,
is compact. Since I is bounded linear, thus continuous, and continuous composition with compact operator
remains compact. L ! is again bounded linear, thus its composition with I remains compact. O

Define h := L LF € H}. Now one may apply Fredholm Alternative to look at the equation
u—Ku=h
Using Theorem 6.1.4

1. either w — Ku = h is uniquely solvable for any h, in which case our Dirichlet Problem (6.5) is uniquely
solvable for u € HZ(2) given any F € H—1().

2. Or the homogeneous equation
u—Ku=0

admits nontrivial solution u # 0.

In the first case, one obtain the nice bound ([GT01] Corollary 8.7)

gy = 10T = )l gy < (|1 = )| 1A

1 -1
Ty 16 Fllg

5]

= e Ml (6.6)
T
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The Alternative In the following we investigate the second case.
Let’s first study what the adjoint of K, K* : H} — H} looks like. Recall £ : Hi — H~!, and our bilinear
form looks like

B(u,v) = (Lu,v) = / a3;0;u0;v + b;0juv + cuv
Q

What if we think of an operator acting on v, and then pairing with u, which gives the same outcome? In this
case one define a formal adjoint
Lv = —0;(a;;0;v) — 0;(biv) + cv

so that £* : H} — H~! satisfies

(L*v,u) := B(u,v) = (Lu,v) Y ue Hy
Now, since £* and L give the same bilinear form, the v = v(£) = v(£*) > 0 remains invariant.
Lemma 6.1.4. K* = 'y(ﬁi;)*lf : HY — H{ is the adjoint of K.
Proof. For any u € H}, w = 'y(ﬁfy)’lfu defines the unique weak solution to

(LY +y)w =~u
i.e., w uniquely solves
/ aij0;v05w + bidivw + (¢ + v)vw = (LIw,v) = (v, u) YveH)
Q

where (-, -) denotes the inner product induced by the Hilbert space. In particular, if one choose v = YL Tz =Kz

to be unique weak solution to
(L+yv="z

then for our particular choice of w
/ a;;0;00;w + b;0;vw + (¢ + y)vw = (Lyv, w) = vy(z, w)
Q

But notice by definition of L,
(Liw,v) = (Lyv,w)

Hence
(Kz,u) = (v,u) = (z,w) = (2,7(£3) " )
And thus y(£%)™! = K*. O
Now we're ready to say something more in the second case ([Eval0] Theorem 6.2.4).

1. We know 0 < dimker(/ — K) = dimker( — K*) < co. Now ker(I — K) are precisely the vector space of
weak solutions to the homogeneous equation

Lu=0 Q
u=0 09
Hence the dimension of such space is finite, and equals the dimension of the space of weak solutions to
the homogeneous equation
Lv=0 Q
v (6.7)
v=20 o0

2. We know R(I — K) = ker(I — K*)*. Hence u — Ku = h has a solution, i.e., a solution to (6.5) exists (no
matter unique or not), iff
(h,v) =0 Vo—Kv=0

But by extending the definition of adjoint,
1 1 L1
(h,v) = (=KF,v) = —(F,K*v) = —(F,v)
Y Y Y

Thus
0= (F,v) V v weak solution to (6.7)
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6.1.3.2 Third Existence Theory
Let’s fix our operator £, F € H~ () and consider the problem

(6.8)

Lu= +F
u=20 o

We take v = (L) > 0 from First Existence Theorem 6.1.1. WLOG assume v > 0. Notice also due to First
Existence Theorem, necessarily
—AZ=7

WLOG we take 0 > A 4+ . Then

Lyou=(y+NIu+F
w=(y+ AL Tu+ L'F

A
u=2 2Kyt L1

Y -1
- Ku=—-L"F
7+Au U e

Notice by Fredholm-Alternative, the equation is uniquely solvable iff the homogeneous equation has only the
trivial solution, i.e.
u—Ku=0 < u=0

vHA
This is to say, iff 71—)\ is not eigenvalue to the operator K. Since for K compact, the set of eigenvalues is at
most countable, and the only possible limit concentrates at 0, one obtain ([Eval(] Theorem 6.2.5)

1. There exists at most a countable set A C R s.t. (6.8) has a unique weak solution u € H}(Q) for any
FeH 1Y) iff X ¢ A.

2. The set A is either finite, or A = {\;}32, where

A — 00
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6.2 Maximum Principle and Dirichlet Problem

We consider
Lu = 6¢(aijaju + blu) + ¢;0;u + du

with measurable coefficients s.t.

MEP < aij&ig; < A

and other coefficients bounded.

We say u solves
Lu = f+divg Q

We remark that existence, uniqueness and maximum principle holds under the sign condition convention
that
divb+d <0

i.e.
/dw—biaisoso Ve>0 peH)

Maximum Principle Let’s assume

Lu = ai(aijﬁju)
Theorem 6.2.1 (Maximum Principle). If Lu > 0 and u™ € H}. Then u <0 in Q.

Proof. Take u™ itself as test function s.t. u™ >0

OZ /aijﬁiuajqﬁ :/aijﬁiu+8ju+

> A/ IVt |2

Dirichlet Problem

Theorem 6.2.2. For any p € H'(Q), f, g € L?, there exists a unique u € H () s.t.

Lu=f+divg Q
u—apEH&

Moreover

[ull g < € <||f||L2 + > lgill e + ||50||H1>

If A is symmetric, u comes from minimizing

1
E(u) =/§(Vu>TAVu+fu—g~w u— € Hj
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6.3 Eigenvalue Problem
We consider divergence form uniformly elliptic operator
Lu = —div(AVu)

where A = a;; € C*(Q). Assume symmetry and uniform ellipticity.
The operator L is thus symmetric, and the associated bilinear form writes

B(u,v) := / aijOudjv Y u, v € Hy(Q)
Q

Assume () is connected.
Theorem 6.3.1 ([Fval0] Theorem 6.5.1). Let £ be symmetric uniformly elliptic operator as above.
1. Fach eigenvalue of L is real.

2. There exists a sequence of eigenvalues
E={ i

counting multiplicity s.t.
O< A <A<

and A\, — o0.

3. Corresponding to 3, there exists an orthonormal basis {wy}32, of L*(2) where wy, € H} () is an eigen-
function to g

Ewk = /\kwk Q
Wg = 0 o0

From Differentiability we know wy, € C*(£2).

We define
A1 >0

as the principal eigenvalue of £ in (2.

Theorem 6.3.2 (Variational Principle for Principal Eigenvalue; [EvalO] Theorem 6.5.2). Let £ be symmetric
uniformly elliptic operator as above.

1. A1 is computed via the Rayleigh Quotient
At = min{B(u,u) | u € HYQ), [[ull g2 = 1}
B(u,u)

min 5
wEH(Q), uzt0 ||U||L2

(@)
2. The minimum is attained by wy that is strictly positive in ), that solves

L:U)l = )\1’[1}1 Q
w1 = 0 o0

3. The principal eigenvalue A1 is simple, in other words, if u € H}(Q) is any weak solution of

Lu=\u €
u=0 o0

Then w is a multiple of wy.
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6.4 Differentiability

In this section we consider the equation
Lu = —83' (ai]@iu) + b;0;u + cu = f

where a;; is symmetric and uniformly elliptic with parameter A > 0. Let f € L?(f).

H? Differentiability

Theorem 6.4.1 ([-val0] Theorem 6.3.1; [GT01] Theorem 8.8). Let u € H(Q) be weak solution to
Lu=f Q

Let a;j € C%', by, c € L™ and f € L. Then u € H2 ,(Q), and in particular for any Q' € Q

el 2y < O 21, Nl go > 18l - lelloo) (el gy + 1122

Proof. Let v € C§°(€2) to be chosen. Then using that u is a solution

/ aijOjudjv = / fv— (b;0;uv + cuv)
Q Q

Take any ' € Q, and take 2|h| < dist(€',Q). If we instead plug in the test function as difference quotient
V. (x) = w, then using discrete integration by parts

/aijaiuv,;hﬁjv: —/ Vﬁ(aijaiu)ajv
Q Q

= / (f — b;0;u — cu) V,;hv
Q

We look at the term with highest derivatives. Using Product rule (note the second term on RHS is precisely
where we need differentiability of a)

Vi(aijoim) = aij(x + hey)Vidiu(z) + diu(z)Viai;(x)
One has

/ a;j(z+ hek)VZ(‘)iu(x)ajv = —/ 8iu(x)VZaij(x)8jv(J;) — / (f — bi0u — cu) V,;hv
Q Q Q

The point is now, both d;v and V"v one has control via | V||, and all derivatives on RHS are of lower orders.
One may thus deduce a uniform estimate on the difference quotients for 0;u, leading to second order derivatives
estimates.

To make the idea precise, let n € C§°(Q) with 0 <n <1,np=1o0n ¥, |[Vn| < Now we set

v =n’Viu
as the difference quotient and compute
0;(1*Vigu) = 200,V u + 0’ Vi dju
Vi P Vi) (@) = i (x — hew) Vi "Viu(@) + Vi "y () Viu(x)

Let K = K(Q,Q,n,|lallco1 bl » llcllo) be the constant that bounds all coefficients of the equation, as well
as 1. So the equation writes via Young’s (for & small universal)

/Qa,-j(x + hek)nzvzaiu(x)vl,gﬁju = — /Q 2n0;na;;(x + hek)Vzaiu(x)VZu
- [ duu(e) iy (o) 200, -+ 77500
B /Q (f — bidhu — cu) (11 (z — hey) Vi "Viu(x) + Vi 2 (2) V()
< i ([ ol + [ 19 huw)P)
+ KC(e) (/ |Vhu? +/ |Vul? +/ u? +/ f2>
Q Q Q Q

1
3 19Vl < Kl oy + 11 0)

where the last inequality uses uniform ellipticity, and choosing ¢ small depending on K, A. Since this estimate
is uniform in h, one has u € H%(Q') along with the desired estimate. O
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In fact one may replace the above |[ul| ;1 (q) With [ul| 2o

Lemma 6.4.1 ([GT01] Exercise 8.2). Let u € H*(Q) be weak solution to Lu = f in Q with X\ uniform elliptic
constant, a;;,b;,c € L, and f € L2. Then for any Q' € Q one has

lell sy < © (Nl ooy + 1/ 22

Proof. Caccioppoli. O

Domain Deformation Divergence Equations preserve naturally when changing variables. Assume u solves
Lu = —div(A(z)u(z)) + b(x) - Vu(z) + c(z)u(x) = 0, Q, CR"

ie.,

0= /Q Vo(z)T A(z)Vu(z) + b(z) - Vu(z)v(z) + cuv Ve Hy(Q)

x

Consider a bi-Lipschitz transformation

U:Q, — 0y
Ty = \II(‘%‘) = (wl(x), o ﬂﬁn(@)

Then we consider

We compute

But remember there is Jacobian as a result of change of variables under the integral

5] = |det(Dw )] > 0
So we define
A A el
) ek (DY~ )

In other words 3 . )
La = —div(A(y)Va(y)) +b- Vi(y) + ca =0 Q,

Notice £ remains a uniformly-elliptic operator.
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6.5 Schauder Theory for Divergence Form Equations
Theorem 6.5.1 (Savin Analysis IT 2026). Assume

Lu = f+divg B,
where Lu = 0;(a;j05u) with a;; € C, g€ C% for 0 < a < 1. Let f € L? for p > n with

O<a<l- n
b
Then u € C1*(By) and
[ullora @z < € (lull e + 1 £z + llgllco.s) (6.9)

Lemma 6.5.1. Assume a;;(0) = d;;, g(0) = 0, and for 6 > 0 universal to be chosen
laij = dijlloo + llell 2 + 11l Lo + ll9glloa <6
We claim there exists p € (0,1) universal and a sequence of bounded linear function €, s.t.

f (u — £,)%de < r?T2e (6.10)

where r = p* for any k € N,
Proof. For k = 0 done. Assume for 7 = p*. Rescale

a(x) == rli-a (u—2.)(rx) VaoebB

Rescaling.
What does @ solve? Rewrite

u(z) = r1+aa(§) +0(x) VazeB

In particular let
gr(‘r) =prt¢ -z

so that
dju(x) = raaja(f) +0;4, ()

dju(ry) = r*0;u(y) + (¢:);  y € B
aij(ry)Ou(ry) = r%ay (ry)0;u(y) + ai;(ry)(qr);

Now be careful the next derivative is in 9.
For rescaling x = ry,

ds, = 20,
;
Thus
O, (aij (ry)Oju(ry)) = Ox, (r®ai;(ry)d;u(y) + aij(ry)(ar);)
~0y, (a3 (ry)Du(ry)) = 0y, (ass(ry)O5ily) + as(ry) ar);)
But the LHS write
0y, asg(ry)Dyulry) = O, i (2)0u(2) = £ () + divg(2)
= f(ry) + vy g(ry))
while RHS writes

%% (r%aq; (ry)0(y) + ai; (ry) (ar);) = vy, (435 (y)d;u(y)) + 1" 9y, (a3 (y)9;¢r)

where
aij(y) = ay(ry) Vye B
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so aligning both yields

r* 10y, (i (y)0;u(y)) + 110y, (ai;(y)0;tr)
r' = f(ry) + v divy (g(ry)) — v~ 9y, (a3;(y)0;¢y)
r' = f(ry) + 7~ divy (g(ry) — ai; (y) Ve,

= f(y) +divyg(y)

flry) + %divy(g(ry))
Ay, (aij(y)0;u(y))

where

f)=r'=fy), g =1 (9(ry) - (Aly) - DVE,)

Since g is under divergence and V/, are constants, we will squeeze in A(O) = [ inside. So the final rescaled

equation solves ~
81(&”8]11) = f+divg B: (6.11)

f Forcing Term.
Look at

Flp — (1—a)p Py — p(l—c)p—n p
/Blm r /Bllf(ry) dy=r /If(fc)l dz

"

Now assume f € LP, but when is the factor in the front finite? We need
I-a)p—n>0 < a<l-2
p

In particular for the integrability of f, p > n can be expected.
Thus

a)p—n

1fll. <0r " < C6

g Term.
Look at

13l sy < € (gllcons,) + Nais =3l s, [VEr])
<Cs

Using we have a bounded sequence of linear functions, and our initial smallness assumption.

Construct w a harmonic replacement in B ;.
Now let w be harmonic replacement of @ in B;/, with same boundary data as @ on 0B /3, so

’EL—’lUEHé(Bl/Q)

Now we see what o — w solves

(6.11)

0;(a;;0;(t — w)) f+divg — 0;((aij — 0:;)05w + 8:85m) using w harmonic
= f+div(§ — (A —I)Vw)
Notice
[ 1vub <l <€
B2 ~—
Caccioppoli

simply because w is minimizer to Dirichlet energy as harmonic function, and the latter is bounded due to
Caccioppoli. Thus with force small

|F+aivg—a-Dvw)|  <cs

-1
One obtain immediately via the a prior bound (6.6) that

@~ wllggy s, ,) < CO

Choice of next iteration Thus for p < 1/2

][ i —w|* < C&%p™"
B

P
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Take the linear part of w
Ly = w(0) + Vw(0) - x

so that by C? interior estimate
|lw _EwHLOO(BP) < |’D2w||oop2 < Cp?

][ (ﬂféw)Qg][ \ﬂ7w|2+][ \wffw|2
B B B,

S C&Qp—n+cp4

want to choose

<

Thus

2+2«

By first choosing p small then § small.
Thus

1 1
{ e = bt o <2

P

;f7 fu(rz) — £, () — P (@) < (rp)?H2
B

P

F @) - 6= eGP < rpp e
B

rp

But recall 7p = p*F+1. so we've verified at k + 1 for (6.10).

216
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6.6 De Giorgi Theory
We study
Lu := div(A(z)Vu(zx)) Voeb
for A uniformly elliptic, i.e., there exists A\, A > 0 s.t.
M<|A(@)| <A VzebB

Most importantly, we assume no regularity on A, i.e., we only need A € L>(By).

6.6.1 From L? to L™
Theorem 6.6.1 (L? — L; De Silva Analysis I 2025). Assume u € H*(By) subsolution

Lu>0 in By in the weak sense

Then for u* := max{u, 0}

HU+||L0°(B1/2) S C(na /\7A) HU+HL2(Bl) (6.12)



CHAPTER 6. H' THEORY 218

ﬁ*- @ (e Gotg, Nosh |Axner
|
fuso By wmd g < (i,

) A 2 | J'Gy‘_“"h =0
choe . 1l g Ryt B ‘
Jﬂ‘%ﬂl (JF rufall / fle (T:‘r)- s
s [t ot , tuclon
2 _ " A
+4 vl iy B & v th
éf/dnf,.‘ Y L'l ) | {w7s) ﬂﬂr.s & , -

hie g w1 ghde a A
W:Ho1 5 [ Unrq'wzm” ) qwa;ngjﬂ] ]

‘tut ety oY e z |
.Jq,‘l 4-1«-{‘“ “ J.,, 1 ,'“‘Ac‘_'g ,Jar“'p,Jr?j. BEES: '21“| A ;:‘
-7 [x 'rh'\ - e / fr i{“{‘fw G ‘/12 ‘b fwll-
{lk o tlu-T i:' | - Jk’

il | 9iliis :f,\, M- tuy 4 ?; \,{107 Bﬂo f%d—w‘

R

ke th

1C
w2 €2 e [t B [T
/ \ u ((\" ak,
S owbe whte gt @ e ey 24
\ | . "
jﬂ %eu‘?{hl < J QV'('M,tf"l))7 5 - Ol - |
fk’" 'ﬂJ%—\ 2
L A

e G g

\47 5 [ = = -
£ ) < £

S _oMen ar s L 2}{ " ovl'c-."' |
\/(AM "h LI/\)-J

3“‘(- an Lo = =
o k- | e M PD

%

e »
ddion f W g 7w 2 o o
Yo AV ) (L Lol F }—-4
e o z (¢ O~ z
gl i , ¥ @ %‘)L‘ (- Ftlf"7 - [/* )(\( ")

- s (.2 2
© "
W < ,
g > 0
TECHY [ lerie

Figure 6.1: De Giorgi Nash Moser

1. Leveraging linearity, it suffices to assume

Proof.
2 _
||u+HL2(Bl) <27

for Cy > 1 to be chosen, and we wish to prove
+
[ u HLOO(BI/Q) =

The first clever thought of De Giorgi is the folllowinng: Instead of pointwise estimate, we alternatively
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prove

/ (u—1)")2=0 (6.13)
B3
The famous De Giorgi iteration exploits the above.

2. In this reduction step, we deduce a ‘model’ for our iteration scheme. Let us first work with two parameters
s.t. % < p < p+9d < 1. In this model, we choose a smart cutoff function n € C§°(B,4s) s.t.

c
n=1 By V| <

5 Bers\Bps  m=0 " 0Bpys

Let’s play with

J

(uh)? < /B (nut)? Choice of cutoff
p+6

P
n—2

n—2 n—2

n " " n " 2

(/ (nu+)2'"—2> </ ll{u+>o}> = (/ (nu+)n2—2> {u> 0} N B,ys|™
Boys Bots Bpts

< C(n) (/B |V(nu+)|2> H{u>0}n Bp+5|% Sobolev W2 < L#%2 and so nu' € H}
p+3d

She

IN

< C(n,\A) (/ |V77|2(u+)2) {u >0} N Bp+5|% Caccioppoli (6.15)
Bp+5

In order to estimate (6.13), we need to choose p as a sequence to approach
functions to approach u — 1.

2
n

Choice of cutoff (6.14)

1

5, as well as a sequence of

3. In this step we prove the Caccioppoli Estimate used above. This is the only place where we’ve used the
equation! Recall we say that u is a subsolution, Lu > 0 in By if

/ (Vu)A(x)Vu <0 Y v e Hy(By), v>0
By
The clever choice of De Giorgi’s test function is the following

vi=n*ut Ve C5(B)

Testing against u yields

0> V(n*ut)A(z)VuT :/ 2nutVnA(x)VuT + n*Vut A(x) Vut
B, B,

this is where we use the equation

1
> —A (E/ | Vut|? + 7/ |V77|2(u+)2) + )\/ | Vu't|? e-Young’s Inequality
Bl C(E) Bl Bl

Let’s put terms involving n?|Vu™|? on the LHS, and choose ¢ < 1 to absorb the same term to the LHS.
We obtain

/ IVt < O\ A) / 2 uty? (6.15)
By

By

This is the Beautiful Caccioppoli’s Estimate :). It mainly says u cannot jump too quickly. Notice that in
Caccioppoli we require subsolution since u™ is a subsolution. And in step 2 we’re applying to

U+ 2: qu 'LL+ 2 U+2 'LL+ 2
/Bmwm ) /Bp+5|<vm n(Vu®) SC(/BM'(V”) |+/Bp+577(V >|>

(6.15) .
C(\A) / (Vn)ut|
Byis
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4. In this step we define precisely the De Giorgi’s Iteration. We pick domain shrinkage as

[t

1 1

so that
P+ O = pr—1 Vik>1

On the other hand, we pick truncation of function at the same rate

1
tkzzl—ﬁ VEk>0

and define our objects on both sides (6.14) as the following

ap = / (u=t)")?  VEk>0
By,
A ={u>t}NB,, , Vk>1

In particular we record our gaps for domain shrinkage and truncation upwards

1 1
Pk—Pkd:ﬁ, tk—tkd:?

Therefore (6.14) applied to u — tj rewrites

a < C22(k+1) /
B

< 02%ay,_ 1| Ay,

2
n

((u— tk)ﬂz) | A

Pk—1
2
n

using t, is increasing (6.16)

How lovely would it be if we can get rid of |Ag| using a;—1! Indeed, note

1 2 1
hor=l-gm=l-g=h-x
SO

1
US>ty = u>tea + o 2k (u—ty_1) >1

Chebyshev now gives

Chebyshev & n &
|Ak| = ]l{u>tk.} < ]l{u>tk}2 (U —tk—1)" < 2%k

Pr—1 Pr—1

Thus (6.16) rewrites

3o

ar < C2%ay_1(2%ay_y)

2 1+2
< C(2* )k, 7 (6.17)
5. In this step we conclude via an induction argument. In note of (6.13), observe

/ (u—1)"2 < ap Vk>0
By/»

It all boils down to show using (6.17) that

lim ap — 0
k—o0

To do so, we claim that there exists dimensional constants M, Cy > 1 s.t.
ap, <27Mk=Co v >0

At base step we assumed

aop :/ (U/+)2 S 2—CO
By



CHAPTER 6. H' THEORY

for Cy > 1 to be chosen. Now assume we have already shown

p—1 S 27M(k71)700

For the next step we use (6.17)

n 2
ap < C’(22 n+2)kaiif

< 0(22“52 )k2—“T“M(k—1)—L+QCO

n

using inductive assumption

_ 02(2717jr2 _ nj;Q JVI)]C . 27:.71;2 M— nj;Q Co

It suffices to choose M, Cy > 1 so that

2 2 2
n + 7n+ M<—M
n n
2 2
n —+ M—n+ Co < —Chy
n n
Rearranging yields
M>n+1
2
Cox>"2n

We're done :))

221
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Figure 6.2: Local Boundedness

6.6.2 From L* to C*

6.6.2.1 Weak Harnack for Subsolution Version 1 (De Giorgi Oscillation)

The following is also known as the De Giorgi Oscillation Lemma. It in fact assumes for two
1. |Jullo £ 1 (which in our case is given by Local Boundedness (6.12)).

2. Some set that touches zero of positive measure, so solution gets attracted downwards.
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Theorem 6.6.2 (Weak Harnack for Subsolution Version 1; De Silva Analysis IT 2025, [FRRO22] Lemma 3.14,
3.15). Assume u € H'(By) subsolution

Lu>0 i By in the weak sense

Then for any § > 0 s.t.
[{u <0} N Byl > 0|Byya| (6.18)

the positive measure attracts our solution downwards, i.e., there erists 0 < c(n, A\, A,d) < 1 s.t.

< (1- ()

’|U+||L°°(B1/4) — ||U+HL°°(B3/4) (619)

Proof. 1. Leveraging linearity and Local Boundedness 6.6.1, it suffices to assume

+ _
[ HLOO(B3/4) =1
and we wish to show that there exists ¢(d) > 0
U+§1*C(5) VSCGBI/4

One might naively ask: why is this a problem? As a tryout, let’s directly estimate

1

3
Hu+||LOC(BI/4) <C Hu+HL2(Bl/2) =C (/B (u+)2> use Local Boundedness Theorem 6.6.1
1/2

<C ’|U+HL°°(Bl/2) {u >0} N Bl/2|% =CHu>0}n Bl/2|% directly pulling out u™
<C(1- 5)% \Bl/gﬁ use assumption (6.18)

If our ¢ is sufficiently close to 1, then of course we can make RHS strictly smaller than 1, in which case
we're done. But we wish to prove the result (6.19) for any § > 0. Hence we're stuck at ¢ small.

2. The clever idea is to again use truncation. Define

_ + 1
(u—t)" fhi=1—— YEk>0

Uk T T T oF

Our vy, shall be thought of as lowering v dyadically and rescaling back via 2% so that
Hvkl|L°O(BS/4) =1 (6.20)

Notice v, remains a subsolution, so we throw vy into our tryout

12)
||Uk||Loo(Bl/4) < CHUk||L2(Bl/2)
1
< Cllvkllpoe (s, ) {ve > 03 N Byyo|?
(6.20) 1
S C|{U>tk}mBl/2|§

How lovely would it be if we can make the RHS as small as we wish for k large enough! Indeed, we make
the claim that
Ve>0, | k(€) > 1, S.t. \{u > tk(a)} n Bl/g‘ <e€ (621)

If so, let’s pick € = (Qé)z so for k = k() as above

(u—tg)" )

, (6.21
< CHu>tp} N Byplz <

v = =t % Vx € By
Rearranging
1 1 1
w <t 5(1—ti) = 1= o + gy
:1_2k1+1 Vx € By
We pick ¢(9) := zk% to conclude. But wait! Where’s the dependence on §7 This piece of information

shall only be made clear once we prove the claim.
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3. So in this step we prove Claim (6.21). As usual, assume not. Then there exists € > 0 s.t. for any k > 0,

we have
[{u>te} N Bija| = [{vk >0} N Byya| >

Let’s see where we're going in this contradiction. In the end we want to show that

1

(6.22)

(6.23)

for some 8 > 0 that is independent of k! Why is this a problem? Well, all sets {0 < v < %} are in fact

disjoint
1 —tp)t 1
{0<vk<7}2{0<u<7}:{tk<u<tk+1}
2 1—tg 2
hence summing over yields a contradiction
= 1 6.23
{0<u<1}N Byl > {0 <wv < 5}031/2‘(:)00
k=0

Now how do we prove (6.23)? (See [FRRO22] Lemma 3.15, this is known as the De Giorgi’s Isoperimetric

Inequality. Roughly this is quantitative version that H! function cannot have jump discontinuity)

(a) We first give a lower bound for LHS of (6.23)

1
{0 < < 5}031/2‘

with Vuvg. We use Caccioppoli (6.15) with cutoff choice n =1 on By /5 and n € C§°(Bs4).

/ Vo2 < C v? Caccioppoli (6.15)
B2 B34

)

(6.20
< Okl T sy, Hor > 0} N Byys] < € uniformly in k

This is precisely where we need 1/2 to go a little bit inside. Now on the other hand

2
1
/ |Vvk|]l{0<1,k<%} < (/ |Vvk|2> {0 < v, < =}N B1/2|% use Holder
B2 B2 2

(6.24) 1 1
< C|{0<Uk<§}mB1/2|2

Hence we take away

2
1
/ Vol | < OO < v < 231 Byl
By sN{0<vp<3} 2

(b) Next, we build a cutoff Ty, s.t.

0 {Uk < O}
V=g v {0 <w < %}
3 {we>13}

In this way we inherit the information from LHS of (6.25)

/ Vx| = / V5|
By /5n{0<vp <3} Bijs

> C/ [T — ][ T use Poincaré
By /o By /o

1
>C | |+ C |f—f Tg|
B3

By on{vx, <0} J By, Bion{vr>3} 2

1 1
> CZ min{| By /2 N {vr < 0}, |B1j2 N {vp > §}|} two cases, either ][

(6.24)

(6.25)

By,

1
v > — or not
=1
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Now what are the measure for the portion of {vy < 0} and {vx > 3} in By, respectively?

Hor <0} N Byjol = |{

> {u <0} N Byjg| > 0|By s

w—ty)T
% < 0} mBl/2| = |{U < tk} N Bl/2|

use Assumption (6.18)
1 1
l{or > 5} N Byl = [{(u—t)" > 5510 Byysl

1 1
>Hu>1- o T W} N Byl = [{u > tp1} N Byl
=  Hok41 > 0}NByjpa| >

use Contradictory Assumption (6.22)

Now define
B :=Cmin{d,e} >0

we have a uniform in k& lower bound for LHS of (6.23). Notice the result depends on § > 0 in the
sense that, if § = 0, our argument is inconclusive.

Finally we're done :)
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Figure 6.3: Weak Harnack for Subsolution Version 1

6.6.2.2 Oscillation Decay implies C%

Oscillation Decay

Corollary 6.6.1 (Oscillation Decay; [FRRO22] Proposition 3.13, [HL.11] Theorem 4.10). Assume u € H'(By)
solution

Lu=0 in By in the weak sense
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Then for gscu 1= supu — igfu, there exists v = y(n, \,A) > 0 s.t.
r B, r
oscu < yoscu 6.26
Bijs 731/2 ( )
Proof. 1. First note by Local Boundedness Theorem 6.6.1, u € L>°(Bs,4). Identifying u as equivalent modulo
Lebesgue—a.e., it is eligible to consider two case: For a.e. x € By/,, we either have
1 .
u(zx) > =( sup u+ inf wu)
xeBl/2 $€Bl/2
or )
u(z) < =( sup u+ inf u)
xeBl/2 $€Bl/2
Let’s be lazy and denote
Qp = sup u, By = inf u Vo<r<l1
2€B,. z€B,

Then we have two corresponding relations for both cases. In the first case

1 1 3 U 1
uzi(a%+5%)@u_aéz_§(a%_ﬁ%)<:> %fﬂégﬁ

In the second case
<1 <1 — ke <
u<glag +8y) &= u—fFy < Slay - Fy) ay—f1 "2

We go one step further and convert the relation in functions into relation in sets. In particular, we divide
By /5 into two portions! We either have

1 Q1L —=U 1 1
{u=> i(a% +B1)} N Bija| = Hﬁ < 5} N By | 2 §|Bl/2| (6.27)
3 3
or
1 u—PF1 1 1
Hu < 5(05 +B1)} N Byl = Hm < 5} N Bija| > §|B1/2| (6.28)
2 3
Why do we do that? Let’s apply Weak Harnack Theorem 6.6.2.
2. If (6.27) holds, apply Theorem 6.6.2 to the function
oo JETE 1
Oé% — ﬁ% 2
Since u is a solution, u is supersolution hence w is subsolution. Also, notice
1 1 1
+
7§§'LUS§ vngl/g — ||'LU HL"O(Bl/g)Si
Now there exists 0 < ¢(3) < 1 s.t.
—u 1 1 1 1
2 _ + < _ -
H( Y <3730
2 2 L>(B1/4)
1 1
ar —u< 1750(5) (a1 — B3 V€ By
< <(1 L
O‘i_ﬁ%_a%_ﬁi_ —§C(§) (041— 1
1 1
oscu < (1 — c()> 0sc U
Bija 2 27 ) By

3. If alternatively (6.28) holds, apply Theorem 6.6.2 to the function

w =

u—ﬁ%

Oé%—ﬁ%_Q

1
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For the same 0 < ¢(3) < 1

u—pF1 1 1 1,1
( = — ) <5 -5c35)
a;—ﬂ; 2 2 2
2 2 Lo°(B1/4)
1 1
w8y = (1 3e(3)) (0 = 8y)
1 1
a1 —fr <a1 —fL < 1—56(5) (a1 —B1)
1 1
oscu < (1— c()) 0sc
Bijs 2 2 B2
Conclude by defining
=1-2c(3) € (0,1)
yi= 5¢(5 ,

VxEB1/4

Notice indeed we need u as a solution for improvement from both sides to work!

228
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Figure 6.4: Oscillation Decay and Holder Regularity

Oscillation Decay implies C**
Corollary 6.6.2 (L>* — C<; [FRR0O22] Corollary 2.7). Assume u € H'(By) solution

Lu=0 in By in the weak sense

Then u € C%(By4) for some a = a(n, A\, A) € (0,1). In particular

||uHca(Bl/4) <C ||u||L°°(B1/2) (6.29)

Proof. 1. Again, Theorem 6.6.1 gives u € L*°(By/3). Leveraging linearity it suffices to assume

1
||U||Loo(131/2) < 9
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Why %? Well then

oscu = supu — infu <1
B2 By/s Bi/2

To aim for (6.29), our goal is to show there exists « € (0, 1) s.t. for some C > 0

jul@) — uw)| _

sup -
x, YyEB1 /4, TAY |z —y|*

2. Let’s see how oscillation decay helps. Take any y € By /4. Then notice for any k > 2
By« (y) C B2

We consider arbitrary
x € By-r(y) \ By-rsn) (9)

Let’s control the difference of function values!

lu(z) —u(y)| < osc u<~vy osc u use Oscillation Decay Corollary 6.6.1 and Rescaling

B, x(y) B, (k-1)(¥)
< 7’“72 osc u < *ykfz oscu < 7“2
By/a(y) Bi/2

We rename
Ak=2 = g(k=2)logy v — 9=k a = —logy () € (0,1), Co:=~"2

and notice that for our choice of z and y
o —y| > 27FFD — jp —y|* > C27
Thus for some C = C(y) = C(n,\,A) >0
lu(z) —u(y)| < Clz —y|*  VYyeBiu, =€Byr(y)\Bowin(y)

Divide to the LHS, taking supremum first in k, then in y to conclude.
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6.7 Harnack Inequality
We establish Harnack Inequality for non-negative solutions (u > 0) to
Lu = div(A(z)Vu(zx)) Vaoe B

for A = (a;;) uniformly elliptic and L>°(B;).

Harnack Inequality
Theorem 6.7.1 (De Silva Analysis IT 2025). Let u € H'(By) solve
Lu=0, u>0 By
Then there exists C' = C(n, A\, A) >0 s.t.
u < Cu(0) V€ B
In order to gain the above full Harnack Inequality, one need weak Harnack.

For Version 1 we control the interior L® norm, while for Version 2 we control the interior LP norm.

6.7.1 Weak Harnack for Supersolution Version 1 (De Giorgi Oscillation, self-
contained Proof)

We collect the counterpart to Theorem 6.6.2. In the supersolution case we assume for

1. u > 0 bounded from below. In fact this is also given by the Local Boundedness Theorem (6.12) applied
to —u for u supersolution, then using (—u)¥ is the negative part of w.

2. Some set that touches 1 of positive measure, so solution gets attracted upwards.

Theorem 6.7.2 (Weak Harnack for Supersolution Version 1). Assume u € H'(By) supersolution
Lu<0 in By in weak sense
and u > 0 non-negative. Assume there exists 6 > 0 s.t.
Hu > 1} N By | > 6|By s (6.30)
Then the positive measure attracts our solution upwards, i.e., there exists 0 < ¢(n, A\, A,0) <1 s.t.

c(d) < infu (6.31)
By

We could directly prove Theorem 6.7.2 using Log function that transforms from our supersolution back into
subsolution, and then apply De Giorgi Local Boundedness 6.6.1.

Convex composition yields Subsolution We start with a lemma.

Lemma 6.7.1 ([HL11] Lemma 4.6). Let & € C\2!(R) be convex. Let Lu = d;(a;;d;u) in By.
1. If Lu > 0 subsolution and ®' > 0, then v = ®(u) is subsolution provided v € H}, (By).
2. If Lu < 0 supersolution and ®' <0, then v = ®(u) is subsolution provided v € H} (B).

Proof. First assume ® € C?(R"), then ®” > 0.

1. Assume @' > 0 and u is subsolution. Then for any ¢ € C§°(B1), ¢ >0
/ aij&'vajgo :/ aij@’(u)@uajgo
Bl Bl

:/ a;;0;ud; (D' (u)p) — /aijgo(l)”(u)aiuﬁju
B By

¢ > 0, ® convex, and a;; uniformly elliptic

< / a;jOud;  (®'(uw)p) <0 using w is subsolution
By
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2. Assume @' < 0 and wu is supersolution. Then

/ aijﬁivajcp = / aijq)'(u)aiuajgo
B1

B

:/ aijaiuaj(fl)’(u)go)f/ a;jp®" (u)d;udju
B

B

Exact same reason

S / aijaiuaj((b’(u)ap) S 0
B

®’ < 0 and u is supersolution

In general convolve ®.(s) := ® % 7. and signs of derivatives are preserved. Since ® € Cloo’cl, o’ — P’ ae. by

Rademacher Theorem. Then by DCT we conclude. O

Sobole-Poincaré Lemma

Lemma 6.7.2 ([HL11] Lemma 4.8). For any € > 0, there ezists C = C(g,n) > 0 s.t. for any u € H*(By) s.t.
{z € By | u=0}| > ¢|By|
One has
/ u? < C |Vu|?
B By

The proof is directly contained in the proof for (6.36) below.

Proof of Weak Harnack Supersolution Version 1 using log

Proof using log ([HL11] Theorem 4.9). 1. Let’s discuss our outline. In our assumption v > 0. Since we wish
to deal with log, let’s take a sequence € > 0 s.t. u+¢ > ¢ > 0 and define

ve 1= (log(u+¢))— (6.32)

Our Claim 1 is that for u a supersolution, v. (6.32) gives a subsolution for any . Notice v, is non-negative
function. Then in a sequal of Claims to prove, we deduce

+ —
[|v2 HLOO(BIM) = 153111}1126 < C(n,\A) ||v€HL2(Bl/2) Local Boundedness Theorem 6.6.1

< C(4,n, A AN) ||Vvs||L2(Bl/2) Claim 2: Poincaré-Sobolev (6.36) (6.33)
< C(4,n, A A) Claim 3: Universal Log Bound (6.37) (6.34)

Then spelling out (6.32) we obtain

(log(u+¢))- <C(6,n,A\A)=C  Vaz€B,
log(u+¢) > -C
ute>e© VzeBy, VYe>0

inf u>e 9 =:¢(d,n,\A) =c() € (0,1)
z€B1 /4

That’s what we want in (6.31) :) Hence it suffices to prove Claim 1, 2, and 3.
2. In this step we prove Claim 1 ([[{L11] Lemma 4.6). We observe some facts about v, = ®.(u).

(a) Notice 4| _ log(t) =1 # 0. Hence taking negative part yields ®.(t) = (log(t +¢))_ € C**(R,) as
optimal regularity.

(b) log(t + €) is increasing function in ¢. Taking negative part flips the sign, hence decreasing. In
particular ®.(¢) < 0 for any ¢ > 0.

Due to only Lipschitz continuity of ®.(t), we mollify ®. xn,.(t) € C°°(r, 00) where 7, is standard mollifier
rescaled to support in (0,7). The good thing about mollification is that

(. xm) (t) = L xn,-(t) <0  the derivative falls on whichever we like
O, xn-(t) — O, ae. asr —0
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We denote @, ,(t) := . *n,(t). Thus let’s try to verify that ®. ,(u) is our subsolution and send r — 0 at
the end. Indeed, for any ¢ € H}(B)

| A@V@Lw) Vo= [ A@s., 0070 Ve <0
B, By

Here we used both @, (u) > 0 and u is our supersolution by assumption. Thus ®. ,(u) is a subsolution
for any . Now why can we send r — 0 and pass the limit under the integral using DCT? We have uniform
estimate on the derivative, where we in fact used convexity

DL, (u)| = |PL(u) x| < |PL(0)] using ®. is convex and &L < 0

< uniformly bounded in r for each € > 0

€
Thus pass r — 0 and conclude for any ¢ € H}(Bj)

A(z)V(ve) - Ve = / S (u)Vu-p <0

Bl Bl
3. In this step we prove Claim 2 (6.33) ([HL11] Lemma 4.8). Observe that assumption (6.30) translates to
[{ve =0} N Byjs| > [{u > 1} N Byja| > 6| By o (6.35)

We wish to prove a Poincaré-Sobolev Inequality for H' function with positive density of zero set. More
precisely, we show that for any § > 0 s.t. (6.35) holds, there exists C(d,n) > 0 s.t.

(/ v?dx) < C(4,n) (/ vaqu:) (6.36)
B2 Bis

Assume not, i.e., there exists § > 0 s.t. for any C' > 0, there exists some function v € H*(B2) s.t. (6.35)
holds but (6.36) fails. Then for the sequence Cj, = k, we take a sequence of function vy, . € H'(Bs) s.t.

1
2

o ellpao, oy = 1 / Vo [2ds)| <
Bys

A first observation is that ||vy e

—0

T =

HY(By)2) < (' is uniformly bounded in H' norm in k. Experts in Calculus
of Variations immediately notice

(a) H' € L? using Rellich and -2 > 2. Hence we may assume vg . — vg strongly in L?.

(b) H' Hilbert space is reflexive, hence using Banach-Alaoglu that uniformly bounded sequence in H*
is precompact in weak(weakx) topology, we assume vg . — vg weakly in H'.

In particular, following lower-semicontinuity of weak H' convergence
1
2

1
/ |Vog|?dz | < lim / Vo |?de | =0
Bi/a k— o0 Bi s

hence Vvg = 0 a.e. in By 5, implying vg = ¢ constant a.e. in By/3. Now how do we contradict (6.35)7

0= lim |V e — vol? > lim [vg,e — vo|? Restricting to set of interest
k—o0 Bz k=00 By /2N {vk,e=0}
> lim |’UQ‘2 > |U0|2 lim |{’Uk75 = O} N Bl/2|
k—o0

k—o0 B1/2m{vk‘s:0}

> |vo[?8|By /2| >0 using our choice of vy . satisfies (6.35)
We therefore reach a contradiction and (6.36) follows.

4. In this step we prove Claim 3 (6.34). It suffices to prove for any € > 0

/ IV (log(u +¢))|? < C(n, A\, A) (6.37)
By /o
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To estimate for log, this step uses clever test function construction due to Moser. Let’s for simplicity
denote u, :=u +¢. For any n € C§°(By) s.t. n =1 in By, and [Vy| < 2, we construct

772 1
— € HO (Bl)
Ue
Since u. = u + ¢ > 0 is supersolution by assumption, we test against the above to obtain

2 2
n n 21
0 §/ ;i 0;us0; (—)dx :/ a;: O;Ug (—B»u6 + —0; )dm
5l J J(us) Bl J uz% ” vl

= —/ aijnzai(log(ua))aj(log(ue))dx+/ a;0;(log(uc))2n0;ndx using log
B,

By
< —/ %V (log(u.))|? —|—6/ AV (log(ue))*n? + C’(e)/ A|Vn|? e-Young’s Inequality
Bq B1 By
Choosing € < 1 to absorb into LHS yields
| 1o < coun) [ o

B

Using = 1 in By we recover (6.37). Notice indeed the bound is universal in ¢.
O

6.7.2 Weak Harnack for Supersolution Version 1 (directly apply Theorem 6.6.2)
Version 1 (Supersolution) We record a direct proof of Theorem 6.7.2 using Theorem 6.6.2.

Proof using Theorem 6.6.2. As one could probably sense, what is some subsolution we can construct to apply
our previous result? Of course
vi=1l—u

Since (6.30) is equivalent to
{0 > 1 —u} N Byja| > 6By

Applying Weak Harnack for Subsolution 6.6.2 yields

1 =) e, ) < 0= e[ =) |,

Ah! Now we use u > 0 which forces 1 — u < 1, and maximum over the LHS to conclude

1—infu<1-—¢(9)

By

<
c(d) < érll/'iu

O

Version 1 Variant (Supersolution) We discuss variants of Weak Harnack Version 1. For Supersolution,
this is actually the one we shall use.

Theorem 6.7.3 (Weak Harnack for Supersolution Version 1 variant; De Silva Analysis II 2025). Assume
u € HY(By) supersolution

Lu<0 in By in weak sense, u >0 non-negative

Assume 0 is Lebesgue point s.t. w(0) = 1 (this is to say, u is sufficiently small at the point 0/!!). Then for any
0 > 0, there exists C(6) > 1 s.t.
{u = C(6)} N Byya| < 6|Bisl (6.38)

Compare the result with the Key argument from Krylov-Safonov (8.45).
Proof using Theorem 6.6.2. Assume for contradiction that there exists § > 0 s.t. for any C we have
[{u>C} N Byys| > 6|Byysl
Let’s again apply Weak Harnack for Subsolution 6.6.2 to C' — u! So there exists ¢(d) > 0 s.t.
l(C - u)+||L<>°(B1/4) < (1-c@)|(C - u)+HL°°(B3/4)
C—-1<(1-¢(6)C

1
C<—<x
~ <(9)
Oh no we have an upper bound for C' contradicting arbitrariness. Note we need 0 to be Lebesgue point to pass
from L to the actual pointwise value :) O
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6.7.3 Weak Harnack for Supersolution Version 2

Theorem 6.7.4 (Weak Harnack for Supersolution Version 2; De Silva Analysis I 2025). Assume u € H'(By)
supersolution
Lu S 07 u Z 0 B1

Assume 0 is Lebesgue point s.t. u(0) = 1. Then there exists p = p(n,A\,A) >0 and C = C(n, A\, A) s.t.
/ uPde < C (6.39)
Bys

Compare this with Lemma 8.3.4, which also proves LZ

s eak Tesult for supersolutions, and essentially they’re
the same method... Actually they’re just the same.

Proof. Let’s see what one wants to control. Denote

alt) = |{u > £} N Byl

/ u? zp/ a(t)tP~dt
Bis 0

We would like to show for ¢ > ¢, sufficiently large and for some M > 0 universal to be chosen

Then

a(t)=[{u>t}NByp| < Ct™M (6.40)

If so, by choosing for example p = % > 0, directly integrating we can conclude

to o
/ uP < p/ | By jo|t?~tdt + Cp/ (PN < C(to, M, p)
Bis 0

to

In fact, (6.40) itself can be regarded as Weak Harnack that gives L}

weak

To prove the decay (6.40), one want to show for C' > 1 large and ¢ > ty chosen universal

a(Ct) < =a(t) (6.41)

1
2
Why does this suffice? One may iterate for ¢

1 1 1
k k—1
a(C tO) S 5@(0 t()) § s S ?a(to) S 2ik|B1/2|

Now for any s > tg, one may choose k € N s.t.
tho <s< CkJrlto

so that

1
a(s) < a(thO) < 2—k|Bl/2|
Now how do we bound 2%?
Cck < s < Okl
=4
k< logc(;) <k+1
0
9—(k+1) 9= logc () _ (i)*logc@)
to

27k < gpoBe? . M

where
M =logs2>0

Now we prove for (6.41).
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1. First, one may choose ty = to(n, A, A) s.t.

(6.38) 1
alto) = {u=to} N Byja| < §|B1/2| (6.42)
Why is this eligible? Because one has the Weak Harnack for Supersolution Version 1.

2. Now upon dividing u by large constant (particularly tg), one may assume for ¢t = 1 and prove that for
C > 1 large to be chosen universal

a(C) < ~a(1) (6.43)

DN | =

Now we prove for (6.43) using Calderon-Zygmund Decomposition. In particular we use the A-B
Lemma 8.3.1. The result that one wish to obtain is essentially of the same form for its result (8.38)

{u>C} Qi < gl{u>110Qu]
once we replace balls with Cubes (rescaled to Q1). We denote
A={u>C}NQ, B={u>1}N
Ok, what do we need to check?
1. |A| < i. This is simply done using (6.42)

a(C) < alto) < 310ul = 5

2. We want to check (8.37). Since we’ve picked a sequence of non-overlapping cubes {Q’} that satisfies
S <140 (6.44)
to cover A, then each of the predecessors Q7 satisfies
2> AN Q) (6.45)

To satisfy (8.37), it suffices to check all such Q7 that satisfies (6.45) are included in B, in other words

Q;CB={u>1}NQ; V st. (6.45) holds (6.46)

Finally we prove for (6.46). Assume not, so for any C' > 0 and thus the dyadic cubes {Qﬂ } chosen that
satisfies (6.44) and (6.45), there exists some Q7 that satisfies (6.45) But there exists also & € Q7 s.t.

u(z) <1

Now fix some cube Q*(Z) centered at x and also covers one of the successors of Q7, that we call QJ (abuse
of notation). Note @’ always exists because @); is chosen as a predecessor. There we have set inclusion (ok let’s
assume our solution satisfies the equation in Qs)

Q' CQ* (%) C Q2

Ok, but why do we want to do this? Because of (%) < 1, one may apply Weak Harnack for Supersolution on
this @*(Z) so that for any § > 0, there always exists C(¢) large s.t.

.., (6:38) .
{u>C0)}NQ"(@)] < 4¢/Q" ()
But on the other hand

{u>CO)}NQ" (@) = [{u>C(E)}NQ|
640 1 1
> §|Q | = Sint1

Which says
1
./~
Notice this j is fixed from our contradictory assumption so it has no dependence on 4. Thus take 6 — 0 to
contradict.
O
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6.7.4 Weak Harnack for Subsolution Version 2

Theorem 6.7.5 (Weak Harnack for Subsolution Version 2; De Silva Analysis IT 2025). Assume u € H'(By) is
subsolution
Lu Z 0 B1

Then given any p > 0, there exists C = C(p,n, A\, A) s.t.

supu < C (/ (u+)p> ’
B2 B:

Proof. First we normalize to |[u™||;, = 1. In the following we write u for u*. We also identify u with its
essentially supremum representation a.e. And we work with «(0), which we assume to be a Lebesgue point.
We assume for contradiction that
u(0) > 1

which shall be made precise later.
Now we claim there exists a sequence of points {y;} C By with yo = 0 s.t.

1. u grows at these yx
(Y1) = (14 co)ulyr) (6.47)

for ¢g > 0 universal to be chosen.

2. yi are sufficiently close to each other so they do not escape B,

[Ykt1 — yx| < Coulyr) ™ (6.48)

for Cy and o = o(n,p) universal to be chosen.

Reach contradiction using the sequence. Morally we want the limiting point of {yx} (which exists
upon extracting by subsequence via Bolzano-Weierstrass) to not exit By,4. To ensure this

—0

%) (6.48) %) %) k—1 u )
Doleri—ul < Cod uly) " =Cod> | ]] iy(ﬁ)l) u(yo)~ 7 + Cou(yo) ™7
k=0 k=0 k=1 \j=0 Y
(6.47) e 1
< Cy kz_o(l + Co)_lmu(yo)_(7 < 1

want to ensure

Hence choosing u(yo) = u(0) sufficiently large s.t. (for ¢g, o, Cy to choose universal later)

u(0) > max{ (200 >+ co)’“’> U 2}

k=0

We have yo, € Bj/4 necessarily. And
u(Yoo) = lim u(yr) = o0

Define {y;} by induction. For the base we just take yo = 0. Now assume {y;} has been constructed.
We claim it makes sense to consider 7y as the larges radius s.t.

sup u < (1+ co)u(yw)
BTk(yk)

First of all using WLOG these are Lebesgue points... There exists some radius around yy s.t. the above holds.
Using Least upper bound property such rj, exists.
Now we let
v = (1+co)ulyr) —u

and we consider v in the ball B, (yx), which is non-negative by definition. Notice such v is a supersolution.
We're able to apply Weak Harnack for Supersolution Version 1 variant (6.38) so that for our choice of % (looking
at the complement)

1o < C(5)0w)} 0 Bry ()] 2 51Bry ()] (6.9



CHAPTER 6. H' THEORY

Why is this useful? Because
1
v < O ulm)
1
(1 -+ co)ulyn) — v < C(5)eouly)
1
(1 +co = C(5)eo)ulyr) < u

If we now choose ¢y small so that

N | =

(14— O(3)eo) >
Then 1 .
{v< C(g)”(@/k)} C{u> iu(yk)}

and therefore we take away
(6.49) 1

{2 u)} N B ()] > 51B (k)

We’re going to use this along with our integrability assumption on u! Note

=
B

650 1
> 2 ()" B ()|

= C(n,p) - riulyr)”

uP

uf > /
(yk) By, (i) {u>Fulye)}

T

Thus

Choose our

i o

C(n,p)= n

By definition of ry, there exists some Lebesgue point yi4+1 on 0By, (yk) s.t.
Tk = [Yrt1 — Yl

This concludes the proof.
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Chapter 7

Dirichlet Problem for Minimal Surface
Equation

We discuss existence of classical solutions u € C?(Bj) to the Dirichlet Problem

div(VF(Vu)) =0 B
U= 0B,

where F' € C%%(R"), D*F > 0, and ¢ € C?%°.
For example consider the minimal surface equation

F(p) =1+ |p?

Then
oF = P
V14 |p?

o F — N )
i =

VIFPE  (1+p?)?

and one can obtain

Hence the minimal surface equation takes the form

Vu

Vit VR

div(

Why is D2F > 07

D’F=—— (\/WI pp )

(1+| 2)2

SO

vI'D*Fy = ————— (\/ + p|2|v)? — |p-v|2)>0 Yo#0
5

1+

Thus D?F is positive-definite at every p € R™.
In particular we shall see how De-Giorgi-Nash-Moser is used.

7.1 A priori C?*“ global estimate

The goal is to prove the a priori estimate for minimal surface equations.

Theorem 7.1.1 (De Silva Analysis II Spring 2025). Assume u € C%%(By) solves (7.1). Then we have

il gore ) < Cn @, [Pl e s ) (7.2)

239
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Proof. Reduce to C'® Global Bound.
We claim it suffices to control the goal C'*® norm of u

lullgr.a @y < CF 0llc2a)
Why? Since we can pass the divergence inside if everything is smooth.

le(VF(Vu)) = Fij(Vu)Biju =0

240

Since u € C% by assumption we know F;;(Vu) € C%. Can we run the Global Schauder Estimate? Yet not!

What is the C%“ norm of the coefficient matrix ?
aij = Fij(Vu)
If we look at our Global C?® estimate from Schauder Theory, we have

[ullgz.a @y < O 1 (Vu)ll go.e s @ @l cze)

Ah! If we want our desired uniform bound on C%< as in (7.2), we exactly need the help of our goal

(7.3)
15 (Vi) oo < [|D?*F| oo [VUllo < C

need both Hoélder

Remark on Bootstrap

If we furthermore assume that F' € C* for k > 2, then applying interior Schauder one obtain estimate

||U\\Ck+2,a(31/2) <O, [Fllerza s lullorea)
If we further know ¢ € C**22 one use the global Schauder Estimate to gain

[ullgnsza @y < C [ Fllgrzas lullgrra s [l grie.a)

Step 1: L*° bound for u
Using Maximum Principle for the elliptic equation

Fij (Vu)@lju =0
we know

miny < v < max
831@_ _831(’0

Notice the novelty here is that, the coefficient matrix is only elliptic but not uniformly elliptic...

Maximum Principle still holds! See (3.5).

Step 2: L bound for Vu on 0B;
Let xp € 0B;. Denote the inner unit normal v, .

Since ¢ is C? at each boundary point, there exists linear functions ¢ , /- defined over B s.t.

To’ “xo
o, <p< E;O 0B,
U (20) = p(20) = €7, (20)
Precisely, they’re defined as

U2y (@) 7= p(w0) + V(o) - (& — o) +p(x — x0) - Vo
| S ——
linear perturbation in normal direction

= (@) + O(|w — @) % il — o) - vy

But Weak
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)
Figure 7.1: Picture for Step 2
We’ve chosen u large so
Z;OSQDZUSZ:O 0B,
Why can we do the trapping of ¢ on 0B;? Using our domain is convex, the linear term
pw(x — x0) - Vo
is in fact quadratic in 9B;. This can be seen as follows: If g = 0 and v, = (0,---,0, 1), then for x € 9B; =

8B1((0,...,0,1))

n—1
i=1
|2|? = 22, = 2(x — 20) - Vay
Ok, now we’ve trapped our boundary data ¢ using €zi0. Consider
u— L, = u—p(x0) — Vep(wo) - (& — o) + p(x — ) - vy
Now since u — éfcto solve the equation with F' translated

Fii(Vu— VEEN0ij(u — 65) = Fij(Vu — VIE)dijju =0
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By using Maximum Principle applied

Now how does (7.4) help?

1. By taking our p sufficiently large this controls the derivative in the v, direction
U (o + tvg,) — u(wo) < u(xo + tre,) — u(zg) < E:O (xo + tve,) — u(zg)

1
V(o) - Vag — 1 < ;U(iﬂo +tvz,) — u(wo) < Vp(zo) - Vg + 1

Sending ¢t — 0 to get the normal derivative is bounded

[Vu(zg) - vgy| < C

2. For any other tangential direction, u satisfies boundary data ¢, and they match precisely with the ones
of boundary data, hence they’re controlled.

Step 3: L™ bound for Vu over B;
We differentiate in £ = 1,--- ,n direction

0 = 0p(div(VF (Vu)))
= div(D?F(Vu)Vou) (7.5)
By weak maximum principle for elliptic divergence form operators (no need for uniformly ellitic!), we know

sup dpu(z) < sup du(z) < C
z€BT r€IB,

where the boundary L on Vu we can bound from step 2.

Step 4: Interior C1'® Estimate
Since we’ve shown

||VUHL00(E) < C(n, ||¢||C2>0(E))
Now the equation (7.5) is uniformly elliptic

M < D*F(Vu) < AI

for certain A, A that depends on n, ¢, and F. Do we know any uniform C°® bound on this matrix? No! So
we’re in the case of uniformly elliptic operator with bounded measurable coefficients.
Thus in this step we apply De-Giorgi-Nash-Moser! The great theory gives us

10ettll co.e 7 75) < C'llOeul| oo

Which is interior C'12.

Step 5: Boundary C%“ for Tangential Derivatives
We flatten out the boundary. First cover B with a finite number of balls, say {B*}Y ;. For each of them
(say B) flatten out the boundary by a C? diffeomorphism.

¢ : BN By(0) = B
Ty

and denote z = 1)~ !(y) as the inverse. How does the equation change?
u(z) = uly) = wo(x)
Then

diu(x) = Opud;p*
0; u(x) = 6kgﬂ8i¢k8j’(/)z + 8kﬂ8ijwk

SO

Vu(z) = Dap(yp~" () Vi(y)
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Recall u solves
div(VF(Vu)) =0

so for any v € H}(B)

0= / Vv - VF(Vu)dz
B
=/ Doyp(™H(y))Voly) - VF (D (¥~ (y)) Va(y))| det(Dy~1)|dy
1
In particular let’s choose 1 to be a measure-preserving deformation so that
|det(D, 6| = 1
Hence @ solves in By the equation

(7.6)

a:

{div(D(y)TVF(D(yWa)) =0 By
{yn = O}

ASYl

where
D(y) = Dayp(v ™' (y)) € C*
is a matrix with bounded inverse.
Now one may differentiate in the y; direction for i < n so

0 = 9;00( DO F (D(y)Va)) = 9¢(9;(Diy) O F (D (y) Vi) + D0k F(D(y) V) 93(D(y) jm O )
= 0u(D 0 F (D (y) V) Djim i) + 0¢ (9;(Di ) F (D(y) V) + D0 F(D(y) V@) 0y (D(Y) jim) O )

call this Ay,

our 0;u solves
div(AVo;a) = div(g) B

7.7
0ii=0;p  {yn =0} )
for
9" = —(0:(DR)OF (D(y)Via) + D0k F(D(y) V)i (D(y) jm)Omt) € L
Now the boundary version of De-Giorgi-Nash-Moser gives
||8ia||00-,a(31+/2) <C (Haz'ﬂHLoc(Bj) + ||g||Loo(B;r) + ||ai¢“co,a(3f)) < C(data)
Then transform back to 0;u.
Step 6: Boundary C%® for Normal Derivatives
We still work in the B; setting.
1. To achieve the boundary estimate, one claim it suffices to show
||8n12|\co‘a(BT/2(y)) <C universal (7.8)
where for any y € Bfm, we particularly choose
1
r= 2yn

so the ball stays away from {y, = 0}. Note we want a bound universal in @ and in y, therefore in r. To
see this concludes the proof, for any consider 3’ € B1/2 s.t. y = (¢, yn). Then denote

k 1

ot
v = 35yn)
Now using continuity of 9,4 up to the boundary (by our a priori assumption)
- - . ~ - 1
|anu(y/7 0) - anu(y>| = khm ‘8nu<y) - 671“(?]/’ 2*;69”
e el
S | 1
k=0
(7.8) & 1

< 3l

Thus we have (for other direction we first connect to vertical then use overlapping balls)

Hanﬂ||coa(31+/2) S C(n7 O[)
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2. We claim to show for (7.8), it suffices to show that
][ VO,if2 < Cr2e? (7.9)
Br(y)

for any y € B1+/2 and r = %. Notice this does not really follow from the characterisation of Holder Space
via growth of local integral, since r = %* here are fixed by where y is.
Ok, why does this help? We claim this follows from De-Giorgi-Nash-Moser.

Let’s go back to the original equation, so 9,u are originally solutions to the equation (7.5). Now we can
apply interior De-Giorgi-Nash-Moser. We would like to use Poincaré, so we work with

Oput — Ontt

B,

Now let v = O,u

[U]Co,a(m) = [U - ][’U]Co,a(m)

v-fu

Back to original equation so no force

De-Giorgi
<

L2(By1)

Poincaré

ClVoll
By rescaling to (x) = v(rz) for x € By we rewrite the above as

2a 2 —12 112
r [v]co,a(m) = [v]co,a(m) <C ||VU||L2(31)

= 01"2/ |Vol?(ro)de < Cr2][ |Vo|2dx
By

r

so that
1
2 (7.9)

[U]co,a(m) <Ccrive (ﬁ |VU|2dx> < C

s

where in the last step we used our assumption, and transformed to the Bfr model upon C? flattening
out the boundary with bounded inverse. On the LHS, we also need to go back to Bf' under domain
transformation.

3. In this last step we prove (7.9). From the equation of % in By (7.6), we pass the divergence inside
0 = 0¢(D}.0kF(D(y)Va)) = 9¢(D} )k F(D(y)Va) + D70k F(D(y) V@) g Dy Omit)
so that
D01 F(D(y) V@) D0 Oeti = — Dy, 0k F(D(y) V) (9¢ D jim) O — 9¢(Diy )0 F (D (y) V)
In particular the LHS includes the term 0,,,%. Then one throw all other terms to the RHS, and one gain
Vo> < C (Z Vo) + 1)
i<n

So it suffices to bound (7.9) for i < n

][ Voa> <C  Vi<n
B.(y)

Ok why is this easier? Because my 0;@ solve the equation (7.7). In such form of the equation one may
apply Caccioppoli to 9;u — 9;u(y) at the fixed point y. Rescaling to unit ball, Caccioppoli writes (abuse
of notation still denote 9;1)

Caccioppoli

HvaiaHm(Bl/z) = ||V(3iﬂ_aiﬁ(y))”B(Bl/Q) < C\|8iﬁ—3iﬂ(y)HL2(BS/4) +C gl



CHAPTER 7. DIRICHLET PROBLEM FOR MINIMAL SURFACE EQUATION 245

Rescaling back yields

r{f wam2gcf7 Byt — Bsi(y) 2 + O g o
By (y) B37‘/2(y)
- 1 - N
.f voaP <ot Byt — 0,(y) > + C g
B.(y) 7" J B3, 2 (y)

We study the middle term

1 1
L Oi-0a)P <Csf  Dilbear™
T J B, a(y) B3y 2(y)
Step 4
Sp Cr2oz72

Notice the term g gets eaten because for r small, 72%~2 is large.

This concludes the whole proof of a prior global estimate.

7.2 Method of Continuity

Implicit Function Theorem

Lemma 7.2.1 (Implicit Function Theorem). For X, Y infinite dimensional Banach Spaces
T:X—-Y

with T € C1,
DT(zx0): X =Y

invertible at some xg € X, then there exists a neighborhood of xq s.t.
B = B,(xg), T(By(z9)) =V open in'Y

so that T is invertible and C*.

Proof with Method of Continuity

Theorem 7.2.1 (De Silva Analysis II 2025). For F € C*%(R"), D>F > 0 and boundary data ¢ € C*
sufficiently nice. Then there exists unique u € C*(By) N CY(By) that solves (7.1)

div(VF(Vu)) =0 By
¢ 0B

u

Moreover, u € C*%(By) and
[ullgz.a@yy < Clns ey [Fllgeas [9llcze) (7.10)

If F € C™ then u € C°°(By). If p € C™ as well then u € C*=(By).
Proof. We consider

(DPt)

div(VF(Vu)) =0 By
Ut = t(p 8Bl

Consider o
A:={t €10,1] | (DPt) has a solution u; € C**(B;)}

Clearly 0 € A. We want for A to be both open and closed. Then this implies
A= [07 1]

hence 1 € A, and so (DPt) with ¢ = 1 has a solution.
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1. A is closed. To see A is closed we use our a priori estimates (7.2). Let t,, € A s.t. t, — t,. € [0,1]. We
want to show t. € A.

For our sequence t,, chosen, we have uniform C?*® estimate in t,,
ut, lc2o @y < Cns oy [[Fll oo [[@llg2e) ¥V m

By Ascoli-Arzela, one has extract a convergent subsequence {Utnj} that converges in C2 uniformly to a

function u;, € C?>%(By). Due to C? uniform convergence, we see
0=div(VF(Vu,)) — div(VF(Vuy,))
and indeed wu;, solves (DPt) at t, with boundary data ¢.¢.

2. A is open. For any t € A, we want to show there exists a neighborhood around ¢ s.t. is still included in
A. We setup the map to which we apply the Implicit Function Theorem. Consider

T:C**(B1) = C*(B1) x C**(9B))
u = (div(VF(Vu)), ulyg, )

First we assume F € C*. Then one may compute classically the differential of T

DT (u)[v] = (div(D*F(Vu)Vv), v|yp,)
Indeed, for u + ev
div(VF(V(u + €v))) — div(VF(Vu)) = div(D*F(Vu)eVv) + o(¢)

Now when is this DT'(u) a linear isomorphism? This is to ask whether we can solve the Dirichlet
problem (find unique solution v € C%%(B;)) for any pair of (f,g) € C%%(B;) x C**(0B)

div(D?*F(Vu)Vv) = f By
v=g 0B1

Note our assumption is that ¢ € A, so u = u; € C>%(B;) solves (DPt). At u one may use our a priori
estimate (7.2) so that
||u||c2,a(31) <C

In particular the operator
M < D*F(Vu) < AT

is uniformly elliptic. Moreover, our coefficient matrix D2F(Vu) is at least C%%, so Schauder Theory for
divergence form equation (6.9) applies. But recall this only gives us v € C%®. To attain v € C%%, we
really need to pass the divergence inside so

le(DQF(VU)VU) = ag(ng(vu)ﬁk’U) = ngm(Vu)@mé‘gu()kv +ng(Vu)8k6‘gv

treat as force using F € C*

Now v solves the non-divergence form equation
ng(Vu)c’?kaw = f — ngm(vu)amaguﬁkv

with Holder coefficient matrix. Now v € C%%(By).

Therefore for F' smooth enough, DT'(u) for u; with ¢ € A is invertible. Applying the Implicit Function
Theorem, we know A is open.

Then we remove F € C*.

We approximate F' € C%* by F,, € C*. For each F,, the existence Theory is well-developed, thus one
solve for u,, € C*%(By) that satisfies the estimate (7.10). Because we have the uniform estimate we can
pass to the limit upon Ascoli-Arzela and get v € C?*(By). Since the equations converges (convergence
in C% for F,, is good enough), necessarily u solves the Dirichlet Problem (7.1).

O



Chapter 8

Viscosity Approach

8.1 Viscosity Solutions of Elliptic Equations

8.1.1 Preliminaries

Tangent Parabolas Before we begin, one introduce the basic test function candidate for second order equa-
tions: Parabola.
We say P is a paraboloid of opening M > 0 if

M
P(x) =4y +4(z) £ 7|I|2
for £y € R and ¢ linear function. P is convex for +M and concave for — M.

Touching by Parabola from above/below Given two continuous functions u, v € C(2). We say v
touches u from above at xg in A C Q if

u(z) < v(x) VeeA
u(zo) =v(xo) x0 € A

Definition 8.1.1. Let u € C(Q2) and A C Q open.
For any xg € A, define

O(u, A)(xg) :=inf{M > 0 | there exists convex parabola with opening M that touches u from above at xq in A}
O(u, A)(zo) := inf{M > 0 | there exists concave parabola with opening M that touches u from below at xo in A}

and consider
O(u, A)(z0) := sup{O(u, A)(z0), O(u, A)(x0)} < o0

Heuristically, how do we bound ©(u, A)(xg)? If one is able to construct, say, a convex parabola
M
P(Io + h) = L(l‘o + h) + 7|h‘2
with opening uniform in zg, that bounds u via
M, o
L(zo +h) <u(xog+h) < L(xg+h) + 7|h|

for h small, then using infimum,
O(u, A)(zg) <M
C1! from above/below

Definition 8.1.2. Given xo € Q, we say u is CY' by above at xq if there exists xg C A C Q open set s.t.

O(u, A) () < 00
Similarly define v C%' by below at xo, CY! at xg.

Lemma 8.1.1. That u is CY' at x¢ implies u is differentiable at xg.

247
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Proof. Let By(zo) for r > 0 small s.t. for some M > 0, and a, b € R"
M 2
U(JU)SU($0)+G'($—$0)+7\1’—$0| V x € B(x0)
M
u(x) > u(xg) +b- (x —x0) — 7\:10 — z0|?

Now for & = ¢ + he for some e € S* 1, h >0

b~e—%h§ u(zg + he) — u(xo) ga-e—f—%h
2 h 2
Now sending h \, 0 yields
b-e<a-e
On the other hand consider —e. For x = 2y — he for h > 0
—b~e—%h§ u(xg — he) — u(xy) S—a~e+%h

sending again h \ 0 yields
b-e>a-e

Now this holds for any e € S*~! so a = b € R". Now we see again, for any ¢ € S*~! and h > 0
u(zog + he) —u(xg) —a-he, =M

< —h
| . <5
lim |u(m0 + he) — u(zo) fa~he‘ _0
h—0 h
Thus v is differentiable at z¢ and in fact a = Vu(xg). O

Second Differential Quotients We define the second differential quotients of u at g

w(zo + h) + u(zo — h) — 2u(xp)

2 R
Ahu(xo) = ‘h|2 )

h e R" ot he (8.1)

1. Notice A2 P = M for convex paraboloid, and A% P = —M for concave paraboloid.

Proof. Let P be convex.
P(z+h)+ P(x —h) —2P(x) _ l(z+h)+ e+ b + l(z — h) + Y|z — b — 20(z) — M|z|?

A?P(x) = =
W) P P
L (M 2 2 2 2
:W ?(m +2z-h+|h*+|z)" =2z -h+ ) — Mz]* | =M
O]
2. For any xo € Q, and h € R" s.t. B,|(z0) C £,
—O(u, Bju|(20))(x0) < Afu(zo) < O(u, Bjy(0))(o) (8:2)

Proof. WLOG we prove A7u(zg) < O(u, By (xo))(w0), and assume O(u, By, (20))(zo) < co. Then for
any € > 0, there exists convex paraboloid P that touches u by above at xg in B (o) s.t.

Aip § @(u, B‘m(l‘o))(l’o) +e€
But using the fact that P touches u by above at zy, we have

{u(xo) = P(xo) at xg
u(x) < P(x) V& By(ro)

Hence
5 u(zg + h) +u(xog —h) —2u(xg)  w(xo+ h)+ulxg —h) — 2P(x0)
Aju(zg) = 3 = 2
A |hl
< P(ﬂﬁo-&-h)-l-P(}JLJ'oz—h) — 2P(x0) _A2p

S@(U,B‘h‘(l‘o))(l‘o)ﬁ-& Ve>0

Take ¢ — 0 on RHS to yield Afu(zg) < O(u, Bjp(20))(zo)- O
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3. Let us note the Integration by Parts formula for the second differential quotient.

Lemma 8.1.2. Let u € C(Q) and ¢ € Cy(). Then for |h| sufficiently small s.t. supp(¢) £h C Q

/u(x)A%ap(x) dx:/A,%u(;U)go(x) dx
Q Q

/ u(z) p(x +h) +p(x —h) = 2¢p(z)
o |2

1
e (/Q w(x)p(x + h) dr + /Q u(z)p(x — h)de — Q/Q’u(x)go(a:) dac)
1
= — u(x)p(x + h)dx u(x)p(x — h)dx — 2 u(x)p(x) dx
|h|? </supp(¢)—h Eplo+h)do+ /supp(w)—&-h (el ) /supp(sa) wple) )
1
— W </Supp(w) u(z — h)p(z) de + /supp(w) u(z + h)p(z) de — 2 /Supp(w) u(z)p(x) dx)

B u(z + h) + u(z — h) — 2u(x)
- /supp(so) |2 Hle)ds

—h)—2
:/ u(x+h)+u(x2 h) u(m)(p(x) dxz/A,%u(m)go(x) i
0 A 0
O
W2P bound via O(u,¢)
Proposition 8.1.1 ([CC95] Proposition 1.1). Let p € (1,00]. Let u € C(2). Then for any € > 0 and
O(u,e)(x) := O(u, B-(x) N Q)(x) Ve (8.3)
One has estimate that |©(u,€)][ 1,y < 0o implies D?u € LP(Q) via
||D2u||LP(Q) <2 ”@(uag)”Lp(Q) (8.4)

Proof. First note it suffices to prove for any ¢ € C§°(Q2) and 1 <i,5 <n

/ u 0;0jp dx
Q

using Riesz Representation, where % + 1% =1.

< 2(|0(u, E)HLP(Q) ||<P||Lp'(9)

1. Let {e;} denote canonical basis of R, and denote 9; = J,. One has

8§i+ej§0 = a€i+6j,8i+€j<p = (81 + aj)Q‘p
= (07 4 20,0, + 07)p = 070 + 20,00 + O

0:0;p = % (83,;+ejs0 — 0 - 3?90)

On the other hand, let v = e'i\';;j , then using rescaling argument
. s el bl (et e) — pla)
e = e = Vs i, 0

s L pla b+ ) - la)

~ Ot g 5o 1nl
V2

1 1,5
- a%(ei‘*‘ea‘)ﬁaeﬁ'ed@ = 58@—&-6190

0050 = 5 (2030 — 07— 920)

Now the RHS consists only of a linear combination of second order directional derivatives with unit length
directions in R™. Hence it suffices to estimate for arbitrary unit length direction (where we choose to be

canonical e; WLOG)
‘ / w0 dx
Q

< 10w, &)l ooy el Lo ()
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2. Now for supp(p) CC €, the good thing about dealing with d2¢ is that the differential quotient takes
exactly the form (8.1) with h = de; for § — 0 in the limit. Hence apply Integration by Parts

/u@fgpd:c: lim/uAgpvcpdx:Iim/Aggvugod:c
Q 6—0 Q -t 5§—0 O -t

Now for § sufficiently small s.t. § < & and that supp(p) + Bs(0) C €, one may apply (8.2)

‘/ o dx
Q

< lim/Age,ugadx < /@(u,e)(x)go(x)dz
§—0 Q ¢ Q

< ||®(ua5)||Lp(Q) H‘PHLP/(Q)

CY! bound via O(u,¢)

Proposition 8.1.2 ([CC95] Proposition 1.2). Let u € C(Q), and B a convex domain s.t. B C Q. Then for
any € > 0 and O(u, ) as in (8.3)

O(u,e)(z) = O(u, Bce(z)NQ)(z) VzreB
One has estimate that ||©(u,€)|| o) < 00 implies u € CYY(B) via
|Du(z) — Du(y)| < 2n[|0(u, &)l poo gy lz =yl Va,y€B (8.5)

Proof. 1. Since by assumption O(u,e)(x) < oo for any z € B, we know u is differentiable at any z € B.
Then using Proposition 8.1.1 with p = co and on B

||D2u||Loo(B) < 2 ||@(u75)||L°°(B)
Hence D?u € L*°(B) implies d;u € W1*°(B) for any i = 1, -

M.

2. Using characterisation of W1 we know d;u are Lipschitz continuous. Thus using B is convex, hence
including linear combinations of x, y € B, we obtain

su(z) — yuly) = /O ia,»u(tw (1= t)y) dt
—Z 33utx—|—(1—t) )z —y;)dt Vr,yeB

Thus

IDu) = Duly)* = 3 )~ i)l < 3213 / 0:0,ulte + (1= ) =) e

n n
<y <Z\\Daju||im(3>%2xj—yj )2
=1 j=1

j=1

3

n
2
<n | D NDul gy | | Do s —ysf?

j=1 j=1
<0 | D?ul e ) b = o

|Du(z) — Du(y)| < n||D?ul| ) |2 =yl < 20[10(w )|l poe(py lo =yl V2, y€B

Punctually Second Order Differentiable
Definition 8.1.3 ([CC95] Definition 1.4). We say u € C(Q) in Q is punctually second order differentiable at

o € Q Zf
there exists paraboloid P s.t.

u(z) = P(x) + of|z — 3:0\2) T — To
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- Lo Ju(@) = P(@)

=z |z — 29]?

=0
In this case one may define
D*u(zg) := D*P(x0)
Note this is well-defined because such parabola is unique!
Let’s say something about the polynomial P given by the definition of punctual second order differentiability.
1. Since u and P are both continuous,

u(zo) = lim u(z) = lim P(z) + o(|z — zo|*) = P(x0)

T—rT0 T—rT0

2. Assume P of the structure
1
P(x) =ul(zg) +a-(x—xzo) + §M|x - :1:0|2

Then
o @) —ulwo) —a @ —wo)| _ . [5Ml— ol +oflx — wol?)|

T—x0 |J} — .130| T—To |$ - Z’O‘

=0

Thus by definition w is differentiable at x¢ and people define
Vu(zg) :=a
Lemma 8.1.3. u second order differentiable at xo implies u punctually second order differentiable at xo € 2.
And D*u(xq) agrees.

Proof. Note using u second order differentiable at z¢, Vu(zg) and D?u(zo) are unique and well-defined. Now
let the parabola be

P(z) = u(zo) + Vu(zo) - (x — zo) + %(m — 20)T D?u(x0)(z — x0)

We check for x = x¢ + he with e € S*™1, h >0
jule) = P()| _ Julzo +he) = Pao + he)
[z —ao2 |h|?
lu(zo + he) — u(zg) — Vu(zg) - he + She” D*u(xq)he|
= 3
Conclude via Taylor’s Expansion. O

The following is the Alexandroff-Buselman-Feller Theorem.

Theorem 8.1.1 ([CC95] Theorem 1.5; [EG15] Theorem 6.4). Let u be convex function in ball Bq. Then u is
punctually second order differentiable at a.e. xog € By.

Using the Alexandroff Theorem, one may prove.

Proposition 8.1.3 ([CC95] Proposition 1.6). Let u € C'(2) in a convex domain 2, and assume for some K > 0
positive constant
O(u,)(x) <K Ve (8.6)

Then %
u(@) + 5 lof?
18 convex in 2. In particular, u is punctually second order differentiable at a.e. x € Q2.

Proof. To show w(z) = u(z) 4+ 5 |z|? is convex, it suffices to see that its second differential quotient has a sign.
To do so, compute for any zo = h € Q (here convexity of the domain ensure z( € Q)

K
Ajw(xo) = Ai(§\$0|2) + Afu(zo) = K + Afu(o)

(8.2)
> K —0(u,Q)(xz0) >0

This is to say
1
i(w(xo +h)+w(zg — h)) > u(z)

Using arbitrariness of x¢ and h, and that w is continuous, this implies convexity of w in . Finally, apply
Alexandroff Theorem to conclude u + %|x|2 is punctually second order differentiable, and subtracting by a
parabola preserves the differentiability. O
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8.1.2 Uniform Ellipticity

In this section we generalize the idea of ellipticity.

8.1.2.1 Space of n x n real symmetric matrices
Denote n x n symmetric matrices over the reals as
Sym(n) := {M € R™" | M = MT}

. . . . n(n+1)
One identify Sym(n) as vector space of dimension —=—=.

What are some facts about real symmetric n X n matrices?
1. All eigenvalues A;(M) for M € Sym(n) are real.

2. Eigenvectors corresponding to distinct eigenvalues are orthogonal. Thus there is an orthonormal basis of
R™ that are eigenvectors of M.

3. Therefore, M € Sym(n) is always orthogonally diagonalisable, i.e., there exists A(M) = diag(A1,---, \n)
real diagonal matrix and @ orthogonal matrix (with orthonormal columns) s.t.

M=Q"\Q, Q'Q=I

Operator Norm ||[M|| In fact, it is a Banach space by defining the L? to L? operator norm (equal to the
largest size of the eigenvalue)

|M]| := sup |Mx| = max |A\;(M)] YV M € Sym(n)
zE€Rn 1<i<n

|z|=1

Proof of equality. For any M € Sym(n), one may do spectral decomposition so that M = QTA(M)Q where
A(M) is the diagonal matrix of eigenvalues, and @ = (¢;)1<i<n are the orthonormal basis w.r.t. A(M). Since
M is symmetric, the eigenvalues are real. Now for any € R™ with |z| = 1, one may represent x w.r.t. the

basis @), i.e.
n
r=> g, |of’=1
i=1
Thus
n
Mx = Z QA G;
i=1

Since the basis {¢;} are orthogonal,

n

|Mz|? = (Z ai\igi)? = (Z a;)i)? < max |/\1(M)|2(Z a?) = max |\;(M)|?
i=1 i=1

1<i<n . 1<i<n
=1
For the other side, let © = g, where Ay = max [A:(M)]. Now
<i<n
Maq,| = |A =X = Ai(M
|Mai| = [Arqr] k 1lggé<n| i(M)]
O

Frobenius Norm ||M||gropenius 1t i moreover a Hilbert space if one equip Sym(n) with inner product as

matrix contraction
(M,N) := Te(MN) = > MyNy;
5 J

Let’s check this.
Proof. Let M, N, P € Sym(n) and a,b € R. For linearity, using linearity of the trace,

(aM +bN, P) =Tr((aM + bN)P) = aTr(MP) 4+ bTr(NP) = a(M, P) + b(N, P).
and similar for the second augment. For symmetry, since Tr(X) = Tr(X ") for any square matrix X,

(M,N)=Tr(MN) =Tr((MN)") =Te(N"M").
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Because M, N are symmetric, M = M, NT = N, hence
(M,N) =Tv(NM) = (N, M).
For positive-definiteness, let M € Sym(n),
n n
(M, M) =Te(M?) => (M?);; = > M;;Mj;
i=1 i,j=1
Since symmetry yields M;; = M;, this equals
_ 2 2
=Y M;+2) M} >0.
i=1 i<j

Moreover, (M, M) = 0 implies all entries M;; =0, so M = 0.
In fact, for symmetric matrices

(M,N) =Tr(MN) =Tr(M'N Z Nij,

which is the restriction of the Frobenius inner product. Since Sym(n) is finite-dimensional, completeness holds
automatically, hence it is a Hilbert space. O

Notice the (Frobenius) norm induced by the inner produce writes

1 1
||MHFrobenius - (TI‘ M2 2= Z M2 :

i, =1

What is the relationship between || M| penins a0d the operator norm [|M||?
First note for \;(M) denoting the real eigenvalues of M

HM”FrobcniuS =

Proof. Let M = QT AQ be spectral decomposition where Q = (g;)1<i<n be orthonormal basis corresponding to
eigenvalues A. Then using diagonalization

||M||12:‘robenius = TI‘(MZ) = TI'(QTAQQTAQ) QTA2 Z )\2

Thus one has relationship

Consequently the topology induced by the two norm structures are the same, and the norms are equivalent.

Supremum Norm | M| Let’s also consider the sup norm

[M] , := sup| M|
]

One has the following relations

M|l < [[M]] < nf|M]|,
||M||oo S HM”Frobcnius S n HMHOO

Take the example M = all ones so

M|, =
But

1
”M”Frobenius = ZM’LQJ = (77’2 x 1)2 =n

[|M|| = max{n,0,--- ,0} =n
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Decomposition Theorem Let’s introduce a decomposition theorem for M € Sym(n) into positive and
negative parts.

Proposition 8.1.4 (Positive/negative parts of a symmetric matrix). Let M € Sym(n) be real symmetric. Then
there exist unique M+, M~ € Sym(n) such that

M=M"—M", M*>0, MM~ =0. (8.8)

Moreover, M+ and M~ are functions of M (they commute with M ), and their eigen-structure is determined
by that of M: if Mv; = \jv; with {v;} orthonormal, then

MTv; = max(\;, 0) vy, M~ v; = max(—X;, 0) v;.

Proof. 1. Existence. By the spectral theorem for self-adjoint operators, in our case for M € Sym(n), there
is an orthogonal @ and a diagonal A = diag(Aq, ..., \,) with

M =QAQ"
Define diagonal matrices
At = diag( max()\;, 0)), A~ := diag(max(—\;,0)),

and set

MT:=QATQT, M~ :=QAQT.
Clearly M* >0, M* — M~ = QAT —A7)Q"T = QAQT = M, and MTM~ = Q(ATAT)QT = 0 since
each diagonal product max(\;, 0) max(—2X\;,0) = 0.

2. Uniqueness. Suppose M = A — B with A,B > 0 and AB = 0. Because A, B are symmetric, (AB)' =
BA =0 as well. Hence

M?=(A-B)*=A?+B? (cross terms vanish).
Let N:= A+ B >0. Then
N? = A + AB+ BA + B> = A? + B> = M?.

Thus N is a positive semidefinite square root of M?2. By uniqueness of the positive semidefinite square
root, N = | M| := (M?)"/2. Therefore

A=3(N+M)=5(M|+M)=M*"  B=§(N-M)=3(M-M)=M",
which proves uniqueness.

3. Eigenvalues. In the eigenbasis of M, M* are diagonal with entries max();,0) and max(—X\;,0), respec-
tively. Hence M ¥ share the same eigenvectors as M, and

Spec(M™) = {max(A;,0)};, Spec(M ™) = {max(—X;,0)},.

In particular, rank(M ™) equals the number of positive eigenvalues of M (counted with multiplicity),
rank(M ) equals the number of negative eigenvalues, |M| =M+ + M~, and MT M~ =M-M* =0.
O

Example 8.1.1 ([Mool2] Section 8.1). Let’s look at n = 2.

1 0 0 1 1 0
M1.<0 _1>, My = (1 0), My = (0 1)

form a basis for Sym(2).

1. Notice the matrices

Proof. For any M = (Z lc)> one align

a=x1+ 23

b:l‘g
c=—x1+x3
so that n
a—c a-+c
M = ——M +bM> + M;

and thus {M;, My, M3} spans Sym(2). That they’re independent is trivial. O
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2. Now consider a linear isomorphism
T :Sym(2) — R?

Ml — \/561
My — /2e,
Ms — \/563

If equip Sym(2) with the inner product structure, one can check that T is isometry.

T+ 23 To Y1+ Y3 Y2
Proof. For M = a;M; = and N =5 y;M; = , hote
/ ‘ < P —x1 + 563) i Yl ( Y2 =Y+ y3)

MN — < (@1 +a3)(yr +ys) +@2y2 (¥1 4+ x3)y2 + x2(—y1 + y3) >
xa(y1 +y3) + (—21 + 23)y2  @2y2 + (—x1 + x3)(—y1 + y3)

Now
(M,N) = Te(MN)
= (21 + x3)(y1 + y3) + T2y2 + xoya + (—x1 + 23)(—y1 + y3)
=2 (z131 + T2y + T3Y3).
Meanwhile,
(T(M), T(N))gs = (V2x1, V222, V223) - (V2y1, V2y2, V2y3) = 2 (x1y1 + Toyo + 23Y3).
Thus (T'(M),T(N))gs = (M, N) for all M, N, i.e., T is an isometry. O

3. Ok, let’s pause and see how we understand the eigenvalues of M in R3.

(a) For any M = (Z g) , its eigenvalues are computed as

:t\/—724b?
(a—)\)(c—/\)—b2:)\2—(a+c))\+ac—b2:0:> )\i:a-i-c (C; c)? +
In terms of M = x1 My + xoMs + x3Ms, these are
225 + /4x? + 42
Ap = 22 W:mim

Note T(M) = (v/2x1,V2x2,V/2x3), whose vertical component has height /223 and horizontal com-

ponents have length \/2x% + 223.

(b) In view of the formula for eigenvalues, one can compute the distance between T(M) and the positive
and negative cones with slope 1

z =222+ 92

Letp = /2 (x1,22,73) € R3 and let Cx = {(2,y,2) : 2 = £/22 + y2} be the two cones. By rotational
symmetry about the z—axis, the distance between p and C+ equals the distance in the (v, z)-plane from

the point (\/223 + 223,+/2x3) to the union of lines z = +r.
In the (r, 2)-plane, the (perpendicular) distance from(y/2x3 + 2x3,V/2x3) to z =1 is

. V223 + 225 — /2
dlst(ﬁ(xl,xg,xg), C+) - V227 \;%2 V2] = |A_|

and to z = —r is

\/2x? + 222 2
diSt(\/§($1’$27x3)7 C,) = |/ 227 +\/l‘§2+f$3 = Ay

4. As in Proposition 8.1.4, for any M € Sym(2) one may decompose M = M — M~. Since T is isometry,
it preserves the inner structure, hence

(8.8)

(T(M*), T(M ™ ))gs = (M*, M~y =Te(M+* M) "= 0

Now



CHAPTER 8. VISCOSITY APPROACH 256

(a) If A\ > 0> \_, then for M it has eigenvalues Ay, 0, while M~ has eigenvalues —A_,0. Thus in
the picture, M lies on the line z = r, while M~ lies on the line z = —r. This is because

i. T(M) lies in the plane spanned by T(M™) and T(M™).
it. T(M™T) and T(M™) are orthogonal.
and together they force M and M~ to both lie on the (r,z)-plane. Moreover

M7= As ([ M7]] = =2

(b) If \y > A_ > 0 then M has eigenvalues Ay, A\_ while M~ = 0 is zero matriz. In this case M+ = M,
and M lies strictly on top of the positive cone Cy. In particular when Ay = A_, M points upwards
in the z axis. Similarly if 0 > Ay > A_ then M~ = —M, and M lies strictly beneath the negative
cone C_. In particular when Ay = A_, M points downwards in the z azis.

(c) If \y > X_ =0, then M = M+ and M lies on the positive cone Cy. If0=X\y > \_ then M = — M~
and M lies on the negative cone C_.

(d) In the degenerate case both Ay = A_ =0, M is simply the zero vector.

8.1.2.2 TUniform Ellipticity
Consider an operator as function on symmetric matrices
F:Sym(n) = R
What do we mean by saying F is uniformly elliptic? Let’s first take a look at the definition.

Definition 8.1.4 (Uniform Ellipticity; [CC95] Definition 2.1). F is called uniformly elliptic if there exists
elliptic constants 0 < A < A s.t.

AMN|| < F(M + N)—F(M) <A|N]| V M, N € Sym(n), N >0 (8.9)
Notice by decomposition N = N* — N~ as in (8.8) one obtain an equivalence criteria
Lemma 8.1.4 ([CC95] Lemma 2.2). F is uniformly elliptic iff
AN =A|NT|| < F(M+N) = F(M)<A|NT|=X|IN"|| VM, N € Sym(n) (8.10)
Proof. = . Take any N € Sym(n) and decompose N = Nt — N~. (8.9) yields
AN < F(M=N")+N*) = F(M—-N") <A|NT|
AMINT|SF(M-=N")+N)=F(M-N")<A|N|
Rearranging yields
MINFI| = AN <F (M + N) = F(M) < A[[NT [ = AN

In particular one obtain (8.10). <= . Now assume N € Sym(n) with N > 0, N~ vanishes and we recover
(8.9). O

We make two immediate observations that
1. F(M) is increasing function in M € Sym(n). This is usually know as ellipticity.
2. F(M) is Lipschitz function in M € Sym(n).

Example 8.1.2 ([Mool2] Section 8.1). Recall the case for n = 2. Fiz our M € Sym(n), and we consider the
variable N € Sym(n). Assume one has no contribution in F upon adding N, i.e.

F(M+N)—F(M)=0 (8.11)

In particular, this is achieved via requiring M + N and M to lies in the same level set F~'(a).
Then
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Figure 8.1: Visualizing Uniform Ellipticity

1. If A\t (N) > 0> A_(N), (8.10) reads

I
SN T AW

<

=] >
>
> =

us

upon division. Consider the angle O € (0,7) sitting in between with one side N and pointing clockwise
s.t.
_ IV

tanfn) = 5
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Then the above inequality reads using monotonicity

A
arctan(%) <Oy < arctan(x) YV N € Sym(n) s.t. (8.11) holds and A4+ (N) > 0> A_(N)

In particular, no matter how small ||N|| is, the size of the angle Oy has uniform bounds. If one further
understand N as elements of the level set F~1(a) that varies as a € R, and consider the cone of wider
opening (with degree 6 := T + min{arctan(%), T}). Then the cone centered at O with opening 6 fully traps
the level sets F~1(a) uniformly in a € R.

2. If A\f(N) > A_(N) >0, or0> AL (N) > A_(N), or A\p >A_ =0, or 0= Xy > A_, (8.10) holds trivially
since one only has either the positive or negative part. The degenerate case Ay = A_ = 0 holds as well.

Example 8.1.3. One may consider a most trivial example of a uniformly elliptic operator.
Lu = a;;0;;u A = (ai;) symmetric with eigenvalues in [\, A]

In fact the operator norm of A writes ||A|| = A.
Let’s check such
Fa(N):=(A,N)

1s indeed uniformly elliptic with constants A, nA
AN < (A, N) <nA|N| VN2>0 (8.12)
Proof. Notice since F4 is linear in its argument,
Fa(M + N) — Fa(M) = Fa(N)
Now using Cauchy-Schwarz

‘FA(N) - <A’N> S ”A”Frobenius ”N”Frobenius
(8.7)
< Va|A|Vr|IN| = nA|N||

On the other hand, since A — AI is semi-positive definite, A — Al > 0. Since N > 0, the product remains
non-negative
(A—XI)N >0

Now using the trace of non-negative matrix is non-negative

Fa(N) = (A, N) = Tr(AN) = Tr((A — AI)N) + ATr(IN)
> 04 AN
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8.1.3 Viscosity Solution
Viscosity Solution for Laplace Let’s start with the simple definition for the Laplace.

Definition 8.1.5. Let f € C(By).
We say u € C(By) is a viscosity supersolution to Au = f, i.e.

Au< f in the viscosity sense

if for any ¢ € C*(B1) and x¢ € By s.t. u — ¢ achieves a local minimum, necessarily
Ap(wo) < f(20)
We say u € C(By) is viscosity subsolution to Au = f, i.e.
Au> f in the viscosity sense

if for any ¢ € C*(By) and x¢ € By s.t. u— ¢ achieves a local maximum, necessarily

Ap(xo) = f (o)
We say u € C(By) is a viscosity solution to Au = f if u is both supersolution and subsolution.

Lemma 8.1.5. Let u € C’(E) be wviscosity solution to Au = 0. Then u is a classical solution to Laplace
Fquation.

Proof. Consider v as harmonic replacement of u in By. For any § > 0 define
vs() = v(z) + 6(1 — [2]*)
Then simple computation yields
Avs = Av —2nd < 0 Vxe B

This is to say, using u is subsolution, u — vs cannot achieve local maximum anywhere in B;. Hence using that
v is harmonic replacement

supu — vs < supu —vs =0
B 9B

Hence
u(z) < v(x)+6(1 — |z?) VaebB Vdo>0

Sending 6 — 0 yields
u<w B4

On the other hand define
vi(x) == v(x) + (x> — 1)

gives
Avs = Av+2nd >0

Hence using u is supersolution, u — v§ cannot achieve local minimum in By, therefore
infu — v§ > infu — vy =0
By 9B,
Thus
u>v+8(z)* 1) YV x € By, Vé>0
sending § — 0 yields the result. O

Viscosity Solution for uniformly elliptic operator Now for a general definition.

Definition 8.1.6 ([CC95] Definition 2.3). Consider uniformly elliptic operator F with elliptic constants 0 <
A< A. Let f € C(Q).
We say a function u € C(Q) is viscosity supersolution to F(D?u) = f, i.e.

F(D?*u) < f in the viscosity sense
if for any ¢ € C%(Q) and xo € Q s.t. u — ¢ attains local minimum, necessarily
F(D?p(a)) < flao)
We say u € C(Q) is viscosity subsolution to F(D?u) = f, i.e.
F(D?*u) > f in the viscosity sense
if for any ¢ € C%() and xg € Q s.t. u — ¢ attains local mazimum, necessarily
F(D?p(as)) > f(ao)

We say u € C(Q) is viscosity solution if u is both supersolution and subsolution.
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One may replace u — ¢ having maximum or minimum by touching from above or below. Moreover, using F
is uniformly elliptic, one may replace ¢ with quadratic polynomials.
Lemma 8.1.6 ([CC95] Proposition 2.4). The following are equivalent.
1. u 1is viscosity subsolution as in Definition 8.1.6

2. iff for any ¢ € C?(Q) s.t. u(xg) = p(x0), u < ¢ locally near xo, necessarily
F(D*p(x0)) = f(@o)
3. iff for any P quadratic polynomial in Q s.t. u(xg) = P(xo), u < P locally near xg, necessarily

F(D*P(x0)) = f(wo)

Proof. (1) implies (2). Let u — ¢ achieve local maximum, i.e. at some zg € 2
u— < u(zg) — @(xo) for certain B,(zg) C Q

Then
u < ¢+ u(wo) — p(z0) B,.(20)
u(zo) = ¢(xo + u(zo) — p(0) o0

so the function ¢ + u(zo) — ¢(x) locally touches u from above. Indeed
Ap(xo) = Alp + ulzo) — ¢(x0))(20)
(2) implies (1). On the other hand, let
u<g B,.(20)
{U(»’UO) = ¢(z0) o

Then the function
u— ¢ <u(zg) —p(xg) =0  By(z0)

so u —  achieves local maximum at x.
(2) implies (3). Since P as quadratic polynomial is itself C? function.
(3) implies (2). For any ¢ € C?(f2) s.t. ¢ touches u from above at x¢. Define

P :=u(xo) + Ve(xg) - (x —x0) + %(m — 20)TD?p(20)(z — x0) + §|x — 20)?

So that
D?P(xg) = D*p(x0) + el

Picking |x — x| sufficiently small one ensure P > wu locally near . Thus
F(D*p(xo) +€I) > f(zg) Ve>0
Using F is continuous (as result of uniform ellipticity) in Sym(n), one send ¢ — 0 and deduce
F(D*p(0)) > f(xo)

O

Viscosity Solution and Classical Solution The following justifies why people wish for Punctually Second
order differentiability.

Lemma 8.1.7 ([CC95] Lemma 2.5). Let u be viscosity subsolution
F(D*u)>f Q

and assume u is punctually second order differentiable at xy € Q.
Then at the point xq
F(D?*u(z0)) = f(xo)
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Proof. Since u is punctually second order differentiable at xy € 2, there exists P parabola s.t.

o Ju(z) = P()

T—T0 ‘m — l'0|2

=0
and we’ve defined D?u(x¢) = D?P(x(). Now consider the polynomial
P.(x) = P(2) + 5|z — ao|?
We claim P. touches u from above at zg. It is trivial that
u(zo) = Pe(xo)

Now the two-sided control gives for any n > 0 there exists 6 = d(zg,n) > 0 s.t.

fu(z) — P(2)] < nle — w02 ¥ |o — 20| < 6
Now choose 1 = § so

u(x) §P(m)+%\x—xo|2 = P.(z) Y |x — x| < 0(zg, €)
Thus using w is viscosity subsolution one obtain
F(D?P.(z0)) = F(D*P(x0) +¢I) > f(zg) Ve>0
Using continuity of F and definition that D?u(x¢) = D?P(z¢) to conclude. O
Corollary 8.1.1 ([CC95] Corollary 2.6). Let u € C%(Q). Then u is viscosity subsolution in Q iff u is classical
F(D*u(z)) > f(z) VYzeQ

Proof. <= . For u classical solution, ellipticity of F implies monotonicity in A%u. Let ¢ € C?(Q2) touch u
from above at some zg € , i.e. u— ¢ has a local maximum 0 at the interior xg. Then V(u — ¢)(zg) = 0 and
D?%(u — ¢)(xo) < 0, hence

D?u(x) < D?*p(x0) as symmetric matrices

Now the ellipticity condition of F forces
f(xo) < F(D*u(wo)) < F(D*p(x0))
Thus u is viscosity subsolution.

= . For u viscosity subsolution that is C?, Lemma 8.1.7 gives F(D?u(x)) > f(x) for any z € Q. O

Construction for Viscosity Solutions One may naturally ask: given some viscosity solution, how do we
construct new viscosity solutions out of it?

Closed under taking max/min For u, v viscosity subsolutions, sup{u, v} remains subsolution. For u,
v viscosity supersolutions, inf{u, v} remains supersolution. ([CC95] Proposition 2.7)
Proof. For subsolutions, test functions ¢ touching sup{u, v} from above satisfies ¢ > u and ¢ > v near xy. For

supersolutions, ¢ touch from below. O

Extension of Supersolution Moreover, one may concatenate two solutions together. Let’s say we have
two supersolutions to the same operator, but with domain inclusion €2’ C €, and different forces. If the one
defined on € lies on top of the other in 9, then one can build a new supersolution.

Lemma 8.1.8 ([CC95] Proposition 2.8). Let f, g € C(Q).
Let u be supersolution with force f in Q and v supersolution with force g in Q' C Q. Assume

u<wv QNnoQY

Then define

~u vy Q\ o
v inf{u,v} XNQ’ " lsup{f,g} NQ

One obtain
F(D*w) < h
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Figure 8.2: concatenation of viscosity supersolutions

]f- a\a'’
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Proof. The region Q \ Q' follows from u. Let ¢ € C? s.t. w(xg) = ¢(zg), w > ¢ locally near zg € ' N Q. If
w(xo) = u(xp) the result follows from

F(D*p(x0)) < f(x0) < h(zo)
If w(zo) = v(zo) < u(zp), then necessarily xg €  (important), and hence the result follows from

F(D*p(20)) < g(x0) < h(wo)

Closed under uniform limits The family of viscosity solutions is closed under uniform limits.

Lemma 8.1.9 ([CC95] Proposition 2.9). Let {Fi} be sequence of uniformly elliptic operators with same elliptic
constants. Let {up} C C(R) s.t.
]:k(DQUk) >f

where f € C(Q).
Assume Fi, and uy, converges locally uniformly to F and u
Then
F(D*u) > f

Notice that here we do not assume dependence of Fj, on = € Q. If, however, Fj, does depend on z, we need
Fi. to be continuous in x, so that one can pass to the limit x; — z¢ in the step (8.14).

fk(DZPE(.Tk),.Tk) = «Fk)(DQP(xk)) +el, xk) > f(mk)
F(D*P(w0) +el,x0) > f(zo) a1 — xo (8.13)
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Figure 8.3: Closed Under Uniform Limits

Proof. Let P be quadratic polynomial touching u from above at xg. There exists r > 0 s.t.

P >u Br(xo)

Consider .
P.=P+ §|x — x|
Now
€ 2
sup u— P. < —57"

OB, (z0)
u(xo) = P(x0)
Now using up — u locally uniformly, for k > kg sufficiently large
sup up — P, < —ETQ, ug(zo) — P-(z9) > 52
0B, (zo) 4 8

In particular, this is to say ugx — P. achieves local maximum in B,.(z¢) at some point, say xy € B,.(x¢). By
Bolzano-Weierstrass there exists z — x. € By(x9) up to subsequence. But recall

u— P has strict maximum at xg
Then necessarily z, = x¢. On the other hand using
Fr(D?uy) > f

one obtain
Fir(D*P.(zy)) = Fr(D*P(xy) +€I) > f(xx) (8.14)

Using P is C2, that F; locally uniformly converges to F, and continuity of f at z, one pass to the limit
F(D*P(x0) +¢€l) > f(xo)

Thus taking € — 0 gives
F(D*P(z0)) > f(o)
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8.1.4 Pucci Extremal Operators and Solution Class S

Pucci Extremal Operator We remark that M are uniformly elliptic operators with no dependence on z!!!

Definition 8.1.7 (Pucci Extremal Operator). For 0 < A < A.

M7( ;A A) : Sym(n) —» R

M*—))\ZGZ+AZ€Z

e; >0 e; <0

MT(, N A) - Sym(n) — R

MD—)AZ@Z‘-F)\ZQ

e; >0 e; <0
where e; = e;(M) are the n real eigenvalues of the symmetric matriz M.

Usually, one plug in M = D?P as Hessian of some paraboloid, hence the n eigenvalues are easily computable.
In particular

Lemma 8.1.10. For any M € Sym(n)

A = A ar | < M, 2. ) (815)
Proof. We decompose M = M+ — M~ where for e; denoting eigenvalues of M

Tr(MT)=> e, Te(M)=-> ¢

e; >0 e;<0
Now
MEOLA A =AY e+ 23 e = ATr(MH) — 2Te(a)
) n? 1 n (2 n
e; >0 e; <0
where
ATr(M™) > A ||M+H the largest positive e; is bounded by sum of e¢; > 0
and
—Tr(M™) > —n HM* H the sum of e; < 0 is bounded by n times the smallest e;

A _ -
——Tr(M ) > =AM
O

Characterisation of Pucci Operators One has immediate characterisation of the Pucci operators.

Lemma 8.1.11. Denote
Axa i={A € Sym(n) | A[¢]* < Ay&ig; < AlE?}

Then
M= (M) = Aelgi,Aﬂ(AM) = AéﬂfA)AAijMij V¥V M € Sym(n)
M+(M) = Sup ’I‘I‘(AM) = Sup AijMij
A€Ax A AcAx A

Proof. Let M € Sym(n) and write its spectral decomposition M = OTD O, where O € O(n) and D =
diag(ei, ..., e,) with e; = e;(M). For any A € Ay A set B := OAOT. Then B € Ay 5 (since Ay 5 is invariant
under orthogonal conjugation) and

Tr(AM) = Tr(AOTDO) = Tr(OAOT D) = Tr(BD).

Using D = Y"1 | e; v; ® v; with {v;} the standard basis, we get

Tr(BD) = Z e; (Bug,v;).
i=1
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Because B € Aj a, for every unit vector v one has A < (Bv,v) < A. Hence
D ei(Buovi)+ Y e (Bujvi) =AY e + A e,
e; >0 e;<0 e; >0 e; <0

and similarly

Tr(BD) < A> e + A) e

e; >0 e; <0
These yield the bounds
inf Tr(AM) > XY ei+A) e =M (M),

AcA
A e;>0 e;<0

sup Tr(AM) < AZei—i—)\Zei:MJr(M).

AE'A)\’A e; >0 e; <0

To prove attainability (and hence equality), choose A diagonal in the eigenbasis of M:

A,oe; >0,

A=0Tdiag(ar,...,a,)0, a;=
iag(a1 ) {A, e; <0,

for the infimum case. Then A € A, A and
Tr(AM) = Tr(diag(a;) D) = Y aje; =AY e;+A Y e;=M"(M).
i=1

e; >0 e; <0

Likewise, for the supremum take

A7 e; > 0,
a; =
A, e <0,

Properties of Pucci Operators We list some basic properties of Pucci Operators.
1. For any M, N € Sym(n)

MH(M) + MH(N)
M~ (M) + M*(N)

Solution Class S, S Now we define the solution class to Extremal Pucci operators.

Definition 8.1.8 ([CC95] Definition 2.11). Let f € C(2). Let 0 < A < A.
We say a function uw € S(\ A, f) if

M~ (D?*u,\,A) < f in the viscosity sense
We say u € S(\ A, f) if
MF(D?*u, N\ A) > f in the viscosity sense
Let
SIA,f) =S A f)NS(A A, f)
ST NAL) =S A ) NSA A, —[f])

Heuristically, for any u € S, to use this, one construct P quadratic polynomial s.t. P touches u from below
at zo € 2. With this, one have

MT(D*P(20), \,A) =X > ei(D*P(0)) + A Y e(D*P(x)) < f(o)
e; >0 e;<0
Now if we're able to encode important information (things we want to bound) in the eigenvalues of D?P(z),

one get the bound via f(x).
For u € S, construct P parabola that touches u from above at xg € 2, and use

MT(D?P(z0)) = A Y e;(D*P(x0)) + A Y _ ei(D*Px0)) > f(xo)
e; >0 e; <0
Moreover, that u € S implies (via Lemma 8.1.11) there exists a;; uniformly elliptic (A|€|? < a;;&:&; < AJ€[?)
s.t.
ai;0iju < f
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Remark 8.1.1. Morally, what this class represents, is that the solutions are in fact viscosity subsolutions or
supersolutions to linearized equations
aij(x)diju(z) = f(x)
with bounded measurable coefficients.
QUESTION: Why do I want to later write my estimates using the class S instead of for some fized a;;?
Morally Caffarelli want to write for linearized equations. BUT Why does he not write for some fized a;; ?
This is because a;; are bounded measurable, not continuous!!
Ok in fact they could make sense in the viscosity sense, but then one cannot pass to the limit. Say

F(D?up, x) := a;j(x)0;ur, > 0 vk

And up, — u uniformly. If a;; are continuous one may pass to the limit. If however a;; are not, if they’re just
measurable, which means the operator F(-,x) is not continuous in the x variable, you cannot pass to the limit.
This is because your point xy is changing, and a;; is not changing continuously w.r.t. xy.

This is essentially the reason as stated in (8.13).

Now the class M* includes the limit of all these continuous a;; and then removes the dependence on x.

You want to make sure you can put any a;; in the class. So it does not depend on x. So if I move from
point to point I can pass to the limit.

Properties for S Class We state a bunch ([CC95] Lemma 2.12).

1. For M <A< A<A
SMA f) S SN AN S)

Same for S, S, S*.
2. For u € S(MA, f), —ue S\ A, —f).

Proof. For any P parabola that touches —u from below at xg € 2, —P touches u from above at z¢, thus
one has (for e; denoting eigenvalues of D?P(zg) and &; = —e; denoting eigenvalues of —D?P(z¢))

M7 (D?P(x)) =X Y _ ei(D*P(x)) + A Y ei(D?Plx0))

e; >0 e; <0
_— (A > E(=D*P(xo)) + A Y éi(D2P(x0))> = M1 (=D?P(xy))
€;>0 €;<0
< —f(=o)
Thus —u € S(A, A, —f). O

3. Rescaling. For any a > 0, r > 0, u € S(A\, A, f), the rescaled function

u(y) = au(%) VyerQ
solves a .y
aeSOA 5D (3.16)

Proof. For any P parabola that touches @ from above at yo € {2, the rescaled parabola

Thus
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4. For u € S(\ A, f), ¢ € C%(Q) s.t.
M*(D%(2)) < glz)  VaeQ
One has
u—peS\A f-yg) (8.17)
This is to say, for u — ¢ to remain a subsolution, ¢ needs to be C2, and a supersolution to M.
Proof. For any P parabola that touches u — ¢ from above at zog € 2, P + ¢ touches u from above at xg,

thus
M (D*(P + ¢),m0) > f(z0)

Now

fwo) < MFT(D?*P(20)) + MT(D*¢(0)) < MF(D?*P(0)) + g(x0)
MT(D?P(x0)) > f(x0) — g(xo)

Notice that, however, viscosity solutions are not closed under addition!

Construction for Solutions to ?, S

Lemma 8.1.12 ([CC95] Remark 2). Let f € L>®(Q).
1. u, v € 8(f), sup{u,v} € S(f); u, v € S(f), inf{u,v} € S(f).
2. In particular u € S(f) implies uy € S(f); u € S(f) implies —u_ = inf{u,0} € S(f).

3. If feC(), S(f), S(f) and S(f) are closed under local uniform limits.

The following proposition justifies that S is a strong enough solution class to consider.

Proposition 8.1.5 ([CC95] Proposition 2.13). Let F be uniformly elliptic operator with elliptic constants
0<A<A. Assume
F(D*u) > f

Then for any ¢ € C%(Q)
A
U_(ZSEé(E,A,f_]:(DQ(b))

Similarly, if F(D?u) < f, then
— A
U — ¢ € S(ﬁwAaf _]:(D2¢))
Proof. We prove for subsolutions. Let ¢ € C?(Q) touch u — ¢ from above at x¢. This is to say ¢ + ¢ touch u
from above at zy. Using u as subsolution, denote e; as eigenvalues of D?¢(z¢)

fwo) < F(D*(p + ¢)(20)) < F(D*¢(0)) + A|[(D*p(x0))+ || = X || (D*o(0)) ||

e; >0 e; <0

A
= J—'.(DQd)(l'o)) + MJF(DQQO(:EO)? ﬁa A)
where we’ve in particular used

[(D*¢(x0))+ || = maxe; < > e
e; >0

| (Do) || = mas(—e) 2 = 3" (~e)

e;<0
e; <0
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In particular, given any F(D?u) > f, u itself solves
A
(NS §(57Aa f - .7-'(0,30))
If 7(D?u) < f, then
= A

Roughly speaking S(\, A, f) is the class of all weak solutions in the viscosity sense to all linear uniformly

elliptic equations in nondivergence form
Qi Oiju = f

with ellipticity constants A, A and right hand side f.
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8.1.5 Examples of Fully Nonlinear Elliptic Equations
Let F be a function in Sym(n) x Q of class C*.

One may extend F to the whole space of n x n real matrices via taking its symmetric part

F(A,) = F(5(A+ A7), 2)

so that F is a function of n x n variables a;;, and in x.

We denote oF
Fij(A z) = — (A, x)

N 3aij
If M, N are symmetric, then
D.F(M7$)N = .Fij(M7 .T)NZJ

does not depend on the extension of F.

Lemma 8.1.13. If F is uniformly elliptic with constants A, A, then
MEP < Fij(M,2)6& < Mg VM eSym(n), Ve e, VEER”
On the other hand, (8.18) implies for any M € Sym(n) fized
Fij(A) 1= Fij (M, x) Aj
s uniformly elliptic operator with elliptic constants A, nA.
Proof. Let £ € R". Let M € Sym(n). We differentiate in N = £ ® £ > 0 direction, i.e.,

AL|N|| < F(M +tN) — F(M) < At[|N]|
F(M+tN)—F(M)
t
AN < Fig(M)Nij < A|[N]|

AN < < AN

Now since £ ® £ is single rank symmetric matrix with one non-zero eigenvalue |£|?

IN = l¢ @€l = [¢?
This concludes (8.18). On the other hand, check (8.12).

269

(8.18)
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8.2 ABP Estimate: L°° Estimate

Supporting Hyperplane A function L : R” — R is affine if
L(x) =4y + £(x) for ¢ linear function on R™ and ¢, € R

Let w be function defined in A C R™ open set and zg € A. An affine function L is supporting hyperplane
for w at xg in A if
L(zo) = w(zo),  L(z)<w(z) VzecA

Lemma 8.2.1. If A C R"™ is convex open set, and w is convex function defined on A, then for any xo € A
there exits a supporting hyperplane for w at xg in A (but is not unique!).

Proof. For any xg € A, consider the convex open set
{(z,y) € AxR [y >w(x)}

and the convex closed set {z¢} (singleton). Now they have empty intersection, thus by Hahn Banach ([Brell]
Theorem 1.6) there exists a closed hyperplane L that separates the two sets. [

Convex Envelope

Definition 8.2.1 (Convex Envelope). Let A C R"™ be convex open set. Let v € C(A) be continuous function.
We define the convex envelope of v in A as

I'y(z) :=sup{w(x) |w <wvin A, w conver in A} (8.19)
=sup{L(z) | L <wv in A, L is affine} VzeA (8.20)

Proof that (8.19) = (8.20). For any x € A, for any ¢ > 0, there exists w < v in A, w convex s.t.
Ty(z) —e < w(zx)
Since w convex in A, by Lemma 8.2.1, there exists a supporting hyperplane L for w at the point x, in particular
Iy(z) —e <w(x) = L(z), L<w<w A
Thus T',(z) < (8.20). On the other hand due to set inclusion, T',(x) > (8.20). O
Immediately note that
1. Since the supremum of a family of convex functions remains convex, the function I';, is convex in A.

2. Since a convex function defined in an open set is continuous, the function I',, is continuous.

Given v € C(A), we call
{z e Alv(z) =Ty(2)}

the lower contact set of v.

The ABP Estimate We demonstrate the classical Alexandroff-Bakelman-Pucci Estimate adapted to viscosity
solutions.

Theorem 8.2.1 ([CC95] Theorem 3.2). Let u € S(A\, A, f) in B4 CR™, with f € C(By) N L>®(By).
Assume u € C(Bg) with uw >0 on dBy. Then for C = C(n,\,A) >0

supu” < C-d- (/ (f+)"> (8.21)
By Bdﬂ{u:Fu,}

where Ty, is the convex envelope for —u~™ in Bay (where we extend u by 0 outside By, so —u~ € C(Bag)).

The key is to show for u which could be very singular, I', is in fact C':!, so one may apply the Classical
ABP (Lemma 8.2.2).
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8.2.1 Geometric Lemma

Let’s recall the geometric essence of classical ABP.

Lemma 8.2.2 ([CC95] Lemma 3.4). Let u € C(By) s.t. u > 0 on OBy. Consider —u~ < 0 in Byy (extended
to 0 outside By), and let T, be the convex envelope of —u™ in Bag.

Assume that T, € CY1(By).

Then for C =C(n) >0

supu~ < C-d- (/ det(DQFu)> ’ (8.22)
A

Bg

for AC By, |Bg\ Al =0 and T, second order differentiable on A.

Proof. Assume u~ # 0, so there exits g € By s.t.

M :=supu” =u (z9) >0
Ba

The goal is to prove
Bwm (0) C VI, (By) (8.23)

3d

If so, consider the measure so
M™ < Cd™|VT,(Ba)|

Since VI, is Lipschtiz, by Rademacher there exists A C By, |Bg \ A| = 0 s.t. D?T, is defined on A, and the
area formula holds

|V (Bg)| < /A | det(D?T,)|

Because I',, is convex one may remove the absolute value. Now
M™ < Cd™ / det(D?T,,)
A

and (8.22) follows.
Proof of (8.23).
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Figure 8.4: Proof of (8.23)

Take k the cone with —M as vertex and 0Bsq(xg) as base. Take

€ € Buy3a(0)

and define a hyperplane H = —M + £ - (x — x). Since the slope is strictly smaller than M/3d, and touches
with k at xg, H is a supporting hyperplane for k at .

We want to construct another supporting hyperplane H' for T',,, at possibility another point Z, in By with
the same direction &. If so, since VI, is continuous, one necessarily has

and we’re happy.
If H is already a supporting hyperplane for T';, in By, simply take H' = H. If not, notice the function (this
is where we use convexity!)

I',— H is convex function in the non-empty convex open set {H > I';,} N Bag

Thus there exists £ € {H > I',} N Bag s.t. T, (Z) — H(Z) = —t achieves unique minimizer. Now we slide H
downwards until it touches with I';, at this point Z, which we call H’. In particular

H=H-t=-M+¢ (x—m)—t
We claim

1. H' is supporting hyperplane for T, at &. Indeed T',, > H' in Bsg, and T, (Z) = H'(Z) by construction.
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2. & € By. In fact we prove that the touch must be with —u ™, for if not, the value for I', is achieved via
a supporting hyperplane connecting to the nearest point of —u~ (z). But this plane must have different
slope compared to that of H’, otherwise either one can move a bit lower along such direction contradicting
H' is supporting hyperplane for T',,, or the slope is greater than 3—1\2 (due to construction of Boy C Bsg(xo))
hence cannot be achieved by plane with .

O

8.2.2 Key Lemma: C! bound at contact points

The Key Lemma concerns regularity of the convex envelope I',, at contact points.

This is to say, using u as supersolution, one may always touch the convex function (which we’ll essentially
take to be the convex envelope I',) that lies and touches u from above, by a convex parabola ||| |z|* from
above.

Lemma 8.2.3 ([CC95] Lemma 3.3). Let u € S(\, A, f) in Bs CR", with f € L°(B;).
Assume o € C(Bs) is convex function s.t.

O<¢p<u Bs
©(0) =u(0) at the origin O

Then there exists universal v =v(n, \,A) € (0,1) s.t. for C =C(n,\,A) >0

p(x) < Csupf*-[z* V€ By (8.24)
Bs

A gpane LFJWMM q‘f}"“hvlo-v Ao e
=) C'U has  ocod Wﬁ*‘? jﬁw\{
\,‘Ia_ M . “'EHO“,
Figure 8.5: Illustration of (8.24)

Proof. First let

1)
0<r< 1 (8.25)
Define 1
C = —Supy
T B,

Taking r sufficiently small universal, one would like to give a bound on C.
Using ¢ is convex, its maximum over B, is achieved on the boundary, thus there exists zg € 0B, s.t.

o(z0) = supy = Cr?

r
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WLOG put zg = (0,---,0,7). Consider the tangent plane H to B, at xo so H = {z,, = r}. Since the closed

convex set (as sublevel set of a convex function)
{x € Bs | p(x) < Cr?}

contains B,., and touches at g € 0B,., along the set H N By, ¢ is in fact the minimum achieved, i.e.,

o(rg) = Cr* < o(x) VeeBsNH (8.26)

A-: Ig%n{f\'<)(n<f’g b/’\*]\\u&?uv,

A= B0 e R3= (g% |-v ¢xaer
Al: @S],Vﬂ{)(q:’(k

-

(‘ﬁ’éw Ao

él{ ‘v A?,
U

Figure 8.6: Detailed Proof of (8.24)
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We construct a region A where we perform a touch using paraboloid from below. Define

A= Bsj N {—r <, <r}
DA = Ay U Ay U As
Ay = Bs; NH
Ay = Bsjo N {xy = —1}
Az :=0Bs;p N{—r <xp <7}

Essentially we want to use a paraboloid P to touch u from below. But since ¢ < u lies below, one want to
ensure (via our given function ¢)

P<op<u 0A=A;UA5U Az
P(0) > ¢(0) = u(0)

Then lowering P properly one may touch u from below using this P at possibly some point y € A.
Now what we have for ¢ on these regions?

(8.26) _
¢ > Cr*> A CBsNH
20 As U A

¢(0) =0

Thus to construct the paraboloid P, one need to ensure

PS@TQ Al
P<0  AyUA;
P(0) >0

Construction of touching paraboloid P. Remember we want to bound C. Define

. ¢ 2 - 2
P(x) = g(ajn +7)? — 405—2\1"\
We check that
P(0) = %7"2 >0
C 72 —
pP= §T2—405—2|m’|2 <Cr? Ay
*TQ 112

The region Aj is bit delicate. For any x € Ag

62

12 2 12 2(8'25) 72
= [o/P 4ol <P +r? <P+ g

62
n
3
16
3

Z762 < 4r2|x

Thus

x| Q)

C 3~ — oz
2 2 _ 952 2
(xn +7)° < 3 re < 4C’r <4Cr 52
P<0 As

Let’s Touch! using u € S(\, A, f) and that (up to vertical translation) P touches u by below at y € A, one
obtain

M~ (D*P(y),\,A) < f(y) < supf™
Bs
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We compute eigenvalues for D?P.

0;P(y) = 8C5—2yi i<n
C
onP(y) = Z(yn +7)
77’2
i P(y) 806—2 i<n
C
9i;P(y) =0 Vi#j
Since this D?P is diagonal matrix, one compute
_ C _r?
M~ (D*P(y)) = A (n— 1)/\80(72
A r2> —
=(>-8n—-1)A—= ) C <supf"
(4 ( ) 62) = B(;pf
We can play with this ratio 5! Let’s say we want
A A r2
—-—< = - 1A=
s <7 Sm-DAG
r 1 A
< =
0~ 8\ (n—1A
Thus taking
1 A 1
= - - 1
= min{g [ o 1) € 01

yields

8.2.3 (C'! bound at non-contact points

Assuming there is universal bound on openings of convex parabolas at contact points {u = I',} (which is done
in Key Lemma 8.2.3), the geometry of I',, allows us to further bound the openings over the whole region By.
Here, again, one does not need the equation. Notice that in particular, our only assumption is (8.27), i.e.,
at each contact point « € {u =T, }, there is convex parabola of universal opening K that touches u from above
at x.
We used our Key Lemma 8.2.3 to achieve this, yes. But this doesn’t mean it’s the only way!

Lemma 8.2.4 ([CC95] Lemma 3.5). Let u € C(By) s.t. u >0 on OBy, and T, be convex envelope of —u™ in
Bag.

Let K > 0 and € € (0,d) be universal constants. Assume that for any xo € Bg N {u = T}, there exists a
convex parabola of opening K that touches T, from above at xg in B:(xo), i.e.

@(Fu, BE(.%O))(iE()) <K Y xo € de {'LL = Fu} (827)
Then T, € CYY(By), and there exists A C By, |Bg\ A| =0 and T, is second order differentiable at A, and
forC=C(n) >0

1
n

supu” < C(n)-d- / det(D?1,,) (8.28)
Bg Aﬂ{u:Fu}

Proof. One need to show that I, € C*!(B,) so Lemma 8.2.2 applies. Furthermore, one need to ensure
det(D*T,(z)) =0 a.e. x € Bg\{u=T4} (8.29)

so that (8.28) is obtained from (8.22).
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In the main agenda to prove I'y € C*'(By), in view of (8.5), one would like to obtain some universal
parameter € and K so that R
@(Fu,g)(l‘o) <K YV xg € By
Note our assumption (8.27) (really this is result of our Key Lemma) already gives the bound on the contact set
{u =T4}. Therefore the task reduces to show

O([y, Be(z0))(z0) < K Y axg€ Bg\{u=T,} (8.30)

for £, K to be determined.

Step 1: Study points 29 € By \ {u =T,}. Let L be supporting hyperplane for I';, at 2o in Bag.

The goal is to represent the point x(y outside the contact set, as convex combinations of points within the
contact set. Moreover, one has lower bound on some of the convex combination coefficient, which we can use
later!

S)Q.? One

0 tetod] pists T “3/

e®

.

(N

Xo € O

Figure 8.7: Step 1 for Lemma 8.2.4

\
2
3
3

e
s

W

!

L

(a) One want to show there exists n + 1 points

{mh o 7xn7mn+l}
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where either all points {x;} C ByN{u =T} or there is only one distinct point x,,11 € dBag, s.t.

xo € S := {convex hull of the set {z1, -, Tnt1}}

and
L=T, S

(b) There exists A; > 0, Z;Hll Ai =1s.t.
n+1

o — Z /\ixi
i=1
and there exists at least one i s.t. 2; € {u =T} N By and

1
A > —
—3n

278

(8.31)

(8.32)

Notice (8.31) implies that for each xg € By \ {u = T',}, there is a line segment (as subset of S) through
which T, is affine. Thus D?T',(z) = 0 for a.e. g € By \ {u = I'y,} where I',, is second-order differentiable.

This is (8.29).
Proof of Step 1 (a). Using (8.20)

Tu(z) =sup{L(z) | L < —u~ in Bag, L is affine}

L is the hyperplane that realizes the supremum at xy. Thus there exists a least one contact point of L and —u™

in Bog. Thus the closed convex hull

C = {closed convex hull of {z € Byy | L(z) = —u" (2)}} # @

= tned toveny MU«JL {~u': LS in ?24—
}wd'-, Xo € c

posg}ble (p«jn :jmaﬂ"fvﬂb .
) . .

Figure 8.8: Step 1 g € C possible configurations
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We claim necessarily xg € C. Assume not, then there exists affine function ¢ s.t.

L(xo) >0 0(C) <0

L 722 Q) <0
_ ched O
L C ’

t/)

1( 2 onr
-’14,—71_ o~
<<[+sﬁ)()(o) < /,u()(a)
Yo Ty s Afnd e viwj s sty A
7 Ty 1

Figure 8.9: Step 1 zg € C detailed argument

=) W - L? s

Now there is open neighborhood D around C s.t.

? <0 D
—u” >L By
—u~ > L D¢

Thus one may choose § > 0 small universal s.t.
—u~ >L+6/ By

This is to say, L + 0/ belongs to the family of affine functions that lies below —u~ in Bsg. Then in particular
at xo (in view of the definition for convex envelope (8.20) as supremum among such family at a point)

> L(xg) = Ty(xo) by assumption, L is supporting hyperplane for I', at xg
This is contradiction.

Now using zp € C as convex hull in R", there exists {z1, -+ ,zp41} C {z € Bag | L(z) = —u~(z)} s.t.

(Carathéodary Theorem)
n+1 n+1

Since L is an admissible supporting hyperplane for (8.20), that L(x) = —u~ (z) implies L(z) =T, (x). Now for
convex combination of x1,- -+ ,zp41 € {L =Ty}, it remains in {L = T',}. This is to say for S defined as the

convex hull for {zy1, - ,zp41}
SC{L=T,}

and this is (8.31).
It remains to check where xg really lies in.

1. Assume there’s two distinct points among {x1,--- , 2,41} that lies on 0Bag, say x, # x,41, then since
our supporting hyperplane L needs to satisfy

L(l‘n) = L(J?n_;,_l) =0
L<—u =0 0Boy

The only possibility for x,, # x,41 is that L =0, i.e., Iy, = 0.
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2. Assume there’s some point z; € Bag \ By, so
L(z;)) = —u (x;) =0

Then to ensure
L<—u"

this again forces L = 0.

Proof of Step 1 (b). First assume all {z;}1<;<nt1 € BgN{u =T}, then A\; > nT-l > 5 for at least one
1 simply due to

Then assume some x,11 € 0By, and we want to prove that A\,41 cannot be the one exceedmg in while all
others didn’t. In particular, assume \; < 5~ for all i <n, so Ap41 > 2. Thus

n
2o = Ap41Tn41 + Z Ai%s

i=1

n
|$0| > )\n+1|1‘n+1| — Z)\l|xl|

i=1

and contradiction.
Step 2: Proof of (8.30). Now for our zqp € By \ {u = I',} arbitrarily chosen, and L the supporting
hyperplane for I',, at zg in By (whose existence is due to Lemma 8.2.1), one may perform Step 1. In particular,

one may pick out
1
€ Bgn{u=Ty}, AN > —
T d {u } 1 3n
For any |h| < d, we write
n+1 n+1
Zo+h =Y Nai+h=N( g;1+ +ZA:¢Z
i=1

To bound O(T',&)(z¢) < K, one expect to choose |h| sufficiently small and pick universal K s.t.

|\2

L(zo+ h) < Ty(zo+h) < L(zo + h) + K— YV |h| <& (8.33)
Let’s do this. Using I';, is convex and L is supporting hyperplane for I,
n+1
L(wo+h) < Tu(zo+h) =Tu(Aa(wr + 1= )+ Y i)
h, s -
< AT, (a:1+)\1 +;/\r (2;) (8.34)

But z; € B4N{u =Ty}, and on there we can use our assumption (8.27)! This can be achieved as long
as we make )\% small universal, i.e.

\ |<€

Can we do this? Recall we have made (8.32)! If we define

1

3n€

Then
|h|
A

— <3n|h|<e YV |h| <€
1



CHAPTER 8. VISCOSITY APPROACH 281

Therefore using (8.27) applied to x;

h h K h
r —)<L R
U($1+A1>_ ($1+)\1)+2|>\1|

Now plugging back into (8.34) gives

h. K, h e
< L )+ = |—? § T, (2
_/\1< (xl_|_/\1)_|—2|>\1)—i—i_z/\I ()

K n+1
=ML(z1) + L(h) + =—|h> + > NL(z;)  using 2; € {L =T} (8.31)
2\ i—2

K 2

3nK
< Liwo+h) + - V|h| <&

We conclude (8.33) by defining K = 3nK. O

8.2.4 Proof of ABP Estimate Theorem 8.2.1

In this subsection we put together the Proof for ABP. The goal is to apply Lemma 8.2.4. To do so first we need
to recover (8.27) from Lemma 8.2.3.

The first task is: given our solution u € S(\, A, f) in By with u > 0 on dB,, what does —u~, extended
to 0 in Byy \ By solve?

Recall u € S(\, A, f) is to say

M~ (D?*u,\,A) < f in the viscosity sense

Using Lemma 8.1.8, this can be viewed as concatenating the solution 0 € g()\,A, 0) in By with u in Bag.
Since

0=u" 8Bd
The function
e — 0 Bog \ By

inf{u,0} By
together with the concatenated force

0 Bag \ By

fxB, = Baa )
ma‘X{f7 O} Bd

solves
M_(DQ(_U_)v )‘u A) S f+XBd
Thus —u~ € g(A,AJ*)(Bd) in Boag.
Now take xg € B4 N iu =T} and L supporting hyperplane to I',, at xg. Since L is affine, T';, — L is convex
in Byg, and —u~ — L € S(\, A, fTxB,), then for 0 < § < d s.t.

zo € Bs(wo) C Bag
One apply Lemma 8.2.3 to
0<I'y—-L<—u —L Bs(xo)
0=(Ty —L)(xo) = (—u~ — L)(zo) here we used the assumption xg € By N {u =T}
Thus (8.24) reads

(Cu = D)) < C0) - sw fox, lo = wol* ¥ € Busoo)
Bg xo

L(x) < Du(2) < L(x) + C(n) - sup fHya, - |e - aof

B5 (ajo

Therefore assumption (8.27) is achieved. Apply Lemma 8.2.4 so (8.28) holds.
Also, using continuity of f at each xg, taking 6 — 0 yields

det(D?T,(z0)) < CfT(20)" a.e. 90 € BgnN{u="T,}
This concludes Proof of Theorem 8.2.1.
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8.2.5 Maximum Principle

Corollary 8.2.1 ([CC95] Theorem 3.6).
Assume u € SN\ A, f) in Q, ue C(Q) and u >0 on 09.
Then for C' universal
sgpu’ < Cdiam($2) HerHL"(Qﬂ{uzFu})

where Iy, is convex envelope of —u™ in Bog s.t. 0 C By, and u extended to 0 outside €.

Corollary 8.2.2 ([CC95] Corollary 3.7). Assume u € C(£2).
1. Ifu € S(\, A, 0) with u >0 on 09, then

2. Ifu e S(A\ A, 0) with u <0 on 09, then

Let Q CR™ be bounded domain. Let f € C(Q2) N L>®(Q).

282
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8.3 Krylov Safonov: Harnack Inequality, and C"® Regularity

We denote Q;(xp) as open unit cube in R™ centered at z

Y A
Qe(zo) = H(% — 520t 5)

i=1
and Q; = Q¢(0).
Barrier We define a useful Barrier.
valobo\a (?: M" ML\YIDQ (2% ‘Rw\ r;/
unition 26 21

(>3 2
L Lt
m
exdeal !
%I
2
2]n

0
. M*uﬁr?(x) 20 on lx!zkf.

. /tA’.fo)l‘f) w < G(M':L'A) om V’(/‘f—

Figure 8.10: Barrier Function

For a > 1 to be chosen, define
o(x) = My — Ma|z|™¢ R™\ By/4
Choose M7 and M, so that
Plog, =0 Plop, ., =2
Now extend ¢ smoothly to all of R™ s.t. (depending on «)
< -2 Q3
Now we determine what « is. Compute
Osp = Mgaazi|x|_(°‘+2)
Oijp = Mgadiﬂx\*(a”) — Msa(a+ Q)xixj|x\*(°‘+4)
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Now let’s see what the eigenvalues for D?¢ is

~(a (a+2)
D*p = Mo (|m| (e42)y _ P zx’

Take \%I radial unit vector so

D2<p(a:)x=M2a( z —(a+2)me)

|z o3 Jzjet T a]
2
T z; (a+2) % Zj T}
(D*¢(x) )i = Maa -
Ela N N (]
B (a+1)
= 7M2C¥ |x|a+2 m
Thus ﬁ is an eigenvector with eigenvalue —Mga‘(fl%ﬂ. Now for any other direction u L ﬁ7 note
T
zx'u=0

Thus
D2p(z)u = Myalz| @2y

for Mya|z|~(@+2) is eigenvalue of multiplicity n — 1.
Consequently, the M*(D?¢) takes the form for any |z| > %

1
M (D?p)(z) = An — 1) Mya|z|~(F2) — )\Mgam

we want

= Myalz|" @2 (A(n —1) = Aa+1)) < 0
where for the last inequality to be obtained, one require

Aln—1)
A

On the other hand, one has (via smooth extension)
M+(D2g0)(x) <C(n,\A) Ve §1/4
Now take 0 < ¢ < 1 smooth function so that
£€=1  Bipu, §=0 R"\ By

—1<a

one obtain
MT(D?*o, \,A)<C¢  VaxeR"

Collecting what one needs, we obtain
>0  R"\ B,/

o< =2 Q3
p>-M R

MHT(D?*p,\,A)<CE VreR"

(8.35)

A-B Lemma One apply Calderon-Zygmund to obtain an important A-B Lemma.
Let A C @1 the unit cube. Let 0 < < 1 denote the portion that A can at most take in Qq, i.e.

1Al <6

Now apply Calderon Zygmund Decomposition (5.22) to the function x 4. One may collect the sequence of

non-overlapping dyadic cubes '
{Q’}
s.t. )
, I N A
AC U @’ up to measure zero, 0 < |QQJ|| Vi (8.36)
J

For each @), assign its predecessor Qj.

Now suppose one has another set B that contains A in ;. One ask: when can A take at most the same
portion in B?

|A] < 6|B]
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Lemma 8.3.1 ([CC95] Lemma 4.2). Let ACBC Q. Let 0 < < 1.
Assume
1. A <6
2. B satisfies '
YV Q' dyadic cube s.t. § < %4, Q’CB (8.37)

Then
4] < 6B (8.38)

Proof. Apply Calderon Zygmund Decomposition so one get (8.36). Consider the family of predecessors {QJ } of
cubes @’ and relabel them so they’re pairwise disjoint. One has

acle@ cUe

Moreover, since 7 are the ones chosen (8.36), using Assumption on B (8.37), we know
Q@SB V)

Thus ~
Aclyeclye'cn
j j

Since predecessors are the cubes one did not pick, one has

D NA
Q7]
What’s good about predecessors? Since predecessors are the cubes one did not pick, one has
D NA
QA 5 gy
Q7]

Thus using pairwise disjoint

A<D 1Q N A <) 6Q7| < 4|B|
J J
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Figure 8.11: A-B Lemma Possible Configurations
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Harnack Inequality The goal of this section is to show the Harnack Inequality. Recall

S*(A7A7f) = S(/\’Aa |f‘) ﬁé(}\,A, _|f|) 2 S()‘aAvf)

Theorem 8.3.1 ([CC95] Theorem 4.3). Let u € S*(\, A, f) in Q1. Assume f € C(Q1)NL>®(Q1). Also assume

u 2 0 Ql
Then for C > 0 universal
supu < C' (inf w+ || fll ;- > 8.39
o < (it Wl (539

We claim it suffices to prove the rescaled Theorem.

Lemma 8.3.2 ([CC95] Lemma 4.4). Let u € S*(\A, f) in Q4 m, u € C(Qyuum). Assume [ € C(Qqym) N
L*(Qy4 ). Assume

u>0 Quym
Assume for ¢ universal
infu<l, n <eg
dnfus 1l n (@) < €0
Then for C > 0 universal constant
supu < C (8.40)
Q14
Indeed, upon rescaling, for any § > 0
1 1
ue S

f)
. 1 3 1
(gt Ao +8) (o E Vo +9)

then taking 6 — 0 yields the estimate in 1/4. To go to Q1/2 one apply covering procedure.
Throughout the rest, we assume f € C(Qq,/7) N L™ (Qy/m)-

Ideas for the Proof Now, the idea to prove (8.40) is to use the distribution function of u in @
A () == {u >t} NQ|
Harnack’s Inequality is equivalent to say there exists C' > 0 universal s.t.
Au(t) =0 vt>C
In the first step, one prove a power decay for supersolutions as in (8.46)
(@) =H{u>t}nQi <d-t7° t>1

using ABP estimate, and then A-B Lemma.
In the second step, one apply the previous power decay to C7 — Cou where u is a subsolution. Then conclude
using a contradictory Carleson’s Estimate.

8.3.1 Key Lemma: Weak Harnack Inequality for Supersolutions

Lemma 8.3.3 ([CC95] Lemma 4.5). There exists universal constants ¢g > 0, M > 1, p € (0,1) s.t. if
u € S(\A[f]), u € C(Quym) and f satisfies

uz0  Quum (8.41)
infu <1 (8.42)
Qs
||fHLn(Q4ﬁ) < €o (8.43)
Then
{u < M}nQl>p (8.44)

or equivalently
Hu>M}NnQi<1—p (8.45)
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Figure 8.12: Weak Harnack Inequality for Supersolutions [CC95] Lemma 4.5

Proof. One want to add to u perturbation so one may apply ABP. Let ¢ be as in (8.35) with 0 < & <1 cutoff
chosen.
‘We define perturbation w. Define
wi=u+

Using
MT(D?p)(x) < C&(x) VazeR"

and (8.17) (to u a supersolution) one get

w=u+peS\A,|f|+C¢E)
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Figure 8.13: Proof for Weak Harnack Inequality for Supersolutions [CC95] Lemma 4.5

Apply ABP to w. Check that
w>u>0 832\/5

(8.42)
infw <infu—-—2 < -1
Q3 Qs

Thus apply ABP (8.21) to w in the region By /m- Now I'y, denotes the convex envelope of w™ in By /5, in
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particular, 'y, < 0. For universal C' > 0

1< supw—§0</ (|f|+£>”>
By ym By mn{w=TCw}

120 (Ifllgnggym + Hw =Tu}NQ1I*)  using supp(§) C Q1 and € € [0,1]

n

(8.43) L
< Ceg+CH{w=T4,}NQ|"

Now choosing €¢ small depending on C' > 0 to obtain

1 1
5 SHw=Tu}NCul
Use information on Convex Envelope. Now using I';, < 0, that
ze{w="Ty} C{w <0} ={u< —p}

Taking M as in the definition for ¢ (8.35) one conclude
1 1
5 SCHus MpnQu»

Choose u € (0,1) accordingly. Notice our choice of universal p now depends on M.

8.3.2 L% _..: Power Decay of Distribution Function for Supersolution

weak *

Lemma 8.3.4 ([CC95] Lemma 4.6). There exists universal constants d, € > 0 s.t. if u € S(\, A, |f|) satisfies
the assumptions as in Lemma 8.3.3, then

Hu>t}nQ| <d-t™° Vi>1 (8.46)

Proof. The hope is to do induction and rescaling. We want to show for the same M > 1 and p € (0,1) as in
Lemma 8.3.3, one has
{u>MFYNn@Q| <(1—-pw* Vix>1 (8.47)

Note k = 0 trivially holds.
Why (8.47) suffices? For any ¢ > 1, there exists k > 1 s.t. M*~! <+ < M*. Now

(k—1)<logy t<k
Thus

=00 Qi < > M0 < (1= = (1 - p)'

1
< ——(1—p)loen® = _—_glosn(1=1) — g =2 for e € (0,1) and d > 0 universal
o

=1
Induction Argument Setup. The base case k = 1 is achieved in (8.45). Assume for k — 1, and denote
A={u>M"}nQ,, B={u>M"1}nQ

(8.47) will be shown if one prove
Al < (1 = p)|B| (8.48)

One will use the A-B Lemma (8.38). To check the assumptions, notice again given by (8.44)
A < [fu> MYNQi| <1 p

and indeed A C B C @;. It suffices to check the set B satisfies: for any @ = Q1 (z¢) dyadic cube, if
7

ANQI> (1—-p)lQ| (8.49)

Then its predecessor Q € B.
Check A-B Lemma assumption (8.37). Assume for contradiction that for some x¢ € Q1, and some 7,
the dyadic cube @ = Q1 (x¢) satisfies (8.49) but @ € B. Then there is
2%

e s.t. u(z) < M*1



CHAPTER 8. VISCOSITY APPROACH

291

How do we use this pointwise information on u? Ah! We want this to be the point that hits infimum below 1

so one may again apply the Weak Harnack Inequality 8.3.3.

@3, (X2)
A

. )(,‘@'2% (Xo)

Q1

Qfa

Figure 8.14: Domain for Rescaling in [CC95] Lemma 4.5

To do so, we rescale. Recall @ = Q1 (z¢), we define
2'L

1 - 1
Ti=2x0+ 7Y a(y) = Wu(mo + =)

2t77

What does @ solve? Note u is defined in

1

21

Quym/2i(20) € Quym  for zo € Q1

Now using (8.16)

(IS g()‘a A’ f) Q4\/ﬁa f(y) =

and

f(xo—i—% )

1
MFk—192i

_ 1
= 119 ||fHL"(Q4ﬁ/2i(x0))

< €p

1 / 1 B 1 ,
= Ark—192i f(xo + iy)"dll> = k=102 2m/ f(z)"dx
L™(Qaym) Mh—122 ( Quym 2 MHF=122 Q aym (o)
Y

using assumption (8.43)

In particular, Q C Q3/2i (v0) € Qu /52 (%0), so the ‘bad point’ F lies in there. Now

u>0 Quym

infa <1  using § = 2(Z — 20) € Q3

Qs

<eg
L™(Qaym)

|4

So the result (8.44) writes

Hi < M}NnQi| > p

But the LHS is

) 1
/ Xga<my(y)dy = 2m/ X{u<mry(T)dr = —{u < M"Y Q| > p
L Q 1 (o) Q

1
27

Now combining with assumption for @ (8.49) this is contradiction.

Consequently, applying A-B Lemma, (8.48) is shown.

3=
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8.3.3 Construction of Blow-Up sequence: Power Decay of Distribution Function
for C; — Cyu for Subsolution

The key idea for Weak Harnack lies as follows: Assume supersolution u is small at some point. Then by
rescaling, using this point of small value, one ensure

infa <1
from which one can apply the Weak Harnack to get
{a < M}NnQi|>p
The question is: why is this useful? In the previous proof, assumption (8.49) gives the reverse measure bound
{a>MynQi>1-p

whose sum adds up to the contradiction

QI >1

Therefore u cannot be small anywhere.

Idea of the Proof The upshot is, one want to also assume for u a subsolution, so the Weak Harnack applies
for C1; — Cau, which is a supersolution. This happens if one can ensure C; — Cou is small at some point,
equivalent to u large at some point.

Now assume u ‘relatively small’ everywhere, except u large at some point. From the result (8.46)
one has for u supersolution (with Q C @Q; small)

{u>t}nQl<{u>t}NQi <d-t;°

for any t; in our favor. Now apply the same to C; — Cat a rescaled(in domain) supersolution as well (one need
to rescale since this is pointwise big assumption!)

. N . Ot
d-t;5 > |{Cy — Coli > t,} N Q1| = [{i < 102 21N Q|
_Am Ci—tay  ~
=C"{u < G FnaQ|
Now if let
¢ _C1—ty
1= s

using the same logic as above
Q| =C Q1| <d-t;°+C"d- (Cy — Caty)~°

Now with multiple degrees of freedom on the RHS, one may make it strictly smaller than LHS so we reach
contradiction. The contradiction tells us that: since we assume u large at a point, v cannot be relatively
too small everywhere.

Quantifying Parameters We quantify the above behavior via the following. Assume z¢ € Q1,4 some point,
and there u is big

u(zo) > 1, precisely, take 7/ ~' M,
where My > 1 is large universal constant that one wants to choose. Due to technical reasons, one denote
V= ]V;(‘)/[_O + > 1 as an iteration on ‘largeness’. The behavior of u as a solution suggests that, for a neighborhood
2

close enough to xg
Qe (7o) € Q1

The value of u cannot be too small. By playing with the choice
tj=0-C(My,v,n,e,j) for ¢ > 0 universal

One wish to ensure that
sup u > VI My
Qe (o)
Now this is fantastic for future purposes, since the iteration itself runs and explodes within the region B,
contradicting continuity. Thus one cannot assume u arbitrarily big at a point to start with, and one has uniform
bound on the sup (8.40)!



CHAPTER 8. VISCOSITY APPROACH 293

Proof In this section we prove precisely the following Lemma.

Lemma 8.3.5 ([CC95] Lemma 4.7). Let u € S(—|f|) in Qu 5. Let f satisfy (8.43) and u satisfy (8.46) (here
this is an assumption).
Then there are universal constants My > 1 (8.58) (8.60), o > 0 (8.59) s.t. fore > 0 as in (8.46) and

My

= > 1
My— 1L

whenever for some j > 1 and |zo|oo < %, the value of u is large
u(zo) > 171 My (8.50)
Then on the cube Qg (x0) C Q1 with side length

0 =oM, " (8.51)

one has lower bound on the supremum over Qg (o)

sup u > 17 M (8.52)
Qe (o)
Proof. Assume for contradiction that .
sup u < v’ My (8.53)
Qe; (o)

Apply Weak Harnack to u. Let us work on @ ¢, (z0) € Q¢,(79) € Q1. Since u is assumed to satisfy
v

(8.46) (which should be a result of supersolution!! However if any additional condition leads to the power decay
of distribution function, we're also happy. See Theorem 8.3.3)

(8.46) I M\ "
(o)) < " (15 (8.54)
Notice here one requires
J M,
P01 vt
2
M?
vMy = 0 >2
M[) - §

(Mo —1)*>0 which is valid due to My > 1
Apply Weak Harnack to C; — Cou. One first conduct bijection between domains

xr = X9+

Zf}ﬁy’ y €1 CQuums r € Q%(Jfo) C Qe; (z0)
Let us rescale for now
v(y) == C1 — 02U($0+4\f Y), VyeQum
Assume the Weak Harnack for v applies (This we check later)! So the result reads (applied to Mp)
{o(y) > Mo} N1 < d- My~

Note the LHS expands as

4 Mg > o) > Mo} 1 @il = Huloo + 1 0=9) < “ 2} 0 @
4 Ch — M
= (775) " lu(@) < =5Z=1NQ ¢ (w0)

o) < A NQ g ol < (122) @M (5.55)
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One would like this to be meaningful, by which we mean matching the LHS of (8.55) with (8.54). One need to
solve

Cl —MO o VjMO

Cs 2

VI
My (022 + 1) =C

If we take 1
v
C, = Co=—F—— 8.56
TS 2T Vi v —1)M, (8.56)
One indeed ensure (such smart choice)
7 v v
0(022+) 2(1/_1)+ 0 0= "7 C1

Using the result of Weak Harnack to Contradict. Now we arrive at

Cy — My
Qe (w0 = |{u(@) < 252} NQ 1, (w0)| +|{u > 4 (@)
l ™ (8.54),(8.55) 2 n B vI M, €
— < d-My€+d- 8.57
(4\/5) = 4/n o F 2 (8.57)
The goal is to pick My and o universal s.t. (8.57) fail. One first choose
1
d-My* <5 = My> (2d)* (8.58)
to arrive at ' .
174 <4 v My
2\4y/n) — 2
Now by taking v
l = O‘MO_"Z/_%J
One obtain from the above
1 gj " 1 _ l/jMO -
- nM €, ,—€j < d-
2 <4\/ﬁ> VO ( 2 >
o< (d . 2E+1+2n)n \/ﬁ
But recall one hasn’t chosen the o yet. If we choose ¢ universal s.t.
o> (d- 272y /n (8.59)

Then the above leads to a contradiction.

Check Eligibility to Apply Weak Harnack. To apply Lemma 8.3.4 one need to check v is eligible. First
note u € S(A\, A, —|f|) in @y, (w0), thus the rescaling (8.16) solves

v:Cl —Cgu(l‘o-i-llf;ﬁy) GS()\,A7CQ< \/>) ‘f(l’o—F \/» )|) ﬁC(m)

One has v > 0 in Q4,5 due to the contradictory assumption (8.53)

C1 (8.56)

u(z) < viMy V@€ Q(xo)
Co :

Moreover, the large value at zy (8.50) ensures that iqr)lfv <1
3
U( ) =C — Cg’u(a?o) <1
Cy—1 . 56)
u(wo) > —

Vs
T Oy 0
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Finally

) | f (2o +

C 2 J —-n nd
i ( f) ((4\/5) er(%)lf(w)l w)

2] 4
1) Mlin @y, o = C2 gm0

Jo:s5

0
\/ﬁ)l

= Oy

Now if one in addition require that

e 1 n
oM, ™ < 3 &= My > (20) < (8.60)
one obtain
g‘ 1 —£ €J
Co—1- = . M, "v™
20vn Wit - DM, 0 Y
v = v usin, Y = M,
S S/ =My Ay Sow_1 0
<1
Hence all conditions (8.41), (8.42), (8.43) are satisfied. Apply (8.44) to conclude. O
8.3.4 Proof of Harnack Inequality 8.3.2
In this section we put together the proof of Harnack. Take
ue ST ANA ) =SNAIFNSNA=If]) Quya
and f € L>(Q45) N C(Q4z). Assume that
infu<l1
Q14
1l n @y m) < €0
Recall the definition of ¢; (8.51).
li=oMy v F =0 (VM) h
£
size of u(zj41) n
We consider jy € N universal, large s.t.
1
>t < 1 (8.61)
Jj2Jjo
The goal is to show ‘
supu < vP0 1 M, (8.62)

Q14
To show our target (8.62). Assume not, so there exists [z;,| < § (Q1/4 centered at 0) s.t
u(zj,) > 0"t M,

Note this is assumption (8.50) for Lemma 8.3.5 (the pointwise ‘largeness’) with j = jo. Now applying the result
(8.52) one obtain (somewhere ‘larger’ around z;, with at most distance ¢;, away)

sup u > v M,

Q@]‘O (mjo)
Now this implies existence of ;1 s.t.
) . Ji
|xjo+1 - CCJ<J| < g]m u(xju+1) > v7° My

But one is able to iterate this process (thanks to Lemma 8.3.5), and would obtain a sequence
{25}z st

- 1 L.
u(z;) > v/~ My, |zj11 — x| < 553' Vi>Jo
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But where does x; go to? Note

j—1
|%jlo0 < l2jo| + Z |Zi+1 — Tifoo
1=Jjo
8.61) 1
<= 45 < - i > g
+ Z = 7 Vizio
J>J0

So by Bolzano Weierstrass, up to subsequences, there exists a limiting point || < % s.t.

u(zoo) = jhﬁrgo My = oo

But this contradicts continuity of w in the interior. Thus (8.62) holds and the proof is complete.

8.3.5 Weak Harnack for Supersolution (L?) and Local Maximum Principle for
Subsolution

Notice the full Harnack deals with inf over sup bounds. Assuming onesideness, either one may be replaced by
certain LP norm, by which we refer to a local integrability property.
Weak Harnack for Supersolution

Theorem 8.3.2 ([CC95] Theorem 4.8 (i)). Let u € S(\, A, f) in Q1 andu > 0. f € L>®(Q1) N C(Q1).
Then for some pg > 0 and C > 0 universal

o0 < € (B 0+ 16lnge,) (5.63

< 9. Then using the power

Proof. Assume u € S(f) € S(|f]) in Q4 5, infu < 1, u > 0, and 1 lpnig, ) <
Qs v

decay for distribution function (8.46) (essentially Weak L¢) to obtain for py = §

e} 1 0o
/ uP® :po/ tP°—1|{u>t}mQ1\dt:p0/ tp°_1|{u>t}ﬂQ1|dt+p0/ P~ {u >t} N Qydt
1 0 0 1

(8.46)

1 [e%s}
< lQul [ 5 [ < Cldien)
0 1

Now upon rescaling
llull 2ro (1) Sc(iélsfu—i- f||Ln(Q4ﬁ)> Vues, u>0
Now by covering one recover (8.63). O

As a consequence one has a strong maximum principle for Supersolutions.

Corollary 8.3.1 ([CC95] Proposition 4.9). Let u € S(A, A,0) in Q C R™.
Then if u >0 on Q, and u(xg) =0 for some xo € 2, one has u =0 on .

In particular using Proposition 8.1.5, whenever F(0,z) = 0 one has the Strong Maximum Principle for
F(D?u) < 0.
Weak Harnack for Subsolution
Theorem 8.3.3 ([CC95] Theorem 4.8 (ii)). Let u € S(\, A, f) in Q1. f € L™(Q1) N C(Q1).

Then for any p > 0, there exists a constant C(p) = C(n, A\, A,p) > 0 s.t.

swu < C(p ) (15 gy + 1712y (8.64)

1/2

Proof. Assume u € S(f) C S(—|f]) in Quym, I flL

Q) < €0, and ut € L¢(Qq) with

1
Le(Q1) <d-

]
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Then compute for any ¢ > 1
+E

|{u2t}ﬁQ1|:/ X{u>t}dt§/ Y
Q1 B Q1 te

We recover (8.46)! Then, since u itself is subsolution, one satisfy assumptions to run directly Lemma 8.3.5
and then the proof for Lemma 8.3.2 to conclude

supu < C'
Q14

Rescaling back to recover the result for p = €.

supu < C (Hu*f

zon *+ Il m)
Q14

Now for general p > ¢, since on finite measure space ()1 higher exponents embed into lower, we know using
interpolation

p

[t <l g @1 = e ([ )

where we’re using the Holder conjugates

For 0 < p < €, one may conduct
[ < [ @ty < et [ty
1 1 Ql 1
so plugging into the previous result reads

supu < C ((supu
Q

+ Wlircenm)
Q1/a

pu+ C(TL &, p (Hu—i_HLP(Ql + Hf| L"(Q4\F)>

[\3“—‘

One conduct rescaling for u defined in Qg 7, to

a(y) = u(ry)
fly) =rf(ry)

Using

/ (@(y))*)Pdy < / (@) Py = — [ () Pde <~ [ ((u(@)")Pde

n
1 B r B r Q2r

_ 1
lell e @u) = = Il e

/. G / Gy =r / R [ sy

Qs /mr
Hf’ L™(Quym < "I lln @y

so that for any r <1

1 _n
gupu < fscgpu + C(n,e,p) (r v ull 1o @,y + ||f||Ln(Q8ﬁr))
r/4 T

Let’s denote for any r <1

M(r) = supu
Qr
A=C ”uHLp(Qz)
1l
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therefore the above writes

—_
—_

M(fr)giM(r) Ar~v + B vVr<l1

R .
The term r~ » is notorious.
Instead if one does not restrict to a fixed scale i, and run again whatever is above, one get

1

M(t) < 5 M(s) + As — t)" " +B
The one has to conclude following [HL.11] Lemma 4.3 to obtain
A
M(t) < C(n,p)(-——= + B)
(s—1)7
Otherwise apply use Lemma 1.8.5.
O
8.3.6 (“ Regularity
Oscillation Decay and Interior C“ Regularity
Proposition 8.3.1 ([CC95] Proposition 4.10). Let u € S*(\, A, f) in Q1.
Then there exists p < 1 universal s.t.
oscu < ,uoscu-|—2 2l "(Q1)
Q12
Thus there exists o € (0,1) and C > 0 universal s.t.
el oo, < € (Iullimgn + 1l (8.65)
Proof. Denote
M, = supu, m, = ig)lfu, oscu = M, — m,
Then apply the Harnack Inequality (8.39) to u — m; and M; — u in ()1 to obtain
My, —mp <C <m1/2 —my + ||fHLn(Q1))
My —mypp <C <M1 — M5+ Hf”Ln(Ql))
Summing up both inequalities one obtain
oscu + oscu < C'| oscu — oscu + 2 n
Q1 Qi <Q Q12 17112 (Ql))
(1+C) oscu < (C— 1)oscu +2C | fll )
1/2
oscu<C_1oscu+ 20 (Kl
Qi ~ C+1Q C+1 " NEm@)
Holder Continuity follows from the classical approach (see [FRRO22] Corollary 2.12). O

Now by covering, one achieve the result on balls, say, of the form

(oo @ < C (Il oy + 1l ngs,))
Now how does rescaling work? Suppose we want estimate on the ball B,(xg), then
u(y) = u(xo +1y)
Fly) =7 f(ao +1y)
defines the function in By. Then apply the estimate to u yields
a(yr) —aly2)| _ o lul@o +ry1) —u(zo +1y2)| _ oulz1) —ul(@s)

ly1 — y2|® 2o +ry1 — (zo +1y2)|™* |z — za|®
a (1) — u(z2) _ H ’
< C .
21 —aae = llall By HIf LBy

<C (HUHL“?(B,,‘(JUO)) et ||f||Ln(B'r(10))>

r*u]co.n @y <€ (”uHL""(BT(Io)) +r HfHLn(Br(zo)))
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Compactness

Proposition 8.3.2 ([CC95] Proposition 4.11). Let {Fi} be sequence of uniformly elliptic operators with ellip-
ticity constants A\, A. Let {uy}r>1 C C(Q) be viscosity solutions

Fi(D*uy,z) = f(z) 0

for f e C(Q).

Assume {Fy} converges uniformly on Sym(n) x Q to F, and {uy} are uniformly bounded on compact subsets
of Q.

Then up to subsequence, there exists u € C(2) s.t. {ug} converges uniformly to u on compact subsets of Q.

Moreover
F(D*u(z),x) = f(x) in the viscosity sense in Q

Proof. We first show uy — u locally uniformly via Ascoli-Arzela. It suffices to show {uy} are locally uniformly
equi-continuous.
Since wuy, are viscosity solutions to Fj(D?uy) = f, by Proposition 8.1.8

up € S()\,A,f*]‘-k(o,l’))

n
Now, for any Q' € " € , apply Holder Estimate

ur(2) = ur(y) < urllco.e @yl =yl

(3.65)
< C (bl oy + 1 = F(0,2) gy ) 2 = 01
< Cn, Q" f, F)lz —y|* uniformly in k

where we’ve used the fact that Fj converges locally uniformly in x to F, and that u; are uniformly bounded.
Thus up to subsequence uy — u locally uniformly. Since u as a uniform limit is continuous on any compact
subdomain of Q, u € C(2).
Since f € C(), one conclude using Proposition 8.1.9. O
Boundary C“ Regularity

Proposition 8.3.3 ([CC95] Proposition 4.12). Let u € S(\, A,0) in By.
Assume for 0 < 8 <1, u € C(By) satisfied Holder Boundary condition

u|aB1 =pé€E CO’B(aBl)
Then for any xg € 0By, u is C%3 Hilder continuous at xo with

sup lu(z) — U(ﬂgo)l < 9%/2 qup lp(x) — so(zfo)l (8.66)
2€B; |x—;(;0|§ z€0B; |1‘—.130|
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Figure 8.15: Boundary Holder Regularity

Proof. Let o = 0 and fix By = B1(0,---,0,1). shift ¢(zp) = 0. Denote K = sup %. Now for any point
r€OB;
x € O0Bq, one has

n—1
Sat (e, —1)2 =1
i=1
|SC|2 =2z,
and in particular
8
u(z) = p(z) < K|z’ =25Ke;  VaedB
On the other hand u(zg) = ¢(xo) = 0. One think of defining a barrier function
JE} B
v(r) =22 Kaj

Compute

Onnv(x) =22 K
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Thus

— B_
MF(D*(z)) = A2§K§¥xﬁ 220

so this is supersolution to Extremal Pucci Operator. Then a shift down by v
u—v €S\ A,0)

remains a subsolution (8.17) as well. Now we use this fact. Since subsolution satisfies Corollary 8.2.2 Weak
Maximum Principle, that ©v — v < 0 on 0B implies

8
u<v=22

so in particular (8.66) is satisfied. O

Global Holder Regularity

Proposition 8.3.4 ([CC95] Proposition 4.13). Let u € S(\,A,0) in By. Assume that u € C(By) and for
0<pB<1
“|631 =p€ 00’5(631)

Then for v = min(g, «) with o in Proposition 8.3.1.

||U||con(3*1) <C ||80||co,ﬁ(331)

(-9 v~ \ Vﬁm)
£
< ‘L‘/'V m(\\ t f{
. WX )| i S e
’ |,'0|1 ’ “eltr de<a

UG- )] £ 1400-U0m | 4 1Al - 41y | | W\%V:*Tl
Calopt s plug o a e
Q, ‘,l n 0\ 1
"(’L\t'“\)é’(b\ﬂ\\\/4(ﬂw\\y)\_'“e a 2 ¢ lf"]\ UWLV

W \Xf“u\ 3 &k Y +r1~¥ 2 E\)Ma\ St if;./;w

Figure 8.16: Global Hélder Regularity
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Proof. For any x, y € By, consider xq, yo € 0B that achieves
dist(x,0B1) = d; = |z — x0], dist(y, 0B1) = dy = |y — yol

We decide on the ball on which one can apply the estimate. Assume that d, < d.
If v —y| < %, x, y are close. One would like to apply interior Holder estimate in the ball By, (z) (hence
there’s rescaling!). Since in this case

dy dy dy
22 = )" <A )¢
|z =yl |z =y |z =y
Therefore
de . de o (8.65) o .
(m) lu(z) —u(y)| < (|x — y|) lu(@) —u(y)l < Cllu—u(@o)ll s, @) using interior Holder
(8.66) s
< 0dz ollcos @y using Boundary Holder
8
Now since d; < 1, v < g, one has di > d). Thus
|u(z) = u(y)] d,
MO =8I < Clpleosry  Vie—vl <2

|z =yl

If |z —y| > %m, z, y are far apart. Then consider

—~

u(z) —u(y)] < [u(z) = u(zo)| + |u(zo) — ulyo)| + [u(yo) — u(y)]

< vlw

(8.66) s s
< Cldi +lxo—yol® +d5 ) ¢llcos sy
s R ERV! s
< 0(22|x—y|2 +52|z —y|2 +22|x—y|2) lllco.som,)
B8
< CB)lz —yl7 lellcosom)

d
OBz =yl ellooson)  Vie—yl >
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8.4 Jensen’s Approximation, Uniqueness of Solutions and C'“ Reg-
ularity

Let’s suppose F uniformly elliptic and does not depend on z € Q.

8.4.1 Jensen’s Approximation

Upper/Lower c-envelope Let u € C(Q) and H be open set s.t. H C €.
For any € > 0, define the upper e-envelope of u w.r.t. H as

1 _
u® (o) ::sup{u(:c)+s—g|x—x0\2|x€H} Vaoe H

This is the sup-convolution of a lift of the graph u + ¢ with the concave parabola —%|x|2.
Define the lower e-envelope of u w.r.t. H as

1 _
ue(xo) := inf{u(z) —e + g|x —xol* |z € H}

W0 AE- TP a * oy

£ a2l Lo if vt o4 10
U= "qu)‘fg i“”"i (e
’? ,:rR un+ ¢ oy persbila;

12 Lreps
OVZ n'wd %
Figure 8.17: upper e-envelope of u
One has properties of e-envelopes.
Lemma 8.4.1 ([CC95] Lemma 5.2). 1. For any xo € H, there exists some z; € H s.t. achieves the value
of the convex upper envelope
1
uf(xo) = ulay) + ¢ — E|x3 — x0)? (8.67)

Proof. For fixed zog € H, the function
1
T u(r) +e— =|z — x0|?
€

over H is a continuous function. Thus there exists xf; € H s.t. the map achieves supremum, which by
definition, equals u®(xg). O

2. For any xo € H
u®(xo) > u(mg) + ¢ (8.68)
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Proof. o € H C H is one possible point and thus

1 1 _
u(zg) +E—M< sup{u(z) + ¢ — g\x —x0|2 |z € H} = u®(x0)

O
3. For any xg, x1 € H
3
|uf(zo) — u®(xq1)| < gdiam(H)|x0 — I (8.69)
Proof. For any z € H
€ 1 2
u(xo) > u(x) +e— g|x — Zo]
1
> u(z) +& = = (lo = ol + 2@ —21) - (21 = 20) + 21 = 20/*)
1 2 1
>u(z) +e— |z —x1> = S|z — 21||z1 — 0| — =|21 — 20]?
€ € €
1 1
=u(x1) — EQdiam(H)\ml — x| — g\xl — x0|?
3
uf(xy) < uf(xg) + gdiam(H)|x1 — 2o
O
4. Forany 0 <e<¢ ,
u®(zg) < uf (zg)
Proof. For any x € H, and for x¢ € H fixed
1 2 p_ 1 2
u(x) +¢e— E|x—xo| — | u(x)+&" — El|x—xo|
1 1
=e—¢€+ (/—) |z — 20? <0
e«
Now take supremum respectively. O
5. For any xo € H and z§ as in (8.67)
xo — xh? < goscu (8.70)
Proof.
(8.68)
wy = wol* "2 e(u(wg) + 2 — u(w0) < e(uleh) - ulzo)) < coscu
O
6. For any xg € H and z§ as in (8.67)
0 < u®(x0) — u(zo) < u(zf) —u(zo) +¢ (8.71)

Proof. The first strict inequality is due to the (8.68). The second is due to (8.67). O
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Figure 8.18: upper e-envelope of u = |z

Uniform Convergence

Proposition 8.4.1 ([CC95] Theorem 5.1 (i)). Let u € C(Q), H open s.t. H C Q, and u® be upper e-envelope
of u in H.
Then u® € C(H), and u® — u uniformly in H as € — 0.

Proof. Using (8.69) we know u® are continuous in H. To show uniform convergence, for any zy € H, using
(8.71)

0 < u®(xg) — u(zo) < u(xf) —u(zo) +¢
Using uniform continuity of u in H, for any 1 > 0 we know there exists § = §() > 0 s.t. for € small

(8.70)
lzg — o < goscu < d = |u(zf) —ulzo)| <

Thus for any n > 0, one may choose € = £(n,d) > 0 small so
0 <u(zo) —u(zo) <ulzy) —u(ze) +e<n+e VaxgeH
Since independent of x( this is uniform convergence as one pass 17 — 0. O

€

uf is punctually second order differentiable

Proposition 8.4.2 ([CC95] Theorem 5.1 (ii)). For any xo € H, there is a concave parabola of opening g that
touches u® from below at xg € H, in other words

O(us, H)(xo) <

[ONI

In particular, this means v is C1! from below in H. Using Proposition 8.1.3 u® + %|:17|2 is convex in H,
thus u® is punctually second order differentiable a.e. in  (only a.e. due to Alexandroff Theorem)!
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Proof. Fix xy € H, the consider z{ as in (8.67). Define the parabola
* 1 * 2
P(z) = u(et) +— Zlop —
so that it satisfies

P(x) < uf(x) H
P(xz) =u(zg) mo€ H

The first line follows from, for fixed x € H
x 1 . 1
P(z) = u(e}) + < — —lat — af? < sup{uly) +< — —ly —af? | y € H} = ()
and the second line is due to (8.67). O

u® is viscosity subsolution

Proposition 8.4.3 ([CC95] Theorem 5.1 (iii)). Let u be viscosity subsolution to
F(D*u)>0 Q

Let Hy be open set, Hi C H where u® is defined.
Then there exists g = eo(u, H, Hy) s.t. u® is viscosity subsolution

F(D*u®) >0 H,y in the viscosity sense (8.72)
Moreover, F(D?u)(x) > 0 a.e. x € Hj.

Proof. For any zog € Hy, and let P be the parabola that touches u® from above at .
Establishing the point we work with. For z¢ € H; consider z§ € H as in (8.67). But if 2§ € 0H we're
unable to evaluate u® there (this is why we need H;). Hence, in view of (8.70)

%
Ty — To| < €0scu
w0 — 3] < cos

by choosing € < eg where ¢y depends on oscu, one can ensure

To € HH — xg cH
Now choose x € H sufficiently close to z{ s.t.

r—x5+xo € H
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Figure 8.19: Construction of polynomial @

Construct @ s.t. © < Q. We evaluate our «® at this point z — 2§ + 2o and compare with the value at z
(since by definition u® is supremum)

1 —
u®(x — xf + x0) = sup{u(y) + & — g|y7 (x—af+xo)* |y HY
1
> u(z)+e— g|:c7;v+:c37:r0|2
1
u(z) <u(r —xf + x0) —e+ g|x0 —xp)?
Using P touches u® from above at g, we know
* 1 * |2 3 * *
u(z) < Plx —af+x9) — e+ —|zo — xf) for x sufficiently close to zf, so & — x§ + xo close to zg
€

Now the above RHS is parabola in z, we define

1
Q) == P(zfo:8+z0)fs+g|:cofx82
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Establish touching u(zj) = Q(xf) Note at z{,

1 1
Q(x§) = P(wg) — e+ g\mo —x|? P touch u at o u®(zg) — € + g\xo —x|?

(367 . L. 1 x
2 u(xo)—i-g—g|x0—m0\2—a+g|xo—x0\2

Thus @ touches u from above at x.
Let’s use this! Since wu is viscosity subsolution

0 < F(D*Q(x5)) = F(D*P(x0))

Thus ¢ is viscosity subsolution in Hy. Now using Lemma 8.1.7, one obtain pointwise information (since u® is
punctually second order differentiable)
F(D*u(29)) = f(zo)

8.4.2 Uniqueness of Solution

Recall we’ve not covered whether S are closed under addition. In fact, no. But their difference could solve the
Extremal Pucci Equation.

Key Theorem

Theorem 8.4.1 ([CC95] Theorem 5.3). Let F be uniformly elliptic with elliptic constants X\, A. Let u be
viscosity subsolution

F(D*u)>0 Q

and v be viscosity supersolution
F(D*v)<0 Q

Then \
u—veS(=,A) Q
n

Proof. In view of (8.72), we take Hy and H open subsets of () s.t. H/ CHCHCO.

It suffices to show u® — v, € Q(%,A) in H;. Why this suffices? Using uniform convergence Proposi-
tion 8.4.1, that u® and v, are respectively subsolution and supersolutions in H; by (8.72), and that viscosity
solutions are closed under local uniform limits Proposition 8.1.9, the result follows by arbitrariness of H;.

Now let P parabola touch u® — v, from above at oy € B,.(z¢) C H;. We want to show that

MT(D*P(z0)) >0 (8.73)
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Figure 8.20: w to show (8.73)

Construction of w and apply ABP. We perturb down P a little bit while fixing its boundary value on
OB, (xp), then take its difference with u® — v..

w(zx) := P(x) + |z — zo|> — 67% — (u°(z) — ve(2)) YV 2 € Br(zo)
Then using P(xg) = u®(xg) — ve(x), one see immediately for § > 0

w >0 OB, (x0)
w(zg) <0 gy € Br(xo)

Now we use the important fact of Proposition 8.4.2. We claim for any « € B,.(z), there exists a convex parabola
P, that touches w from above in the ball B,(z). Why?
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Figure 8.21: Why one can touch w from above by convex parabola at each x € B,.(z0)

]

Since v, is lower e-envelope and uf is upper e-envelope, for given x € B,.(z) fixed, there exists z%, x5 € H
(since the envelopes are defined in H) s.t.

* 1 *
ve(x) =v(x]) —e+ g|:171 — x|2

1
u(@) = u(w3) + & — oy —af?
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Using « we've fixed z7, x3, and then using definition of the envelopes we define
* 1 * 2
Py(y) :=v(2]) —e+ g|x1 =y
* 1 * 2
Puly) i= u(ed) + e~ ZJog — ]
so that
: 1 2 T * 1 * 2
ve(y) = inflo(z) —e+ —le —yl” | 2 € H} < v(wy) —e+ —fat —yl” = Pu(y)
£ 1 TITr * 1 *
u®(y) = sup{u(z) + ¢ — g|z —yl?|z€e H} > ulx}) + ¢ — g|x2 —y|? = Pu(y)

Thus upon defining
Py(y) = Py(y) — Puly) + P(y) + 0y — xo|* — o

one check for r sufficiently small depending on Hy, H

w(y) = P(y) + 8ly — zo|* — 61% — (u°(y) — ve(v))
< P(y) + P,(y) — Pu(y) +6ly — 20> = 0r* = Po(y) VYV y€ B,(x)
w(z) = Pr(z)

Thus P, touches w from above at z in B,.(z).
In particular, since D?P, only depends on D?P and ¢, it is uniform in y. Thus there exists K universal
constant s.t.

O(w, By(x))(z) < K Yz € By(x0)

Ah! But now using this, one meets the assumption (8.27) for ABP Lemma 8.2.4. Therefore apply the
estimate in B,.(z) gives

n

sup w- < C(n,r) / det(D?T,)
Br(20)) By (z0)N{w=Ty}

In particular, since there exists point xq s.t. w(zg) < 0 is strict

0< / det(D?T,,) (8.74)
B, (zo)N{w=T"y}

On the other hand, since u® and v, are a.e. punctually second order differentiable in B,.(z¢) via Proposi-
tion 8.4.2, and since u®, v, remain viscosity sub/supersolutions (8.72), there exists A C B, (z¢) s.t. |Br(zo)\A| =
0

F(D*u(z)) >0 VazecA (8.75)
F(D*v.(x)) <0  VazeA (8.76)

Using pointwise information z; € {w=T,} N A.
Also, since I', is convex and I'y, < w, and now w is punctually second order differentiable in A, we get

D?w(z)>0 VYzecAn{w=T,} (8.77)
Now what about this set? Thanks to our ABP result (8.74) and w(zo) < 0, the set can’t have measure zero
[AN{w =Ty} #0
Thus there must exist some point 2y € AN {w = Ty} s.t. one can use all pointwise information above. In
particular (note D?P at all points agree)

(8.75) 2 e definition of w 2 2 2
0 < F(D7u(z1)) = F(D*ve(x1) + D*P — D*w(z1) + 261)

(8.77)
< F(D*v.(x1) + D?*P + 261) and using F elliptic

< F(D*v.(z1) + D*P) +2A6  using F uniformly elliptic
< F(D*v(21)) + A H(DQP)"'H - H(D2P)_ H + 2A0 using F uniformly elliptic

@” A||(D?P)T|| = X|[(D*P)~ || + 2A6

(8.15) 5 A
< MPT(D?*P, = A) + 2A6
n

Send § — 0 to conclude. Note a key here is one cannot use any subadditivity of F! O



CHAPTER 8. VISCOSITY APPROACH 312

Uniqueness for Dirichlet Problem

Theorem 8.4.2 ([CC95] Corollary 5.4). Let F be uniformly elliptic, ¢ € C(92). The Dirichlet Problem

F(D*u)=0 Q
U= o0

has at most one viscosity solution u € C(£2).

Proof. Assume not, say there exists uy, us € C(2) viscosity solutions. Then using Theorem 8.4.1

A
Ul—UQGS(E,A,O) Q
But u; — uy = 0 on 9Q. Now using Weak Maximum Principle Corollary 8.2.2 on both sides
U = U2 Q

O

Notice if the Dirichlet Problem already has a solution u € C%(Q) N C(€), then automatically uniqueness fol-
lows (so no need for Jensen Approximation). Indeed if v is another viscosity solution, applying Proposition 8.1.5

v—ueS(A,A,O)

n
Now Weak Maximum Principle Corollary 8.2.2 again concludes uniqueness.

8.4.3 (" Regularity for F(D?u) =0

We give C1® estimates for solutions of
F(D*u) =0

Translational Difference in Sym(n) For any h > 0 denote
Qp={z€Q|d(z,00)>h}
Proposition 8.4.4 ([CC95] Proposition 5.5). Let u be viscosity solution
F(D*u)=0 Q

Then for any e € S* 1, h >0

u(z + he) — u(z) € 3(%, N (8.78)

Proof. First note translations v(z) = u(x + he) remain solutions to F(D?v) = 0. Now apply Theorem 8.4.1
from both directions. O

Difference Quotient Estimate In the following we discuss a technical Lemma, heuristically saying a uniform
C® bound in S-difference quotients improve the regularity to C**7.

Lemma 8.4.2 ([CC95] Lemma 5.6). Let0 <a<1,0< 8 <1 and K > 0. Assume
ue L=([-1,1]), lull oo 1,1y < K

Define for h € R, 0 < |h| <1 the S-difference quotient

u(z + h) — u(x) [-1,1—h] h>0
vgp(x) i= ———F— Vel := 8.79
pn (@) G "1 - k1] h<0 (8.79)
Assume that the B-difference quotient satisfies C%* uniform bound
vg.n € CU (1), lvgpllomq,y <K YO<[|h[<1 (8.80)

Then there exists C = C(a+ ) > 0 constants s.t.

L Ifat+p<1
ue COeth_1 1], lullcoars_1,1) < CK
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2. Ifa+p>1
ue COY-1,1], lullgoa_y 1 < CK

Proof. Define the technical setup. We bound
|u(z + €) — u(z)] V —1<z2<0, >0, r+e<l1
In particular, for z and e fixed, we choose i > 0 integer s.t.
r+2e<1<a+2tle

and define 1y = 2%¢. Now
—1<z<z+71<1

and
<719 <2

N =

This is due to ] ]
1<az+2Me <22

1

2ie —1<z+4+2e<1

70 S 2 5 S T0
Now for this 7y fixed by our choice of €, i, we define
w(7) == u(r + 7) — u(x), VO<71<T1H

The precise goal is to bound w(e) via constant times € up to the correct power.

Use our assumption C”® bound on j-difference quotient. Note for any 0 < 7 < 79, one transform
the discrete second difference quotient into difference of B-difference quotients, on which we can apply C%®
uniform bound

w(7) = 2w(3)] = [ue +7) - ule) = 2u(e + 3) - u(@))| = [ule +7) = 2u(e + 2) + u(2)

2
(1 (oo ot )~ s (e 5t
(8.79) (%)ﬂ%,g(ﬁc + g) — g,z ()]
20 K(g)g(%)a < CK7*tP (8.81)

Iterate. One may iterate (8.81) from 7y all the way down to 7% = e. For universal C' = C(a + )

[w(ro) - 2w(F)| < CKr;

70 70 TO\a+8

=) — ) < _—

T T T
() = 2u()| < OK (577)™

The information we care are w at 7 (we have 1 < 75 < 2) and the w(e) = w(Z2) that one want to control. We
notice

2 (g

S — 2wl < OK2J*1(2;721)°‘+5 = CK2U-DO—(etM)ath g <j<j (8.82)

To
27
Now one may sum up

(7o) — 2w (e)] = [w(ry) — 2iw(%)| < Z |2j-1w<2%) — in(%)\

(8.82) :
< CRUDO (o) pats

j=1

= CK '} 200 (ak) o8

=1
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Finally

lw(e)| < 27 w(mo)| + 27 2%w(e) — w(To)|

<1 e2K 4 1y teCK Y 20Uk zat s yging 970 = 77 le

j=1
i—1
<AKe + 4C'K52 25(1*(°‘+5))73‘+ﬁ71 using 79 > 1/2 for only the first term
§=0
If a + 5 < 1, then the sum writes
i—1 (=1 \1—(a+R
3 2ili-(a+h) = L= (7t ?) . ((e—lro)l—mw) - 1)
1 — 21—(a+B) 921—(a+8) _ 1
7=0
so that
i—1 1
j(l—(a+pB)) a+pf-1  + = [ (a+B)-1 _ _a+p-1
2.2 7o S @ 1 (E 7o )

j=0
and >+ dominates
lw(e)| < 401 Ke 4+ 40, K P < C3 Ke* TP
If on the other hand, o + 8 > 1, then simply using 79 < 2
lw(e)| < CyKe

O

CY Estimate Using our previous result on C%% Regularity for S* Proposition 8.3.1 and the previous
Lemma 8.4.2, one may improve to C*® Regularity.

The key step, is again, that translations, hence difference quotients are solutions to §. Once we have this,
C% applies to S-difference quotients, whereas ||[u/|qo,. < CK because u € S itself. Now apply to 8 = «, one
get a chain [|uf sre < CK. Consider the termination condition, and C* is the best one can hit for under this
machinery.

Corollary 8.4.1 ([CC95] Corollary 5.7). Let u be viscosity solution to F(D?*u) = 0 in By.
Then u € Cl’a(Bl/g) for0 < a <1, C >0 universal, and

llor @) < € (Il =z + IFO)I) (8.83)

Proof. Use (8.78) for setup. Fix any e € S"~! and 0 < h < 1/8. Now, using zero force, for any 3 € (0, 1] (to
choose later!)

o) = hiﬁ (u(z + he) — u(z)) € S(%, A B (8.84)

Question: How to use this fact? Recall one already obtained C* interior estimates for solution in S* (8.65),
where o € (0, 1) is universal. Apply the result to vg to get

Hvﬁ”cma(ﬁ) < C(s,r) ||”ﬂ||Loo(BrJr y < C(r,s) ||U||cﬁ(ETS) (8.85)

2

s

For any r < s <7/8, and 0 < h < #5~. Note for § =1 it is C*! norm on the RHS. In particular, the numbers
r, s are chosen so that
—-r s+r s+r s+r s—r

s
h = h
r+<r+2 5 2—+—<2—f—2

=s<7/8

This is of the form C%% estimate for 8-difference quotient. We're so tempted to use our Lemma, 8.4.2, but we
can’t for now, since the RHS u defines vg. The Question is: How to make the RHS universal?

Base Step on C®. We want to initiate an iteration using (8.85). The main reason is that, for u a solution
to F(D?u) = 0, from Proposition 8.1.5 we know

ue 3(%,/\, —F(0))
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Now u itself is applicable for (8.65). One obtain
lullgon@rmy < € (Il gy + IFO)]) = CK (8.86)

Thus choosing the 5 above as «, one may replace RHS in (8.85) via LHS of (8.86). Let r =11 < s =7/8 so
the estimate writes

[vallco. @) < Clr1) lull oz 5) < Clr) K (8.87)

for 0 < h < 18=m

Induction on C*®. Now, thanks to our previous C%® result! The estimate (8.87) establishes C%% estimate
on a-difference quotient of v, and most importantly, it is uniform in h and e.
Thus applying Lemma 8.4.2 gives

HU”Co,za(Birz) < C(T1,7‘2)K ro <1

Keep iterating one get u € C%3%(B,,). Now, consider the universal integer i s.t. ia < 1 but (i + 1)a > 1. We
keep doing the above until (i + 1)« is achieved so that

HU”co,l(m) <CK

Here we may choose 3/4 universal since we didn’t pick rq, 73, -+, and now we do.
Termination. Now we want to use (8.85) for 5 = 1. This is doable now, because we already established
our Lipschitz bound on u. Thus

HUIHCO’Q(T/?) < C ||UHCO’1(?/4) < CK Vee Sn_l, 0<h< 1/8

Since vq is difference quotient of u for h and e, we conclude u € Cl’“(Bl/z). In particular

||U\|clva(m) <CK

8.4.4 Application to Concave Equations
Definition 8.4.1 (Concave). The operator
F:Sym(n) - R
is concave if F is concave in the space of symmetric matrices, i.e.,
FlaM + (1 —a)N) > aF (M) + (1 — a)F(N) VM, NeSym(n), Vo<a<l

Theorem 8.4.3 ([CC95] Theorem 5.8). Let F be concave uniformly elliptic operator. Let u, v be viscosity
subsolutions in )

F(D*u) >0,  F(D*»)>0 Q

Then %(u+ v) is viscosity subsolution in Q

]—"(%(Dzu + D?v)) >0

Proof. 1t suffices to show for u® +v° remains viscosity subsolution to F(1(D?u® + D?v°)) > 0. This is
again due to uniform convergence, that u® and v® are viscosity subsolutions in a possibly smaller domain, and
F closed under uniform limits.

Let P be parabola that touches u® + v¢ from above at xg, one wish to show that

F(D?*P) >0
To do this, again consider perturbing
1
w(zw) = P(x) + 6|z — 2|* — 67 — i(ue(x) +v°(x))

and going over the whole ABP machinery, so that there exists 1 € ANB,(xg) where u¢, v° and w are punctually
second order differentiable,

D?uf(zy) >0, D?v®(21) >0, D?w(x1) >0
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so that
0 < D*(P(z) + 8|z — xo|? — or° — %(ue(x) +v¥(2))) (1)
< D2P 4251 — DQ(%(ug(m) + o (a1)))
Apply F to both sides
}'(DQ(%(UE(m) +v%(21)))) < F(D*P) + 257
Now using concavity of F

F(D? (3 (0 (1) + 07 (00)))) 2 3 F(DP (1)) + 5 F (D (1) 2 0

DN | =

Thus
0 < F(D?P) + 20A

pass § — 0 to conclude. O

Corollary 8.4.2 ([CC95] Corollary 5.9). Let F be concave and suppose in the viscosity sense
F(D*u)=0 Q

Then for any e € S*~! and h > 0, the second order difference quotient
1 A
ﬁ(u(z + he) + u(z — he) — 2u(z)) € é(ﬁ’ A) Q (8.88)
Proof. We rewrite
1 1 2
ﬁ(u(x + he) + u(z — he) — 2u(x)) = ﬁ(u(m + he) + u(x — he)) — ﬁu(x)

Since both v(z) = u(x + he) are viscosity solutions, from Theorem 8.4.3 3 (u(x + he) + u(x — he)) is viscosity
solution to F(-) = 0. Now apply Theorem 8.4.1 with (u(z + he) 4+ u(x — he) subsolution to 7 > 0 and u
supersolution F < 0, we know their difference belongs to S. O

Corollary 8.4.3 ([CC95] Corollary 5.10). Let F be concave and assume u € C?(S2) is a solution to
F(D*u) =0 Q

Then for any e € S*~1
o € S(é A) Q
dede " S\

Proof. Use (8.88), and that u € C? so one has uniform convergence, and S is closed under uniform convergence.
O

Ooet =
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8.5 Evans-Krylov: C?“ Interior Estimates for Concave Equations

In this section we give proof for the famous Evans-Krylov Interior C?% Estimate via C'' norm.

Theorem 8.5.1 ([CC95] Theorem 6.1). Let F be concave uniformly elliptic operator. Let u € C*(By) solve
F(D*u)=0 B
Then u € C**(By ) and there exists o € (0,1) and C' = C(n, A, A) > 0 universal s.t.

||UHC2,Q(T/2) <C ||u||cl=1(m) (8.89)

8.5.1 Preparation

Reduction to proof of Oscillation Lemma 8.5.1 We claim it suffices to prove

Lemma 8.5.1. Given assumptions in Theorem 8.5.1. There exists a universal constant 0 < &y < 1 s.t. if
diam(D?*u(By)) = 2, then
diam(D*u(Bs,)) < 1 (8.90)

We note one may indeed assume diam(D?u) = 1 since for F(D?u) = 0,

solves the equation

- 1

F(D?q) := ;]-'(tD%]) =0
where F have the same elliptic constants as F.

Proof. For P touching @ from above at xg
F(D*P(z0)) > 0

Note tP therefore touches t = u from above at xg, thus
- 1
F(D*P) = E]-'(DQtP(:vO)) >0

Hence @ solves F(D2a) = 0. Due to rescaling  in the front, F and F have same elliptic constants. O
t
. 2 ~
Now take t := w and we work with F along with @ instead.
We record the important iteration lemma.

Lemma 8.5.2 ([GT01] Lemma 8.23). Let w : (0, Ry] — [0,00) be non-decreasing function s.t. for 0 <~y,7 <1

and o non-decreasing
w(TR) < yw(R) + o(R) V' R< Ry (8.91)

Then there exists C' = C(v,7) > 0 and for any p € (0,1), there exists a = a(y, 7, 1) > 0 s.t.

w(R) < C ((]];O)aw(Ro) + a(R‘LRé_“)) V¥ R< Ro (8.92)

In our case, we take Rg =1

w(R) := diam(D?u(BR))

T =g

1
=3
oc=0

Why can we infer from (8.90) the following fact?

1
diam(D?u(Bs,r)) < §diam(D2u(BR)) VR<I1
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Proof. By rescaling ug(z) := u(Rz) for x € By, we know up solves the equation

1
Fr(D%uR) = Rz}'(ﬁD%R) =0 B

where Fr and F have same elliptic constants. Now that Lemma 8.5.1 is satisfied implies
diam(D*ug(B,)) = 2 = R?*diam(D?*u(Bg)) = diam(D?ug(Bs,)) = R*diam(D?*u(Bs,r)) < 1

which is to say

w(6oR) < zw(R) VR<I1

N =

Now what does the Lemma 8.5.2 infer?
diam(D?*u(Bg)) < CR*diam(D?*u(B;)) VYV R<1

But this is exactly a bound on [D2u]CO,Q(B—R), which in turn proves (8.89).
Remark that on the RHS, one need diam(D?u), this is essentially ||D2u||oo, or equivalently, || 1.1-

Proof of Holder Iteration Lemma We provide proof for the key Lemma that gains our Holder Regularity.
Proof of Lemma 8.5.2. Fix initially Ry < Ry. Now for any R < R,
w(TR) < yw(R) 4+ o(Ry)

We iterate so for positive m

(8.93)

Now for any R < Ry, choose m s.t.
TRy < R< 1™ IRy

mlogT < log(Rﬁ) <(m-1)logt
1

(m— 1) < log, () < m
”

so that

w(R) < w(t™ ' Ry)

(8.93) R
< ’ymflw(Ro) +U( 1)
S——— 1- 0
write as %’y’"

—_

1 R R
< 7710g7(1§1)w(R0) + U( )

T I—x
LR og, () o(B1)
= —|— 08+ R
() o) + T
Now let Ry = Ry “RM so that, denoting
a=(1-p)log, (y)>0
one conclude
1. R o(Ry " R™)
w(R) < — log:(May(Ry) + L
() < 2™ o)+ Z50—
1 R o(Ry " R")
(A=) log-(Myy(Ry) + 0
~(&) (o) + T2
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Tool for Proof of Lemma 8.5.1: Weak Harnack We record a power decay of the distribution function
of supersolutions, which follows from the weak Harnack Inequality Lemma 8.3.4 directly upon rescaling.

Lemma 8.5.3 ([C(C95] Lemma 6.3). Let v € S(A\,A,0) in By and v > 0 on By. Then there exists C, § > 0
universal constants s.t.
Cl{v>1}NByul° < info (8.94)
1/2

Tool for Proof of Lemma 8.5.1: Positive and Negative parts for matrices in the same level set are
comparable We also record an important feature of uniform ellipticity. Here we do not need concavity of F.

Lemma 8.5.4 ([CC95] Lemma 6.4). Let F be uniformly elliptic. There exists co = %M constant that only
depends on the ellipticity constants s.t. for any F(My) = F(Ms), one has

co [| My — My|| < [|(Mz — My)*|| (8.95)
= lst (el (My — My)e)™ (8.96)
e|=1

eE€R™

Proof. We compute

0= F(My) — FOM) 2 A (M — M) || = A (M — 2y) |
< (A ) [[ (M2 = My YF|| = A (|| (0 = M) + | (M2 = 1))
< (A+ N [|(Mz — Myt = X[ Mz — M|
co [|Mz — My|| < [[(Ma — M) 7|

Now for My — M; € Sym(n), one may spectral decompose
M, — M; = ODOT

for D diagonal matrix and O orthogonal matrix. Now (My—M7)™ as the positive part of eigenvalues corresponds
to positive diagonal entries of D, thus using operator norm is measured by the supremum among the eigenvalues

|(Mz — My)*|| = sup (T De)™ = sup (e? (My — My)e)™
le]=1 le]=1

8.5.2 Key Lemma: Universal Reduction on number of covering balls

Lemma 8.5.5 ([CC95] Lemma 6.5). Given assumptions in Theorem 8.5.1. There exists €g > 0 universal s.t.

if
1 < diam(D?*u(B;)) < 2
and for some € < gg, assume D*u(B;) C Sym(n) is covered by N > 1 balls B*

N
D*u(B;) C U B of radius € < g¢ in Sym(n)
i=1

Then DQU(Bl/Q) is covered by N — 1 balls among B',--- , BN,
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Figure 8.22: Overview of Lemma 8.5.5

Proof. Setup. Choose z; € By for i = 1,--- , N and denote M; := D?u(x;), so that
B'C Boo(M;)  i=1,--,N

From now on one work with the covering

D?*u(By) C O Bo.(M;)
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We choose

2 2 <—
e < 2&¢ 16

where ¢y = AiA is the constant in Lemma 8.5.4.
In the following we want to extract a covering with a universal amount of elements! This is quite difficult.
First cover

D*u(By) C | Ba (M)
Notice diam(D?u) < 2 means all points {M;} C B where B is a ball of radius 2 in the space Sym(n). Now let
N’ := Maximum number of points in B s.t. each point has distance at least % away from each other

By selecting N’ = N'(n, ¢o) many M; among the original ones, one may ensure, upon relabeling and doubling

the radius
N/
Bl) - U B% (Mz
i=1

Now such N is universal, and one may pick M; and n = n(N’,n) > 0 s.t. the preimage has nontrivial measure
overlapping Bj 4 is the domain

(D?w) (B%O(Ml)) N Byl >n>0 (8.97)
Key Tool 1.

(o
\QAA \—_,,\ @ e W XD) 2 deeU LX) 5 TF

How Yo sWkan Hnlﬂ sine th \) - (3 Li) utx‘)) “u e & -q_'

A WM, - Wl = itk
e L(’Mmu(v‘f W&’( ;sm. “2— St ‘+ e{sw

Sana‘. Lawip W) 2L
M2z .

q (a < (oM, 'Mt“‘ p(M‘ m)“ QU-" @(M Mt)(’z)
X \@\.A ﬂ‘\
= e,T(Dam) -D‘futm)e,‘ {"m <>
= dee W) — de WiX2)

Figure 8.24: Lemma 8.5.5 Key Tool 1

We further ensure )
2e < 2¢¢ < 1

Using diam(D?u) > 1, we know for M; given as in (8.97), there exists M, among our collection s.t.

1
||M1 — M2|| > 1 > 2¢
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Now using Lemma 8.5.4

1 (8.95) 1y (8.96) T T
16 <co||My— Msl| < ||(My — My) H = sup (el (M — Ma)e)

le]=1,eeR™

= sup (eT(DQu(xl) — Dzu(QCQ))e)Jr
le]=1,eeR™

< Oeets(1) — Oeett(2) for some e € "1

where we used definition for My = D?u(z3). Thus
co
Oeet(12) > Oeou(my) + 1 (8.98)

Key Tool 2.

Denote K := supOe.u. Then let
B,
vi=K — Ot

Recall from Corollary 8.4.3 that for u a solutions to
F(D*u)=0 B
while F is concave, we know O..u € é(%, A,0). Thus v € g(%, A, 0) is supersolution. Also notice
v>0 B1

We're so tempted to apply Weak Harnack to v! In fact here we directly can, but let’s see why we want to do so.
Recall from (8.97) we have the universal bound for the set.

S = (D) (B%o (M1)> N Byja = {y € By | |D%u(y) — D>u(a1)| < %0}

Let’s study which set contains this.
Notice we already knew

(8.98) Co

SUPOeett — Oeeth(21) > Oeeti(x2) — Deeu(x1) > 1
B,

Hence focusing on the set S above, for any y € S
0(y) = supdectt — Doett(y) = SUPOeeth — Deett(1) + Deets(21) — Deete(y)
Bl Bl
(8.98)>, V€S ¢y o _
- 4 8 8
In other words ‘
SCBiun{v> )

Then using our (8.97) on such set yields
Co
n<|S| < [Byan{v> §}|

Ah. Now we see why we want to apply the Weak Harnack. This is for the sake of bounding v from below
by a universal constant. Let’s do so via (8.94). For some possibly different § = 6(2,A) > 0

8 8 8
—infv = —inf K — Oceu > C|By /s N{—v > 1 >n
Co Biy2 Co Bi/2 co

We obtain for C; > 0 universal
inf K — O.eu > Cy (8.99)

By/s
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Figure 8.25: Lemma 8.5.5 Key Tool 2

Key Tool 3.
By definition of K as supremum, for our given € > 0, there exists z € B; s.t.

K < Qeeu(x) + €
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But for D?u(x) € By, there exists M; s.t. D?u(z) € Ba.(M;) so

K < Oeets() + € = Oeeti(x) — Oectt(x;) + Oectt(x;) + €
< 3e 4 Oect(z;)

SO
K — Opeu(z;) < 3¢ (8.100)

g 10 K= dawr) <3 oo
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Figure 8.26: Lemma 8.5.5 Key Tool 3

Conclusion.
Now we choose at last
He < Heg < C1



CHAPTER 8. VISCOSITY APPROACH 326

so that for any D?u(x) € Ba.(M;), using Key Tool 2 and Key Tool 3

K — Ocett() = K — Oeets(xj) + Oeett(xj) — Oeett()
(8.100)

< 3e+2 and using D?u(z) € B (M)
(8.99)
<O < inf K — Oeeu

z€B1 /2

Consequently x ¢ By /5. This is to say
BZs(Mj) Z B1/2

We throw away Ba.(M;) as the member for the covering D*u(B;) C Uf\il Bs.(M;). In particular since
Bs.(M;) 2 B by construction, we’ve thrown away B?. This concludes our result.
O

8.5.3 Conclusion of Proof for Lemma 8.5.1

In the subsection we prove Lemma 8.5.1.
Since we start with diam(D?u(B;)) = 2, we cover D?u(B;) with N balls where N is universal number, of
radius €g as in Lemma 8.5.5. Now apply Lemma 8.5.5, once we're in B /5, we drop one ball from the collection.
If diam(D?u(By 2)) > 1, one may rescale

w(y) = 4u(g) VyebB

so that
diam(D*w(B,)) = diam(DQu(Bl/Q)) € (1,2]

On the other hand, D?w(By) is covered by the same N — 1 balls of radius &, result of the first iteration. Now
since w again solves the equation

F(D*w) =0
with F concave, we apply Lemma 8.5.5 again so that
DQ’UJ(Bl/Q) = DQU(B1/4)

is covered by N — 2 balls of universal radius €.
But one cannot run out of balls. Thus there exists £ < N s.t.

diam(D?*u(By-+)) < 1

One conclude (8.90) with
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8.6 Dirichlet Problem for Concave Equations

8.6.1 Higher Regularity

Standard Elliptic regularity theory applies to C%® solutions of fully nonlinear equations, saying once we have
C?%*, we may bootstrap to C™.
Here we have no assumptions on concavity of F.

Proposition 8.6.1 ([CC95] Proposition 9.1). Let 0 < a < 1. Let u € C** be a solution to
F(D?u,z) = f(z)  Q

Assume F € C*°(Sym(n) x Q), and f € C>(Q).
Then u € C*>(Q).

Proof. Base case. Let h € R small and k € {1,--- ,n}. Then define the first-order difference quotient

Diu(z) := % (u(z + heg) — u(z))

We study what equation the difference quotient solves. First note u(x + hey) remains a solution, so
F(D*u(x + heg),x + heg) = f(z + hey)

F(D?u(z),z) = f(x)
% (F(D*u(z + heg), x + hey,) — F(D*u(z),x)) = Dy f(z)

We would be very happy to differentiate the equation. To do so consider the origin equation as integration of
the linearized operator as follows

1
a;j(z) = / Fij(tD*u(z + hey) + (1 — t)D*u(z), t(x + hex) + (1 — t)z)dt
0
which is a uniformly elliptic operator with elliptic constants A, nA. Now one may instead differentiate in ¢
(Fi; denotes the derivative w.r.t. (¢,7)-entry of the matrix coefficient and Fj denotes the kth derivative in x

variable)

pn (f(tDQu(x + heg) + (1 — t)D?u(z), z + thek)) = Fij(--+) (Oiju(x + hex) — Oju(x)) + Fi(---)h

1d
P (F(tD?u(x + hey) + (1 — t)D*u(z), x + they)) = Fij (- ) Drdiju(x) + Fr(--+)

1

7 (F(D*u(z + hey), z + hey,) — F(D*u(z),z)) = a;;(z) Djdiju(x / Fi(: integrate from 0 to 1
If we define

G(z) = /01 Fr(tD?*u(z 4 hey) + (1 — t)D?u(z), z + they,)dt

Then we observe that D,’;u solves the linearized equation
a;j(2)di; (Diu(x)) = D} f(x) — G(z) € CO°

Now with the assumption u € C* G e C%, q;; € C%*, and since f € C*, the interior Schauder estimate
applies so that for some H C Q) where h are sufficiently small so H + hey € )

1Dk gy < € e+ 1Fll )

uniformly in h. Thus by Ascoli-Arzela, up to subsequence, D,’;u — Opu € C?*. Do this for every k and gain
u e C3e,
Bootstrap Step. With u € C3® one is able to differentiate the equation in k € {1,--- ,n} so that

Fij(D?*u, )0, (0u) = —Fp(D*u, x) + O f(x)

Using Schauder theory with O coefficients one get Opu € C3< for any k, thus u € C*®. Since the regularity
of the coefficients keeps improving because of improved regularity for D?u, one bootstrap to C™°. O

One has the global C?® to C*° result due to the Global Schauder Estimates and improvement of regularity.
Proposition 8.6.2 ([CC95] Remark 9.1 1). Let u € C*%(Q) be solution to
F(D*u,z) = f(x) Q
Assume O € C™, u|y, € C, F € C*(Sym(n),Q), and f € C=(Q). Then u € C>=(Q).
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8.6.2 Berstein’s Technique: C''!' A priori estimates

Concave Equation and its Linearization

Lemma 8.6.1 ([CC95] Lemma 9.2). Let F be uniformly elliptic,concave and smooth. Assume u € C*(Q) solves
F(D*u) =0

and assume F(0) = 0. Consider the linearized equation

Lv = aij@jv = fij(DZU(Z‘))aijv (8.101)
Then for any e € S*1,
Lu<0 (8.102)
LOeu =0 (8.103)
LOeeu >0 (8.104)

Proof. Consider the interplay between 0 and D?u under F
f(t) == F((1 - t)D*u)

Since u solves F(D?u) = 0 we know f(0) = 0, and since F(0) = 0 we know f(1) = 0. Now that F is concave
tells us that f(t) > 0 over ¢ € [0, 1] and
f(t) <0

Now in particular, at t =0
f'(0) =0
u is supersolution. Let’s differentiate f(¢)
F1(t) = =Fij (1 = 1) D*u)dy5u
Plugging in t = 0 gives

f/(O) = —.7:1‘]‘ (Dzu)(?iju Z 0
Lu<0
O.u is solution. We directly differentiate the equation
0 =0, (F(D*u)) = F;(D*u)0;;(0eu)

which is doable since we’ve assumed u € C*.
Oce is subsolution. We differentiate the equation one more time to obtain

0= e (Fij(D*u)0y5(8etr)) = Fijpe(D*1) 0y (Dett) Do (Dew) + Fij (D*u) Dij (Decr)
LOeett = —Fij 1o (D*u)0; (0ett) O (Do) > 0

Using concavity of the operator F, so its second derivatives are negative semi-definite. O

Berstein’s Technique for ||Vu;

Proposition 8.6.3 ([CC95] Proposition 9.3 (i)). Let F be uniformly elliptic, concave, F(0) = 0 and smooth.
Let u € C3(By) satisfy F(D*u) =0 in By. Then

||quL°°(B1/2) <cC HUHLOO(Bl) (8.105)
Proof. Take test function ¢ € C§°(B1) with 0 < ¢ <1, o =1 on Bys. Let [[p]|o. < C(n).
For § > 0 large to be chosen, for M := supu(z), consider the function
By
h(z) = 0(M = u)* + ¢*|Vu(z)|*
If we're able to show L£h > 0 where £ is as in (8.101), then one may apply Weak Maximum Principle so that

IVull oo, ,,) < Suph < suph < C(n,0) lull os (5,



CHAPTER 8. VISCOSITY APPROACH 329

which directly concludes the proof. To achieve this one need to compute Lh and take § > 0 large as follows:

0i6(M — u)? = —25(M — u)0;u

awé(M - U)2 = 265‘1u8ju - 25(M - u)&-ju

0:0*|Vu(@)* = 200i| Vul® + 20O udyu

9i;0° IVu(@) [ = 2 (pi; + @ij) [Vul* + 809 0xudiju + 20> Opiudy;u + 2¢0° Opudyiju

Let’s study how to bound them.
aijﬁijé(M — ’U,)2 = 26aij8iu8ju — 25(M — u)aijaiju
> 20| Vul? for the first we use ellipticity, for the second we use (8.102)
aij@j (@2|Vu(:1:)|2) > 7CA‘VU|2 -+ 8aijg0g0i8ku6kju -+ 2<p2aij8kiu8kju +2 2 77 Okij U
—_—

use (8.103)
> —CA|Vul> = CA (C(e)|Vul? + e?|D?ul?) + 2¢*\| D?ul?

Young’s to hide ¢2‘D2u‘2 use ellipticity

> —CA|Vul? + ¢\, A% D*ul* > —CA|Vul?

Take ¢ sufficiently large to conclude. O

Berstein’s Technique for HDzuHLOo

Proposition 8.6.4 ([CC95] Proposition 9.3 (ii)). Given same assumption as in Proposition 8.6.3 except we
assume u € C*(By). Then

HDQUHLOO(BW) < CVull ooy (8.106)

Proof. Take any e € S"~!. Take test function ¢ € C§°(B1) with 0 < ¢ <1, ¢ =1 on By 2. Let [[¢[|c2 < C(n).
For 6 > 0 large to be chosen, consider the function

g = 06(0eu)? + 2 (Dpeu)?
on the set
Q={z € By | Oceu(z) > 0}

If we're able to show Lg > 0 in the positive set 2 for J..u where L is (8.101), then using the Weak Maximum
Principle and the fact that
o0 - aBl U {ZL’ € B; | 86@“(1') = 0}
we obtain
sup((aeeu)+)2 — sup (8eeu)2 < Supg Maximum:Principle
Biy2 B1/20Q Q

< C(mé)sgp(@euf = ClVul g (s,)

supg
o

Now using Lemma 8.5.4 (this uses uniform ellipticity, and that F(D?u) = F(0) !) we know the positive and
negative parts are comparable. Thus one conclude the result.
It suffices to compute and show Lg > 0 on .
8ij(5(8eu)2) = 2566iu86ju + 2565[1,8@;‘“
0; ((pQ (8eeu)2) = 2@%(5%“)2 + 2902866'“8662’“
8ij (SDQ (ae@u)2) = 2(901903 + @goij)(f)‘eeu)2 + 8@901'666“36@{“ + 2§0286@iuaeeju + 2802(366“8@&2']'“
Let’s bound them
i;0i; (0(0eu)?) > 2X8|VDpul? + 200 ua:50750:u ellipticity and (8.103)
;0 (9 (Oectt)?) > —CA|Oceu|* — CA (C(€)|0ect]? + £0?|Veeul?)
+ 20p%| VOeett]® + 2¢0° Dpe1 0y (Dectt)

>0 using (8.104)
> —CADecul” + ¢(A, A)9*|VOecul* > —CAldccul?

Take ¢ sufficiently large to conclude. O
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C?° Interior Estimates Assuming u € C?(B;), one immediately obtain C*® estimate along with u € C°.

Proposition 8.6.5 ([C(95] Proposition 9.4). Let F be uniformly elliptic, concave, F € C*. If u € C?*(By)
and solve
F(D*u)=0 B

Then u € C*(B;) and for some 0 < a < 1
||U|‘c2,a(m) < CHUHLOO(Bl) (8.107)

Proof. Since we're working with u € C?, we first use Evans-Krylov 8.5.1 to obtain v € C%“ with RHS bounded
by C!!. Now running C%“ to C* bootstrap argument, Proposition 8.6.1, one obtain u € C*°.

Now indeed u € C* is valid, hence Berstein’s Technique (8.105) and (8.106) applies to bound ||u| 1. with
[ull o (,) Provided F'(0) = 0. If F(0) # 0, one conduct simplification, and one may bound F'(0) via |[ul[ (5,
as in (8.110). O
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8.6.3 (C?“ A priori Estimate up to the Boundary

In this section we prove the C% estimates up to the boundary for solutions of concave equations
F(D*u) =0

Theorem 8.6.1 ([CC95] Theorem 9.5). Let F be concave and smooth. Let g € C>(By).
Then there exists o € (0,1) s.t. if u € C>%(By) solves

F(D?*u)=0 B
(D) ! (8.108)
u=g 0B,
Then for C' > 0 universal constant
lullgma ) < € (I9llos @) + 1F(0)) (8.109)

Simplification 1: 7(0) =0 One may assume F(0) = 0.
Lemma 8.6.2 ([CC95] Remark 6.2 1). Let F be uniformly elliptic, and assume u is viscosity solution of
F(D*u)=0 B

Then for C =C(A) >0
IFO)] < Cllullpoe s, (8.110)

Proof. Step 1. We claim there exists t € R s.t.

7 (0)]
A

|7 (0)]
A

Using definition for uniform ellipticity (8.9), we know that f(¢) := F(tI) is an increasing, Lipschitz function
with Lipschitz bounds, for any t; > ¢,

At —t2) < f(t1) — f(t2) < At1 — t2)

Thus there necessarily exists ¢ € R s.t. f(¢) = 0. At such ¢, using (8.10)

F(tI) =0, <t < (8.111)

M|EDF]| = Al || < F@I) = F(0) < Af|@D) ¥ ]| = A||D) ||
Men | = Allen® < 7o) < Aflen | - Allen|

If ¢ = 0 there’s nothing to show. If ¢ > 0 then

At < F(0) < -t — Oy FO)]
A A
If t <0 then » »
Thus we conclude
|7 (0)] <t < | F(0)]
AT T

Step 2. Assume |[ul|(p,) = M. For t >0, define

Pa) = M~ (1~ |af?)

Then
P=M2>u 0B,
Also
D*P =tI
so that

Now using comparison principle, we know

u(z) ng§(1f|x|2) VaoeB
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In particular at 0

For t < 0, define

Then

P=-M S u 831
F(D?P) = F(tI) = F(D*u) By

Comparison principle again yields in particular at 0

t
P(0)=-M - 5 <u(0) <M — —4M <t
Thus (0
ZO < au

and one conclude
|F(0)| < 4A fJull ooy

On the other hand, for ¢ as in (8.111) one may define for any zy € R”
P(a) i= gl - wol?
2
so that D?P = tI. Now
F(D*u) = F(D*(u — P) + tI) =: G(D*(u — P))

The operator G remains uniformly elliptic and G(0) = 0. And whenever u solves F(D?u) = 0, u — P solves
G(D?*(u— P)) =0.

Simplification 2: |[g[|cszy) <1 Let v = m := %u. Then v solves
F(D*v) = %]—"(KDQU) =0
where F has the same ellipticity constants as F. Thus it’s safe to assume that
||9|‘CS(F1) <1
Goal Therefore the goal reduces to bounding
[ullgz.e @) < C

First thing, in view of our assumption u € C*%(B;), using Proposition 8.6.2, we know u € C*°(B1) so we
can differentiate infinitely-many often up to the boundary.

8.6.3.1 Bound for |[ull;«p,)

This is simply done by using w solves the Dirichlet problem (8.108) with 0 right hand side is hence belonging
tou € S(%, A, 0) via Proposition 8.1.5. Now the Maximum Principle

HUHLOQ(Bl) < ||u||L°°(OB1) = ”g”LOO(BBl) <1

where the last step uses our simplification.
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8.6.3.2 Bound for ||Vu||Loo(Bl)

Consider zp = 0 € 9B; where we take By = B1(0,---,0,1).
The first goal is to bound [|Vul[;«yp,)- We want to translate u down via

Bi=ug(0) Y Aig(0)a

so that

0

Now for any = € By, notice |x|?> = 2z,,. Using g = u is C? on the boundary, and all first order derivatives
along 0Bj for @ are zero, for any x € 9By one may expand so

_ C
i(@)] < 5 laf* = Ca,

Now since @ & Cx,, solves

n—1
i+ Cry=u—g(0) =Y 9ig(0)z; + Ca,, € S(%, A,0)

i=1

one may apply the Maximum Principle on both sides to obtain (This is trapping the solution with two
planes +Cz,,)

—Cz, < (z) < Czy VareDB
Since @(0) = 0, we take the normal derivative 9,, at 0 so that
|0nu(0)] = |8 (0)] < C
Recall we also have |0;u(0)| = |0;g(0)| < 1. Therefore translating every point z € 9B; to 0, one obtain
IVl o, < C

The next goal is to apply Maximum Principle. Since u solves F(D?u) = 0 implies (8.78) that for any
ecS" ! Ouc S(%, A, 0). Therefore applying Maximum Principle

[Oiu| <C  Vzeb

8.6.3.3 Bound for HDQUHLOQ(BI)

Consider zp = 0 € 9B; where we take By = B1(0,---,0,1). One would like to bound HD2“HL<><>(
then apply the Maximum Principle.

Computations for Tangent Derivatives. Consider tangential derivatives w.r.t. 0B;. The tangent
vectors are computed by taking (z1,- - ,2,—1, 2, — 1) as unit normal on dB; and ensuring orthogonality w.r.t.
the unit normal, i.e. (ay,---,a,) € TLS" 1 iff

8B1) first, and

n—1
Z a;x; + an(x, —1) =0
i=1

For example one may choose
Oru = (1 — zp)0ku + x10nu Vi<k<n-1 (8.112)

The vectors {(0,---,0,1 — x,,0, -+ ,zx) }1<k<n—1 are linearly independent thus they span the tangent space.
Moreover, since u by assumption are smooth up to the boundary, the tangent derivatives match with the
boundary data

8Tku = aTkg 881

The reason we do this is because the tangential derivatives of our solution exactly matches the tangent derivatives
for g.



CHAPTER 8. VISCOSITY APPROACH 334

Bound on |9,su(0)] for 1 <k, ¢ <n—1. Let’s compute the mixed tangent derivatives for any 1 < k, ¢ <
n—1

O, 0n,u = (1 — )0k (1 — 20,) 00t + 240pu) + 21,0, (1 — zp,) 0t + z¢0pu)
= (1 = 2p)*Opeu + (1 — ) 0100nu + (1 — ) 200t — 200w + 21 (1 — ) Dpntt + T2 Opnu

Now evaluating at 0 yields

Or,,u(0) = 9ku(0) = drg(0)
8Tk 8Teu(0) = 8Mu(0) + 5k€8nu(0)

Thus to bound the tangential derivatives of u, one simply obtain
|Oke(0)] = |01, 01,u(0) = 600 u(0)| < [01,01,9(0)] + [Vu(0)| <1+ C

forany 1 <k, ¢/ <n-—1.

Bound on mixed derivative |0,u(0)]. Let p > 0 universal to be chosen later. Fix 1 < k <n — 1.
We first compute

OO, u = 0p (1 — )0kt + x0pu) = —0ku + (1 — ) Okntt + T O0pnu
On 01, u(0) = —0xu(0) + Jknu(0) (8.113)

We define hy and extend in quadratic fashion in n-direction to B

ha(a) i= Or9() — Org(0) =3 0,01, 9(0)ze + Dp 9O +p 3 (Or,g(x) — O g(0))* + b
=1 =1
subtract the first order expansion of 97, g at 0
We define the same with u in place of g
n—1 n—1 "
vi(x) := dpu(x) — O, u( Z Or, 0, u(0)xg + Op,u(0)x, + 1 ; Or,u(x) — 0r,u(0))* + Ea:i
n—1
= (1 — zn)0u(z) + 20nu(zr) — Okg(0) — Z(aTeaTkg)(O)W + 01, 9(0)z,
=1
n—1 M
£ 1y ((1 = @)Opu(e) + wdyu(a) — Or,g(0))” + Sl
=1
Finally we define the barrier functions (We want our wy to be sub/supersolutions to £)
1 e 17
wa () = g u(x) — Opu(0 Z Or,0r,u(0)z; +xu(0 5 ; (Bpu(z) — Opu(0))?  += 5 a?

because (8.113)

modify by this, which is subsolution

The key is that the Cartesian derivatives dyu satisfy a clean equation under the linearized operator. dpu is the
only difference between w4 and vy.
In particular notice
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Figure 8.27: Bound on |0k, u(0)]

We bound |v4(z)| = |he(x)| < C|2?| on B;. Immediately notice v+ = hy on dB;. Let’s see why we can
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bound |hy(x)| on 0B;. We compute for any 1 <i<n—1

n—1
9i(hy)(z) = 9;01,9(x) — Or,01,9(0) £ 24 Z(aTeg<x) — 01,9(0))9;07,9()
=1

9i(h+)(0) =0

and note hy (0) = 0. Let’s compute the rest as well

n—1
8n(hi)($) = 8naTkg(x) + aTkg(O) +2n Z(ang(x) - ang(O))anaTeg(x) + pay
=1
On(h+)(0) = 0,01,9(0) + 07, 9(0)
and for 1 < j <n, using (|g[lcsz;) <1
n—1 n—1
0ij(h+)(x) = 0ij07,9(x) + 2p Z 0:91,9(2)0;0r,9(w) + 2 Z(aTeg(m) — 9r1,9(0))0i;0r,9(x)
{=1 {=1
1043 (Bl < CCL+ 1)
n—1 n—1
ann(h:t)(m) < annaTkg(x) +2p Z anaTeg(x)anang(x) +2u Z((?ng(l‘) - 8ng(0))6nn8T@g(x) tp
{=1 =1

HaTLTLhHLOO(Bl) <C+p)

Thus one may Taylor Expand and control x € 0B,
- L 72 2
ha(2) = he (0) + D Oiha (0)z; + 52" D*hs (0)z + o|f?)
i=1

1
= O0phe(0)z, +=2TD*hi(0)z + o(|z|?)
———— 2
quadratic on 0B,
|he(z)| < C(1+ p)|z|? using |z|* = 22, i.e., x € OB,
Then
lvg(2)] = |he(2)] < CA+p)|zf> 2€0B; (8.114)
We bound |wy(x)| < Cz, on 9B;. We add and subtract

1 1
7 l0eu(z) — eg(0)]* = 2|1 = z)0pu(z) + zeFnu(@) — 9¢9(0) + znOpu(z) — zdpu(z)[®
< (1 = 2p)0pu(x) + 20pu(x) — 0pg(0)|* + |z, 0pu(x) — 20pu(x)|?
and using |Vu| < C
|z 0pu(z) — 200,u(z)|* < Clz|?

Thus notice upon subtraction

vy (z) < plzndpu(z) — 20pu(z)|* < Culz)? VzeDB

W (z)
. v_(x) > —plr,0pu(x) — ze0pu(z)? > —Cpulz|? VzeB

w_(z) —
Now in combination with (8.114) one obtain

—C(Wz* Sw_(2) Swy(a) <Cal* = €0B
Since on the boundary dB; one has |z|?> = 2x,,, we conclude that

wi(z) < C(p)xn x € 0B
w_(z) > —C(u)x, x € 0B
To conclude |9x,u(0)] < C. Now we claim there is a universal constant p > 0 large s.t. for £ defined as
in (8.101)
Lw,>0 B, Lw_ <0 B (8.115)
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Now by the Comparison Principle applied to subsolution w, and supersolution w_, one get
C(u)xy, x € B
—C(p)zy, x € By
Let’s take the normal derivative 9,, at 0
—Czp <wy(x) —wi(0) < Cxy

|On(w)(0)] < C

But what is |9, (w4)(0)|?

On (w4 )(x) = Ondr,u(x) + Oku(0) + p Z (Opu(x) — Opu(0))Oneu(x) + pay,

100 (1)(0)] = |90, u(0) + Fyu(0)] ™ ”) 10,51(0)]

Thus if one is able to show for (8.115), one may conclude the bound |0,ru(0)| < C for 1 <k <n —1.
We prove (8.115) by lifting i large. Since both F(0) = F(D?u) = 0, by ellipticity

Oz Z ah )2 VYazeB; (8.116)

=1

The key step that we use our equation

Recall LJyu = 0 for any ¢ (8.103). Now for any 1 <4,j <n—1

Oiwy = (1 — ) Okith + OkiOnt + X O0piu — O, O, u(0) + Z (Opu(z) — Opu(0))dpiu(x)

Onwi = —0ku + (1 — 2,,)Okntt + Tk Onnu + Oku(0) + 1 Z Oru(x) — Opu(0))Opnu(z) + py,

n—1 n—1
8ijw+ = (1 — xn)&mju + 5ki8nju + 6kj8mu + xkamju +u Z 8giu8gju + u Z(agu(l‘) — agu(()))agiju
(=1 (=1
n—1
aan)Jr =—0; iU+ (1 - xn)akznu + 62108 nt + xkannzu +u Z alz 6€nu + H Z 6€u aéu ))a&nu(x)
£=1
n—1 n—1
annw-l— = 728]6”11, + (1 - xn)ak’nnu + xkannnu + 1 Z a@n ain + H Z 6[“ a[’LL ))8€nnu(x) + M
(=1
Now we calculate
Ew_,_ = aij&jw+ = Z aijaile+ + 2 Z ainainw+ + a,mannw+
1<4,j<n—1 1<i<n—1

n—1 n—1
= Z a;j ((1 — 2) Okij U + 0kiOnjtt + O Onitt + T Oniju + 1 Z Oriulgju + 1 Z(agu(x) - (%U(O))@mju)

1<i, j<n—1 {=1 (=1
n—1
+2 Z < zku + (]- - (En)akznu + (Szkannu + (Ekannzu +u Z a@z afnu + 2 Z aZu aﬁu ))a&nu(‘r)>
1<i<n-—1 =1
n—1 n—1
+ Ann < 28knu + (1 - xn)aknnu + xkannnu + M Z aﬁnu 8€nu + H Z 8@“ 8[U ))8€nnu(x) + M)
{=1

=1 —xn) G050k u+2 ) kOt —an;jOkju +W
T<ij<n 1<G%n \ oy <ij<n

includes Onnu

(8.103) e (8.103)

—HLZ Z a”a&ua@u+uz Opu(x ii0ii | Opt +pany,

=1 1<i,5<n 1<i,j<n

call this B (8.103)
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Notice the term B that comes from the modification of w4 by large multiple of the subsolution

(Oru(@) — Oeu(0))?
1

3
|

=

o~
Il

is precisely the term that kills the leftover, which is the term A.
Now we further estimate

Lwy = A+ B+ pay,

[NIE

n n—1 n
> —CA Z |Og;ul® |+ pA Z Z |0piu|? +uA
£j=1 (=1 i=1

using ellipticity

[N

n

>—OA | Y 0gul |+ 5 D [kl +pA
=1

£,j=1

use (8.116)

Now for p sufficiently large (8.115) holds.

Bound on Pure derivative |0,,u(0)|. This is direct consequence of bounds on mixed derivative and
(8.116).

Finally we apply Maximum Principle. The above deals with the bound

||D2“||Loo(0131) <C

To get bound on all of By, take any e € S*~!, and consider 0,.u which is bounded on dB;. Using essentially
Concavity Corollary 8.4.3 we know

A
Oeet € S(=, A, 0)
n
so it is subsolution. Then Maximum Principle applies so that

SUpOeett = supOeetu < C
B1 OB,

Now Lemma 8.5.4 applied to D?u and 0 yields comparability

HDzu(:r)H < Csup (Qeeu)t < C Vx e B
le|]=1

2
8.6.3.4 Bound for HD U’HCO’O‘(E)
We claim it suffices to bound for 0 < 3 < 1 universal that

| D*u(z1) — Du(zo)|| < Clay — xo|? Y 20, x1 € 0B (8.117)

From (8.117) to global C*%(B;) Bound. For any e € S"~!, using F is concave, we get from Corollary 8.4.3
(or via Berstein’s LO..u > 0) that

8eeu€§(é,A,0)
n

Now combining with the Main Claim yet to prove (8.117), which tells us that Oeculyz, € C%P(0By), the
conditions for Proposition 8.3.3 are satisfied. The result (8.66) reads

|0ccti(z) — Oeets(x0)| < Cla — ﬂco|g Y2 € B, xy € 0B
Now using both D?u and 0 are solutions and Lemma 8.5.4 that they are comparable, we get

| D*u(z) — D*u(wo)| < Cla — Jco|g V z € By, m € 0By
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On the other hand, Evans-Krylov Theorem 8.5.1 gives interior estimate for ”u”C“(T/z) via ||ull 25y for

universal 0 < v < 1. Since we already have the bound on Hessian HD2U||L<>C(31) < C, one combine the Boundary
and Interior estimates via a Global Argument Proposition 8.3.4 that

LB
||U||c2,a(3*1) <C o = min(y, 5)

Thus the goal is to show (8.117).

Flatten out the boundary and reduce to (8.119). For 29 € 9By, let A be a neighborhood of z( that
contains a ball centered at xg of universal radius. Then consider smooth diffeomorphism

p:B1 = Q=p(B)
z (@) = (p(x), - 9" (x) =y
s.t. p(xg) =0, and
@(ANBy) =B} :=={yeR" | |y| <4, yo, >0}
@(ANOBy) =Ty :={y=(y,yn) ER" ' xR| || <4, y, =0}

We denote ¢(y) := z. Let [¢llcsmr) + ¥l cs@m) < C-
Define the stretched function as

v(y) = u(z) — g(z) = u((y) —g((y) Vye

which vanishes on 9f).
We compute for u(z) = v(p(x)) + g(z)

ooF
dru(e) = po(y) 5 + Digla)
B a(pk 8(/% 2@k
Oiju(r) = Ogev(y) d0; 0w, + Okv(y) D0z, + 0i;9(x)

Since F(D?u) = 0, if we alternatively define

k 4 k
G(M p.y) = f((MM 2 (W) S () + e ) + (610 )

Then we see that v solves
G(D*v,Vu,y) =0 Q (8.118)
It remains to prove
|D*0(y) — D*u(yo)|| < Cly|®  Vyel (8.119)

where
Iii={y=(y,y) ER"IXR| |y <1, yo =0}

Reduce to bound on Mixed Derivatives (8.121). We show that one can bound |9,,v(0)| by mixed
derivatives.
Notice v solves (8.118). What inputs does G have? Consider differentiating w.r.t. M, so

52— Fiiga (Muaxiw(y))%w(y»)
o™ do™
= Fij 5= () 5= (0(w) = O
v J

using uniform ellipticity of the operator F;; = a;;. There one may apply the Implicit Function Theorem so that
(8.118) can be written as a solution to

6nn’0 =H ((3kw)1§k§n_1, V’U, y> (8120)
1<<n

But the uniform ellipticity implies the equation (8.118) is in fact equivalent to (8.120) globally. Now using again
Implicit Function Theorem (hence the bound on the differential of H via that of G divided by dus,,, G)

~ 1
< < —
IDH(.p.y) < DG < 5109

1
|On,,.,, 6|
< c(|M|+|p| +1)
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where M = (ng)lgkgnfl.
1<t<n

In previous steps we’ve achieved ||[Vvl|pw g,y + HD2UHL°°(31) < C. Now

|0nnv(y) — Onnv(0)| = |H ((akﬂ))l<k<n17 Vo, y) -H ((5kev)1<k<n
1<

1<t<n

<IDH| | sup [0kev(y) — Ouev(0)] + [ D%0f| o 5, Iyl + Iy
1<k<n—1
1<t<n

<C sup  |Orev(y) — Orev(0)] + [yl
1<k<n—1
1<t<n

Now if we restrict ourselves to y € I'1, we know that all tangential derivatives vanish
8kgv|F1:0, 1<k l<n-1

due to construction of flattening out boundary v\rl = 0. Therefore, showing for (8.119) reduces to showing for
the mixed derivatives only

|Oknv(y) — Opnv(0)| < ClylP  Vyely, V1<k<n-—1 (8.121)
Reduce to the Theorem of Krylov. We show that 9,,v for 1 < m < k — 1 themselves satisfies a nice

linearized equation so that one can direct apply a Theorem of Krylov’s Theorem 8.6.2.
Since we wish to deal with (8.121), we differentiate the equation

k Vi 2 .k
J-'((erv%; (w(y))gij(w(y)) + akvaiing () + 31‘;‘9((1/)(?/)))) ) =0

w.rt. Yy, for 1 <m <n-—1.

i ‘ k 4 2k
0=F <8keamvaai(¢(y))gij(¢(y))) + Fij <(’9kw(9m <gi(1/}(y>)gi(¢(y))> + O (0191)8(22_3% (Y(y)) + 8ijg((w(y)))> )
so that 9,,v solves i
LOyv = f(y) Q
where
n k )
£= 3 A2 wun 22w )| o

k=1
is uniformly elliptic with elliptic constants % and CA for C' > 1 universal. On the other hand using
1020, + 190l + lellos g + ¥l + Illoscamy < C

we get the force as remaining term
1f1l e ) < C

Therefore

8mv =0 P4

L is uniformly elliptic and one has bound
[0mv]l oo g3y T IVOmOll oo 1y + 1 f oo 5y < C

From the conditions above, one wish to estimate the normal derivative 9,,0rv along the boundary I'y.
For this we refer to the Theorem of Krylov [CC95] Theorem 9.6 so that

Hanakvncovﬁ(ﬁ) <C

Upon application this concludes the proof.
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8.6.3.5 Krylov’s Holder Bound on Normal Derivative along Flat Boundary
In this section we prove the Krylov Theorem used above.

Theorem 8.6.2 ([CC95] Theorem 9.6; [Kaz85] Theorem 4.28). Consider half ball B C R, and a solution
u € C%(Bf) of
= 40U = Bt
Lu = a;;0;u = f 4+ (8.122)
u(z’,0) =0 0B; N{z, =0}

where (a;;) uniformly elliptic with constants A, A, and both (a;j), f bounded measurable. Also assume
ull oo gy + VUl oo gy 1l poo(my) < K (8.123)

Then there exists constant 0 < a < 1, and ¢ = ¢(n, K, \,A) s.t.

‘ du <c (8.124)
Ozn llgo.am)
where 'y = {(2/,z,) e R" | |2/| <1, z, =0}
Since uw = 0 on I'q
ou , , .ol x,)—0 . u(z)
o, 0 = T T T
so we estimate ()
u(z
o) = L2

In proving the theorem, we set up the domain we’re working on. Let R < 1 and for § > 0 small universal to
be chosen, consider

Q(R) :={(a",n) €R" | |2'| < R, 0 < 2, <R}

@ (R) = {(@',0) € R | || < R, SR <20 < OR)

b&

f @) QWR)

VA

C /2

—R

Figure 8.28: Cubes
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Caffarelli’s Simplification

Lemma 8.6.3 ([Kaz85] Lemma 4.31). Let Lu < f in Q(R), and u > 0 with u(z’,0) = 0. Then

R
inf v < inf v+ —su
QT(R) T dQ(m/2) A B4+p|f|

Proof. Denote v as the infimum of v on the top
= inf v(z)

@, =6R, ||’ <R

Consider barrier

2’2, Tn(OR — xp)
= n — 2 - ——S
z2(x) ==z (5 ) 2 + 7 o bu4£)|f\

Let’s see what z solves. For 1 <, <n—1

1
0iz = —4vx,0 = x;

R2
‘x/‘Z Y ((;R - In) Tn
Onz =7 (5 20 Jrﬁ Jrﬁ *TS;P‘ﬂJrﬁS;yﬂ
4 4
1
a” 4’yl’n§R2 51'3'

Oinz = 7475?:51

1
Opnz = 21 + —sup|f]
I

R A B
SO
8 drynb— dyd—iam + (22 + Louply]
a;;j0i;z2 = —4dyrpd—a; — Zia; — + —su a
15 Uij VLn Rz % Rz iltin R )\B;
>suplf| > f for ¢ sufficiently small
Bf
On the other hand, we consider the boundary values for z and u on 9Q(R).

assumption.

1. On{z, =0}, u=0==%
2. On the sides {|z|' = R, 0 < x, < R}

R

z(x) = ya, (—6 + x—) — Msupm < vz, (—5 + In

2

3. On the top {|z|' < R, z, =R}
||

z(z) = R (5 26 7t 5) < 2v6%R

choose § small

zn,=0R, |z|'"<R Ty

Therefore Comparison Principle applies so that

Therefore

YOR = inf u(@) R <u

342

(8.125)

Note w > 0 in Q(R) b,
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In particular, restricting on x € Q(R/2), the RHS is

z(x) 2" a, (6R — xy)
=y (6-20 In) 00— Tn)

o ( R "R 2 S;f'f'
> vg - ngflfl using |/ < o

>0 = i = 2 (7= Esuplf]
=Ty TP T\ AB}O

0 R
>—| inf v—=
>3 (Qgha” Aigﬂﬂ>
Taking infimum in x € Q(R/2) on LHS yields the result. O

Harnack Inequality

Lemma 8.6.4 ([[<az85] Lemma 4.35). Let u € 02(372_) solve Lu = f in B with u >0 in By,.(z) C By .
Then there is ¢ = c¢(n, A\, , K) > 0 s.t.

supu < c | inf u+ r*sup|f| (8.126)
B(z) By (x) B}

Consequently, if Lu = f in B with u >0 in Q(2R), R < 1, then there is possibly different universal constant
c>0 st forv= %

sup v <c | inf v+ Rsupl|f 8.127
s <Q+uﬂ | (8.127)

Proof. The first result (8.126) is a direct consequence of Harnack Inequality for [GT01] Theorem 9.20 and

[GT01] Theorem 9.22. For (8.127), take any point z € QT (R) and consider applying (8.126) to ball By,(x)

where 4r = %. Up to different constant we get

sup u < c| inf u+ R%sup|f
Q+(R) (Q*(R) B} 1

But in Q1 (R) we have (this is why we stay a distance away from x,, = 0!)
oR
2
substituting for u = x,v yields the result. O

Proof of Theorem 8.6.2 We denote

m(R) := Qi{l}fé)u, M(R) := 51(1]%11

Oscillation Decay. We may apply (8.127) with u — m(2R)x, > 0 in Q(2R) so that

(8.127)
sup (v—m(2R)) < c¢| inf (v—m(2R))+ Rsup|f|
Q+(R) QT (R) B

(8.125) ; .
< ¢ inf v—m(2R) + Rsu
1 QtR/2) (2R) Bf|f|

4

<c (m(R/Z) —m(2R) + Rsup|f|> (8.128)
B
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Applying (8.127) with M (2R)z, —u > 0 in Q(2R) so that

(8.127)
sup (M(2R) —v) < ¢ < inf (M(2R) —u) + Rsup|f>
Bt

Q+(R) Qt(R) ]
(8.125)
< ¢ | M(2R) — sup u+ Rsup|f]
Q(R/2) B}
< (M(QR) — M(R/2) + Rsup|f|> (8.129)
Bf

Adding (8.128) and (8.129) up yields

M(2R) — m(2R) < ¢ (M(QR) — m(2R) — (M(R/2) — m(R/2)) + Rsup| f|>

Bf

Denote w(R) := M(R) — m(R) as the oscillation of v in Q(R), one get

w(R/2) < Ow(2R) + Rsup|f] (8.130)
Bf
where 1 )
0<fg=2""—1- " <1
Co Co

One may make ¢y larger so one may assume i <6<l

Induction on Oscillation Decay. We show via induction that

2sup| f|
Lo [way+ 21— 2 Ym=1,2, - (8.131)
qm! =0 40— 1 (40)™ I '

w(

m =1 is by (8.130). Now assume for m — 1. To show for m

1 (8.130) 1
wig) S ) + 2l
4
2sup| f|
<6-0m [ w(1)+ =2 1- 1 +2isu If] inductive hypothesis
= 10— 1 (46)m—1 Y P
el (40)™ —1+1— 40 1
B m_141-
=6m 1 : 2—s
v+ ( @y ) * 4m;‘§)‘f|
2suplf|
0™ | w(l) + =2 (1 1 ) 20™sup|f| + 2 ! sup|f]
= w — - -
40— 1 (46)™ e it
25uf|f| X
B
<om D+ ——(1-—
SO\ e+ g ( (49)m>
Thus induction (8.131) holds. In particular
1
w(4—m) < g™ (8.132)
where
2suplf|
—w(l)+ -2 <ok
c=wl) gy <

Holder Regularity Now for any R < 1, there is an integer m s.t.

1 1 1
i < —4. —
qm <R— gm—1 qm
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this is to say

mlog(i) <log(R) < (m — 1)log(i)

Further simplify using the identity

logb loga
aloseb — alzéc = bféZZ — plosca

gives

1
m_1<ﬂ<m

~ log(1/4)
log(6)

log(R) 1
O™ < Plos(1/H = RTee(i/n < O™

Now since i < 0 < 1 we may define

log(#)
0 = 1
= Tog(1/4)
so that
™ < R < gt

Now since the oscillation is monotone, and that R < 4,”%1, one obtain

1 ®1) e
w(R)gw(4m_1) < 36 :39
3
38 pa
=

Send z,, — 0 to conclude.

8.6.4 The Dirichlet Problem
8.6.4.1 Method of Continuity for Smooth Concave Equation

Implicit Function Theorem We record the Implicit Function Theorem for Banach Space that we’ll use.

Lemma 8.6.5 (Phong Spring 2025; Implicit Function Theorem on Banach Spaces). Let By and By be Banach
Spaces. We consider a map
F:Rx By — By

(t,z) — F(t,x)
and we assume

.F(to, .1‘0) =0
We assume also that F € C', and the linear mapping

Dm]:(t(hl'o) : By — By

y o> Dy F (ko 20)(y) (8.133)

1s invertible with a bounded inverse.
Then there exists an interval (tg — e, to + &) with the property that there exists a neighborhood U C By of g,
and a unique C' map
g:(to—e,to+¢e)—=U
t—g(t)
s.1.

1. g(to) = w0

2. One obtain the equation
F(t,g(t))=0 Vite (to—e,to+e)

3. Moreover g is uniquely determined in the sense that, for any (t,z) € (to —e,to +¢&) x U s.t. F(t,z) =0,
necessarily

r=g(t)



CHAPTER 8. VISCOSITY APPROACH 346

Existence Theory for Smooth Concave F In this section we use
1. C% a priori estimate up to the boundary
2. Method of continuity
to prove Existence and Uniqueness result for the Dirichlet Problem
F(D*u) =0
Assume ) = Bj.

Theorem 8.6.3 ([CC95] Theorem 9.7). Let F be uniformly elliptic, concave and smooth. Let g € C*°(By).
Then there exists a unique viscosity solution uw € C(By) to the Dirichlet Problem

F(D*u)=0 B
(D) ! (8.134)
u=g 0B;
Moreover u € C*°(By) along with the estimates
lllgsar) < € (I9llcs iz + 1F(O)]) (8.135)
lulloze ) < € (Il g,y +T2IFO)]) ¥ By(wo) € By (8.136)

where 0 < a < 1, C > 0 universal. ||-||pz.. denotes the non-dimensional norm.

Proof. We claim it suffices to show the existence of u € C*%(B;) for the 0 < a < 1 as in Theo-
rem 8.6.1. It follows that

1. From Corollary 8.4.2 we know u must be unique.
2. Using Proposition 8.6.2 we know such u € C%%(By) is in fact u € C*°(Q) via bootstrapping.

3. Using Berstein, Evans-Krylov, one obtain interior C*“ estimate once u € C?, which gives (8.136) upon
rescaling.

4. Using C%“ a priori estimate up to the boundary Theorem 8.6.1, we obtain the estimate (8.135).

Method of Continuity.
Consider for ¢ € [0, 1] the family of problems

tF(D? 1—-t)Au=0 B
(D7) + (1 = 1) Au ! (8.137)
u=g 0B
or letting v = u — g one has an equivalent problem
tF(D? 1—t)A =0 B
(D*(v+ ) + (L= AW +9) =0 By 5139
v=20 331

Now we denote the space o -
Cy*(By) == {v e C**(By) | v="00B}

and denote the operator as
d(v,t) = tF(D*(v+g)) + (1 —t)A(v + g)
Notice for any ¢ € [0, 1]
¢(-,1) : Cg*(By) = C"*(By)
v = d(v,t)
Consider the set

A= {t €[0,1] | there exists v € Cg*(By) s.t. ¢(v,t) =0 in By}

The goal is to show that 1 € A, in view of (8.137). To do so, we adopt the topological fact: Since [0, 1]
is connected, if we're able to show A is nonempty, closed, and open, then A = [0, 1]. In particular, 1 € A.
Let’s check one by one.
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A is non-empty because 0 € A using Schauder Theory for Laplacian.

A is open essentially because of Implicit Function Theorem lemma 8.6.5. Recall what we want: That A is
open is to say for any ¢ty € A, we know there exists a small neighborhood B (tg) = (to — &,t0 +¢) N0, 1] around
s.t. B:(tp) C A. The last condition means

B.(to) C A <= V€ B.(ty), there exists v; € Co*(By) s.t. ¢(vg, ) =0
View ¢ via o o
¢: Cy™(B1) x R — C%“(By)
(v, 2) = ¢(v, 1)
We're tempted to determine locally an implicit function
t’_>/Ut7 QZS(’Ut,t):O, E
with the information given
P(vig,t0) =0
Can we do so? Yes as long as we ensure at the point (vt,,%p), the linear mapping (8.133)
Dy(vigsto) : Cg*(Br) — OV (By)
w = Dyo(vy,, to)w
is invertible with a bounded inverse. Let’s compute what this is
Dyo(v,t) = 0, (tF(D*(v +g)) + (1 = )A(v + g))

We do so by computing the Fréchet Derivative in Banach Space, i.e., perturb v + ew, expand, and then keep
the O(¢) term. So let v + ew for v, w € Cg**(By)

(v +ew,t) = tF(D*v +eD*w+ D?*g) + (1 = )A(v + g) + (1 — t)eAw

(p(v + cw, t) — ¢(v,t)) = t]:(DQU + D%g + EDZw) — F(D%v + D?g)

Dy¢(v,t)(w) = tFij(D*v + D?9)dijw + (1 — t) Aw
= (t./_'.” (D2’U + ng) + (]. — t)él]) Gijw

+(1—-1t)Aw

M | =

Since F is a uniformly elliptic operator with elliptic constants A, A, the operator
a;; = (tF;;(D*v + D?g) + (1 — )8y5)

is uniformly elliptic with constants tA 4+ (1 —¢) and tnA + 1 — ¢.
Now in particular at the point ¢y € A, one may apply global Schauder Estimate for non-divergence form
uniformly elliptic operator a;;, and conclude that

||w||c2a(371) S C(t07 )\7A,n,g) ||aijaijw||007a(371)

Thus
quzﬁ(vto,to)(w) = (tO]:ij (1)2’0750 + D2g) + (1 — to)tsij) aijw

is invertible with bounded inverse. Implicit Function Theorem Lemma 8.6.5 applies so that there exists a
neighborhood B.(tg) s.t. for any ¢t € B.(tg), we know

¢(Ut7 t) =0
The existence of v; € Cg®(By) for each t € B.(to) gives B:(to) C A, i.e., openness of A.

A is closed essentially because of a priori O estimates. Recall what we want: That A is closed is to say
for a sequence {t,} C A s.t. t, — to € [0, 1], in fact o € A. This translates to for a family of operators

O tn) = taF(D*(- + ) + (1 = ta)A(- + g)
with a family of solution {v;, } € C3**(By)
d(vi,,tn) =0 By, vV n
s.t. t, — to € [0,1], i.e. the operators converge
¢(tn) = & to) (8.139)
We want to show the existence of v, € C2**(By) that solves
@ (vty,t0) =0 By

How to obtain the limit v;, that solves the equation with the desired regularity? We use Ascoli-Arzelal To
do so we need to ensure two ingredients
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1. Our sequence is uniformly bounded
2. Our sequence is equi-continuous.

We claim the key ingredient is that there exists C independent of ¢,, s.t.
v loze @y <€ (8.140)

For if so, {vy, } is in fact uniformly equi-continuous in C? norm. Thus applying Ascoli-Arzela([FRR0O22] Theorem
1.7) one obtain vy, € C%*(By) s.t. up to a subsequence

[ve, = veolle2mr) = 0 n— 00
Combining the uniform convergence and convergence of operators (8.139), we know that, up to diagonalization,
0= lim ¢(vr,,tn) = ¢(vey,to) uniformly in = € By
n—oo

This is exactly what we want!

Now the final issue, why is (8.140) true? Let’s use our a priori C*“ global estimates Theorem 8.6.1. Since
@(+,tn) as the family of uniformly elliptic operators has elliptic constants ¢, A+ (1 —t,,), and t, A + (1 —t,), one
may in fact ensure a uniform bound on elliptic constants that depends on A, A, ¢y by considering n sufficiently
large. Thus our estimate reads (let’s denote d as our dimension in case of confusion)

(8.109)
Cz’“(E) S C(d7)\7A7t07a)‘¢(05tn)|

C(d,\, A, to,, g) for n sufficiently large

[|ve,,

<
<

This gives our desired estimate (8.140) and we conclude the proof. O

8.6.4.2 Concave but Non-smooth Equations

As a consequence of Theorem 8.6.3, one get existence, uniqueness and regularity result for not necessarily
smooth equations.

Proposition 8.6.6 ([CC95] Proposition 9.8). Let F be uniformly elliptic, concave (no smoothness as-
sumption!). Let g € C(0B). o
Then there exists a unique u € C(By) to the Dirichlet Problem (8.134)

]:(D2u) =0 B1
u=g 0B1

Moreover u € C*%(By) (not up to the boundary) for universal 0 < a < 1, along with estimate (8.136)
lulloza ) < € (Il g,y +T2IFO)]) ¥ By(wo) € By
Furthermore, if g € C3(By), then u € C*%(By) and (8.135) holds

lulles gy < € (I9llos ) + 1F(O)])

Proof. From (8.110) we may assume JF(0) = 0.

Convoluting with a mollifier in the space of Sym(n) symmetric matrices, one can approximate F with a
sequence {Fy} of concave, smooth, uniformly elliptic operators with elliptic constants A, A, that converges
uniformly to F in compact subsets of Sym(n). Subtracting F(0) from Fj, we may assume Fj(0) = 0.

Also approximate boundary data g € C(9B;) with a sequence of smooth functions g, € C>°(By).

The upshot is: We only constructed convergence in boundary data g;, and operators F;,. What
can we say about the convergence in solutions u;? There’s two steps

1. Convergence in boundary data gives us uniform convergence in wu.

2. Combining with a prior estimates

lurllze < C (ol o i) + Nkl

one has uniformly bounded sequence in C%®. Ascoli-Arzela extracts us a C% in the interior solution w.
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Solve the sequence of Dirichlet Boundary Value problems

Fk(D2uk) = 0 B1
uk = g 0B
and obtain the solutions {u;} € C°°(B;) with estimates (8.135), (8.136). BUT! If we want to use the estimates,
one cannot pass information from gy to g because we have very less regularity of g!
The only thing we can do for ¢ is, by Maximum Principle

lukll oo g,y < N9kl @m,y) < N9l am,) +1

for k sufficiently large. Hence the sequence {uy} is uniformly bounded in L=,
On the other hand, {uy} are equi-continuous family of functions in C(B;) as inherited from the modulus of
continuity of boundary data. o o
Thus via Ascoli-Arzela, up to subsequence, uy converges uniformly to w € C(By) in Bj.
Hence by Proposition 8.1.9, using uniform convergence of Fj and uy, we know u is a viscosity solution to
F(D2U) =0 Bl
u=gq 0B,
By Uniqueness Theorem 8.4.2 such viscosity solution u € C(B;) is unique.
The remaining estimates follow from the result of Theorem 8.6.3, and compactness in C? of bounded sets
in C%°.
O
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