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Chapter 1

Smooth Manifolds

1.1 Topological Manifolds

We begin by introducing manifolds. First recall that a topological space (M, T ) is a set M with T a collection
of subsets of M , which we call open sets, s.t.

1. ∅, M ∈ T

2. arbitrary unions of elements in T belong to T

3. finite intersection of elements in T belong to T .

Definition 1.1.1 (Topological Manifold; [Lee12] Chapter 1, Liu 2024). A topological manifold M of dimension
n is a non-empty topological space that is Hausdorff and second countable, s.t. for any p ∈ M , there exists
open set U ⊆M containing p and a homeomorphism ϕ from U to open subset of Rn (continuous bijection with
continuous inverse)

ϕ : U ⊆M → ϕ(U) ⊆ Rn

q 7→ ϕ(q) := (x1(q), · · · , xn(q))

The pair (U, ϕ) is a coordinate chart around p. The continuous maps xi : U → R are local coordinates on U .

To check if M is a topological space, of course we need to specify its topology so that we can choose the
open set U and homeomorphism ϕ. What are some immediate examples of Topological Manifolds?

Examples of Topological Manifolds

1. Graphs of Continuous Functions ([Lee12] Example 1.3). Let U ⊆ Rn be open and

f : U ⊆ Rn → Rk be continuous function

The graph of f is defined as

Graph(f) := {(x, f(x)) ∈ Rn × Rk | x ∈ U}

We equip Graph(f) ⊆ Rn × Rk with subspace topology, where Rn × Rk is equipped with the product
topology. Subspace topology composed with finite product topology preserves 2nd countability and T2.

Consider the coordinate map
π : Rn × Rk → Rn

(x, y) 7→ x

and its restriction
ϕ := π|Graph(f) : Graph(f) → U ⊆ Rn

(x, f(x)) 7→ x

(a) Since the product topology Rn × Rk makes π continuous, our Graph(f) with subspace topology
preserves continuity of ϕ.

(b) That ϕ is a restriction of coordinate map ensures surjectivity of ϕ. That f is a function ensures
injectivity of ϕ. Thus ϕ is bijection.

1



CHAPTER 1. SMOOTH MANIFOLDS 2

(c) One define the inverse
ϕ−1 : U ⊆ Rn → Graph(f) ⊆ Rn × Rk

x 7→ (x, f(x))

ϕ−1 is continuous because its restriction to each coordinate is continuous, i.e., let πi denote restriction
to ith coordinate

π1 ◦ ϕ−1 = identity, π2 ◦ ϕ−1 = f

Thus (Graph(f), ϕ) is a global coordinate chart. Graph(f) is homeomorphic to U , and Graph(f) is a
topological manifold of dimension n.

2. Sphere ([Lee12] Example 1.4). Let n ≥ 1. Define

Sn := {x ∈ Rn+1 | |x| = (

n+1∑
i=1

x2i )
1
2 = 1}

We equip Sn ⊆ Rn+1 with subspace topology, hence inherits 2nd countability and T2.

For i = 1, · · · , n+ 1, consider the neighborhoods

U+
i := {x ∈ Sn | xi > 0} U−

i := {x ∈ Sn | xi < 0}

For each i consider the maps

φ±
i : {x ∈ Rn+1 | |x| < 1, xi = 0} → U±

i

x = (x1, · · · , xi−1, 0, xi+1, · · · , xn+1) 7→ (x1, · · · , xi−1,±
√
1− |x|2, xi+1, · · · , xn+1)

(a) φ±
i are well-defined, and continuous because each coordinate is a continuous function.

(b) φ±
i are bijective. Injectivity is trivial due to matching coordinates. On the other hand, for any

y ∈ U±
i ⊆ Sn ⊆ Rn+1, write

y = (y1, · · · , yi−1, yi, yi+1, · · · , yn+1)

Taking out
ỹi := (y1, · · · , yi−1, 0, yi+1, · · · , yn+1)

necessarily yields
|ỹi|2 = |y|2 − y2i = 1− y2i < 1 ⇐⇒ yi ̸= 0

Thus ỹi ∈ {x ∈ Rn+1 | |x| < 1, xi = 0}. For yi > (<)0, noticing

±
√
1− |ỹi|2 = yi

yields φ±
i are surjective.

(c) As above, the inverse maps are well-defined

ϕ±i := (φ±
i )

−1 : U±
i → {x ∈ Rn+1 | |x| < 1, xi = 0} ⊆ Rn+1 × {xi = 0} ∼= Rn

(y1, · · · , yn+1) 7→ ỹi := (y1, · · · , yi−1, 0, yi+1, · · · , yn+1)

ϕ±i are continuous because each coordinate is a continuous function (notice constant is continuous).

Thus Sn is equipped with coordinate charts {(U±
i , ϕ

±
i )}

n+1
i=1 . Since each {x ∈ Rn+1 | |x| < 1, xi = 0} is

identified as subset of Rn, Sn is a topological manifold of dimension n.

3. Product Manifolds ([Lee12] Example 1.8). LetM1, · · · ,Mk be topological manifolds of dimension n1, · · · , nk.
Then the product space is defined as

k∏
i=1

Mi := {(x1, · · · , xk) | xi ∈Mi, i = 1, · · · , k}

We equip
∏k
i=1Mi with the product topology, hence inherits 2nd countability and T2.

For each point (x1, · · · , xk) ∈
∏k
i=1Mi, one may pick a coordinate chart (Ui, ϕi) around xi for Mi. We

define the product map

ϕ1 × · · · × ϕk : (

k∏
i=1

Ui, TU product) → (

k∏
i=1

ϕi(Ui), Tϕ(U)product)

(y1, · · · , yk) 7→ (ϕ1(y1), · · · , ϕk(yk))
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(a) By definition of product topology, and characterisation using coordinate maps, the product map is
continuous.

(b) Using each ϕi is bijection, the product map remains bijection.

(c) Define the inverse

(ϕ1 × · · · × ϕk)
−1 : (

k∏
i=1

ϕi(Ui), Tϕ(U)product) → (

k∏
i=1

Ui, TU product)

(y1, · · · , yk) 7→ (ϕ−1
1 (y1), · · · , ϕ−1

k (yk))

Note
(ϕ1 × · · · × ϕk)

−1 = ϕ−1
1 × · · · × ϕ−1

k

remains a product map of continuous functions, hence the inverse is continuous.

Thus
∏k
i=1Mi is equipped with coordinate charts {(U1 × · · · × Uk, ϕ1 × · · · × ϕk)} around each x =

(x1, · · · , xk). Since each
k∏
i=1

ϕi(Ui) ⊆ Rn1 × · · · × Rnk

the product manifold
∏k
i=1Mi is a topological manifold of dimension n1 + · · ·nk.

Consequently, the n-torus as the n-product of S1 ([Lee12] Example 1.9)

Tn := S1 × · · · × S1

is a topological manifold of dimension n.

4. Real Projective Space ([Lee12] Example 1.5). Let n ≥ 1. Define

Pn(R) ≡ RPn := {ℓ ⊆ Rn+1 | ℓ is 1-dim vector subspace}

(a) One has a natural bijection between RRn with the following collections of equivalence classes

(Rn+1 \ {0})/ ∼

where
x ∼ y ∈ Rn+1 \ {0} ⇐⇒ ∃ λ ∈ R \ {0} s.t. y = λx

To equip a topology on the quotient space RPn = (Rn+1 \ {0})/ ∼, consider the canonical surjection

π : Rn+1 \ {0} → (Rn+1 \ {0})/ ∼
x = (x1, · · · , xn+1) 7→ π(x) = [x1, · · · , xn+1]

and we declare the quotient topology on RPn induced by the surjection π.

(b) Equivalently, consider another collection of equivalence classes

Sn/ ∼

where in the case the relation is defined as

x ∼ y ∈ Sn ⇐⇒ y = −x

One may equivalently equip a topology on RPn = Sn/ ∼ by considering the canonical surjection

π̃ : Sn → Sn/ ∼
x = (x1, · · · , xn+1) 7→ π̃(x) = [x1, · · · , xn+1]

and declaring the quotient topology on RPn as induced by π.

The two definitions induce the same topology on RPn = (Rn+1 \ {0})/ ∼= Sn/ ∼. Now we check
compactness and Hausdorff.

(a) Since Sn is compact and π|Sn is continuous, RPn = Sn/ ∼ remains compact.

(b) Take any [x] ̸= [y] ∈ Sn/ ∼, and consider the four points ±x, ±y. Using Sn is Hausdorff, one may
take disjoint open sets U , V on Sn s.t.

(U ∪ −U) ∩ (V ∪ −V ) = ∅

Then after projection π(U) and π(V ) are disjoint open sets covering x and y. Hence Hausdorff.
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Finally let’s see RPn is a topological space. For i = 1, · · · , n+ 1 define

Ui := {[x1, · · · , xn+1] ∈ RPn | (x1, · · · , xn+1) ∈ Rn+1 \ {0}, xi ̸= 0} (1.1)

Via the quotient topology Ui are indeed open sets. Define for i = 1, · · · , n+ 1

ϕi : Ui ⊆ RPn → Rn

[x1, · · · , xn+1] 7→
(
x1
xi
, · · · , xi−1

xi
,
xi+1

xi
, · · · , xn+1

xi

)
(1.2)

(a) ϕi are well-defined using Ui, and ϕi are continuous because one can identify

φi := ϕi ◦ π : π−1(Ui) ⊆ Rn+1 \ {0} → Rn

(x1, · · · , xn+1) 7→
(
x1
xi
, · · · , xi−1

xi
,
xi+1

xi
, · · · , xn+1

xi

)
Indeed φi are continuous, so using characterisation property of quotient map one conclude ϕi are
continuous.

(b) ϕi are injective because assuming(
x1
xi
, · · · , xi−1

xi
,
xi+1

xi
, · · · , xn+1

xi

)
= (

y1
yi
, · · · , yi−1

yi
,
yi+1

yi
, · · · , yn+1

yi
)

yields

xj =
xi
yi
yj ∀ j = 1, · · · , n+ 1

which is to say
x ∼ y

Thus ϕi is indeed bijection onto its range.

(c) Define its inverse as
ϕ−1
i : ϕi(Ui) ⊆ Rn → Ui ⊆ RPn

(y1, · · · , yn) 7→ [y1, · · · , yi−1, 1, yi, · · · , yn]

Consider function for i = 1, · · · , n+ 1

si : Rn → Rn+1 \ {0}
(y1, · · · , yn) 7→ (y1, · · · , yi−1, 1, yi, · · · , yn)

which is indeed continuous. Then identifying

ϕ−1
i = π ◦ si

as composition of continuous functions yields continuity of ϕ−1
i . In fact, one has the following diagram

for each i = 1, · · · , n+ 1

Rn+1 \ {0} π−1(Ui)

RPn = (Rn+1 \ {0})/ ∼ Ui ϕi(Ui) ⊆ Rn
π

⊇
πi

⊇
ϕi

si

ϕ−1
i

Thus RPn is equipped with coordinate charts {(Ui, ϕi)}n+1
i=1 which are local homeomorphisms to subsets

of Rn. RPn is therefore a topological manifold of dimension n.

1.2 Smooth Structure

Now one need to put structure indicating ‘smoothness’ on the manifold.

Definition 1.2.1 (Smooth Structure; [Lee12] Chapter 1, Liu 2024). Let M be a topological manifold of dimen-
sion n. Let k ∈ N or ∞.
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1. An atlas of a topological manifold M is a collection of charts that covers the whole manifold

Φ = {(Uα, ϕα)}α∈A s.t.
⋃
α

Uα =M

and that the transition functions for any two charts (Uα, ϕα), (Uβ , ϕβ)

ϕα ◦ ϕ−1
β : ϕβ(Uα ∩ Uβ) ⊆ Rn → ϕα(Uα ∩ Uβ) ⊆ Rn

(x1, · · · , xn) 7→ (y1, · · · , yn)
(1.3)

are homeomorphisms.

2. A Ck atlas is an atlas whose transition functions are Ck diffeomorphisms, i.e., for any two charts (Uα, ϕα),
(Uβ , ϕβ), the transition functions ϕα ◦ ϕ−1

β (1.3) is Ck, bijective, and admits a Ck inverse ϕβ ◦ ϕ−1
α .

3. Two Ck atlas Φ = {(Uα, ϕα)}α∈A and Ψ = {(Vβ , ψβ)}β∈B are equivalent if

Φ ∪Ψ = {(Uα, ϕα), (Vβ , ψβ)}α∈A,β∈B

is again a Ck atlas. An equivalence class of some Ck atlas is called a Ck differentiable structure.

4. A topological manifold of dimension n equipped with a Ck differentiable structure is called a Ck manifold
of dimension n.

Remark 1.2.1. To show whether two given charts admits a Ck transition function in between, it suffices to
check

1. ϕα ◦ ϕ−1
β is Ck

2. ϕα ◦ ϕ−1
β is injective (hence taking the range yields bijection)

3. ϕα ◦ ϕ−1
β has non-singular Jacobian at each point, i.e.,

∀ x ∈ ϕβ(Uα ∩ Uβ), |det(
∂(ϕα ◦ ϕ−1

β )i

∂xj
)(x)| ≠ 0

Hence by Inverse Function Theorem, the inverse defines Ck function.

Checking the above gives a Ck atlas {(Uα, ϕα)}α∈A. One may consider its equivalence class, which gives us a
Ck differentiable structure. Alternatively, given our Ck atlas Φ, one may consider taking the unique maximal
Ck atlas containing Φ (not properly contained in any larger Ck atlas). Such maximal Ck atlas is in fact the
equivalence class of Φ ([Lee12] Proposition 1.17).

Examples of Smooth Manifolds

1. For M Ck-manifold of dimension m, U ⊂ M open. Φ := {(Uα, ϕα) | α ∈ I} some Ck-atlas of M . Then
ΦU := {(Uα ∩ U, ϕα|Uα∩U ) | α ∈ I, Uα ∩ U ̸= ∅} is Ck-atlas for U . So U is a Ck-manifold of dimension
m.

2. Real Projective Space ([Lee12] Example 1.33). Recall one has constructed open charts {(Ui, ϕi)}n+1
i=1 (1.1),

(1.2) for RPn. Since ϕi are homeomorphism, the compositions over (assume 1 < i < j < n+ 1)

ϕi ◦ ϕ−1
j : ϕj(Ui ∩ Uj) ⊆ Rn → ϕi(Ui ∩ Uj) ⊆ Rn

(x1, · · · , xn) 7→ ϕi([x1, · · · , xj−1, 1, xj , · · · , xn])

=

(
x1
xi
, · · · , xi−1

xi
,
xi+1

xi
, · · · , xj−1

xi
,
1

xi
,
xj
xi
, · · · , xn

xi

) (1.4)

is indeed homeomorphism. Alternatively from the explicit expression (1.4), ϕi ◦ ϕ−1
j is indeed C∞ over

ϕj(Ui ∩ Uj) since xi ̸= 0. Bijection follows from both as homeomorphisms, while smooth inverse follows
merely by switching the roles of ϕi and ϕj . Thus (RPn,Φ) where Φ = {(Ui, ϕi)}n+1

i=1 with (1.1), (1.2),
defines a C∞ manifold of dimension n.
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3. Finite Dimensional Vector Spaces ([Lee12] Example 1.24). Let V be any finite n-dimensional vector space,
any norm on V determines a topology (independent of choice of norm). Each ordered basis {e1, · · · , en}
for V defines a basis linear isomorphism

E : Rn → V

x = (x1, · · · , xn) 7→
n∑
i=1

xiei

For any topology on V , E is a homeomorphism. Thus (V,E−1) is a chart. For any other basis linear
isomorphism Ẽ w.r.t. basis {ẽ1, · · · , ẽn}, note there is an invertible matrix A = aij s.t.

ei =

n∑
j=1

aij ẽj

Thus the transition map between two charts is given by

Ẽ−1 ◦ E : Rn → Rn

x 7→ x̃ = (

n∑
i=1

aijxi)1≤j≤n

which is given by

n∑
j=1

x̃j ẽj =

n∑
i=1

xiei =

n∑
i=1

xi

n∑
j=1

aij ẽj

Thus Ẽ−1 ◦ E is an invertible map and hence a diffeomorphism. The collection of all such charts defines
a smooth structure on V .

1.3 Differentiable Maps

Ck Differentiable/ Smooth Map

Definition 1.3.1 (Ck maps). Let M be Cℓ manifold of dimension m and N a Cℓ manifold of dimension n.
Let 1 ≤ k ≤ ℓ ≤ ∞. A continuous map f :M → N is called Ck-differentiable if for any p ∈M , there exists

a chart (U, ϕ) for M around p and (V, ψ) for N around f(p) s.t. f(U) ⊂ V , and g := ψ ◦ f ◦ ϕ−1 is Ck.

M p ∈ U V N

Rm ϕ(U) ψ(V ) Rn

⊇open

ϕ

f

ψ

⊆open

⊇open g ⊆open

When k = ∞, C∞ maps are called smooth maps.

Well-definedness. Indeed if g̃ := ψ̃ ◦ f ◦ ϕ̃−1 is another composition for (Ũ , ϕ̃) chart of M around p and (Ṽ , ψ̃)
chart of N around f(p) then

g̃ = (ψ̃ ◦ ψ−1) ◦ (ψ ◦ f ◦ ϕ−1) ◦ (ϕ ◦ ϕ̃−1) = (ψ̃ ◦ ψ−1) ◦ g ◦ (ϕ ◦ ϕ̃−1)

remains Ck. This is because transition functions are Cℓ diffeomorphisms and g is Ck. Hence Definition 1.3.1
works for any charts, and f as Ck map is well-defined.

Example 1.3.1 (Projection for RPn). Recall

π : Rn+1 \ {0} → Pn(R)
p = (p1, · · · , pn+1) 7→ [p1, · · · , pn+1]

We prove π is C∞ map.

Proof. For any p ∈ Rn+1 \ {0}, recall Ui and ϕi as in (1.1) and (1.2). π(p) ∈ Pn(R), so there exists some i s.t.
π(p) ∈ Ui. Hence p ∈ π−1(Ui).

Rn+1 \ {0} p ∈ π−1(Ui) Ui Pn(R)

Rn+1 π−1(Ui) Rn Rn

⊇open

id

π

ϕi

⊆open

⊇open g ⊆open
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g := ϕi ◦ π ◦ id−1 : π−1(Ui) ⊂ Rn+1 \ {0} → Rn s.t.

g(x1, · · · , xn+1) := (
x1
xi
, · · · , xi−1

xi
,
xi+1

xi
, · · · , xn+1

xi
)

is a C∞ map.

Diffeomorphism

Definition 1.3.2 (Diffeomorphism). M, N C∞ manifold. f :M → N continuous. dimM = m, dimN = n.

• f is C∞ diffeomorphism if f is a homeomorphism, and f , f−1 are C∞ maps. In particular, m = n.

• For p ∈M , f is a local diffeomorphism (C∞) at p if there exist a open neighborhood U of p in M and V
of f(p) in N s.t. f |U : U → V is a C∞-diffeomorphism. In particular, m = n.

1.4 Submersion/ Immersion/ Embedding

Submersion/Immersion

Definition 1.4.1 (Submersion/Immersion in Rm). Let f = (f1, · · · , fn) : U ⊆ Rm → Rn be Ck-map for
1 ≤ k ≤ ∞, and U ⊆ Rm open.

We call f a submersion (resp. immersion) at x = (x1, · · · , xm) ∈ U if the ‘differential’

dfx :=

(
∂f1
∂x1

(x) · · · ∂f1
∂xm

(x)
∂fn
∂x1

(x) · · · ∂fn
∂xm

(x)

)
: Rm → Rn is surjective (resp. injective)

We call f a submersion (resp. immersion) if f is a submersion (resp. immersion) at every x ∈ U .
Note if f is a submersion (resp. immersion) at some point x ∈ U , then n ≤ m (resp. n ≥ m)

Example 1.4.1 (Canonical Examples). 1. For m ≥ n, the projection

π : Rm → Rn

(x1, · · · , xm) 7→ π(x1, · · · , xm) := (x1, · · · , xn)

is the canonical submersion. Here dπx = π : Rm → Rn for any x ∈ Rm.

2. For m ≤ n,
i : Rm → Rn

(x1, · · · , xm) 7→ i(x1, · · · , xm) := (x1, · · · , xm, 0, · · · , 0)

is the canonical immersion. Here dix = i : Rm → Rn for any x ∈ Rm.

Definition 1.4.2 (Submersion/Immersion). Let M and N be C∞-manifold of dimension m, n. Let f :M → N
be a C∞ map.

We call f : M → N a submersion(immersion) at p ∈ M if there exists (U, ϕ) chart for M around p and
(V, ψ) chart for N around f(p) s.t.

• f(U) ⊆ V and

• g := ψ ◦ f ◦ ϕ−1 the C∞ map is a submersion (resp. immersion) at ϕ(p), which implies n ≤ m (resp.
n ≥ m).

M p ∈ U f(p) ∈ V N

Rm ϕ(p) ∈ ϕ(U) ψ(V ) Rn

⊇open

ϕ

f

ψ

⊆open

⊇open g ⊆open

We call f a submersion (resp. immersion) if f is a submersion (resp. immersion) at any point p ∈M .

Well-definedness. g̃ = (ψ̃ ◦ ψ−1) ◦ (ψ ◦ f ◦ ϕ−1) ◦ (ϕ ◦ ϕ̃−1) = (ψ̃ ◦ ψ−1) ◦ g ◦ (ϕ ◦ ϕ̃−1) and so

dg̃ϕ̃(p) = d(ψ̃ ◦ ψ−1)g(ϕ(p)) ◦ (dg)ϕ(p) ◦ d(ϕ ◦ ϕ̃−1)ϕ̃(p) is surjective (resp. injective)

for (Ũ , ϕ̃) another chart of M around p and (Ṽ , ψ̃) another chart of N around f(p) s.t. f(Ũ) ⊂ Ṽ .

Proposition 1.4.1 (Rank Theorem). LetM be C∞-manifold of dimension m and N C∞-manifold of dimension
n.
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• If f is a submersion (resp. immersion) at p ∈M (so m ≥ n (m ≤ n)), then there exists charts (U, ϕ) for
M around p and (V, ψ) for N around f(p) s.t.

ϕ(p) = 0 ∈ Rm ψ(f(p)) = 0 ∈ Rn

and

g = ψ ◦ f ◦ ϕ−1 : ϕ(U) ⊆ Rm → ψ(V ) ⊆ Rn is the canoncial submersion (resp. immersion)

i.e.
g(x1, · · · , xm) = (x1, · · · , xn) (resp. g(x1, · · · , xm) = (x1, · · · , xm, 0, · · · , 0))

• If f is both a submersion and an immersion at p, i.e., dg0 : Rm → Rn=m is a linear isomorphism, then f
is a local diffeomorphism at p.

Smooth Embeddings

Definition 1.4.3 (C∞ Embedding). Let f : M → N be C∞ map between C∞-manifolds, where dimension
M = m, dimension N = n. We say f is a smooth embedding if

• f is a smooth immersion at any point p ∈M (implies m ≤ n) and

• f :M → f(M) ⊆ N is a homeomorphism (bijection onto its range, and has continuous inverse) w.r.t. the
subspace topology.

Heuristically, we call f(M) a C∞ submanifold of N of dimension m.

Example 1.4.2. f : R → R2 for f(t) := (x(t), y(t)), f ′(t) = (x′(t), y′(t)), then

dft : R → R2 s.t. dft(v) :=

(
x′(t)
y′(t)

)
v

f is immersion at t iff f ′(t) ̸= (0, 0). For example

• f(t) = (t, t2), f ′(t) = (1, 2t) is a immersion, and in fact, C∞-embedding since f is a homeomorphism (in
particular, bijective) from R onto f(R).

• f(t) = (cos t, sin t) then f ′(t) = (− sin t, cos t) so f(R) = S1. This is immersion but not embedding because
f is not injective.

• f(t) = (t3 − 4t, t2 − 4) then f ′(t) = (3t2 − 4, 2t). f is a immersion but not an embedding because f is not
injective at (0, 0). Note both t = −2 and t = 2 correspond to f(−2) = f(2) = (0, 0).

• f(t) = (t3, t2), f ′(t) = (3t2, 2t). This is not immersion at t = 0. But f(R) is homeomorphic to R.

Example 1.4.3 (counter-example for injective immersion but not embedding). f : (−3, 0) → R2 smooth

f(t) =

 (0,−t− 2) −3 < t < −1
· · · −1 < t < −1

π
(−t,− sin( 1t ))

−1
π < t < 0

This is not an embedding because f(−3, 0) ⊆ R2 is not a topological manifold. In particular, f−1 is not
continuous at the point (0, 0), hence that f needs to be homeomorphism fails.

1.5 Submanifolds

Submanifold In a more direct manner, one define submanifold by directly viewing M as subset of N .

Definition 1.5.1 (Submanifold). Let N be C∞ manifold of dimension n, M subset of N .
We call M a C∞ submanifold of N of dimension m ≤ n if

• for any p ∈M , there exists chart (U, ϕ) for N around p s.t. ϕ(p) = 0 ∈ Rn and

• ϕ(U ∩M) = ϕ(U) ∩ (Rm × {0}).

M p ∈ U ∩M p ∈ U N

Rm ϕ(U) ∩ (Rm × {0}) ϕ(p) = 0 ∈ ϕ(U) Rn

⊇open

ϕ|U∩M

id

ϕ

⊆open

⊇open ⊆open
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Well-definedness. For any p ∈ M , there exists local charts (Up, ϕp) for N around p s.t. ϕp(p) = 0 ∈ Rn.
Moreover, ϕp(Up ∩ M) = ϕp(Up) ∩ (Rm × {0}). One wish to define an Atlas on M . Indeed, let ΦM :={
(Up ∩M, ϕp|Up∩M ) | p ∈M

}
. Since Up are open in N , M ⊆ N , so w.r.t. the subspace topology, Up ∩M are

open neighborhoods of p in M . Moreover,

ϕp(Up ∩M) = ϕp(Up) ∩ (Rm × {0}) ⊆ (Rm × {0}) ∼= Rm

are open w.r.t. subspace topology. Hence ϕp|Up∩M are local homeomorphisms to subsets of Rm, equipping M

with topological m-manifold structure. That M = M ∩ N =
⋃
p∈M M ∩ Up and transition functions inherits

C∞ w.r.t. subspace topology make M a m-dim C∞ manifold.

Alternatively, one may define as follows.

Definition 1.5.2 (Embedded Submanifold). Let N be C∞ manifold. An embedded submanifold M ⊆ N is a
subset that is a manifold in the subspace topology, endowed with a smooth structure s.t. the inclusion map

M ↪→ N

is a smooth embedding.

Let’s justify the equivalence between definitions for submanifolds.

Proposition 1.5.1 ([Lee12] Proposition 5.2). LetM , N be C∞ manifold, and f :M → N be smooth embedding.
Then w.r.t. the subspace topology, f(M) is a topological manifold, and there is a unique smooth structure

making it into an embedded submanifold of N s.t. f is a diffeomorphism onto its image.

Proof. Let {(Uα, ϕα)}α be C∞ atlas on M . Define an atlas on f(M) via {f(Uα), ϕα ◦ f−1}α. This is indeed a
smooth structure on f(M) since

ϕα ◦ f−1 ◦ (ϕβ ◦ f−1)−1 = ϕα ◦ ϕ−1
β are diffeomorphisms

Now we check f(M) is embedded submanifold of N , i.e., f(M) ↪→ N is smooth embedding. Indeed, since the
inclusion is a composition of diffeomorphism and a smooth embedding.

f(M)
f−1

→ M
f→ N

Preimage Theorem Now we discuss tool to construct a smooth submanifold using preimage of a regular
value.

Remark 1.5.1. An immediate observation says preimage of singletons are closed subsets.

• A topological manifold M may not be a Hausdorff (T2) space (though we require so...). But this is always
a T1 space, i.e., for any p, q ∈ M s.t. p ̸= q, there exists U , V open subsets of M s.t. p ∈ U but p /∈ U
and q ∈ V but p /∈ V . This is equivalent to saying for any p ∈M , {p} the singleton is closed in M .

• Hence for any f : M → N continuous map between topological manifolds, for any q ∈ N , f−1(q) ⊂ M is
in fact closed.

Definition 1.5.3 (Critical Value & Regular Value). Let M , N smooth manifolds, and f : M → N smooth
map.

• We say p ∈M is a critical point of f if f is not a submersion at p.

• q ∈ N is a critical value of f is there exists p ∈M critical point of f s.t. p ∈ f−1(q).

• q ∈ N is a regular value of f if q is not a critical value of f . In other words, for any p ∈ f−1(q), f is a
submersion at p.

In particular, if f−1(q) is empty, then q ∈ N is regular value of f .

The following Theorem constructs smooth submanifolds.

Theorem 1.5.1 (Preimage Theorem). Let M , N be smooth manifolds, and f :M → N smooth map. Suppose
q ∈ N is a regular value of f , and suppose f−1(q) is not empty (hence dim(M) = m ≥ dim(N) = n).

Then f−1(q) is a closed smooth submanifold of M of dimension m− n ≥ 0.

Let’s see some examples.
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Example 1.5.1 (Spheres as Submanifold). Let f : Rn+1 → R s.t. f(x1, · · · , xn+1) = x21 + · · ·x2n+1. f is C∞

map, and dfx : Rn+1 → R
dfx = (2x1, · · · , 2xn+1)

the only critical point is 0 ∈ Rn+1 and the only critical value is 0 ∈ R. Regular values are R \ {0}. By Preimage
Theorem, for any a > 0

f−1(a) = {(x1, · · · , xn+1) ∈ Rn+1 |
∑
i

x2i = a} ⊂ Rn+1 =: Sn(
√
a)

is a C∞-submanifold of dimension n. Sn(1) = Sn ⊆ Rn+1 is a C∞ submanifold of dimension n. If a = 0,
f−1(0) = 0 is just single point. If a < 0, f−1(0) = ∅.

Example 1.5.2 (Orthogonal Group as Submanifold). O(n) := {A ∈ Mn(R) | AAT = In n× n identity} ⊆
Mn(R) ∼= Rn2

where the latter is linear isomorphism. The subset O(n) ⊆Mn(R) is a C∞ submanifold of Mn(R)
of dimension n(n−1)

2 .

Proof. Define f : Mn(A) ∼= Rn2 → Sn(R) ∼= R
n(n+1)

2 where Sn(R) are real n × n symmetric matrices. Define
f(A) = AAT − In so O(n) = f−1(0). Now if B = f(A), bij =

∑n
k=1 aikakj − δij . So f is C∞ map. It remains

to show that 0 is a regular value of the map f . For any A ∈Mn(R), dfA : Rn2 → R
n(n+1)

2

dfA(B) = lim
h→0

f(A+ hB)− f(A)

h
= lim
h→0

(A+ hB)(AT + hBT )− In − (AAT − In)

h
= BAT +ABT (1.5)

Claim: for any A ∈ f−1(0) = O(n), dfA is surjective, i.e., for any C ∈ Sn(R), there exists B ∈ Mn(R) s.t.
C = dfA(B) = BAT +ABT . Indeed

C = dfA(B) = BAT +ABT = BAT + (BAT )T

=⇒ Let BAT =
1

2
C ⇐⇒ B =

1

2
CA

so B = 1
2CA ∈Mn(R) gives dfA(B) = 1

2CAA
T +A 1

2A
TC = C. Thus we conclude that O(n) is submanifold of

Mn(R) ⊆ Rn2

of dimension n2 − n(n+1)
2 = n(n−1)

2 .

Similarly, O(n,C) = {A ∈ Mn(C) | AAT = In} ⊆ Mn(C). O(n,C) is C∞ submanifold of Mn(C) of

dimension n2. (Mn(C) ∼= Cn ∼= R2n2

).

1.6 Orientation

Definition 1.6.1 (Orientation). Let M be Ck manifold of dimension n.
We say M is orientable if there exists a Ck-atlas Φ = {(Uα, ϕα)}α∈I on M s.t. for any Uα ∩ Uβ ̸= ∅,

ϕβ ◦ ϕ−1
α : ϕα(Uα ∩ Uβ) ⊆ Rn → ϕβ(Uα ∩ Uβ) ⊆ Rn

is Ck diffeomorphism, and for any x ∈ ϕα(Uα ∩ Uβ),

det(d(ϕβ ◦ ϕ−1
α )x) > 0 (1.6)

Note for a diffeomorphism, indeed d(ϕβ ◦ ϕ−1
α )x ∈ GL(n,R) := {A ∈ Mn(R) | det(A) ̸= 0}. The point is that

orientability requires a sign on the determinant on any overlapping charts.
Note we only require there exists one such Atlas.

• If M is orientable, an orientation Φ on M is a choice of Ck-altas satisfying (1.6).

• if both Φ and Ψ on M satisfy (1.6), we say they define the same orientation if Φ ∪Ψ still satisfies (1.6).

Proposition 1.6.1. If M is a complex manifold of complex dimension n, then M is an orientable C∞ manifold
of real dimension 2n.

Proof. One compute
ϕj ◦ ϕ−1

i : ϕi(Ui ∩ Uj) ⊆ Cn → ϕj(Ui ∩ Uj) ⊆ Cn

its differential is
d(ϕj ◦ ϕ−1

i )y1,··· ,yn : Cn → Cn C-linear map
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In general, for L a C-linear map, one has realization over the reals, i.e.

x+ iy ∈ Cn L(x+ iy) ∈ Cn

(x, y) ∈ R2n LR(x, y) ∈ R2n

L

LR

This is done via the following: for the L, C-linear map, there exists C ∈Mn(C) s.t.

x+ iy 7→ C(x+ iy)

Now assume C of the form C = A+ iB where A, B ∈Mn(R). Then

C(x+ iy) = (A+ iB)(x+ iy) = (Ax−By) + i(Bx+Ay)

Therefore LR is realized via [
x
y

]
7→
[
A −B
B A

] [
x
y

]
where det(

[
A −B
B A

]
) = |det(C)|2. So L being linear isomorphism implies det(

[
A −B
B A

]
) > 0. Hence

det(d(ϕj ◦ ϕ−1
i )y1,··· ,yn) > 0

Example 1.6.1. Pn(C) is orientable. Pn(R) is orientable iff n is odd. For example P1(R) ∼= S1 so orientable,
but P2(R) is not.

1.7 Tangent Space and Differential

Tangent Space

Definition 1.7.1 (Tangent Space). Let M be Ck manifold of dimension n, k ≥ 1. For any fixed p ∈M , define
the set

TpM := {(U, ϕ, u) | (U, ϕ) is a Ck chart around p, u ∈ Rn}/ ∼p
where for p fixed, we define the equivalence relation

(U, ϕ, u) ∼p (V, ψ, v) ⇐⇒ d(ψ ◦ ϕ−1)ϕ(p)(u) = v

1. Fix (U, ϕ) chart around p, define the map

θU,ϕ,p : Rn → TpM

u 7→ [U, ϕ, u]
(1.7)

This is bijection.

2. We use this θU,ϕ,p to equip TpM with the structure of a vector space over R. This structure is well-defined
because diagram commutes.

Rn

Rn TpM

d(ψ◦ϕ−1)|
ϕ(p)

θU,ϕ,p

θV,ψ,p

3. The diagram is equivalent to saying

d(ψ ◦ ϕ−1)
∣∣
ϕ(p)

= θ−1
V,ψ,p ◦ θU,ϕ,p (1.8)

We call TpM tangent space to M at p. A tangent vector to M at p is an element in TpM .
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Differential

Definition 1.7.2 (Differential). Let M , N be Ck manifolds of dimension m, n. Let f :M → N be a Ck map.
We define its differential at p ∈M as the linear map

dfp : TpM → Tf(p)N

s.t. for any (U, ϕ) Ck chart around p and (V, ψ) Ck chart around f(p), if one denote g = ψ ◦ f ◦ ϕ−1 as the
local representation, dfp denotes the composition

dfp := θV,ψ,f(p) ◦ dgϕ(p) ◦ θ−1
U,ϕ,p : TpM → Tf(p)N

[U, ϕ, u] 7→ [V, ψ, dgϕ(p)(u)]

The following diagram for the differential commutes

M p ∈ U V N

Rm ϕ(p) ∈ ϕ(U) ψ(V ) Rn

⊇open

ϕ

f

ψ

⊆open

⊇open g ⊆open

TpM Tf(p)N

Rm Rn

dfp

θU,ϕ,p

dgϕ(p)

θV,ψ,f(p)

One has immediate observations

1. f is a submersion (resp. immersion) at p if dfp : TpM → Tf(p)N is surjective (resp. injective).

2. Chain Rule for manifolds. If f :M1 →M2 and g :M2 →M3 are Ck maps between Ck manifolds, where
k ≥ 1. Then

• g ◦ f :M1 →M3 is Ck

• For any p ∈M1, dfp : TpM1 → Tf(p)M2, dgf(p) : Tf(p)M2 → Tg(f(p))M3, one has

d(g ◦ f)p = dgf(p) ◦ dfp : TpM1 → Tg◦f(p)M3

Tangent Space for Submanifolds constructed via Preimage Theorem Let i : M → N inclusion map
be smooth embedding so M is a embedded submanifold, i.e., for any p ∈M

dip : TpM → TpN is injective

Thus one regard TpM as linear subspace of TpN .
More generally, let M , N be C∞ manifolds of dimension m and n. Let f :M → N be C∞ map, and q ∈ N

be a regular value s.t. S = f−1(q) is non-empty. By our Preimage Theorem, we know that S ⊆ M is a closed
smooth submanifold of dimension m− n.

Now for any p ∈ S,
TpS = ker(dfp : TpM ∼= Rm → Tf(p)N ∼= Rn) (1.9)

In other words, there is a short exact sequence of real vector spaces

0 → TpS → TpM → Tf(p)N → 0

Hence if a manifold is constructed via Preimage Theorem, we can compute its tangent spaces.
Let’s make use of (1.9) to compute explicitly tangent space of some submanifolds.

Example 1.7.1. For any p ∈ Rn, we have linear isomorphism TpRn ∼= Rn given by (1.7)

θ−1
Rn,id,p : TpR

n → Rn

[Rn, id, u] 7→ u

Example 1.7.2 (TxSn). Consider
f : R1+n → R

(x1, · · · , xn+1) 7→
n+1∑
i=1

x2i

f is C∞ map, 1 is regular value of f . Thus Sn := f−1(1) is a C∞ submanifold of Rn+1 of dimension n.
For any x ∈ R1+n, dfx(v) = 2x · v for any v ∈ TxRn+1. Thus for any x ∈ Sn, using (1.9)

TxSn := {v ∈ TxR1+n | dfx(v) = 0} = {v ∈ R1+n | x · v = 0} ⊆ TxR1+n ∼= R1+n

where the linear isomorphism is viewed via θR1+n,id,x (1.7).
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Example 1.7.3 (TAO(n)). Consider

f :Mn(R) ∼= Rn
2

→ Sn(R) ∼= R
n(n+1)

2

A 7→ AAT

f is C∞ map, In is a regular value of f . Thus O(n) = f−1(In) is a C∞ submanifold of Mn(R) of dimension

n2 − n(n+1)
2 = n(n−1)

2 .
Now for any A ∈ O(n), using (1.9)

TAO(n) = {B ∈Mn(R) | dfA(B) = 0} ⊆ TAMn(R) ∼=Mn(R)

where ∼= is done via θMn(R),id,A (1.7). Then recalling dfA(B) = BAT +ABT (1.5)

TAO(n) = {B ∈Mn(R) | BAT +ABT = 0}

In particular at identity, this is

TInO(n) = {B ∈Mn(R) | B +BT = 0} skew symmetric matrices

1.8 Tangent Bundle

Construction of Tangent Bundle Given Ck manifold M of dimension n where k ∈ N. We will construct
the tangent bundle TM of M as a Ck−1 manifold of dimension 2n.

1. Set. The tangent bundle of M is

TM = {(p, v) | p ∈M,v ∈ TpM} =
⊔
p∈M

TpM

Define the projection as
π : TM →M

(p, v) 7→ p

π is a surjective map.

2. Topology. For any (U, ϕ) Ck chart of M , define

ϕ̃ : π−1(U) ⊆ TM → ϕ(U)× Rn ⊆ R2n

(p, v) 7→ (ϕ(p), θ−1
U,ϕ,p([U, ϕ, v]))

where we recall (1.7). Such ϕ̃ is a bijection.

Now take any Ck atlas Φ = {(Uα, ϕα) | α ∈ I} on M . Define the surjective map

F :
⋃
α∈I

ϕα(Uα)× Rn ⊆ Rn × Rn → TM

(x, u) 7→ (ϕ−1
α (x), θUα,ϕα,ϕ−1

α (x)(u))

We equip TM with the topology induced by the surjective map F . Thus the quotient map F is continuous
by definition.

3. Topological Manifold. TM is a topological 2n-manifold with Atlas

Φ̃ = {(π−1(Uα), ϕ̃α) | α ∈ I} (1.10)

where
ϕ̃α : π−1(Uα) ⊆ TM → ϕα(Uα)× Rn ⊆ R2n

(p, v) 7→ (ϕ(p), θ−1
Uα,ϕα,p

([Uα, ϕα, v]))

and the following diagram commutes

TM (p, v) ∈ π−1(Uα) p ∈ Uα M

R2n ϕα(Uα)× Rn ϕα(Uα) Rn

⊇open

ϕ̃α

π

ϕα

⊆open

⊇open πcan ⊆open

Here
πcan = ϕα ◦ π ◦ ϕ̃−1

α : ϕα(Uα)× Rn ⊆ R2n → ϕα(Uα) ⊆ Rn

(ϕα(p), u) 7→ ϕα(p)

is the canonical submersion onto the first n coordinates.
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4. Ck−1 manifold. We wish to compute transition functions.

For any U open set of M , one may identify

π−1(U) = TU =
⊔
p∈U

TpU

So given two charts (Uα, ϕα), (Uβ , ϕβ) for M , we have two corresponding charts (TUα, ϕ̃α), (TUβ , ϕ̃β) for
TM .

Now notice
ϕ̃α(π

−1(Uα) ∩ π−1(Uβ)) = ϕ̃α(π
−1(Uα ∩ Uβ)) = ϕα(Uα ∩ Uβ)× Rn

Thus for any Uα ∩ Uβ ̸= ∅

ϕ̃β ◦ ϕ̃−1
α : ϕα(Uα ∩ Uβ)× Rn ⊆ R2n → ϕβ(Uα ∩ Uβ)× Rn

(x, u) 7→ (ϕβ ◦ ϕ−1
α (x), θ−1

Uβ ,ϕβ ,ϕ
−1
β (x)

◦ θUα,ϕα,ϕ−1
α (x)(u))

=
(
ϕβ ◦ ϕ−1

α (x), d(ϕβ ◦ ϕ−1
α )x(u)

) (1.11)

where the last identification uses diagram (1.8).

Since ϕβ ◦ ϕ−1
α is Ck in x ∈ ϕα(Uα ∩ Uβ) while d(ϕβ ◦ ϕ−1

α )x in Ck−1 in u ∈ Rn, our ϕ̃β ◦ ϕ̃−1
α are Ck−1

maps in (x, u) ∈ ϕα(Uα ∩ Uβ)× Rn.

Thus Φ̃ is a Ck−1 atlas on TM . (TM, Φ̃) is a Ck−1 manifold of dimension 2n.

One has two immediate observations

1. Our surjective map
π : TM →M

(p, v) 7→ p

is Ck−1 map due to π = ϕ−1
α ◦ πcan ◦ ϕ̃α as composition with Ck−1 charts. For k ≥ 2, π is a submersion.

2. TM is an orientable Ck−1 manifold of dimension 2n, even though M might not be.

Proof. Compute

det(d(ϕ̃β ◦ ϕ̃−1
α )x) = det(d(ϕβ ◦ ϕ−1

α )x)
2 ≥ 0

Tangent Map

Definition 1.8.1. Let M , N be Ck manifolds and f :M → N be Ck map. Then define its tangent map as

df : TM → TN

(p, v) 7→ (f(p), dfp(v))

One has immediate observations. Let f :M → N is Ck map between Ck manifolds where k ≥ 1.

1. df : TM → TN is a Ck−1 map between Ck−1 manifolds. For k ≥ 2, d(df) : T (TM) → T (TN) is defined.

2. If f is a submersion (resp. immersion), then df is a submersion (resp. immersion). If f is submersion
(resp. immersion) at some point p ∈ M , then df is a submersion (resp. immersion) at (p, v) for any
v ∈ TpM .

3. If N is smooth manifold of dimension n and M ↪→ N smooth submanifold of dimension m ≤ n. Then

TM = {(p, v) | p ∈M, v ∈ TpM} ⊆ TN = {(p, v) | p ∈ N, v ∈ TpN}

TM is C∞ submanifold for TN of dimension 2m.
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Examples of Tangent Bundles

Example 1.8.1 (TSn). For chart
id : Sn → Rn+1

x 7→ x

the corresponding chart writes

ĩd : TSn ⊆ TRn+1 → TRn+1 = Rn+1 × Rn+1

(x, v) 7→ (x, v)

One has

TSn = {(x, v) ∈ R1+n × R1+n | x ∈ Sn v ∈ TxSn}
= {(x, v) ∈ R1+n × R1+n | x · x = 1, x · v = 0}

TSn is C∞ submanifold of dimension 2n.

Example 1.8.2 (TO(n)).

TO(n) = {(A,B) ∈Mn(R)×Mn(R) | AAT = In, BA
T +ABT = 0} ⊆ TMn(R) ∼=Mn(R)×Mn(R)

TO(n) is C∞ submanifold of dimension n(n− 1).

1.9 Vector Bundle

Definition for Vector Bundle Given Ck manifold M of dimension n where k ∈ N. We will define a Cℓ

(ℓ ≤ k) real vector bundle of rank r over M with total space E and base M

π : E →M

as E a Cℓ manifold of dimension r + n, and π a surjective Cℓ map, s.t.

1. Local Trivialization. There exists an open cover {Uα} of M and a family of Cℓ diffeomorphisms {hα}

hα : π−1(Uα) ⊆ E → Uα × Rr ⊆M × Rr (1.12)

s.t. the diagram commutes

π−1(Uα) ⊆ E

Uα × Rr ⊆M × Rr Uα ⊆M

hα
π

pr1

where pr1 is the projection onto the first coordinates

pr1 : Uα × Rr ⊆M × Rr → Uα ⊆M

(p, v) 7→ p

2. Transition Functions. For any Uα ∩ Uβ ̸= ∅ open subsets of M , and the local trivializations

hα : π−1(Uα) ⊆ E → Uα × Rr, hβ : π−1(Uβ) ⊆ E → Uβ × Rr

The transition function takes the form

hβ ◦ h−1
α : (Uα ∩ Uβ)× Rr → (Uα ∩ Uβ)× Rr

(p, v) 7→ (p, gβα(p)(v))

where gβα is a Cℓ map s.t.

gβα : Uα ∩ Uβ ⊆M → GL(r,R) = {A ∈Mr(R) | det(A) ̸= 0}
p 7→ gβα(p) = (gβα(p))ij a linear isomorphism between Rr

(1.13)
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Following the definition, for any x ∈M one define the fiber of E at x as

Ex := π−1(x)

Now for x ∈ Uα, and hα as the local trivialization (1.12),

hα|Ex : Ex → {x} × Rr
pr2∼= Rr ∀ x ∈ Uα (1.14)

is a bijection. Here pr2 denotes projection onto the second coordinate. One may thus define a vector space
structure on Ex using hα. Moreover, using the linear isomorphism (1.13), Ex is defined independent of local
trivializations, and thus the linear structure is well-defined.

Therefore, set-wise, the vector bundle writes

E =
⊔
x∈M

Ex

Vector Bundle Isomorphism

Definition 1.9.1. Let πE : E → M and πF : F → M be two Cℓ vector bundles over the same Ck manifold
of dimension n. A Cℓ vector bundle isomorphism from πE : E → M to πF : F → M is a Cℓ diffeomorphism
h : E → F s.t. the diagram commutes

E

M F

πE h

πF

and for any x ∈M
h|Ex : Ex → Fx is linear isomorphism of vector spaces

Two Cℓ vector bundles are isomorphic if there exists such a Cℓ isomorphism.

Examples of Vector Bundles

Example 1.9.1 (Product Vector Bundle). Let M be Ck manifold of dimension n. Then E =M × Rr with

pr1 : E =M × Rr →M

(p, v) 7→ p

defines the product vector bundle.

Example 1.9.2 (Trivial Vector Bundle). We say a Cℓ vector bundle π : E → M is trivial vector bundle of
rank r if it is isomorphic to the product vector bundle pr1 : M × Rr → M . In other words, there exists Cℓ

diffeomorphism h : E →M × Rr s.t.

1. the diagram commutes

E

M M × Rr
π

h

pr1

2. for any x ∈ E, the restriction of h to each fiber Ex is a linear isomorphism

h|Ex : Ex ⊆ E → {x} × Rr

In a word, π : E →M is trivial vector bundle if there exists only one global trivialization h : E →M × Rr.

Example 1.9.3 (Tangent Bundle). Let M be a Ck manifold where k ≥ 1 equipped with Atlas {(Uα, ϕα)}α∈I .
Then π : TM →M is a Ck−1 vector bundle over M of rank n = dimM .

Recall we’ve constructed the 2n dimensional Ck−1 manifold

TM =
⊔
p∈M

TpM

wit Atlas (1.10)
Φ̃ = {(TUα, ϕ̃α)}α∈I

and transition functions (1.11)

ϕ̃β ◦ ϕ̃−1
α (x, u) := (ϕβ ◦ ϕ−1

α (x), d(ϕβ ◦ ϕ−1
α )x(u))

To check π : TM →M is the vector bundle
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1. Local Trivialization. Define

hα : π−1(Uα) ⊆ TM → Uα × Rn ⊆M × Rn

(p, [Uα, ϕα, u]) 7→ (p, u = θ−1
Uα,ϕα,p

([Uα, ϕα, u]))

Indeed the diagram commutes since

pr1 ◦ hα((p, [Uα, ϕα, u])) = p = π(p, [Uα, ϕα, u])

2. Transition Functions. Compute

hβ ◦ h−1
α : (Uα ∩ Uβ)× Rn → (Uα ∩ Uβ)× Rn

(p, u) 7→ (p, θ−1
Uβ ,ϕβ ,p

◦ θUα,ϕα,p(u))

= (p, d(ϕβ ◦ ϕ−1
α )ϕα(p)(u))

Then indeed
gβα(p) = d(ϕβ ◦ ϕ−1

α )ϕα(p) ∈ GL(n,R)

1.10 Section

Cℓ(M,E) Section Let M be a Ck manifold of dimension n. Let ℓ ≤ k. We denote

Cℓ(M) := {Cℓ functions f :M → R}

Definition 1.10.1 (Sections). Let M be a Ck manifold of dimension n. Let π : E →M be a Cℓ vector bundle
over M of rank r.

We call s :M → E a Cℓ section of π if it is a Cℓ map s.t.

π ◦ s = id :M →M

i.e.
s(x) ∈ Ex = π−1(x) ∀ x ∈M

We denote
Cℓ(M,E) := {Cℓ sections s :M → E}

Lemma 1.10.1. Cℓ(M,E) is a Cℓ(M)-module.

Proof. For any f ∈ Cℓ(M) and s ∈ Cℓ(M,E), one define

fs :M → E

x 7→ f(x)s(x)

Since s(x) ∈ Ex where the fiber is equipped with linear structure over R, fs ∈ C∞(M,E).

Basis construction for Ex via local trivialization Let π : E → M be Cℓ vector bundle of rank r. Take
open set Uα ⊆M and

hα : π−1(Uα) ⊆ E → Uα × Rr ⊆M × Rr

How do we use such local trivialization hα to define a basis for the vector space Ex for each x ∈ Uα? Take
{e1, · · · , er} as standard basis of Rr. Define

sα,i : Uα ⊆M → π−1(Uα) ⊆ E

x 7→ h−1
α (x, ei)

(1.15)

We claim {sα,i(x)}1≤i≤r is a basis for Ex for any x ∈ Uα.

Proof. For any x ∈ Uα, recall (1.14)

pr2 ◦ hα|Ex : Ex → Rr defines a linear isomorphism

We show {sα,i(x)}1≤i≤r spans Ex. For any v ∈ Ex, there exists w ∈ Rr s.t.

pr2 ◦ hα|Ex (v) = pr2((x,w)) = w
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Now write w in the standard basis
∑r
i=1 w

iei. Compute

hα|Ex (
r∑
i=1

wisα,i(x)) =

r∑
i=1

wi hα|Ex (sα,i(x))
(1.15)
=

r∑
i=1

wi(x, ei)

pr2 ◦ hα|Ex (
r∑
i=1

wisα,i(x)) =

r∑
i=1

wiei = w

Thus using hα|Ex is linear isomorphism,

v =

r∑
i=1

wisα,i(x)

We show {sα,i(x)}1≤i≤r is linearly independent. Assume 0 =
∑r
i=1 w

isα,i(x), then using above computations
and that linear isomorphism maps 0 to 0

(x, 0) = hα|Ex (
r∑
i=1

wisα,i(x)) =

r∑
i=1

wi(x, ei)

0 =

r∑
i=1

wiei

Using {ei} is standard basis, wi = 0 for any i.

Trivial Vector Bundle iff Sections as Global Basis

Theorem 1.10.1. Let M be Ck manifold of dimension n. Let π : E →M be Cℓ vector bundle of rank r.
Then π : E →M is trivial iff there exists Cℓ sections {si}1≤i≤r s.t.

{si(x)}1≤i≤r is basis for Ex ∀ x ∈M

Proof. ( =⇒ ) If π is trivial, then it has a global trivialization h. Take such h and define si via (1.15).
( ⇐= ) If there are Cℓ sections {si}1≤i≤r s.t. {si(x)} are basis for Ex, define

ϕ :M × Rr → E

(x, v) 7→
r∑
i=1

visi(x) ∈ Ex

To check π : E → M is trivial, one claim such ϕ is a Cℓ vector bundle isomorphism from the product bundle
pr1 :M × Rr →M to π : E →M . Using Definition 1.9.1, one need to check

1. The diagram commutes

M × Rr

M E

pr1
ϕ

π

Indeed, for any (x, v) ∈M × Rr, using
∑r
i=1 v

isi(x) ∈ Ex = π−1(x)

π ◦ ϕ(x, v) = π(

r∑
i=1

visi(x)) = x = pr1(x, v)

2. For any x ∈M

ϕ|{x}×Rr : {x} × Rr → Ex

(x, v) 7→
r∑
i=1

visi(x)

This indeed defines a linear isomorphism.

3. It suffices to check that ϕ is Cℓ diffeomorphism. Since π : E →M is a Cℓ vector bundle, there exists open
cover {Uα} of M and local trivializations {hα} s.t. π = pr1 ◦ hα diagram commutes. It suffices to check
that

hα ◦ ϕ : Uα × Rr → Uα × Rr
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defines a Cℓ diffeomorphism. But what is this map? For any i ∈ {1, · · · , r}, since both hα and si are C
ℓ

maps, the composition remains a Cℓ map, thus

hα ◦ si : Uα ⊆M → Uα × Rr

x 7→ (x,

a1i(x)...
ari(x)

)

for certain {aji}1≤j≤r ⊆ Cℓ(Uα). Now using hα|Ex defines linear isomorphism

hα ◦ ϕ(x, v) = hα(

r∑
i=1

visi(x)) =

r∑
i=1

vihα ◦ si(x)

=

r∑
i=1

vi(x,

a1i(x)...
ari(x)

) = (x,


∑r
i=1 v

ia1i(x)
...∑r

i=1 v
iari(x)

) = (x,A(x)v)

where A(x) defines the matrix
A(x) = (aij(x))1≤i,j≤r

Since {si(x)}1≤i≤r are basis of Ex, under linear isomorphism pr2 ◦ hα|Ex : Ex → Rr

pr2 ◦ hα|Ex (si(x)) =

a1i(x)...
ari(x)

 ∀ 1 ≤ i ≤ r are basis for Rr

Since the matrix A consists of n columns of a set of basis, A is invertible (A ∈ GL(r,R)). Consequently
hα ◦ ϕ defines Cℓ diffeomorphism.

1.11 Derivation on Ck
p (M)

Ckp (M) Germs Let M be a Ck manifold of dimension n. Let k ∈ N ∪ {∞}.

Definition 1.11.1 (Germs). For any p ∈M , define

Ckp (M) := {(f : U → R) | U open neighborhood of p in M, f ∈ Ck(U)}/ ∼p

where the equivalence relation is defined via

(f : U → R) ∼p (g : V → R)

iff there exists an open neighborhood W around p s.t.

W ⊆ U ∩ V, f |W = g|W

Elements of Ckp (M) are called germs of Ck functions at p. When the open neighborhood doesn’t matter, one
may denote the equivalence class as

[f ]p = [f : U → R]

Lemma 1.11.1. Ckp (M) is equipped with an R-algebra structure.

Proof. Define ring addition and multiplication as

[f : U → R] + [g : V → R] := [f + g : U ∩ V → R]
[f : U → R] · [g : V → R] := [fg : U ∩ V → R]

Define scalar multiplication for R-vector space structure as

c[f : U → R] := [cf : U → R]
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Ring Homomorphism for Ckp (M) For p ∈M and (U, ϕ) a Ck chart for M around p s.t. ϕ(p) = 0, the map

Φ1 : Ckp (M) → Ck0 (Rn)
[f : V → R] = [f |U∩V : U ∩ V → R] 7→ [f ◦ ϕ−1 : ϕ(U ∩ V ) → R]

defines a ring isomorphism.
The map

Φ2 : Ck(M) → Ckp (M)

(f :M → R) 7→ [f :M → R]

is a surjective ring homomorphism, but not injective.

Proof of Surjectivity. Given [f : V → R] ∈ Ckp (M), there exists β ∈ Ck(V ) with supp(β) ⊆ V s.t.

(β : V → R) p∼ (1 :M → R)

Hence

[f : V → R] = [βf : V → R]

and βf can be extended to M due to Hausdorff topology on M .

DpM Derivation on Ckp (M)

Definition 1.11.2 (Derivation). A Derivation on Ckp (M) is a R-linear map

δ : Ckp (M) → R

s.t. the Leibniz Rule is satisfied, i.e.,

δ([f ]p · [g]p) = δ([f ]p)g(p) + f(p)δ([g]p)

Lemma 1.11.2. The set of derivations on Ckp (M) has vector space structure.

Proof. For any c1, c2 ∈ R and δ1, δ2 ∈ Ckp (M), one may define

c1δ1 + c2δ2 : Ckp (M) → R
[f ]p 7→ c1δ([f ]p) + c2δ([f ]p)

To check this remains a derivation, for any [f ]p and [g]p

(c1δ1 + c2δ2)([f ]p · [g]p)
= c1δ1([f ]p · [g]p) + c2δ2([f ]p · [g]p)
= c1δ1([f ]p)g(p) + c1f(p)δ1([g]p) + c2δ2([f ]p)g(p) + c2f(p)δ2([g]p)

= (c1δ1 + c2δ2)([f ]p)g(p) + f(p)(c1δ1 + c2δ2)([g]p)

Example 1.11.1. k ≥ 1.
∂

∂xi
(0) : Ck0 (Rn) → R

[f : U → R] 7→ ∂

∂xi
f(0)

Then ∂
∂xi

(0) is a derivation for any 1 ≤ i ≤ n.
Consequently, for any ai ∈ R, ∑

i

ai
∂

∂xi
(0) : Ck0 (Rn) → R

[f : U → R] 7→
∑
i

ai
∂

∂xi
f(0)

is a derivation.

Lemma 1.11.3. Let k ∈ N ∪ {∞}.
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• If δ : Ck0 (R) → R is a derivation and c is a constant, then δ([c]p) = 0.

Proof. Since δ is R-linear

δ([c]0) = δ(c [1]0) = cδ([1]0)

But
δ([1]0) = δ([1]0 · [1]0) = δ([1]0) · 1 + 1 · δ([1]0) =⇒ δ([1]0) = 0

• δ is a derivation on C0
0 (R) ⇐⇒ δ ≡ 0.

Proof. Using δ as derivation is R-linear, for [f ]0 ∈ C0
0 (R), since

δ([f ]0) = δ([f − f(0)]0)

It suffices to assume f(0) = 0. Using decomposition

f = f+ − f−, f± ≥ 0

it suffices to assume f ≥ 0 and f(0) = 0. Now define g :=
√
f , so

δ([f ]0) = δ([g]0 · [g]0) = δ([g]0)g(0) + g(0)δ([g]0) = 0

Lemma 1.11.4. If δ is a derivation on C1
0 (Rn), then

δ =

n∑
i=1

δ([xi]0)
∂

∂xi
(0) (1.16)

Proof. Want to show for any [f ]0 ∈ C1
0 (Rn),

δ([f ]0) =

n∑
i=1

δ([xi]0)
∂f

∂xi
(0)

To do so fix x ∈ Rn, define g(t) := f(tx) so that g′(t) =
∑n
i=1 xi

∂f
∂xi

(tx) Then

f(x)− f(0) = g(1)− g(0) =

ˆ 1

0

g′(t) dt =
∑
i

xi

ˆ 1

0

∂f

∂xi
(tx) dt

Define hi(x) :=
´ 1
0

∂f
∂xi

(tx) dt so that [hi : U → R] ∈ C1
0 (Rn) with

hi(0) =

ˆ 1

0

∂f

∂xi
(0) dt =

∂f

∂xi
(0)

Consequently

δ([f ]0) = δ([f − f(0)]0) =
∑
i

δ([xihi]0) =
∑
i

δ([xi]0)hi(0) +
∑
i

xi(0)δ([hi]0) =
∑
i

δ([xi]0)
∂f

∂xi
(0)

DpM ∼= TpM Linear Isomorphism Let M be C∞ manifold of dimension n. Let p ∈ M . We denote DpM
as the vector space of Derivations on C∞

p (M).
Define (U, ϕ) a C∞ chart for M around p, whose coordinates we write

ϕ(p) = 0 ∈ Rn, ϕ = (x1, · · · , xn) ∈ C∞(U ;Rn)

We define a derivation on C∞
p (M) as

∂

∂xi
(p) : C∞

p (M) → R

[f : V → R] 7→ ∂

∂xi
(f ◦ ϕ−1)(ϕ(p)) =

∂

∂xi
(f ◦ ϕ−1)(0)

(1.17)
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Lemma 1.11.5. { ∂
∂xi

(p)}1≤i≤n forms a basis for DpM . Thus

DpM =

n⊕
i=1

R
∂

∂xi
(p) (1.18)

Proof. Using ring isomorphism and (1.16), one see that { ∂
∂xi

(p)}1≤i≤n spans DpM via

δ =

n∑
i=1

δ([xi]p)
∂

∂xi
(p) (1.19)

To see linear independence, assume

0 =

n∑
i=1

ai
∂

∂xi
(p) in DpM

Then acting on the germs [xj ]p ∈ C∞
p (M) gives

0 =

n∑
i=1

ai
∂

∂xi
(xj ◦ ϕ−1)(0) =

n∑
i=1

aiδij = aj ∀ j

Now one may define a linear isomorphism between vector spaces via

Φ : TpM → DpM

[U, ϕ, u] 7→
n∑
i=1

ui
∂

∂xi
(p)

1.12 Derivation on C∞(M)

X(M) Smooth Vector Field

Definition 1.12.1 (Smooth Vector Field). A smooth vector field on a C∞ manifold M is X ∈ C∞(M,TM),
i.e., a smooth section of the tangent bundle π : TM →M . In particular,

X(p) ∈ TpM ∀ p ∈M

We denote
X(M) := C∞(M,TM)

D(M) Derivation on C∞(M)

Definition 1.12.2 (Derivation on C∞(M)). Let M be C∞ manifold. A derivation on M is an R-linear map

δ : C∞(M) → C∞(M)

s.t. the Leibniz Rule holds
δ(fg) = δ(f)g + fδ(g)

Let D(M) be set of all derivations C∞(M) → C∞(M).

Lemma 1.12.1. The set of derivations D(M) has C∞(M)-module structure.

Proof. If δ1, δ2 ∈ D(M), c1 c2 ∈ C∞(M), then

c1δ1 + c2δ2 : C∞(M) → C∞(M)

f 7→ c1δ(f) + c2δ(f)

is also a derivation.

For any p ∈M , there is a localizing R-linear map as follows.

D(M) → DpM

δ 7→ δ(p)

where
δ(p) : C∞

p (M) → R
[f :M → R] 7→ (δf)(p)

One also define
δp : C

∞
p (M) → C∞

p (M)

[f :M → R] 7→ [δf :M → R]
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D(M) ∼= X(M) Isomorphism as C∞(M)-module Let M be C∞ manifold of dim n.
Let (U, ϕ) be C∞ chart with ϕ = (x1, · · · , xn) ∈ Rn. We define smooth vector field on U as

∂

∂xi
: U ⊆M → TU = π−1(U) ⊆ TM

p 7→ ∂

∂xi
(p) ∈ DpM ∼= TpM

(1.20)

where ∂
∂xi

(p) is defined via (1.17). ∂
∂xi

as C∞ vector fields on U implies by definition that ∂
∂xi

∈ C∞(U, TU).
In view of (1.18), one has isomorphism as free C∞(M)-module

X(U) =

n⊕
i=1

C∞(U)
∂

∂xi

In view of (1.19), for any X : U → TU continuous section, there are ai ∈ C(U) continuous functions s.t. for
any p ∈ U with local chart (U, ϕ = (x1, · · · , xn))

X(p) =

n∑
i=1

ai(p)
∂

∂xi
(p)

X ∈ Ck(U, TU) is Ck vector field iff ai ∈ Ck(U).

LX Lie Derivative on C∞(M)

Definition 1.12.3 (Lie Derivative). Let M be C∞(M) manifold of dimension n. Define an assignment

X(M) → D(M)

X 7→ LX
(1.21)

where LX known as the Lie Derivative of X, is a derivation

LX : C∞(M) → C∞(M)

f 7→ Xf
(1.22)

s.t.
Xf :M → R

p 7→ X(p)([f ]p)

Usually one denote X(p)([f ]p) = X(p)f .

Proof that Xf ∈ C∞(M). One use local coordinates to check this is C∞ function. Let (U, ϕ = (x1, . . . , xn)) be
a chart. On U we can write

X =

n∑
i=1

ai
∂

∂xi
with ai ∈ C∞(U).

Then for p ∈ U ,

(Xf)(p) =
n∑
i=1

ai(p)
∂(f ◦ ϕ−1)

∂xi
(
ϕ(p)

)
,

which is smooth in p since ai and the partial derivatives of f ◦ ϕ−1 are smooth. Hence Xf ∈ C∞(M).

In fact, the assignment via Lie Derivative (1.21) is the C∞(M)-module isomorphism between smooth vector
fields and derivations on C∞(M).

Lemma 1.12.2. (1.21) X(M) ∼= D(M) is an isomorphism as C∞(M)-module

Proof. We have surjectivity. Given any δ ∈ D(M), define

X :M → TM

p 7→ δ(p) ∈ DpM = TpM

One use local coordinates to check that X is C∞.
For injectivity, if X ̸= 0, there exists p ∈ M s.t. X(p) ̸= 0. Then there exists [f ]p ∈ C∞

p (M) s.t.
X(p)([f ]p) ̸= 0 implying LXf ̸= 0.
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1.13 Lie Bracket

Lie Bracket

Definition 1.13.1 (Lie Bracket). For X, Y ∈ X(M) = D(M), define

[X,Y ] : C∞(M) → C∞(M)

f 7→ XY f − Y Xf
(1.23)

Notice

1. [X,Y ] is a R-linear map.

2. [X,Y ] satisfies the Leibniz rule

[X,Y ](fg) = ([X,Y ]f)g + f([X,Y ]g)

so [X,Y ] ∈ D(M) = X(M) defines a derivation.

More explicitly, for (U, ϕ = (x1, · · · , xn)) C∞ chart on M , one may write on U

X =

n∑
i=1

ai
∂

∂xi
, Y =

n∑
j=1

bj
∂

∂xj
for ai, bj ∈ C∞(U)

So

[X,Y ] =
n∑
j

(
n∑
i

ai
∂bj
∂xi

− bi
∂aj
∂xi

)
∂

∂xj

Lie Algebra over R Define assignment

[·, ·] : X(M)× X(M) → X(M)

(X,Y ) 7→ [X,Y ]

Notice

1. [·, ·] is R-linear in both X, Y , but not C∞-linear

[c1X1 + c2X2, Y ] = c1[X1, Y ] + c2[X2, Y ]

2. [X,Y ] = −[Y,X]

3. Jacobi Identity.
[[X,Y ], Z] + [[Y,Z], X] + [[Z,X], Y ] = 0 (1.24)

with these above, (X(M), [·, ·]) is a Lie algebra over R.

1.14 Differential

Pullback of Cℓ(N)

Definition 1.14.1 (Pullback of Cℓ(N)). Let F :M → N be Ck-map between Ck manifolds, and let ℓ ≤ k be a
positive integer. Then the map F induces the pullback

F ∗ : Cℓ(N) → Cℓ(M)

f 7→ f ◦ F
(1.25)

Definition 1.14.2 (Local pull back of CℓF (p)(N)). For a point p ∈M , we get a map F ∗
p local pullback s.t.

F ∗
p : CℓF (p)(N) → Cℓp(M)

[f : V → R] 7→ [f ◦ F : F−1(V ) → R]
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Differential as Map Between Derivations

Lemma 1.14.1. Let F :M → N be a smooth map between smooth manifolds. For each p ∈M , the differential

dFp : TpM = DpM → TF (p)N = DF (p)N

X 7→ dFp(X)

is given by the map

dFp(X) : C∞
F (p)(N) → R

[f : V → R] 7→ X([F ∗f : F−1(V ) → R]) = X([f ◦ F : F−1(V ) → R])
(1.26)

Note here we denote X ∈ TpM = DpM .

Proof. Pass to local coordinates. Assume M ⊆ Rm open subset and N ⊆ Rn open subset. p = 0 ∈ Rm and
F (p) = 0 ∈ Rn. Then one write

F (x) = (y1(x), · · · , yn(x)) ∀ x ∈ Rm

For any tangent vector X ∈ T0Rm, X =
∑m
i=1 ai

∂
∂xi

(0)

dFp(X) =

n∑
j=1

(
m∑
i=1

∂yj
∂xi

(0)ai

)
∂

∂yj
(0) ∈ T0(N) (1.27)

To compute explicitly

LHS = dFp(X)([f ]F (p)) =

m∑
i=1

n∑
j=1

ai
∂yj
∂xi

(0)
∂f

∂yj
(0)

RHS = X([f ◦ F ]p) =
m∑
i=1

ai
∂(f ◦ F )
∂xi

(0)

which is equal by chain rule.

Differential as map between curve velocity

Definition 1.14.3 (smooth curve). Let M be smooth manifold. A smooth curve in M is a smooth map

γ : (a, b) →M

for −∞ ≤ a < b ≤ ∞.

For any t ∈ (a, b), let γ′(t) or dγ
dt (t) denote the tangent vector

dγt(
∂

∂t
(t)) ∈ Tγ(t)M

Example 1.14.1. If M = Rn then the smooth map

γ : (a, b) →M

t 7→ (x1(t), · · · , xn(t))

where xi : (a, b) → R are C∞ functions on (a, b). Then

γ′(t) = (x′1(t), · · · , x′n(t)) =
n∑
i=1

x′i(t)
∂

∂xi
(γ(t))

Lemma 1.14.2. Let M be a smooth manifold and γ : (−ε, ε) → M be a smooth curve. Let γ(0) = p. Then
γ′(0) is a derivation at p s.t.

γ′(0)([f ]p) =
∂

∂t
(0)([f ◦ γ]0)

Usually we denote this as

γ′(0)f =
d

dt

∣∣∣∣
t=0

(f ◦ γ)

Proof. This is special case of dFp(X)([f ]F (p)) = X([F ∗f ]p).
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Notice the above only depends on how f changes along γ ⊆ M . In particular, this means the tangent
derivative is an intrinsic object of the manifold.

Figure 1.1: Tangent is Intrinsic

Remark 1.14.1. One may alternatively define the tangent space TpM as collection of all such

γ′(0) : C∞
p (M) → R

Under this definition, dFp : TpM → TF (p)N of a smooth map F :M → N at p ∈M is defined by

dFp : TpM → TF (p)N

γ′(0) 7→ (F ◦ γ)′(0)
(1.28)

1.15 Integral Curves

Integral Curve

Definition 1.15.1 (Integral Curves). Let X ∈ X(M) be a smooth vector field on a smooth manifold M . Let
γ : I →M be a smooth curve. We say that γ is a integral curve of X if

γ′(t) = X(γ(t)) ∀ t ∈ I

Example 1.15.1. M = Rn and γ(t) = (x1(t), · · · , xn(t)) for xi : I → R smooth functions on I. A smooth
vector field on Rn is of the form

X(x) = (a1(x), · · · , an(x)) =
∑
i

ai(x)
∂

∂xi
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where ai are smooth functions s.t. ai : Rn → R.
Therefore X can be viewed as a smooth map from Rn → Rn. γ is an integral curve of X is equivalent to the

solution to the system of ODEs

dxi
dt

(t) = ai(x1(t), · · · , xn(t)) ∀ i = 1, · · · , n

Local Existence and Uniqueness of Integral Curves

Theorem 1.15.1 (Local Existence and Uniqueness of Integral Curves). Let M be a smooth manifold and
X ∈ X(M).

(i) For any p ∈M there is an open interval Ip ⊆ R containing 0 and an integral curve

ϕp : Ip →M

of X s.t.
ϕp(0) = p

and Ip is a maximal interval for such ϕp.

(ii) Moreover, this integral curve is unique in the following sense. If γ : I ′ →M is integral curve of the vector
field X on I ′ s.t. γ(0) = p, then the interval I ′ ⊆ Ip and the curve γ is the restriction

γ = ϕp|I′

(iii) Existence of Local Flow. For any p ∈M , there is

– an open neighborhood U of p in M

– an open interval I of 0 in R
– a smooth map, known as local flow

ϕ : I × U →M

(t, q) 7→ ϕ(t, q)

s.t. {
∂
∂tϕ(t, q) = X(ϕ(t, q))

ϕ(0, q) = q
∀ (t, q) ∈ I × U (1.29)

Proof. Assume M = Rn and p = 0 then the proof is a theorem in ODE.

Example 1.15.2. M = Rn and p = (a1, · · · , an) ∈ Rn. Suppose X is the identity vector field, i.e

X(x) = x ∀ x = (x1, · · · , xn) ∈ Rn

Then {
d
dtxi(t) = xi(t)
xi(0) = ai

∀ i = 1, · · ·n

hence xi = aie
t. We conclude that the integral curves are straight lines emanating the origin. We also calculate

the local flow
ϕ : R× Rn → Rn

(t, x1, · · · , xn) 7→ (x1e
t, · · · , xnet)

or in short, ϕ(t, x) = etx.

Example 1.15.3. M = {x ∈ Rn | |x| < 1}, and X(x) = x is identity vector field. If p = a = (a1, · · · , an) then

ϕp : Ip → Rn

t 7→ eta

where
Ip = (−∞,− log |a|)
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Example 1.15.4. Given flow
ϕ : R× R2 → R2

(t, (x, y)) 7→
(
cos(t) − sin(t)
sin(t) cos(t)

)(
x
y

)
To find the corresponding vector field, use

∂

∂t
ϕ(0, q) = X(ϕ(0, q)) = X(q)

So

X((x, y)) =
∂

∂t
ϕ(0, (x, y)) =

(
− sin(t) − cos(t)
cos(t) − sin(t)

)∣∣∣∣
t=0

(
x
y

)
=

(
0 −1
1 0

)(
x
y

)
=

(
−y
x

)
Hence X(x, y) = −y ∂

∂x + x ∂
∂y .

Lemma 1.15.1. For M C∞ manifold, X,Y ∈ X(M) with [X,Y ] = 0, let p ∈M , and suppose ϕXs ◦ ϕYt (p) and
ϕYt ◦ ϕXs (p) are defined for (s, t) ∈ I × J with I, J open intervals containing 0, then one has

ϕXs ◦ ϕYt (p) = ϕYt ◦ ϕXs (p) ∀ (s, t) ∈ I × J

Global Existence Let M be C∞ manifold. Denote

ϕt : U →M

q 7→ ϕ(t, q)

This tells us where the point in M gets mapped after flowing a certain time t.

Lemma 1.15.2. Let X be smooth vector field on a smooth manifold M s.t. the support of X is compact, where

supp(X) := {p ∈M | X(p) ̸= 0}

Then there exists a unique smooth map ϕ : R×M →M s.t.{
∂ϕ
∂t (t, q) = X(ϕ(t, q))

ϕ(0, q) = q

In other words, we have a global flow
ϕt :M →M

which exists for all times t ∈ R.

Proof. It suffices to prove existence. Let K = supp(X). First step, look at V =M \K open, X(q) = 0 for any
q ∈ V . Then define

ϕ : R× V →M

(t, q) 7→ q

Then ϕ is smooth and {
∂ϕ
∂t (t, q) = 0 = X(q) = X(ϕ(t, q))

ϕ(0, q) = q

Step 2, given p ∈ K, there exists open neighborhood Up of p in M and εp > 0 s.t. there is a C∞ map

ψp : (−εp, εp)× Up →M

a local flow which satisfies {
∂ψp
∂t (t, q) = X(ψp(t, q))

ψp(0, q) = q

Moreover, if p1, p2 ∈ K and Up1 ∩ Up2 ̸= ∅, then

ψp1 |(−ε,ε)×(Up1∩Up2 )
= ψp2 |(−ε,ε)×(Up1∩Up2 )

where ε := min{εp1 , εp2} > 0. So we obtain a smooth map ψ(t, q) defined on (−ε, ε) × (Up1 ∪ Up2) Since

K is compact, K ⊂
⋃
p∈K Up hence there are finitely many p1, · · · , pN ∈ K s.t. K ⊂

⋃N
i=1 Upi . Let ε :=

min{εp1 , · · · , εpN } > 0 and U :=
⋃N
i=1 Upi we obtain a smooth map

ψ : (−ε, ε)× U →M
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s.t. {
∂ψ
∂t (t, q) = X(ψ(t, q))

ψ(0, q) = q

Step 3, again by uniqueness

ϕ|(−ε,ε)×(U∩V ) = ϕ : R× V →M and ψ : (−ε, ε)× U →M

We also have U ∪ V =M so we obtain
ϕ : (−ε, ε)×M →M

satisfying assumptions. Step 4, for any t ∈ R, there exists n ∈ N with |t| < nε, we define ϕ(t, q) =
ϕ( tn , ϕ(

t
n , · · · , ϕ(

t
n , q)) · · · ) Then ϕ : R×M →M satisfy the assumptions.

1.16 Lie Derivative

LX Lie Derivative on X(M) Recall X(M) is C∞-module. Also recall (1.22).

Definition 1.16.1 (Lie Derivative on smooth vector fields). Let M be C∞(M) manifold. Define

LX : X(M) → X(M)

Y 7→ [X,Y ]
(1.30)

where [X,Y ] denotes the Lie Bracket (1.23).

Notice

1. Leibniz Rule holds

LX(fY ) = (LXf)Y + fLXY ∀ f ∈ C∞(M) ∀ Y ∈ X(M) (1.31)

Proof. Recall LXY = [X,Y ] and LXf = X(f). To show two vector fields are equal, it suffices to check
they act the same on every g ∈ C∞(M). Fix g ∈ C∞(M). Then

LX(fY )(g) = [X, fY ](g)

= X
(
(fY )(g)

)
− (fY )

(
X(g)

)
= X

(
f Y (g)

)
− f Y

(
X(g)

)
= X(f)Y (g) + f X

(
Y (g)

)
− f Y

(
X(g)

)
= X(f)Y (g) + f [X,Y ](g).

2. Recall Lie Derivative on C∞(M) is C∞(M)-linear in

LfX(g) = fLX(g) ∀ f, g ∈ C∞(M), ∀ X ∈ X(M)

But in general LfX(Y ) ̸= fLXY since

LfX(Y ) = fLXY − Y (f)X

Proof. For any g ∈ C∞(M)

LfX(Y )(g) = [fX, Y ](g) = fX(Y (g))− Y (fX(g))

= fX(Y (g))− Y (f)X(g)− fY (X(g))

= f [X,Y ](g)− Y (f)X(g)
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Pullback and Pushforward of X(M) Let M , N be C∞ manifolds.

Definition 1.16.2. Let F :M → N be C∞ diffeomorphism. Define the pushforward

F∗ : X(M) → X(N)

X 7→ F∗X

where
F∗X : N → TN

p 7→ dFF−1(p)(X(F−1(p))) ∈ TF (p)N
(1.32)

Define pullback
F ∗ := (F−1)∗ : X(N) → X(M)

Y 7→ F ∗Y

so that
F ∗Y :M → TM

p 7→ dF−1
F (p)(Y (F (p))) ∈ TpM

(1.33)

Remark that in this definition, F being diffeomorphism is essential.

LX Lie Derivative as the Derivative under Pullback of Local Flow Let M be smooth manifold,
X ∈ X(M). Take p ∈M and U open neighborhood of p in M .

Recall definitions for pullback of C∞(M) function (1.25) and pullback of X(M) smooth vector field (1.33).

Proposition 1.16.1 (Lie Derivative using Flow). Let ϕt : U → M smooth be flow of X at p for t ∈ (−ε, ε),
ε > 0.

Then

1. For [f :M → R] = [f ]p ∈ C∞
p (M), pick a representative f ∈ C∞(M), then

(LXf)(p) := X(p)([f ]p) =
d

dt

∣∣∣∣
t=0

(ϕ∗t f)(p) (1.34)

2. For V open neighborhood of p, for any Y ∈ X(V )

(LXY )(p) := [X,Y ](p) =
d

dt

∣∣∣∣
t=0

(ϕ∗tY )(p)

= − d

dt

∣∣∣∣
t=0

(ϕt∗Y )(p) = lim
t→0

Y (p)− (dϕt)ϕ−t(p)(Y (ϕ−t(p)))

t
(1.35)

Note the equivalence in (1.35) is given by the fact

ϕt∗Y = −(ϕ−t)∗Y = −ϕ∗tY

Before the proof one need a Lemma.

Lemma 1.16.1. If
h : (−δ, δ)× U → R

(t, q) 7→ h(t, q)

is C∞ map for U ⊂M open, δ > 0, and suppose that h(0, q) = 0. Then there exists C∞ map g : (−δ, δ)×U → R
s.t.

h(t, q) = tg(t, q)

Proof. Fix t, q. Let u(s) := h(st, q). Then d
dsu(s) = t ∂∂th(st, q) with

h(t, q) = h(t, q)− h(0, q) = u(1)− u(0) =

ˆ 1

0

d

ds
u(s) ds = t

ˆ 1

0

∂

∂t
h(st, q) ds = tg(t, q)

where g(t, q) =
´ 1
0

∂
∂th(st, q) ds. Here g is C∞ map. Notice g(0, q) =

´ 1
0

∂
∂th(0, q) ds =

∂
∂th(0, q).
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Proof of Proposition 1.16.1. For f ∈ C∞
p (M),

d

dt

∣∣∣∣
t=0

(ϕ∗t f)(p) =
d

dt

∣∣∣∣
t=0

f(ϕt(p))

=
d

dt

∣∣∣∣
t=0

(f ◦ ϕp)(t)

= ϕ′p(0)f = X(p)f

since ϕp(t) = ϕt(p) for ϕp : (−ε, ε) →M integral curves of X s.t. ϕp(0) = p and ϕ′p(t) = X(ϕp(t)). Now for the
second item, claim that

d

dt

∣∣∣∣
t=0

(ϕt∗Y )(p)(f) = −[X,Y ](p)f ∀ f ∈ C∞
p (M)

To see this, let
h(t, q) = f ◦ ϕt(q)− f(q)

Here h : (−δ, δ) × V → R is C∞ with h(0, q) = 0. By lemma 1.16.1, there exists C∞ g : (−δ, δ) × V → R s.t.
h(t, q) = tg(t, q). For fixed t ∈ (−δ, δ), gt : V → R smooth with gt(q) := g(t, q). So

f ◦ ϕt(q) = f(q) + h(t, q) = (f + tgt)(q)

Also note

g0(q) =
∂

∂t
h(0, q) =

d

dt

∣∣∣∣
t=0

f ◦ ϕt(q) = X(q)f

from first item. Hence using Lemma 1.14.1

(ϕt∗Y )(p)(f) = (dϕt)ϕ−t(p)(Y (ϕ−t(p)))f = Y (ϕ−t(p))(f ◦ ϕt)
= Y (ϕ−t(p))(f + tgt) = Y (ϕ−t(p))f + Y (ϕ−t(p))(tgt)

d

dt

∣∣∣∣
t=0

Y (ϕ−t(p))(f ◦ ϕt) =
d

dt

∣∣∣∣
t=0

(Y f)(ϕ−t(p)) + Y (p)g0 = −X(p)Y f + Y (p)Xf = −[X,Y ](p)f

1.17 Frobenius Theorem

Subbundle

Definition 1.17.1 (subbundle). Let π : E →M be C∞ vector bundle of rank r over a C∞ manifold M .
Let F ↪→ E be embedded smooth submanifold. We say

π|F : F →M

is a C∞ subbundle of rank k ≤ r if for any p ∈ M , there exists open neighborhood U of p in M and a local
trivialization

h : π−1(U) → U × Rr C∞ diffeomorphism

s.t. diagram commutes

π−1(U) ⊆ E

U × Rr ⊆M × Rr U ⊆M

h
π

pr1

and
h(F ∩ π−1(U)) = U × (Rk × {0}) for Rk × {0} ⊂ Rr (1.36)

Recall for any x ∈ U , Ex ∼= Rr via (1.14)

h|U : Ex = π−1(x) → {x} × Rr
pr2∼= Rr

For F a subbundle,
Fx := F ∩ Ex

are vector subspaces of Ex of dimension k ≤ r, with the inherited linear structure.
Given π : E → M smooth vector bundle of rank r over C∞ manifold M , for any x ∈ M , with Fx ⊆ Ex

linear subspaces of dimension k ≤ r, one may define C∞ subbundle of rank k as the disjoint union

F :=
⊔
x∈M

Fx ⊆ E =
⊔
x∈M

Ex
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Proposition 1.17.1. F is a C∞ subbundle of E of rank k iff for any p ∈ M , there exists open neighborhood
U of p in M and C∞ sections

{s1, · · · , sk} ⊆ C∞(U ;π−1(U) = E|U )

s.t. for any q ∈ U
{s1(q), · · · sk(q)} forms a basis for Fq ∀ q ∈ U

Example 1.17.1. Let
E = {(ℓ, v) | ℓ ∈ Pn(R), v ∈ ℓ} ⊆ Pn(R)× Rn+1

Now
pr1 : E ⊆ Pn(R)× Rn+1 → Pn(R)

(ℓ, v) 7→ ℓ

is a smooth subbundle of rank 1 of the product vector bundle.

Distribution Let M be C∞ manifold of dimension n.

Definition 1.17.2 (distribution). A C∞ distribution of dimension k ≤ n on M is a collection

{Fp ⊆ TpM | p ∈M}

where Fp are k-dimensional subspaces of TpM s.t.

F =
⊔
p∈M

Fp ⊆ TM =
⊔
p∈M

TpM

is a C∞ subbundle of TM of rank k.

One has an equivalent definition for smooth distribution using Prop 1.17.1.

Lemma 1.17.1. The collection
{Fp ⊆ TpM | p ∈M}

of k-dimensional subspaces of TpM is a smooth distribution iff for any p ∈ M , there exists open neighborhood
U of p in M and X1, · · · , Xk ∈ X(U) s.t. for any q ∈ U

Fq =

k⊕
i=1

RXi(q)

Given a smooth subbundle F → M of π : TM → M , and denoting C∞(M,F ) as space of smooth sections
of the subbundle F →M . Notice

C∞(M,F ) ⊆ C∞(M,TM) = X(M)

is C∞(M)-submodule.

Involutive and Completely Integrable Let F be C∞ distribution of dimension k on a C∞ manifold M of
dimension n.

Definition 1.17.3 (Involutive). We say F is involutive if C∞(M,F ) is a Lie subalgebra of (X(M), [·, ·]), i.e.

[X,Y ] ∈ C∞(M,F ), ∀ X, Y ∈ C∞(M,F )

Definition 1.17.4 (Completely Integrable). F is completely integrable if for any p ∈ M , there exists (U, ϕ)
C∞-chart for M around p with coordinates ϕ = (x1, · · · , xn) s.t.

Fq =

k⊕
i=1

R
∂

∂xi
(q) ∀ q ∈ U

Complete Integrability is equivalent to saying for any p ∈ M , there is a k-dimensional submanifold S ⊂ M
s.t. p ∈ S and for any q ∈ S, the subspace TqS = Fq.

Example 1.17.2. • For dimF = dimM , then Fp = TpM for any p ∈ M , here F is involutive and
completely integrable.

• For dimF = 1, F is involutive and completely integrable.

• For U ⊂ R3 open, there exists dim = 2 distributions not involutive and not completely integrable.
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Frobenius Theorem

Theorem 1.17.1 (Frobenius Theorem). A C∞ distribution F on a C∞ manifold is completely integrable if
and only if it is involutive.

Proof. Let k := rank F ≤ n = dimM = rank TM .
( =⇒ ) If F completely integrable, for any X, Y ∈ C∞(M,F ), for any p ∈M , there exists (U, ϕ) C∞ chart

for M around p s.t. for any q ∈ U

Fq =

k⊕
i=1

R
∂

∂xi
(q)

On U , X =
∑k
i=1 ai

∂
∂xi

and Y =
∑k
j=1 bj

∂
∂xj

so

[X,Y ] =

k∑
j

(
k∑
i

ai
∂bj
∂xi

− bi
∂aj
∂xi

)
∂

∂xj
=⇒ [X,Y ] ∈ C∞(M,F )

( ⇐= ) Let F involutive. As a distribution, since F is smooth subbundle of TM , for any p ∈M , there exists
open neighborhood U of p in M and X1, · · · , Xk ∈ X(U) s.t.

Fq =

k⊕
i=1

RXi(q) ∀ q ∈ U

For any p ∈ M , there exists (U, ϕ) ϕ = (x1, · · · , xn) so Xi =
∑n
j=1 aij

∂
∂xj

for aij ∈ C∞(U), i = 1, · · · , k. For

any p ∈ U , consider a11 · · · a1n
... · · ·

...
ak1 · · · akn

 (q) of rank k

By permuting x1, · · · , xn if necessary, we may assume the minor matrix

det

a11 · · · a1k
... · · ·

...
ak1 · · · akk

 (p) ̸= 0

Due to smoothness of aij , by shrinking U if necessary, we may assume

det

a11 · · · a1k
... · · ·

...
ak1 · · · akk

 (q) ̸= 0 ∀ q ∈ U

Let A :=

a11 · · · a1k
... · · ·

...
ak1 · · · akk

 so A = (aij)
k
i,j=1 : U → GL(r,R) and A−1 =: (aij)ki,j=1 : U → GL(r,R) are

smooth. Using A−1A = Ik we write
k∑
ℓ=1

aiℓaℓj = δij

For i = 1, · · · , k, define

Ei :=

k∑
j=1

aijXj ∈ X(U) for any q ∈ U

Hence for any q ∈ U , Fq =
⊕k

i=1 REi(q). Using Xj =
∑n
ℓ=1 aiℓ

∂
∂xℓ

Ei :=

k∑
j=1

aij

(
n∑
ℓ=1

ajℓ
∂

∂xℓ

)
=

k∑
ℓ=1

δiℓ
∂

∂xℓ
+

n∑
ℓ=k+1

γiℓ
∂

∂xℓ

=
∂

∂xi
+

n∑
ℓ=k+1

γiℓ
∂

∂xℓ

=⇒ [Ei, Ej ] = [
∂

∂xi
+

n∑
ℓ=k+1

γiℓ
∂

∂xℓ
,
∂

∂xj
+

n∑
ℓ=k+1

γjℓ
∂

∂xℓ
]

=

n∑
m=k+1

cijm
∂

∂xm
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For any q ∈ U

[Ei, Ej ](q) ∈
n⊕

m=k+1

R
∂

∂xm
(q) =: Gq

where dimGq = n − k. Now G is completely integrable distribution of dimension n − k on U . Since F is
involutive with Ei ∈ C∞(U, F |U ), for any q ∈ U

[Ei, Ej ](q) ∈ Fq =

k⊕
i=1

REi(q)

But as vector spaces Fq ∩Gq = {0}, so
[Ei, Ej ](q) = 0

Conclusion: If F is an involutive C∞ distribution of dimension k onM , then for any p ∈M , there exists smooth
chart (U, ϕ) for ϕ = (x1, · · · , xn) of p in M and E1, · · · , Ek ∈ X(U) s.t. Ei = ∂

∂xi
+
∑n
ℓ=k+1 γ

i
ℓ
∂
∂xℓ

[Ei, Ej ] = 0 and ∀ q ∈ U Fq =

k⊕
i=1

REi(q)

The strategy is to construct new coordinates (t1, · · · , tn) on U ′ ⊆ U s.t. Ei = ∂
∂ti

for i = 1, · · · , k on U ′. One
want to apply Lemma 1.15.1. To do so, we may assume ϕ(p) = 0 ∈ Rn. Define for V open neighborhood of
0 ∈ Rn

ψ : V ⊆ Rn →M

(t1, · · · , tn) 7→ ϕE
1

t1 ◦ ϕE
2

t2 ◦ · · · ◦ ϕE
k

tk
◦ ϕ−1(0, · · · , 0, tk+1, · · · , tn)

Then ψ is a C∞ map. But for each i ∈ {1, · · · , k} one in fact has

ψ(t1, · · · , tk) = ϕE
i

ti (ψ(t1, · · · , ti−1, 0, ti+1, · · · , tk))

For fixed t1, · · · , ti−1, ti+1, · · · , tk. Integral curve of Ei are

γ(s) := ψ(t1, · · · , ti−1, s, ti+1, · · · , tn) with γ(0) = ψ(t1, · · · , ti−1, 0, ti+1, · · · , tn)

Thus for ψ : V ⊆ Rn →M

dψt(
∂

∂ti
) =

∂ψ

∂ti
(t1, · · · , tn) = Ei(ψ(t1, · · · , tn)) ∀t = (t1, · · · , tn) ∈ V

At t = 0,

dψ0(
∂

∂ti
) =

{
Ei(p) 1 ≤ i ≤ k

∂
∂xi

(p) k + 1 ≤ i ≤ n

Hence dψ0 : T0V ∼= Rn → TpM is a linear isomorphism. There exists open neighborhood V ′ of 0 in V ⊂ Rn, U ′

of p in M U ′ ⊆ U s.t.
ψ|V ′ : V

′ → U ′

is a C∞ diffeomorphism. Then define ϕ′ := (ψ|V ′)−1 : U ′ → V ′ ⊆ Rn with Ei = ∂
∂ti

on U ′ ⊆ U , where
ϕ′ = (t1, · · · , tn).

1.18 Operations on Vector Bundles

Recall operations on vector spaces. V, W finite dimensional vector spaces of dimension r, s. Then

• V ∗ dual vector space is of dimension r

• V ⊕W direct sum dimension r + s

• V ⊗W tensor product dimension of rs

• V ⊗k = V ⊗ · · · ⊗ V k-tensor product of V , dimension of rk.

• ΛkV Wedge product, dimension
(
r
k

)
.
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Let πE : E → M and πF : F → M be C∞ vector bundles of rank r, s over a C∞ manifold M . Let the fibers
be denoted as Ep := π−1

E (p) ∼= Rr and Fp := π−1
F (p) ∼= Rs for any p ∈M , i.e.,

πE : E =
⊔
p∈M

Ep →M and πF : F =
⊔
p∈M

Fp →M

Since each Ep, Fp has structure of a vector space, one may perform the above vector space operations to fibers
and define the following bundles at the set level.

• E∗ :=
⊔
p∈M E∗

p where E∗
p := (Ep)

∗.

• E ⊕ F :=
⊔
p∈M (E ⊕ F )p where (E ⊕ F )p := Ep ⊕ Fp.

• E ⊗ F :=
⊔
p∈M (E ⊗ F )p where (E ⊗ F )p := Ep ⊗ Fp.

• E⊗k :=
⊔
p∈M (E⊗k)p where (E⊗k)p := E⊗k

p .

• ΛkE :=
⊔
p∈M (ΛkE)p where (ΛkE)p := ΛkEp.

1.18.1 Dual Bundle

Let πE : E →M be C∞ vector bundles of rank r over a C∞ manifold M .

• As a set, let E∗ :=
⊔
p∈M E∗

p .

• As a map, let
πE∗ : E∗ →M

E∗
p 7→ {p}

One wish to construct πE∗ : E∗ →M a smooth vector bundle of rank r.
First recall the local trivializations and smooth frame on E. Since πE : E →M is vector bundle of

rank r, there exists {Uα | α ∈ I} open cover of M and local trivializations

hEα : π−1
E (Uα) ⊆ E → Uα × Rr

C∞ diffeomorphisms s.t. πE = pr1 ◦ hEα . For any x ∈ Uα, h
E
α

∣∣
Ex

: Ex = π−1
E (x) → {x} × Rr are linear

isomorphisms. One shall notice that

• hEα are local trivialization iff

• hEα are isomorphisms from π−1
E (Uα) to the product vector bundle of rank r over Uα iff

• There exists C∞ frame eα1
, · · · , eαr where eαi ∈ C∞(Uα, π

−1
E (Uα)). In particular, for any x ∈ Uα,

{eαi(x)}ri=1 are defined as
eαi : Uα ⊆M → π−1

E (Uα) ⊆ E

x 7→ (hEα )
−1(x, ei)

(1.37)

where ei = (0, · · · , 1, · · · 0) are standard basis in Rr. Notice the inverse of local trivializations can be
recovered by the smooth frame

(hEα )
−1 : Uα × Rr → π−1

E (Uα)

(x, v) 7→ (x,

r∑
i=1

vieαi(x))

Then recall the smooth transition functions for E. On Uα ∩ Uβ , one has smooth frames {eαi(x)}ri=1

defined by hEα and {eβi(x)}ri=1 defined by hEβ . Due to definition of vector bundle, one has the linear isomorphisms
in Rr

(gEβα(x))
r
i,j=1 ∈ C∞(Uα ∩ Uβ ; GL(r,R))

s.t.

eαj(x) =

r∑
i=1

eβi(x)g
E
βα(x)ij (1.38)

or in short
eα = eβg

E
βα
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with notation eα = [eα1 , · · · , eαr ] and eβ = [eβ1 , · · · , eβr ]. The gEβα corresponds to the transition functions

hEβ ◦ (hEα )−1 : (Uα ∩ Uβ)× Rr → (Uα ∩ Uβ)× Rr

via the following

hEβ ◦ (hEα )−1(x, v) = hEβ (x,

r∑
j=1

vjeαj (x))

= hEβ (x,

r∑
j=1

vj

r∑
i=1

eβi(x)g
E
βα(x)ij)

= hEβ (x,

r∑
i=1

(

r∑
j=1

vjg
E
βα(x)ij)eβi(x))

= (x, gEβα(x)v)

So the transition functions hEβ ◦ (hEα )−1 are given by

hEβ ◦ (hEα )−1(x, v) = (x, gEβα(x)v)

Now one wish to define the smooth structure on the set E∗.

(i) For Smooth Frame, define

e∗αi : Uα → π−1
E∗(Uα) =

⊔
x∈Uα

E∗
x ⊆ E∗

s.t. for any x ∈ Uα with eαj (x) ∈ Ex, e
∗
αi(x) ∈ (E∗)x := (Ex)

∗, we have

⟨e∗αi(x), eαj (x)⟩ = δij (1.39)

i.e., {e∗αi(x)}
r
i=1 is a dual basis for the dual space E∗

x w.r.t. {eαi(x)}ri=1 as basis of Ex.

(ii) For Local trivializations, define

hE
∗

α : π−1
E∗(Uα) ⊆ E∗ → Uα × Rr

(x,

r∑
i=1

vie
∗
αi(x)) 7→ (x, v =

v1...
vr

)

bijection. We use this bijection to equip π−1
E∗(Uα) with topology and a smooth structure s.t. the map hE

∗

α

is C∞ diffeomorphism. Then π−1
E∗(Uα) is a C∞ manifold of dimension n + r where n = dimM . Indeed

πE∗ = pr1 ◦ hE
∗

α for any x ∈ Uα and E∗
x
∼= Rr.

(iii) Smooth Transition Functions. On Uα ∩ Uβ ̸= ∅, recall

eαj (x) =
r∑
i=1

eβi(x)g
E
βα(x)ij ∈ Ex

Then by our definition of e∗βk (1.39)

⟨e∗βk(x), eαj (x)⟩ =
r∑
i=1

δikg
E
βα(x)kj = gEβα(x)kj

=⇒ e∗βk(x) =

r∑
i=1

gEβα(x)kie
∗
αi(x)

=

r∑
i=1

e∗αi(x)
(
gEβα(x)

)T
ik

:=

r∑
i=1

e∗αi(x)g
E∗

αβ (x)ik

=⇒ (gE
∗

βα )
−1 = gE

∗

αβ = (gEβα)
T



CHAPTER 1. SMOOTH MANIFOLDS 37

Now
gE

∗

βα = ((gEβα)
T )−1 : Uα ∩ Uβ → GL(r,R) is C∞ map

The transition map

hE
∗

α ◦
(
hE

∗

β

)−1

: Uα ∩ Uβ × Rr → Uα ∩ Uβ × Rr

is given by

hE
∗

α ◦
(
hE

∗

β

)−1

(x, v) =
(
x, gE

∗

αβ (x)v
)
=
(
x, (gEβα)

T (x)v
)

while its inverse is given by

hE
∗

β ◦
(
hE

∗

α

)−1

(x, v) =
(
x, gE

∗

βα (x)v
)
=
(
x, ((gEβα)

T )−1(x)v
)

The above smooth structure gives
πE∗ : E∗ →M

a C∞ vector bundle of rank r.

Other Operations Similarly, for {eαi}ri=1 C
∞ frame of E|Uα := π−1

E (Uα) and {fαj}sj=1 C
∞ frame of F |Uα :=

π−1
F (Uα)

• {eαi}ri=1 ∪ {fαj}sj=1 is C∞ frame of (E ⊕ F )|Uα .

• {eαi ⊗ fαj | 1 ≤ i ≤ r, 1 ≤ j ≤ s} is C∞ frame of (E ⊗ F )|Uα .

• {eαi1 ∧ · · · ∧ eαik | 1 ≤ i1 ≤ · · · ≤ ik ≤ r} is C∞ frame of (ΛkE)
∣∣
Uα

for k ≤ r.

1.19 Tensor Bundles

1.19.1 Basics on Tensors

Let V1, · · · , Vk be vector spaces of dimension n. A map

T : V1 × · · · × Vk → R
(v1, · · · , vk) 7→ T (v1, · · · , vk)

is multi-linear if it is linear as a function of each variable separately while holding the other fixed, i.e.

T (v1, · · · , avi + a′v′i, · · · , vk) = aT (v1, · · · , vi, · · · , vk) + a′T (v1, · · · , v′i, · · · , vk)

Definition 1.19.1. Given a finite-dimensional vector space V . A covariant k-tensor on V is a multi-linear
map T ∈ T 0

k (V )
T : V × · · · × V︸ ︷︷ ︸

k times

→ R

(v1, · · · , vk) 7→ T (v1, · · · , vk)

A contravariant k-tensor on V is a multi-linear map T ∈ T k0 (V )

T : V ∗ × · · · × V ∗︸ ︷︷ ︸
k times

→ R

(α1, · · · , αk) 7→ T (α1, · · · , αk)

A mixed tensor T ∈ T rs (V ) of type (r, s), also called a r-contravariant, s-covariant tensor, is a multi-linear map

T : V ∗ × · · · × V ∗︸ ︷︷ ︸
r times

×V × · · · × V︸ ︷︷ ︸
s times

→ R

(α1, · · · , αr, v1, · · · , vs) 7→ T (α1, · · · , αk, v1, · · · , vs)

The rank of a tensor is the total number of arguments it takes.
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Tensor Product There is a natural product, called the tensor product, linking various tensor spaces over V .

Definition 1.19.2. Let S ∈ T rs (V ) and T ∈ T kℓ (V ), then the tensor product S ⊗ T ∈ T r+ks+ℓ (V ) is defined as

S ⊗ T : V ∗ × · · · × V ∗︸ ︷︷ ︸
r + k times

×V × · · · × V︸ ︷︷ ︸
s+ ℓ times

→ R

(α1, · · · , αr+k, v1, · · · , vs+ℓ) 7→ S(α1, · · · , αr, v1, · · · , vs)T (αr+1, · · · , αr+k, vs+1, · · · , vs+ℓ)

Given {ei} a basis for V , and {ei} its dual basis in V ∗, we may define a ‘basis’ tensor that acts on basis
elements via

ei1 ⊗ · · · ⊗ eir ⊗ ej1 ⊗ · · · ⊗ ejs
(
ek1 , · · · , ekr , eℓ1 , · · · , eℓs

)
:= δk1i1 · · · δkrir δ

j1
ℓ1
· · · δjsℓs

Thus the vector space T rs (V ) has dimension nr+s with the basis{
ei1 ⊗ · · · ⊗ eir ⊗ ej1 ⊗ · · · ⊗ ejs

}
1≤i1,··· ,ir≤n
1≤j1,··· ,js≤n

We can write any tensor T ∈ T rs (V ) in components

T =
∑

1≤i1,··· ,ir≤n
1≤j1,··· ,js≤n

T i1,··· ,irj1,··· ,js ei1 ⊗ · · · ⊗ eir ⊗ ej1 ⊗ · · · ⊗ ejs

where the coefficients are
T i1,··· ,irj1,··· ,js := T (ei1 , · · · , eir , ej1 , · · · , ejs)

Tensor Contraction Let V be a vector space of dimension n. Recall T ∈ T rs (V ) = V ⊗r ⊗ V ∗⊗s is a
(r, s)-tensor, in particular

T : V ∗ × · · · × V ∗︸ ︷︷ ︸
r times

×V × · · · × V︸ ︷︷ ︸
s times

→ R

(α1, · · · , αr, v1, · · · , vs) 7→ T (α1, · · · , αr, v1, · · · , vs)

For any index a ∈ {1, · · · , r}, b ∈ {1, · · · , s} we define Tensor Contraction (trace) as the unique linear map s.t.

trba : T rs (V ) → T r−1
s−1 (V )

T 7→ trbaT

where

trbaT : V ∗ × · · · × V ∗︸ ︷︷ ︸
r − 1 times

×V × · · · × V︸ ︷︷ ︸
s− 1 times

→ R

(α1, · · · , αr−1, v1, · · · , vs−1) 7→
n∑
i=1

T (α1, · · · , αa−1, e
i, αa, · · · , αr−1, v1, · · · , vb−1, ei, vb, · · · , vs−1)

(1.40)
with {ei} a basis of V and {ei} its dual basis in V ∗. This definition is independent of the choice of basis, and
hence is well-defined.

Taking the trace lowers the rank of the tensor by 2
In particular, if T ∈ T rs (V ) has coefficients

T =
∑

1≤i1,··· ,ir≤n
1≤j1,··· ,js≤n

T i1,··· ,irj1,··· ,js ei1 ⊗ · · · ⊗ eir ⊗ ej1 ⊗ · · · ⊗ ejs

w.r.t. {ei} basis for V and {ej} dual basis in V ∗, where

T i1,··· ,irj1,··· ,js := T (ei1 , · · · , eir , ej1 , · · · , ejs)

Then its contraction trbaT has coefficients

(trbaT )
i1,··· ,ia−1 ,̂ia,··· ,ir
j1,··· ,jb−1,ĵb,··· ,js

=

n∑
m=1

T
i1,··· ,ia−1,m,··· ,ir
j1,··· ,jb−1,m,··· ,js (1.41)

Notice the base example for contraction identifies

V × V ∗ = T 1
1 (V ) ∼= End(V )

where
tr11 : V ⊗ V ∗ = T 1

1 (V ) → R
Y ⊗ α 7→ α(Y )

(1.42)
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1.19.2 Definitions

T ∗M Cotangent Bundle

Definition 1.19.3 (Cotangent Bundle). Let M be C∞ manifold with dimension n. Let p ∈M

• A cotangent vector at p ∈M is a vector in T ∗
pM := (TpM)∗.

• T ∗
pM is the cotangent vector space at p.

• T ∗M := (TM)∗ =
⊔
p∈M T ∗

pM a C∞ vector bundle of rank n is the cotangent bundle.

C∞(M, T r
s (M)) Smooth (r, s)-Tensors

Definition 1.19.4. Let M be C∞ manifold with dimension n. Consider the C∞ vector bundle over M of rank
nr+s

T rs (M) := (TM)⊗r ⊗ (T ∗M)⊗s

A C∞ (r, s)-tensor is a smooth section of T rs (M), i.e.

{Space of smooth (r, s)-tensors on M} := C∞(M, T r
s (M))

One has the useful Tensor Characterisation Lemma.

Lemma 1.19.1 ([Lee12] Lemma 12.24). A map

T : (T ∗M)⊗r × TM⊗s → C∞(M)

(α1, · · · , αr, X1, · · · , Xs) 7→ T (α1, · · · , αr, X1, · · · , Xs)

is induced by a smooth (r, s)-tensor iff it is multi-linear over C∞(M).

Ωs(M) Smooth (0, s)-Forms

Definition 1.19.5. Let M be C∞ manifold with dimension n. Consider the C∞ vector bundle over M of rank(
n
k

)
, ΛsT ∗M .
A C∞ s-form on M is a C∞ section of ΛsT ∗M .

{Space of smooth s-forms on M} ≡ Ωs(M) := C∞(M,ΛsT ∗M)

Notice ΛsT ∗M ⊆ T 0
s (M) = (T ∗M)⊗s.

One has some first remarks.

Remark 1.19.1. Given smooth manifold M .

• f ∈ C∞(M) is (0, 0)-tensor.

C∞(M) = C∞(M,R) = C∞(M,T 0
0M) = Ω0(M)

• X ∈ X(M) is (1, 0)-tensor.
X(M) = C∞(M,TM) = C∞(M,T 1

0M)

• 1-form are exactly (0, 1)-tensors.

Ω1(M) = C∞(M,T ∗M) = C∞(M,T 0
1M)

• s-forms are examples of (0, s)-tensors.

Ωs(M) ⊆ C∞(M,T 0
sM)

Example 1.19.1 (Differential of a smooth function df as a 1-form). Let M be a smooth manifold and (U, ϕ) a
smooth chart with coordinates ϕ = (x1, . . . , xn).

For f ∈ C∞(U), the differential defines a map df

df : U → T ∗M |U
q 7→ dfq

(1.43)
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where each dfq ∈ T ∗
qM is the covector

dfq : TqM → Tf(q)R = R
v 7→ v(f)

Thus df ∈ Ω1(U) is a smooth (0, 1)-tensor field (a 1-form).
Moreover, the pairing ⟨df, ∂

∂xi
⟩ defines a smooth mapping for each i = 1, · · · , n via〈

df,
∂

∂xi

〉
=

∂f

∂xi
: U → R

q 7→ dfq

(
∂

∂xi

∣∣∣
q

)
=

∂

∂xi

∣∣∣
q
([f ]q)

(1.17)
:=

∂(f ◦ ϕ−1)

∂xi
(ϕ(q))

Tensors in Local Coordinates We pass to local coordinates. Let (U, ϕ) be C∞ chart for M with ϕ =
(x1, · · · , xn) for xi ∈ C∞(U).

Differentials of coordinate functions {dxi}. dxi ∈ Ω1(U)

dxi : U ⊆M → T ∗M |U
p 7→ (dxi)p

where
(dxi)p : TpM → Tϕ(p)R ∼= R

is linear map defined s.t.

(dxi)p(
∂

∂xj
(p)) := δij =

∂xi
∂xj

where { ∂
∂xj

} is C∞ frame of TM |U = TU . Hence {dxi} is the C∞ dual frame of T ∗M |U = T ∗U .

Differentials of f ∈ C∞(U). For any f ∈ C∞(U) one writes

df =

n∑
i=1

∂f

∂xi
dxi ∈ Ω1(U) (1.44)

More generally, on U , C∞ vector fields as (1, 0)-tensors are

n∑
i

ai
∂

∂xi

where ai ∈ C∞(U), and C∞ 1 -forms as (0, 1)-tensors are∑
i

aidxi

where ai ∈ C∞(U).
C∞ (r, s)-tensors. ∑

1≤i1,··· ,ir≤n
1≤j1,··· ,js≤n

ai1,··· ,irj1,··· ,js
∂

∂xi1
⊗ · · · ⊗ ∂

∂xir
⊗ dxj1 ⊗ · · · ⊗ dxjs (1.45)

for ai1,··· ,irj1,··· ,js ∈ C∞(U). And C∞ s-form is∑
1≤j1,··· ,js≤n

aj1,··· ,jsdxj1 ∧ · · · ∧ dxjs

with convection dx1 ∧ dx2 = dx1 ⊗ dx2 − dx2 ⊗ dx1.

1.19.3 Pullback and Pushforward of Tensor Bundles

Pullback Dual Map Let M, N be smooth manifolds.

Definition 1.19.6. Let ϕ :M → N be C∞ map. Recall its differential (1.26) writes

dϕp : TpM → Tϕ(p)N

Define its Pullback Dual Map
dϕ∗p : T

∗
ϕ(p)N → T ∗

pM

Y 7→ dϕ∗p(Y )

where
dϕ∗p(Y ) : TpM → R

X 7→ Y ◦ dϕp(X) = Y (dϕp(X))
(1.46)
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Pullback of (0, s)-tensor Let M , N be smooth manifolds.

Definition 1.19.7. Let ϕ :M → N be C∞ map. Define pull back of (0, s)-tensors under ϕ as

ϕ∗ : C∞(N,T 0
sN) → C∞(M,T 0

sM)

T 7→ ϕ∗T

where
ϕ∗T :M → T 0

sM

p 7→ (ϕ∗T )p ∈ (T 0
sM)p = (T ∗M)⊗sp

s.t.
(ϕ∗T )p : TpM

⊗s → R
(v1, · · · , vs) 7→ Tϕ(p)(dϕp(v1), · · · , dϕp(vs))

Or equivalently, one simply define in view of (1.46)

(ϕ∗T )(p) := (dϕ∗p)
⊗s(T (ϕ(p))) (1.47)

Pullback of (0, s)-forms Let M , N be smooth manifolds. Let ϕ : M → N be C∞ map. Consider the
pullback of (0, s)-forms

ϕ∗ : Ωs(N) ⊆ C∞(N,T 0
sN) → Ωs(M) ⊆ C∞(M,T 0

sM)

α 7→ ϕ∗α

where
ϕ∗α :M → ΛsT ∗M

p 7→ (ϕ∗α)p

s.t.
(ϕ∗α)p : Λ

sTpM → R
(v1, · · · , vs) 7→ αϕ(p)(dϕp(v1), · · · , dϕp(vs))

(1.48)

In particular, the pullback of (0, 1)-tensor (equivalently 1-forms) are, for any α ∈ Ω1(N), Y ∈ X(N),
for any p ∈M

(ϕ∗α)p : TpM → R
v 7→ αϕ(p)(dϕp(v))

(1.49)

If f ∈ C∞(N) = Ω0(N), df ∈ Ω1(N) as in Example 1.19.1. The question is, how does df behave under
pullbacks?

One has commutative lemma for on Ω1(N).

Lemma 1.19.2.
ϕ∗(df) = d(ϕ∗f) ∈ Ω1(M) (1.50)

Proof. For any p ∈M

(ϕ∗df)(p)
(1.47)
= dϕ∗p(dfϕ(p))

(1.46)
= dfϕ(p) ◦ dϕp = d(f ◦ ϕ)p

(1.25)
= d(ϕ∗f)p

Let’s see the formula for coordinate changes.

Lemma 1.19.3. Let ϕ : M → N be smooth, with (x1, · · · , xn) coordinates for U ⊆ M and (y1, · · · , yn)
coordinates for ϕ(U) ⊆ V . Then

ϕ∗(dyi) =

n∑
j=1

(
∂yi
∂xj

◦ ϕ)dxj

Now for open set V ⊆ N with coordinates (y1, · · · , yn) in Rn, one has local coordinates expression

df =

n∑
i=1

∂f

∂yi
dyi V

Denoting (x1, · · · , xn) as local coordinates on U one has pullback

d(ϕ∗f) =

n∑
i=1

∂(f ◦ ϕ)
∂xi

dxi

ϕ∗(df) =

n∑
i=1

(
∂f

∂yi
◦ ϕ)ϕ∗(dyi) =

n∑
i=1

(
∂f

∂yi
◦ ϕ)

 n∑
j=1

∂yi
∂xj

dxj

 =

n∑
j=1

(
n∑
i=1

(
∂f

∂yi
◦ ϕ) ∂yi

∂xj

)
dxj
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If more generally take any 1-form over N with smooth frame {dyi}ni=1 in local coordinates, one has

ϕ∗(dyi) =

n∑
j=1

∂yi
∂xj

dxj ∈ Ω1(M)

So for the local coordinate representation,

ϕ∗(

n∑
i=1

aidyi) =

n∑
i=1

(ai ◦ ϕ) ϕ∗dyi ∈ Ω1(M)

for ai ∈ C∞(N).

Lemma 1.19.4. For M1
f→M2

g→M3

(g ◦ f)∗ = f∗g∗ : C∞(M3, T
0
s (M3)) → C∞(M1, T

0
s (M1))

One also has commutative lemma for wedge product.

Lemma 1.19.5. Let α, β be a 1-forms on a manifold N , and let ϕ :M → N be smooth. Then

ϕ∗(α ∧ β) = (ϕ∗α) ∧ (ϕ∗β).

Proof. Fix p ∈M and v1, v2 ∈ TpM . By definition of pullback of a 2-form,(
ϕ∗(α ∧ β)

)
p
(v1, v2) = (α ∧ β)ϕ(p)

(
dϕp(v1), dϕp(v2)

)
.

Since α, β are 1-forms, the wedge product is given by

(α ∧ β)q(w1, w2) = αq(w1)βq(w2)− αq(w2)βq(w1) (q ∈ N, w1, w2 ∈ TqN).

Applying this with q = ϕ(p) and wi = dϕp(vi), we obtain

(α ∧ β)ϕ(p)
(
dϕp(v1), dϕp(v2)

)
= αϕ(p)(dϕp(v1))βϕ(p)(dϕp(v2))− αϕ(p)(dϕp(v2))βϕ(p)(dϕp(v1))

= (ϕ∗α)p(v1) (ϕ
∗β)p(v2)− (ϕ∗α)p(v2) (ϕ

∗β)p(v1)

=
(
(ϕ∗α) ∧ (ϕ∗β)

)
p
(v1, v2)

Example 1.19.2. Let
ϕ : (0,∞)× R → R2

(r, θ) 7→ (r cos(θ), r sin(θ))

We’d like to compute ϕ∗dx, ϕ∗dy and ϕ∗(dx ∧ dy). First of all, what is ϕ∗(x) and ϕ∗(y)? Here

x : R2 → R
(x, y) 7→ x

y : R2 → R
(x, y) 7→ y

Thus
ϕ∗(x) = x ◦ ϕ : (0,∞)× R → R

(r, θ) → r cos(θ)

ϕ∗(y) = y ◦ ϕ : (0,∞)× R → R
(r, θ) → r sin(θ)

Furthermore, in view of (1.44)

1. ϕ∗(dx) = d(ϕ∗x) = d(r cos(θ)) = cos(θ)dr − r sin(θ)dθ.

2. ϕ∗(dy) = d(ϕ∗y) = d(r sin(θ)) = sin(θ)dr + r cos(θ)dθ.

3. ϕ∗(dx ∧ dy) = d(ϕ∗x) ∧ d(ϕ∗y) = r cos2(θ)dr ∧ dθ + r sin2(θ)dr ∧ dθ = rdr ∧ dθ.

We may also compute

ϕ∗(−ydx+ xdy) = −r sin(θ)(cos(θ)dr − r sin(θ)dθ) + r cos(θ)(sin(θ)dr + r cos(θ)dθ)

= r2dθ
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Pullback of (r, s)-tensor under smooth diffeomorphism Let M, N be smooth manifolds with the same
dimension. Let F :M → N be C∞ diffeomorphism with inverse F−1 : N →M .

Definition 1.19.8 (Pullback of (r, s)-tensor under C∞ diffeomorphism). We define the Pullback of (r, s)-tensor,
that takes (r, s)-tensor T on N to F ∗T , a (r, s)-tensor on M. Let

F ∗ : C∞(N,T rsN) → C∞(M,T rsM)

T 7→ F ∗T

where
F ∗T :M → T rsM

p→ (F ∗T )(p) ∈ (T rsM)p = TpM
⊗r ⊗ T ∗

pM
⊗s

is defined via

(F ∗T )(p) : T ∗
pM

⊗r ⊗ TpM
⊗s → R

(α1, · · · , αr, v1, · · · , vs) 7→ T (F (p))((dF−1
p )∗(α1), · · · , (dF−1

p )∗(αr), dFp(v1), · · · , dFp(vs))

Here (dF−1
p )∗ are the pullback dual map for F−1 as in (1.46).

Or equivalently

(F ∗T )(p) =
(
dF−1

p

)⊗r ⊗ ((dFp)
∗)

⊗s
(T (F (p)))

Note T (F (p)) ∈ (T rsN)F (p) = (TF (p)N)⊗r ⊗ (T ∗
F (p)N)⊗s.

One can check F ∗T :M → T rsM is a C∞ section using local coordinates.

Definition 1.19.9 (Pushforward of (r, s)-tensor under C∞ diffeomorphism). Define pushforward

F∗ := (F−1)∗ : C∞(M,T rsM) → C∞(N,T rsN)

T 7→ F∗T

where
F∗T : N → T rsN

p 7→ (F∗T )(p) ∈ (T rsN)p = TpN
⊗r ⊗ T ∗

pN
⊗s

is defined via

(F∗T )(p) : T
∗
pN

⊗r ⊗ TpN
⊗s → R

(α1, · · · , αr, v1, · · · , vs) 7→ T (F−1(p))((dFp)
∗(α1), · · · , (dFp)∗(αr), dF−1

p (v1), · · · , dF−1
p (vs))

Lemma 1.19.6. For M1
F→M2

G→M3 C
∞ diffeomorphism.

(G ◦ F )∗ = G∗ ◦ F ∗

Example 1.19.3. Let M = {(r, θ) | r > 0, |θ| < π
2 } and

F :M → R2

(r, θ) 7→ (r cos(θ), r sin(θ))

Consider the pullback of tensor field A = 1
x2 dy ⊗ dy by F

F ∗A =
1

r2 cos2(θ)
d(r sin(θ))⊗ d(r sin(θ))

=
1

r2 cos2(θ)
(sin(θ)dr + r cos(θ)dθ)⊗ (sin(θ)dr + r cos(θ)dθ)

=
tan2(θ)

r2
dr ⊗ dr +

tan(θ)

r
(dr ⊗ dθ + dθ ⊗ dr) + dθ ⊗ dθ

1.19.4 Lie Derivative of Tensors

We discuss Lie Derivative LX on (r, s)-tensors for X ∈ X(M) where M is a C∞ manifold.
We want to define

LX : C∞(M,T rsM) → C∞(M,T rsM)

T 7→ LXT
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extending (0, 0)-tensors (1.22)

LX : C∞(M) → C∞(M)

f 7→ Xf

Xf :M → R
p 7→ X(p)([f ]p)

and extending (1, 0)-tensors (1.30)

LX : X(M) → X(M)

Y 7→ [X,Y ]

[X,Y ] : C∞(M) → C∞(M)

f 7→ XY f − Y Xf

LX Lie Derivative on Ω1(M) We want to define LX : Ω1(M) → Ω1(M) (0, 1)-tensors by requiring that it
is R-linear and satisfies the following Leibnitz rule: For any

α ∈ Ω1(M) ∈ C∞(M,T 0
1 (M)) and Y ∈ X(M) = C∞(M,T 1

0 (M))

Note α(Y ) ∈ C∞(M) takes the form
α(Y ) :M → R

p 7→ α(p)(Y (p))

To satisfy the Leibniz Rule, one needs

LX(α(Y )) = (LXα)(Y ) + α(LXY )

(LXα)(Y ) = LX(α(Y ))− α(LXY )

= X(α(Y ))− α([X,Y ])

Definition 1.19.10 (Lie Derivative on Ω1(M)). The only way to define LX is as following

LX : Ω1(M) → Ω1(M)

α 7→ LXα
(1.51)

s.t.
LXα : X(M) → C∞(M)

Y 7→ X(α(Y ))− α([X,Y ])

Using tensor product
LX(S ⊗ T ) = (LXS)⊗ T + S ⊗ (LXT )

this extends to tensors of any type.

Lie Derivative as the Derivative under Pullback of Local Flow Given X ∈ X(M) we want to define
LXT where T is (r, s)-tensor on M , using the local flow of X.

For any p ∈M , there exists open neighborhood U of p inM , ε > 0 and a local flow defined for any t ∈ (−ε, ε)

ϕt : U
C∞

→ M

q 7→ ϕ(t, q)

where the flow ϕ is the smooth map defined via (1.29){
∂
∂tϕ(t, q) = X(ϕ(t, q)) (t, q) ∈ (−ε, ε)× U

ϕ(0, q) = q (0, q)

Define (
L̃XT

)
(p) :=

d

dt

∣∣∣∣
t=0

(ϕ∗tT ) (p) (1.52)

where the flow gives smooth map

(−ε, ε) → (T rsM)p = (TpM)⊗r ⊗ (T ∗
pM)⊗s

t 7→ (ϕ∗tT )(p)

We’ve already checked the equivalence for (0, 0) and (1, 0) tensors as in (1.34) and (1.35).
Claim: L̃XT = LXT for any T tensor on M of any type (r, s). It suffices to check that
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(a) For any α ∈ Ω1(M) and Y ∈ X(M)

(L̃Xα)(Y ) = X(α(Y ))− α([X,Y ])

(b) Leibniz Rule applies to Tensor product structure

L̃X(S ⊗ T ) = (L̃XS)⊗ T + S ⊗ (L̃XT )

To do so, one use local flow {
ϕ∗t (α(Y )) = ϕ∗t (α)ϕ

∗
t (Y )

ϕ∗t (α(S ⊗ T )) = ϕ∗t (S)⊗ ϕ∗t (T )

and take derivative d
dt

∣∣
t=0

to determine uniquely.

Lemma 1.19.7. For ω ∈ Ωk(M), τ ∈ Ωℓ(M) and X ∈ X(M)

LX(ω ∧ τ) = (LXω) ∧ τ + ω ∧ (LXτ)

Lemma 1.19.8. For ω ∈ Ωk(M), f ∈ C∞(M) and X ∈ X(M)

LX(fω) = LX(f)ω + f(LXω) = (Xf)ω + fLXω

Lemma 1.19.9 (Leibnitz Rule for Lie Derivative). For any ω ∈ Ωs(M), X ∈ X(M) and Y1, · · · , Ys ∈ X(M)

LX(ω(Y1, · · · , Ys)) = (LXω)(Y1, · · · , Ys) +
s∑
i=1

ω(Y1, · · · , Yi−1, [X,Yi], Yi+1, · · · , Ys)

1.19.5 d Exterior Derivative on Ωs(M)

Let LX : Ωs(M) → Ωs(M) be the Lie Derivative on s-forms.

Definition 1.19.11 (Exterior Derivative on forms). The exterior derivative is R-linear

d : Ωs(M) → Ωs+1(M)

α 7→ dα
(1.53)

that satisfies

(a) On Ω0(M)
d : C∞(M) = Ω0(M) → Ω1(M)

f 7→ df

d sends f to its differential df (1.43), i.e,

df :M → T ∗M

p 7→ dfp

s.t.
dfp : TpM → R

v → v([f ]p)

(b) For any f ∈ Ω0(M) we have df ∈ Ω1(M) and moreover

d(df) = 0

(c) For α ∈ Ωr(M) and β ∈ Ωs(M)

d(α ∧ β) = dα ∧ β + (−1)rα ∧ dβ (1.54)

Exterior Derivative in Local Coordinates In local coordinates, let (U, ϕ) be C∞ chart on M . For
α ∈ Ωs(M), on U

α =
∑

1≤j1,··· ,js≤n

aj1,··· ,jsdxj1 ∧ · · · ∧ dxjs

for aj1,··· ,js ∈ C∞(U). Then we compute

dα = d

 ∑
1≤j1,··· ,js≤n

aj1,··· ,jsdxj1 ∧ · · · ∧ dxjs


=

∑
1≤j1,··· ,js≤n

daj1,··· ,js ∧ dxj1 ∧ · · · ∧ dxjs

=
∑

1≤j1,··· ,js≤n

n∑
k=1

∂aj1,··· ,js
∂xk

dxk ∧ dxj1 ∧ · · · ∧ dxjs
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Properties for Exterior Derivative

Proposition 1.19.1. Let d be the exterior derivative.

(i) ddω = 0 for any ω ∈ Ωs(M).

(ii) For F :M → N C∞ map, for any ω ∈ Ωs(N)

d(F ∗ω) = F ∗(dω) ∈ Ωs+1(M)

It is the nature of d that it commutes with pullbacks d ◦ F ∗ = F ∗ ◦ d

(iii) For X ∈ X(M) and ω ∈ Ω(M)
d(LXω) = LX(dω) ∈ Ωs+1(M)

so d commutes with Lie derivatives d ◦ LX = LX ◦ d

(iv) For α ∈ Ωs(M) and X0 · · ·Xs ∈ X(M)

(dα)(X0 · · ·Xs) =

s∑
i=0

(−1)iXi

(
α(X0, · · · , X̂i, · · · , Xs)

)
+

∑
0≤i<j≤s

(−1)i+jα
(
[Xi, Xj ], X0, · · · , X̂i, · · · , X̂j , · · · , Xs

)
or in short, for α ∈ Ω1(M), X, Y ∈ X(M)

(dα)(X,Y ) = Xα(Y )− Y α(X)− α([X,Y ]) (1.55)

Proof for Prop 1.19.1 (iv) Ω1(M) case. By linearity in R, it suffices to assume α = fdg where f, g ∈ C∞(U)
for U open set on M .

(dα)(X,Y ) = (df ∧ dg)(X,Y ) = df(X)dg(Y )− dg(X)df(Y ) = (Xf)Y g − (Xg)Y f

Xα(Y ) = X((fdg)(Y )) = X(f)dg(Y ) + fX(dg(Y )) = (Xf)Y g + fX(Y g)

Y α(X) = Y (fdg(X)) = Y fXg + fY (Xg)

α([X,Y ]) = fdg(XY − Y X) = fXY g − fY Xg

Example 1.19.4. • Let f ∈ C∞(R3), then

df =
∂f

∂x
dx+

∂f

∂y
dy +

∂f

∂z
dz

• Let α = Adx+Bdy + Cdz for A, B, C ∈ C∞(R3). Then

dα = dA ∧ dx+ dB ∧ dy + dC ∧ dz

=

(
∂A

∂x
dx+

∂A

∂y
dy +

∂A

∂z
dz

)
∧ dx+

(
∂B

∂x
dx+

∂B

∂y
dy +

∂B

∂z
dz

)
∧ dy +

(
∂C

∂x
dx+

∂C

∂y
dy +

∂C

∂z
dz

)
∧ dz

= −∂A
∂y

dx ∧ dy + ∂A

∂z
dz ∧ dx+

∂B

∂x
dx ∧ dy − ∂B

∂z
dy ∧ dz − ∂C

∂x
dz ∧ dx+

∂C

∂y
dy ∧ dz

=

(
∂B

∂x
− ∂A

∂y

)
dx ∧ dy +

(
∂C

∂y
− ∂B

∂z

)
dy ∧ dz +

(
∂A

∂z
− ∂C

∂x

)
dz ∧ dx

• Let α = Cdx ∧ dy +Ady ∧ dz +Bdz ∧ dx for A, B, C ∈ C∞(R3)

dα = dC ∧ dx ∧ dy + dA ∧ dy ∧ dz + dB ∧ dz ∧ dx

=
∂C

∂z
dz ∧ dx ∧ dy + ∂A

∂x
dx ∧ dy ∧ dz + ∂B

∂y
dy ∧ dz ∧ dx

=

(
∂A

∂x
+
∂B

∂y
+
∂C

∂z

)
dx ∧ dy ∧ dz

Since d2 = 0, this is to say for any f ∈ C∞(M), curl(∇f) = 0, and for any X ∈ X(R3), div(curl(X)) = 0.
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1.19.6 iX Interior Derivative on Ωs(M)

Let X ∈ X(M).

Definition 1.19.12 (Interior Derivative on forms). Define interior derivative

iX : Ωs(M) → Ωs−1(M)

α 7→ iXα

by satisfying the following

(a) iXf = 0 for any f ∈ C∞(M) = Ω0(M).

(b) For Y1, · · · , Ys−1 ∈ X(M)
(iXα)(Y1, · · · , Ys−1) = α (X,Y1, · · · , Ys−1)

Proposition 1.19.2. Let iX denote interior derivative

(i) iX ◦ iXω = 0 for any ω ∈ Ωs(M)

(ii) α ∈ Ωr(M), β ∈ Ωs(M)
iX(α ∧ β) = iXα ∧ β + (−1)rα ∧ iXβ

(iii) Cartan’s formula.
d ◦ iX + iX ◦ d = LX (1.56)

Lemma 1.19.10. For any ω ∈ Ωs(M), X, Y ∈ X(M)

LX(iY ω)− iY (LXω) = i[X,Y ]ω

1.20 F -related

Definition 1.20.1 (F -related smooth vector fields). Let F : M
C∞

→ N between smooth manifolds M and N .
X ∈ X(M), Y ∈ X(N).

We say X and Y are F -related if for any p ∈M

dFp(X(p)) = Y (F (p))

Lemma 1.20.1 (Characterisation for F -related). Given F :M
C∞

→ N , and X ∈ X(M), Y ∈ X(N)

• X and Y are F -related iff
X(F ∗f) = F ∗(Y (f)) ∀ f ∈ C∞(N)

Recall definition of pullback of smooth functions (1.25).

• If F is diffeomorphism, then X and Y are F -related iff

Y = F∗X

Recall pushforward of smooth vector fields (1.32).

Lemma 1.20.2 (F-related preserves Lie-Bracket). For F :M
C∞

→ N where X1, X2 ∈ X(M) and Y1, Y2 ∈ X(N)
and Xi, Yi are F -related. Then [X1, X2] and [Y1, Y2] are F -related.

Proof. Let f ∈ C∞(N)

[X1, X2](F
∗f) = X1(X2(F

∗f))−X2(X1(F
∗f))

= X1(F
∗(Y2(f)))−X2(F

∗(Y1(f)))

= F ∗(Y1(Y2(f)))− F ∗(Y2(Y1(f))) = F ∗[Y1, Y2](f)

Corollary 1.20.1. F :M
C∞

→ N is smooth diffeomorphism, hence pushforward under F

F∗ : X(M) → X(N)

X 7→ F∗X

defines X and F∗X as F -related vector fields. Thus

F∗[X1, X2] = [F∗X1, F∗X2]
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1.21 Connections on Vector Bundles

Connections on C∞ Vector Bundles Let M be a C∞ manifold. Let π : E → M be a C∞ vector bundle
of rank r over M .

Definition 1.21.1 (Connection on E). A connection on E is a R-linear map

∇ : X(M)× C∞(M,E) → C∞(M,E)

(X, s) 7→ ∇Xs
(1.57)

s.t.

1. ∇Xs is C∞(M)-linear in X, i.e. for any f, g ∈ C∞(M), for any X, Y ∈ X(M)

∇fX+gY s = f∇Xs+ g∇Y s (1.58)

2. For any fixed X ∈ X(M), the map

∇X : C∞(M,E) → C∞(M,E)

s 7→ ∇Xs

satisfies the Leibniz Rule, i.e.

∇X(fs) = X(f)s+ f∇Xs ∀ f ∈ C∞(M), s ∈ C∞(M,E) (1.59)

Notice the above requirements make sense, since both X(M) and C∞(M,E) are C∞(M)-modules.

Affine Connection on C∞ manifold Let M be a C∞ manifold.

Definition 1.21.2 (Affine Connection). An affine connection is a connection on the tangent bundle π : TM →
M .

In other words, it is a R-linear map

∇ : X(M)× X(M) → X(M)

(X,Y ) 7→ ∇XY
(1.60)

s.t.

1. ∇XY is C∞(M)-linear in X, i.e., for any f, g ∈ C∞(M) and X, Y ∈ X(M)

∇fX+gY Z = f∇XZ + g∇Y Z

2. For any fixed X ∈ X(M), the map
∇X : X(M) → X(M)

Y 7→ ∇XY

satisfies the Leibniz rule, i.e.

∇X(fY ) = X(f)Y + f∇XY ∀ f ∈ C∞(M), Y ∈ X(M) (1.61)

Affine Connection in Local Coordinates Immediately one can write down in local coordinates. Let

X =

n∑
i=1

Xi ∂

∂xi
, Y =

n∑
j=1

Y j
∂

∂xj

then

∇XY = ∇Xi ∂
∂xi

(Y j
∂

∂xj
) = Xi∇ ∂

∂xi

(Y j
∂

∂xj
)
(1.61)
= Xi ∂Y

j

∂xi

∂

∂xj
+XiY j∇ ∂

∂xi

∂

∂xj

= Xi ∂Y
j

∂xi

∂

∂xj
+XiY jΓkij

∂

∂xk

=

(
Xi ∂Y

k

∂xi
+XiY jΓkij

)
∂

∂xk

where the Christoffel symbols are to be defined in (1.66).
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Ωp(M,E) E-valued p-form

Lemma 1.21.1. Let E and F be C∞ vector bundles on a C∞ manifold M , and let

ϕ : C∞(M,E) → C∞(M,F )

be C∞(M)-linear, i.e. for f ∈ C∞(M) and s ∈ C∞(M,E)

ϕ(fs) = fϕ(s)

Then ϕ ∈ C∞(M,E∗ ⊗ F ).

Proof. On U ⊆M open, let {e1, · · · , er}, {f1, · · · , fs} be C∞ frame of E|U and F |U respectively. Then in local
coordinates

ϕ(ei) =

s∑
j=1

aijfj for aij ∈ C∞(U)

we can thus rewrite

ϕ =

r∑
i=1

s∑
j=1

aije
∗
i ⊗ fj

for {e∗1, · · · , e∗r} C∞ frame of E∗|U dual to (e1, · · · , er).

We introduce the following notation. LetM be C∞ manifold of dimension n, and let π : E →M be a vector
bundle of rank r.

Definition 1.21.3 (E-valued p-forms). We define the space of E-valued p-forms

Ωp(M,E) := C∞(M,ΛpT ∗M ⊗ E) (1.62)

In particular we check the standard cases

1. Ω0(M,E) = C∞(M,E)

2. Ω1(M,E) = C∞(M,T ∗M ⊗ E)

3. For E = TM this recovers Ω0(M,TM) = C∞(M,TM) = X(M) and Ω1(M,TM) = C∞(M,T ∗M⊗TM).

Interpretation of ∇s ∈ Ω1(M,E) Now one may interpret ∇s for any s ∈ C∞(M,E) = Ω0(M,E).

∇s : X(M) = C∞(M,TM) → C∞(M,E)

X 7→ ∇Xs
(1.63)

Thanks to (1.58), ∇s is C∞(M)-linear in X. Immediately notice Lemma 1.21.1 is applicable, so we view

∇s ∈ C∞(M,T ∗M ⊗ E) = Ω1(M,E)

Interpretation of ∇ ∈ Ω1(M,End(E)) Let M be C∞ manifold and π : E →M be C∞ vector bundle of
rank r over M . One may give an alternative definition of ∇.

Definition 1.21.4 (Connection on E). A connection on E is a R-linear map

∇ : Ω0(M,E) → Ω1(M,E)

s 7→ ∇s
(1.64)

where ∇s is given in (1.63), s.t. Leibniz rule holds

∇(fs) = df ⊗ s+ f∇s ∀ f ∈ C∞(M), s ∈ C∞(M,E) (1.65)

Well-definedness. Recall in general, for any α ∈ Ωp(M) = C∞(M,ΛpT ∗M) and s ∈ C∞(M,E)

α⊗ s ∈ Ωp(M,E) = C∞(M,ΛpT ∗M ⊗ E)

Hence for f ∈ C∞(M), df ∈ Ω1(M) = C∞(M,T ∗M), and so

df ⊗ s ∈ C∞(M,T ∗M ⊗ E) = Ω1(M,E)
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We make the following remark.

Remark 1.21.1 (Ω1(M,End(E))). Given E as C∞ vector bundle over M . Let F = T ∗M ⊗ E. Then any
C∞(M)-linear map

ϕ : C∞(M,E) = Ω0(M,E) → C∞(M,T ∗M ⊗ E) = Ω1(M,E)

can be viewed as

ϕ ∈ C∞(M,E∗ ⊗ (T ∗M ⊗ E)) = C∞(M,T ∗M ⊗ End(E)) = Ω1(M,End(E))

via Lemma 1.21.1.

In particular, the connection on E is such an object because of definition (1.58),

∇ ∈ Ω1(M,End(E)) = C∞(M,E∗ ⊗ T ∗M ⊗ E)

A(E) Space of connections on E In fact, the difference of any two connections remains such an element.

Lemma 1.21.2 (∇1 − ∇0 ∈ Ω1(M,End(E))). If ∇0 and ∇1 are two connections on the same vector bundle
π : E →M , then

∇1 −∇0 : Ω0(M,E) = C∞(M,E) → Ω1(M,E) = C∞(M,T ∗M ⊗ E)

s 7→ ∇1s−∇0s

is C∞(M)-linear.
Therefore, this corresponds to a section of

E∗ ⊗ T ∗M ⊗ E = T ∗M ⊗ End(E)

according to Lemma 1.21.1, i.e.,

∇1 −∇0 ∈ C∞(M,T ∗M ⊗ End(E)) = Ω1(M,End(E))

Proof. It suffices to check C∞(M)-linearity. For any f ∈ C∞(M) and s ∈ C∞(M,E)

(∇1 −∇0)(fs) = ∇1(fs)−∇0(fs)

= (df ⊗ s+ f∇1s)− (df ⊗ s+ f∇0s)

= f(∇1s−∇0s) = f(∇1 −∇0)s

Definition 1.21.5 (A(E) Space of Connections on Vector Bundle). Denote A(E) as the set of connections on
E.

Then A(E) is an affine space associated to the vector space Ω1(M,End(E)).

Indeed, for any ∇0 ∈ A(E), ϕ ∈ Ω1(M,End(E))

(∇0 + ϕ) : Ω0(M,E) → Ω1(M,E)

so ∇0 + ϕ ∈ A(E). Note Ω1(M,End(E)) is ∞-dimensional if dimM > 0 and rankE > 0.

1.21.1 Connection on C∞ Vector Bundle in Local Coordinates

Let π : E →M be C∞ vector bundle of rank r over C∞ manifold M of dimension n.
We write our connection on E (1.64)

∇ : Ω0(M,E) → Ω1(M,E)

s 7→ ∇s

in local coordinates.
We setup our local coordinate. Suppose (U, ϕ) with coordinates ϕ = (x1, · · · , xn) is a C∞ chart for M

such that E|U := π−1(U) is trivial. Then

h : π−1(U) = E|U ⊆ E → U × Rr ⊆M × Rr

is local trivialization. We have {e1, · · · , er} ⊆ C∞(U, E|U ) as a C∞ frame of π|U : E|U → U . Recall the frames
ej are constructed via (1.37)

ej : U ⊆M → π−1(U) ⊆ E

x 7→ h−1(x, êj)
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where êj = (0, · · · , 1, · · · , 0) are the standard basis in Rr.
For any s ∈ C∞(U, E|U ), one may write the smooth section

s =

r∑
k=1

akek ∈ C∞(U, E|U )

in local coordinates for ak ∈ C∞(U).

Christoffel Symbol and Connection 1-form We have { ∂
∂x1

, · · · , ∂
∂xn

} as C∞ frame of TM |U = TU . To
let ∇ act on s, we first discuss what ∇ is acting on ej . In fact, on U we define the Christoffel Symbols

Γkij ∈ C∞(U)

via

∇ ∂
∂xi

ej :=

r∑
k=1

Γkijek ∈ C∞(U, E|U ) (1.66)

In other words, the Christoffel symbols are coordinate components for the section ∇ ∂
∂xi

ej w.r.t. the smooth

frame {ek} itself.
We further define connection 1-forms

ωkj ∈ Ω1(U)

s.t.

∇ej =
r∑

k=1

ωkj ⊗ ek (1.67)

holds. Notice this uses only trivialization of E|U (but not trivialization of T ∗M |U ). This also used the
observation that the element ∇ej is an E-valued one-form on U , i.e.

∇ej ∈ Ω1(U, E|U ) = C∞(U, T ∗U ⊗ E|U )

Now plugging (1.66) into above (1.67) we may identify

r∑
k=1

Γkijek = ∇ ∂
∂xi

ej =

r∑
k=1

ωkj (
∂

∂xi
)ek

ωkj (
∂

∂xi
) =Γkij

Thus we obtain the connection 1-forms in local coordinates

ωkj =

n∑
i=1

Γkijdxi ∈ Ω1(U) = C∞(U, T ∗U) (1.68)

Plugging back into (1.67) we have explicit form in both Christoffel Symbols and connection 1-forms.

∇ej =
r∑

k=1

ωkj ⊗ ek =

r∑
k=1

n∑
i=1

Γkijdxi ⊗ ek

∇s in Local Coordinates In this paragraph, we write smooth connection s = eαsα in coordinates, and study
how ∇ acts on s. In particular, we wish to compute the explicit formula for (∇s)α where ∇sα = eα(∇s)α.

We setup our transition functions. Take open cover {Uα | α ∈ I} of the base M and

hα : π−1(Uα) → Uα × Rr

local trivializations.
Define the frames for j = 1, · · · , r

eαj : Uα ⊆M → π−1(Uα) ⊆ E

x 7→ h−1
α (x, êj)

where êj are standard basis for Rr. Now eα1 , · · · , eαr are C∞ frames of E|Uα .
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For any Uα ∩ Uβ ̸= ∅, recall one has (1.13)

gβα : Uα ∩ Uβ
C∞

→ GL(r,R)
x 7→ gβα(x)

s.t. the following holds
eαj (x) = eβi(x)gβα(x)ij

Using gβα we defined transition functions

hβ ◦ h−1
α : (Uα ∩ Uβ) ∩ Rr → (Uα ∩ Uβ)× Rr

(x, v) 7→ (x, gβα(x)v)

We setup s = eαsα. Since s ∈ C∞(M,E) is a section, on Uα we have local coordinates representation

s =

r∑
j=1

sjαeαj = eαsα for sjα ∈ C∞(Uα) (1.69)

where we denote by

eα = [eα1
, · · · , eαr ], sα :=

s
1
α
...
srα

 ∈ C∞(Uα,Rr)

Now s ∈ C∞(M,E) is a C∞ section iff sα ∈ C∞(Uα,Rr) and the sections transit via gβα

sβ = gβαsα

on Uα ∩ Uβ . Note on Uα ∩ Uβ
s = eαsα = eβgβαsα = eβsβ

We setup ∇eα = eαwα. Now suppose that we’re given a connection ∇ on E. On Uα we define connection
1-form (ωα)

k
j ∈ Ω1(Uα) for j, k = 1, · · · , r as in (1.67) by

∇eαj =
r∑

k=1

(ωα)
k
j ⊗ eαk (ωα)

k
j ∈ Ω1(Uα) (1.70)

So

∇eα = [∇eα1 , · · · ,∇eαr ] = eαωα where ωα :=

(ωα)
1
1 · · · (ωα)

1
r

... · · ·
...

(ωα)
r
1 · · · (ωα)

r
r

 ∈ Ω1(Uα, gl(r,R) =Mr(R))

where gl(r,R) is the Lie algebra of GL(r,R).
We setup ∇sα = eα(∇s)α. On Uα, we similarly define

(∇s)α :=

(∇s)1α
...

(∇s)rα

 ∈ Ω1(Uα,Rr)

by

∇s =
r∑
j=1

(∇s)jα ⊗ eαj ∈ Ω1(Uα, E|Uα) = C∞(Uα, T
∗Uα ⊗ E|Uα) (1.71)

for (∇s)jα ∈ Ω1(Uα) = C∞(Uα, T
∗Uα). So

∇s = eα(∇s)α
We compute (∇s)α = dsα + ωαsα. By Leibniz Rule, we may unpack the definition

∇s = ∇

 r∑
j=1

sjαeαj

 (1.65)
=

r∑
j=1

dsjα ⊗ eαj +

r∑
j=1

sjα∇eαj

(1.70)
=

r∑
j=1

dsjα ⊗ eαj +

r∑
j=1

r∑
k=1

sjα(ωα)
k
j ⊗ eαk

=

r∑
j=1

(
dsjα +

r∑
k=1

(ωα)
j
ks
k
α

)
⊗ eαj

(1.71)
=

r∑
j=1

(∇s)jα ⊗ eαj equating with the original definition
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Hence

(∇s)α =

(∇s)1α
...

(∇s)rα

 = d

s
1
α
...
srα

+

(ωα)
1
1 · · · (ωα)

1
r

... · · ·
...

(ωα)
r
1 · · · (ωα)

r
r


s

1
α
...
srα

 = dsα + ωαsα

Or in short hand notation

∇s (1.69)
= ∇(eαsα)

(1.65)
= ∇eαsα + eαdsα

(1.70)
= eαωαsα + eαdsα = eα (dsα + ωαsα)

Combining with ∇s = eα(∇s)α we obtain

(∇s)α = dsα + ωαsα (1.72)

Transitions Now we discuss how ∇ transits between two intersecting coordinate charts.
One may ask: On Uα ∩ Uβ , how are ωα and ωβ related? On Uα ∩ Uβ , we align both representations, and

using (1.69)

∇eβ = eβωβ = eαgαβωβ

∇eβ = ∇ (eαgαβ) = ∇eαgαβ + eαdgαβ = eαωαgαβ + eαdgαβ

for gαβ ∈ C∞(Uα ∩ Uβ , gl(r)) , dgαβ ∈ Ω1(Uα ∩ Uβ , gl(r)) and ωβ ∈ Ω1(Uβ , gl(r)).
Hence

gαβωβ = ωαgαβ + dgαβ ∈ Ω1(Uα, gl(r))

Rewriting yields
ωβ = g−1

αβωαgαβ + g−1
αβdgαβ (1.73)

Hence that
∇ : Ω0(M,E) → Ω1(M,E)

is connection on E iff for any ω ∈ Ω1(Uα, gl(r)) it satisfies (1.73)

ωβ = g−1
αβωαgαβ + g−1

αβdgαβ on Uα ∩ Uβ

1.21.2 Pullback Section and Pullback Vector Bundle

1.21.2.1 F ∗E Pullback Vector Bundle

Let F :M → N be a C∞ map between C∞ manifolds M and N . Let

π : E → N

be a C∞ vector bundle of rank r over N .
One wish to define the pullback vector bundle

π̃ : F ∗E →M (1.74)

as a C∞ vector bundle of rank r over M .

Set. As a set let
F ∗E :=

⊔
p∈M

EF (p)

where EF (p)
∼= Rr are fibers of the original bundle π : E → N at the point F (p) ∈ N .

F ∗E E

M N

π̃ π

F

In other words, in view of the set structure of disjoint union

F ∗E := {(x, (y, v)) ∈M × E | F (x) = y = π(y, v)} ⊆M × E

for any x ∈M , y ∈ N and v ∈ Ey. In particular

(F ∗E)x = EF (x) = {(x, e) ∈M × E | F (x) = π(e)} ∼= Rr

We define our surjective map as
π̃ : F ∗E →M

(x, e) 7→ x

F ∗E is a C∞ submanifold of M × E.
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Pullback Sections Let π : E → N be C∞ vector bundle of rank r over a C∞ manifold N . Let F :M → N
be smooth map.

Definition 1.21.6 (Pullback Sections). Let s ∈ C∞(N,E) be smooth section of E. We define F ∗s ∈ C∞(M,F ∗E)
via

F ∗s :M → F ∗E

p 7→ s(F (p)) ∈ EF (p) = (F ∗E)p
(1.75)

One hence view
F ∗ : C∞(N,E) = Ω0(N,E) → C∞(M,F ∗E) = Ω0(M,F ∗E)

s 7→ F ∗s
(1.76)

One would like to equip F ∗E with vector bundle structure s.t. the diagram commutes

F ∗E E

M N

F∗s

F

s

In principle F ∗s ∈ C∞(M,F ∗E) are smooth sections of F ∗E.

Local Trivializations . To define local trivialization, we first defined smooth functions (1.75) and then
recover the trivializations via acting on the frames.

Let {Uα | α ∈ I} be open cover of N with

hα : π−1(Uα) → Uα × Rr

as local trivializations of π : E|Uα → Uα. Let {eα1
, · · · eαr} be C∞ frame of E|Uα , defined via (1.37)

eαj : Uα → π−1(Uα) = E|Uα
y 7→ h−1

α (y, êj)

where êj are the standard basis for Rr.
Then using F :M → N is C∞ map,

{F−1(Uα) | α ∈ I}

is open cover of M . We want to define

h̃α : π̃−1(F−1(Uα)) → F−1(Uα)× Rr

as local trivialization of the vector bundle π̃ : F ∗E →M .
We wish to have {F ∗eα1 , · · · , F ∗eαr} defined as pullback sections, i.e., C∞ frame for F ∗E|F−1(Uα)

. Recall

from (1.75) they’re defined via
F ∗eαj : F

−1(Uα) ⊆M → F ∗E

x 7→ eαj (F (x))
(1.77)

To do so, we want to match (1.37)

h̃−1
α (x, êj) = (F ∗eαj )(x) = eαj (F (x)) (1.78)

Hence we instead define the inverse of local trivializations

h̃−1
α : F−1(Uα)× Rr → π̃−1(F−1(Uα)) ⊆M × E

(x, v) 7→

x, r∑
j=1

vj(F
∗eαj )(x)

 (1.79)

Requiring h̃−1
α to be diffeomorphisms onto its range gives a valid definition for local trivializations.
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Transition Functions On Uα∩Uβ , for eα = eβg
E
βα where eα = [eα1 , · · · , eαr ] are smooth frames C∞(Uα, E|Uα),

consider (1.38)

gEβα : Uα ∩ Uβ
C∞

→ GL(r,R)
x 7→ gEβα(x)

Note for F−1(Uα)∩F−1(Uβ) = F−1(Uα ∩Uβ), one would like to define transition functions for the diagram
to commute

M F−1(Uα ∩ Uβ)

N Uα ∩ Uβ GL(r,R)

⊇open

F
F∗gEβα=g

E
βα◦F

⊇open
gEβα

and
F ∗eα = [F ∗eα1

, · · · , F ∗eαr ] = F ∗eβF
∗gEβα

Thus one take
gF

∗E
βα := F ∗gEβα : F−1(Uα) ∩ F−1(Uβ) ⊆M → GL(r,R)

x 7→ (gEβα ◦ F )(x)
(1.80)

Notice s ∈ C∞(N,E) iff upon writing s = eαsα for

sα =

s
1
α
...
srα

 ∈ C∞(Uα,Rr)

they transit via sβ = gEβαsα on Uα ∩ Uβ . Hence we make sense of F ∗s ∈ C∞(M,F ∗E) (1.76) via

(F ∗s)α = F ∗sα =

F
∗s1α
...

F ∗srα

 ∈ C∞(F−1(Uα),Rr)

1.21.2.2 Pushforward and Pullback as C∞(M,F ∗TN)

Now we consider the special case E = TN . Then the pullback tangent bundle writes

π̃ : F ∗TN →M

We consider the space of connections on the C∞ vector bundle F ∗TN , i.e. C∞(M,F ∗TN).

Pushforward and Pullback as section of Pullback Tangent Bundle Let F : M → N smooth map.
Note a key difference here is that we do not require F to be a diffeomorphism. Compare with (1.32) and (1.33).

Definition 1.21.7 (Pushforward and Pullback of Vector Field into Section of Pullback Tangent Bundle). Let
F :M → N smooth map. Define the pushforward

F∗ : X(M) → C∞(M,F ∗TN)

X 7→ F∗X

as smooth section of pullback tangent bundle where

F∗X :M → F ∗TN

p 7→ dFp(X(p)) ∈ TF (p)N = (F ∗TN)p
(1.81)

Also, we have pull-back as particular example of Definition 1.21.6

F ∗ : X(N) → C∞(M,F ∗TN)

Y 7→ F ∗Y

where
F ∗Y :M → F ∗TN

p 7→ Y (F (p)) ∈ TF (p)N = (F ∗TN)p
(1.82)

If moreover X ∈ X(M) and Y ∈ X(N) are F -related as in Definition 1.20.1 then

F∗X = F ∗Y ∈ C∞(M,F ∗TN)
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1.21.2.3 C∞(M,F ∗E) Smooth Sections along F

C∞(M,F ∗TN) Smooth Vector Field along F In particular, we study elements in C∞(M,F ∗TN), i.e.,
sections of pullback Tangent Bundle. This is extremely important concept as it captures how vector fields
behave under smooth map F .

Definition 1.21.8 (C∞ vector field along F ). Let F :M → N be smooth map between C∞ manifold.
A C∞ vector field along F is a C∞ map

V :M → TN

p 7→ V (p) ∈ TNF (p) = (F ∗TN)p
(1.83)

We may view V as a C∞ section of F ∗TN , i.e., V ∈ C∞(M,F ∗TN).

M

N TN

F
V

π

C∞(M,F ∗E) Smooth Section along F More generally, for smooth vector bundle π : E → N , we study
elements in C∞(M,F ∗E).

Definition 1.21.9 (C∞ section along F ). Let F :M → N be smooth map between C∞ manifold. Let

π : E → N

be C∞ vector bundle of rank r on N .
A C∞ section of π : E → N along F is a C∞ map

V :M → E

p 7→ V (p) ∈ EF (p) = (F ∗E)p

We may view V as a C∞ section of F ∗E →M , i.e., V ∈ C∞(M,F ∗E).

M

N E

F
V

π

1.21.3 Pullback Connection

F ∗∇ Pullback Connection Let F :M → N be C∞ map between C∞ manifolds. Let

π : E → N

be C∞ vector bundle, and on it a connection (1.64)

∇ : Ω0(N,E) → Ω1(N,E)

s 7→ ∇s

Definition 1.21.10 (Pullback Connection). There exists a unique connection on π̃ : F ∗E 7→ M called the
pullback connection s.t. for any s ∈ C∞(N,E)

F ∗∇ : Ω0(M,F ∗E) → Ω1(M,F ∗E) = C∞(M,T ∗M ⊗ F ∗E)

F ∗s 7→ (F ∗∇)F ∗s

where
(F ∗∇)F ∗s : X(M) → C∞(M,F ∗E) = Ω0(M,F ∗E)

X 7→ (F ∗∇)XF
∗s

the last item is defined as

(F ∗∇)XF
∗s :M → F ∗E

p 7→
(
∇dFp(X(p))s

)
(F (p)) ∈ (F ∗E)p = EF (p)

Thus

((F ∗∇)X(F ∗s)) (p) :=
(
∇dFp(X(p))s

)
(F (p)) ∀ p ∈M, ∀ X ∈ X(M), ∀ s ∈ C∞(N,E) (1.84)
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F ∗ Pullback E-valued p-forms Recall we’ve defined pullback as in Definition 1.21.6

F ∗ : Ω0(N,E) = C∞(N,E) → Ω0(M,F ∗E) = C∞(M,F ∗E)

s 7→ F ∗s

via (1.75), (1.76).
We may extend the definition

F ∗ : Ωp(N,E) → Ωp(M,F ∗E)

as R-linear map s.t.

F ∗ : Ωp(N,E) = C∞(N,ΛpT ∗N ⊗ E) → Ωp(M,F ∗E) = C∞(M,ΛpT ∗M ⊗ F ∗E)

α⊗ s 7→ (F ∗α)⊗ (F ∗s)
(1.85)

Well-definedness. This is well-defined. Recall pullback of (0, p)-forms (1.48) s.t.

F ∗ : Ωp(N) → Ωp(M)

α 7→ F ∗α

and pullback of E-valued sections (1.76).

F ∗(∇s) Pullback Connection Thus for any s ∈ Ω0(N,E), so that ∇s ∈ Ω1(N,E), the object F ∗(∇s) ∈
Ω1(M,F ∗E) is understood via

F ∗(∇s) : X(M) = C∞(M,TM) → C∞(M,F ∗E)

X 7→ F ∗(∇s)X

where
F ∗(∇s)X :M → F ∗E

p 7→
(
∇dFp(X(p))s

)
(F (p)) ∈ (F ∗E)p = EF (p)

In particular, (1.84) can thus be viewed as the

F ∗(∇s) = (F ∗∇)(F ∗s) ∈ Ω1(M,F ∗E) (1.86)

Pullback Connection in Local Coordinates Given M a C∞ manifold of dimension n. Let π : E →M be
a C∞ vector bundle of rank r over M .

For {Uα | α ∈ I} as open cover of N , the local trivializations

hEα : π−1(Uα) → Uα × Rr

corresponds to {eα1
, · · · , eαr} a C∞ frame of E|Uα .

On Uα

∇eαj =
r∑

k=1

(ωE,∇α )kj ⊗ eαk ∀ (ωE,∇α )kj ∈ Ω1(Uα) Uα ⊆ N open

where ωE,∇α ∈ Ω1(Uα, gl(r,R)) are connection 1-forms (1.70) associated with ∇ on Uα.
On Uα ∩ Uβ , recall (1.73)

ωE,∇β = (gEαβ)
−1ωE,∇α gEαβ + (gEαβ)

−1dgEαβ (1.87)

for transition functions gEαβ on π : E → N

gEαβ : Uα ∩ Uβ → GL(r,R)

Now, for {F−1(Uα) | α ∈ I} open cover of M , we have F ∗eα1
, · · · , F ∗eαr C

∞ frame of F ∗E|F−1(Uα)
. Using

(1.85)

(F ∗∇)(F ∗eαj )
(1.86)
= F ∗(∇eαj )

(1.70)
= F ∗(

r∑
k=1

(ωE,∇α )kj ⊗ eαk)

(1.85)
=

r∑
k=1

(F ∗ωE,∇α )kj ⊗ F ∗eαk
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Now we denote
ωF

∗E,F∗∇
α := F ∗ωE,∇α ∈ Ω1(F−1(Uα), gl(r,R))

On F−1(Uα) ∩ F−1(Uβ), F
∗ acting on (1.87) yields

ωF
∗E,F∗∇

β = (gF
∗E

αβ )−1ωF
∗E,F∗∇

α gF
∗E

αβ + (gF
∗E

αβ )−1dgF
∗E

αβ

Hence
{ωF

∗E,F∗∇
α } ⊆ Ω1(F−1(Uα), gl(r,R))

defines a connection F ∗∇ on π̃ : F ∗E →M .

1.22 Covariant Derivative
D
dt Covariant Derivative Let π : E →M be a C∞ vector bundle over a C∞ manifold M .

We equip on E a connection (1.64)

∇ : Ω0(M,E) → Ω1(M,E)

s 7→ ∇s

or equivalently (1.57)
∇ : X(M)× C∞(M,E) → C∞(M,E)

(X, s) 7→ ∇Xs

Definition 1.22.1 (Covariant Derivative). For any C∞ curve

c : I ⊆ R →M

t 7→ c(t)

recall the pullback section (1.75)

C∞(I, c∗E) = {C∞sections of E along c : I →M}

Define the covariant derivative along c as the pullback connection (1.84) under c evaluated at ∂
∂t ∈ X(I)

D

dt
: C∞(I, c∗E) → C∞(I, c∗E)

s 7→ (c∗∇) ∂
∂t
s

(1.88)

Definition 1.22.2 (Covariant Derivative for Affine Connection). In particular if pick E = TM tangent bundle
so that C∞(M,E) = C∞(M,TM) = X(M), and

∇ : X(M)× X(M) → X(M)

(X,Y ) 7→ ∇XY

is an affine connection as in Definition 1.21.2.
Then one obtain Covariant Derivative for Affine Connection

D

dt
: C∞(I, c∗TM) → C∞(I, c∗TM)

V 7→ DV

dt
≡ (c∗∇) ∂

∂t
V

Lemma 1.22.1. Leibniz rule holds

D

dt
(fs) =

df

dt
s+ f

Ds

dt
∀ f ∈ C∞(I), s ∈ C∞(I, c∗E) (1.89)

Proof. WLOG assume s = c∗ej(t) = ej(c(t)) where ej ∈ C∞(N,E). Now extend f along c to f̃ defined on N
s.t. locally

f(t) = f̃(c(t))

Then

D

dt
(fc∗ej) = c∗∇ ∂

∂t
(f̃(c(t))ej(c(t)) = ∇c∗(

∂
∂t )

(f̃ ej)(c(t))

=
∂

∂t
(f̃ ◦ c)ej(c(t)) + f(t)(∇c∗(

∂
∂t )
ej)(c(t))

=
∂f

∂t
c∗ej(t) + f(t)(c∗∇) ∂

∂t
c∗ej(t)

=
df

dt
s(t) + f(t)

D

dt
s
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1.22.1 Covariant Derivative in Local Coordinates

Let M be C∞ manifold of dimension n and π : E → M be C∞ vector bundle of rank r. Let (U, ϕ) be a C∞

chart with coordinates ϕ = (x1, · · · , xn). We have ∂
∂x1

, · · · , ∂
∂xn

smooth frame of TM |U = TU and e1, · · · er a
C∞ frame of E|U . Then the connection 1-form (1.67) and Christoffel symbol (1.66) writes

∇ej =
r∑

k=1

ωkj ⊗ ek =

n∑
i=1

r∑
k=1

Γkijdxi ⊗ ek

∇ ∂
∂xi

ej =

r∑
k=1

Γkijek for Γkij ∈ C∞(U)

Curve Velocity in Local Coordinates. If E = TM and r = n, then ej =
∂
∂xj

. We have the curve c in

local coordinates as
ϕ ◦ c(t) = (x1(t), · · · , xn(t))

and the diagram commutes

I M

I ′ U

Rn

⊇

open

c

⊇

open

c

ϕ◦c
ϕ

Now what about the curve velocity in local coordinates? Via chain rule, this is

c′(t) =

n∑
i=1

dxi
dt

(t)
∂

∂xi
(c(t)) ∈ C∞(I ′, c∗TM) (1.90)

and for each fixed t ∈ I, this is tangent vector

(dct)(
∂

∂t
) =

dc

dt
(t) =

n∑
i=1

dxi
dt

(t)
∂

∂xi
(c(t)) ∈ Tc(t)M

Pullback section in Local Coordinates. For s ∈ C∞(I, c∗E), we have

s(t) =

r∑
j=1

sj(t)ej(c(t)) =

r∑
j=1

sj(t)(c∗ej)(t) (1.91)

Covariant Derivative in Local Coordinates. Now we write, using Leibniz Rule (1.89)

Ds

dt
(t)

(1.88)
= (c∗∇) ∂

∂t
s

(1.91)
= (c∗∇) ∂

∂t

 r∑
j=1

sjc∗ej


(1.89)
=

r∑
j=1

dsj

dt
(t)ej(c(t)) +

r∑
j=1

sj(c∗∇) ∂
∂t
(c∗ej)

We wish to understand the last term on the RHS.

(c∗∇) ∂
∂t
(c∗ej)

(1.84)
= ∇(dct)(

∂
∂t )
ej(c(t)) = ∇c′(t)ej(c(t))

(1.90)
= ∇∑n

i=1
dxi
dt

∂
∂xi

(c(t))
ej(c(t))

(1.58)
=

n∑
i=1

dxi
dt

(t)
(
∇ ∂

∂xi
(c(t))ej(c(t))

)
(1.66)
=

n∑
i=1

r∑
k=1

dxi
dt

(t)Γkij(c(t))ek(c(t))

Hence for s =
∑r
j=1 s

j(t)ej(c(t)) (1.91) we have formula for covariant derivative for Connection in
local coordinates

Ds

dt
(t) =

r∑
k=1

dsk
dt

(t) +

n∑
i=1

r∑
j=1

Γkij(c(t))
dxi
dt

(t)sj(t)

 ek(c(t)) (1.92)
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Covariant Derivative for Affine Connection in Local Coordinates. In particular, if we have affine
connection ∇, then

V (t) =

n∑
j=1

V j(t)
∂

∂xj
(c(t))

is a C∞ vector field along c : I →M , and we have expression

DV

dt
(t) =

n∑
k=1

dV k
dt

(t) +

n∑
i,j=1

(Γkij ◦ c)(t)
dxi
dt

(t)V j(t)

 ∂

∂xk
(c(t)) (1.93)

1.22.2 Parallel Transport

Parallel Section Let M be C∞ manifold of dimension n, π : E →M a C∞ vector bundle of rank r, and ∇
a connection on E.

Definition 1.22.3. Let V ∈ C∞(I, c∗E), i.e. a C∞ section of E along c. We say V is parallel w.r.t. ∇ if

DV

dt
= 0 ∀ t ∈ I

Existence and Uniqueness of Parallel Section

Proposition 1.22.1 ([dC92] Proposition 2.6). Let c : I
C∞

→ M be C∞ curve. Given any t0 ∈ I and any
v ∈ Ec(t0)

∼= Rr fiber of E over c(t0).
Then there exists a unique parallel section V of E along c s.t. V (t0) = v.

Proof. WLOG assume c : I → U ⊂M open with ϕ = (x1, · · · , xn) and ϕ(U) ⊂ Rn open, i.e., (U, ϕ) is C∞ chart
for M . Recall E|U is trivialized iff there exists e1, · · · , er C∞ frame of E|U . We thus have on U

∇ ∂
∂xi

ej =

r∑
k=1

Γkijek

For (ϕ ◦ c)(t) = (x1(t), · · · , xn(t)) and c′(t) =
∑n
i=1

dxi
dt (t)

∂
∂xi

(c(t)) and hence

V (t) =

r∑
j=1

V j(t)ej(c(t))

Using (1.92), the condition DV
dt = 0 holds iff

dV k

dt
+

n∑
i=1

r∑
j=1

(
Γkij ◦ c

) dxi
dt
V j = 0 k = 1, · · · , r

For v =
∑r
j=1 v

jej(c(t0)) ∈ Ec(t0) we have initial conditions V (t0) = v iff

V k(t0) = vk k = 1, · · · , r

Thus we have 1st order ODE. Directly Apply Existence and Uniqueness theorem.

Parallel Transport

Definition 1.22.4 (Parallel Transport). Define for any t ∈ I

Pc,t0,t : Ec(t0) → Ec(t)

v = V (t0) 7→ V (t)
(1.94)

where V ∈ C∞(I, c∗E) is the unique C∞ section of E along c s.t.

DV

dt
= 0

and V (t0) = v.
Pc,t0,t is the parallel transport along c (defined by (E, v)).

Example 1.22.1. In particular, let E = TM , and ∇ be affine connection on M . Then we define parallel
transport along c : I →M C∞ curve, for any t0, t1 ∈ I,

Pc,t0,t1 : Tc(t0)M → Tc(t1)M

This is a linear isomorphism.
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1.23 Curvature on Smooth Vector Bundles

Let π : E →M be C∞ vector bundle of rank r over a C∞ manifold M of dimension n.
Let (1.57)

∇ : X(M)× C∞(M,E) → C∞(M,E)

(X, s) 7→ ∇Xs

be smooth connection on E.

F∇ Curvature

Definition 1.23.1 (Curvature). A curvature on E is a R-linear map

F∇ : X(M)× X(M)× C∞(M,E) → C∞(M,E)

(X,Y, s) 7→ F∇(X,Y )s := ∇X∇Y s−∇Y∇Xs−∇[X,Y ]s
(1.95)

One may check that

1. F∇ is anti-symmetric in X(M)× X(M), i.e.

F∇(X,Y ) = −F∇(Y,X) ∀ X, Y ∈ X(M) (1.96)

Proof. Using ∇X is C∞(M)-linear in X, and [X,Y ] = −[Y,X]

F∇(X,Y )(s) = ∇X∇Y s−∇Y∇Xs−∇[X,Y ]s = − (∇Y∇Xs−∇X∇Y s) +∇[Y,X]s

= −F∇(Y,X)s

2. F∇ is C∞(M)-linear in all three arguments X(M)× X(M)× C∞(M,E), i.e.

F∇(fX, Y )(s) = fF∇(X,Y )(s) (1.97)

F∇(X,Y )(fs) = fF∇(X,Y )(s) (1.98)

for any X, Y ∈ X(M), for any s ∈ C∞(M,E) and for any f ∈ C∞(M).

Proof. Since F∇(X,Y ) = −F∇(Y,X) it suffices to show (1.97) and (1.98). We compute

F∇(fX, Y )(s) = ∇fX∇Y s−∇Y∇fXs−∇[fX,Y ]s

= f∇X∇Y s−∇Y (f∇Xs)−∇fXY−Y (fX)s

= f∇X∇Y s− Y (f)∇Xs− f∇Y∇Xs−∇fXY−Y (f)X−fY Xs

= f∇X∇Y s− f∇Y∇Xs− Y (f)∇Xs−∇f [X,Y ]−Y (f)Xs

= fF∇(X,Y )(s)
((((((((((((
−Y (f)∇Xs + Y (f)∇Xs

and

F∇(X,Y )(fs) = ∇X∇Y (fs)−∇Y∇X(fs)−∇[X,Y ](fs)

(1.59)
= ∇X(Y (f)s+ f∇Y s)−∇Y (X(f)s+ f∇Xs)− (XY (f)− Y X(f))s− f∇[X,Y ]s

= X(Y (f))s+�����Y (f)∇Xs+�����X(f)∇Y s+ f∇X∇Y s− Y (X(f))s((((((−X(f)∇Y s((((((−Y (f)∇Xs− f∇Y∇Xs

− (XY (f)− Y X(f))s− f∇[X,Y ]s

=((((((([X,Y ](f)) s+ f∇X∇Y s− f∇Y∇Xs(((((((−([X,Y ](f))s− f∇[X,Y ]s

= fF∇(X,Y )(s)
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Interpretation of F∇ ∈ Ω2(M,End(E)) Since for any fixed X, Y ∈ X(M)

F∇(X,Y ) : C∞(M,E) → C∞(M,E)

s 7→ F∇(X,Y )(s)

and is C∞(M)-linear in C∞(M,E) (1.98). From Lemma 1.21.1 we understand the above via

F∇(X,Y ) ∈ C∞(M,E∗ ⊗ E) = C∞(M,End(E))

Thus, using twice (1.97) and again Lemma 1.21.1, we know

F∇ ∈ C∞(M,T ∗M ⊗ T ∗M ⊗ End(E))

Furthermore, using that F∇ is anti-symmetric (1.96) we in fact have

F∇ ∈ C∞(M, (Λ2T ∗M)⊗ End(E))
(1.62)
= Ω2(M,End(E)) (1.99)

1.24 Metric on Smooth Vector Bundles

Let M be C∞ manifold of dimension n. Let π : E →M be a C∞ vector field of rank r.

Definition 1.24.1 (Metric on E). A metric on E is a C∞ section

h ∈ C∞(M,Sym2E∗)

such that for any p ∈M
h(p) : Ep × Ep → R

(u, v) 7→ hp(u, v)

defines an inner product on Ep.

Connection Compatible with Metric

Definition 1.24.2. We say a connection ∇ on E

∇ : X(M)× C∞(M,E) → C∞(M,E)

(X, s) 7→ ∇Xs

is compatible with the metric h if

X(h(s, t)) = h(∇Xs, t) + h(s,∇Xt) ∀ X ∈ X(M), s, t ∈ C∞(M,E) (1.100)

where h(s, t) ∈ C∞(M).

Compatibility implies Anti-Self adjointness of Curvature

Proposition 1.24.1 (Anti-Self adjoint). Let ∇ be a connection on E →M compatible with a metric h.
Then for any X, Y ∈ X(M), the curvature F∇(X,Y ) ∈ C∞(M,End(E)) is anti-self adjoint.

h(F∇(X,Y )s, t) = −h(F∇(X,Y )t, s) ∀ s, t ∈ C∞(M,E) (1.101)

Proof. We compute using metric h admits inner product structure

h(F∇(X,Y )s, t) + h(F∇(X,Y )t, s) = h(F∇(X,Y )(s+ t), (s+ t))− h(F∇(X,Y )s, s)− h(F∇(X,Y )t, t)

It suffices to show that

h(F∇(X,Y )s, s) = 0 ∀ X, Y ∈ X(M) ∀ s ∈ C∞(M,E)

so the RHS vanishes. Indeed

h(F∇(X,Y )s, s) = h(∇X∇Y s, s)− h(∇Y∇Xs, s)− h(∇[X,Y ]s, s)

(1.100)
= Xh(∇Y s, s)− h(∇Y s,∇Xs)− Y h(∇Xs, s) + h(∇Xs,∇Y s)−

1

2
[X,Y ]h(s, s)

(1.100)
=

1

2
XY h(s, s)− 1

2
Y Xh(s, s)− 1

2
[X,Y ]h(s, s) = 0
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1.25 Covariant Derivative on Tensors

1.25.1 Connection and Covariant Derivative on Tensors

Consider the Affine Connection ∇ on a C∞ manifold M .

∇ : X(M)× X(M) → X(M)

(X,Y ) 7→ ∇XY

By fixing X ∈ X(M), this defines a R-linear operator between X(M) = C∞(M,T 1
0M) to itself, that satisfies

the Leibniz rule via (1.61)
∇X : C∞(M,T 1

0M) → C∞(M,T 1
0M)

Y 7→ ∇XY

The above generalizes to tensor bundles.

∇X Connection on C∞(M,T rsM)

Proposition 1.25.1. ∇X admits a unique extension to any (r, s)-tensors

∇X : C∞(M,T rsM) → C∞(M,T rsM)

T 7→ ∇XT
(1.102)

s.t.

1. ∇X is R-linear

2. ∇X commutes with any c contraction as in (1.40)

∇X(c(S)) = c(∇XS) ∀ S ∈ C∞(M,T rsM) (1.103)

3. ∇X satisfies the Leibniz Rule

∇X(S ⊗ T ) = ∇XS ⊗ T + S ⊗∇XT ∀ S, T ∈ C∞(M,T rsM) (1.104)

Proof. Because of Leibniz Rule extension (1.104), it suffices to define ∇X on C∞(M) the (0, 0)-tensors and ∇X

on Ω1(M) the (0, 1)-tensors.
Let X ∈ X(M) be fixed. We define ∇X acting on C∞(M) as the Lie Derivative (1.22)

∇X : C∞(M) → C∞(M)

f 7→ X(f)
(1.105)

To see ∇X satisfies the desired properties, we check Leibniz Rule with Y ∈ X(M). But this is the requirement
for Leibniz Rule of Affine Connections (1.61)

∇X(fY )
(1.61)
= X(f)Y + f∇XY

= ∇X(f)Y + f∇XY

We define ∇X acting on Ω1(M)
∇X : Ω1(M) → Ω1(M)

α 7→ ∇Xα

where
∇Xα : X(M) → C∞(M)

Y 7→ X(α(Y ))− α(∇XY )
(1.106)

To see ∇X satisfies the desired properties, we check that its commutes with contraction

∇X(c(Y ⊗ α))
(1.42)
= ∇X(α(Y ))

(1.105)
= X(α(Y ))

(1.106)
= (∇Xα)(Y ) + α(∇XY )

(1.42)
= c(Y ⊗∇Xα) + c(∇XY ⊗ α)

= c (Y ⊗∇Xα+∇XY ⊗ α) contraction is linear

(1.104)
= c(∇X(Y ⊗ α))
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It is good to compare with Lie Derivative

(LXα)(Y ) = X(α(Y ))− α(LXY )

One has Leibniz Rule formula for any T as (0, s)-tensor, for any Y1, · · · , Yr ∈ X(M)

(∇XT )(Y1, · · · , Ys) = ∇X(T (Y1, · · · , Ys))−
s∑
i=1

T (Y1, Y2, · · · , Yi−1,∇XYi, Yi+1, · · · , Ys) (1.107)

Again, compare with Lie Derivative as in Lemma 1.19.9

(LXT )(Y1, · · · , Ys) = LX(T (Y1, · · · , Ys))−
s∑
i=1

T (Y1, Y2, · · · , Yi−1, LXYi, Yi+1, · · · , Ys)

∇ Covariant Derivative on C∞(M,T rsM) Let M be C∞ manifold. Let ∇ be an affine connection on M
viewed via (1.64)

∇ : Ω0(M,TM) = C∞(M,T 1
0M) = X(M) → Ω1(M,E) = C∞(M,T 1

1M)

Y 7→ ∇Y

One may generalize this as well to general (r, s)-tensors.

Definition 1.25.1 (Covariant Derivative of (r, s)-tensor). Define

∇ : C∞(M,T rsM) → C∞(M,T rs+1M)

T 7→ ∇T

where
∇T : X(M)× · · · × X(M)︸ ︷︷ ︸

s+ 1 times

→ C∞(M,T r0M)

(X1, · · · , Xs+1) 7→ (∇Xs+1
T )(X1, · · · , Xs)

(1.108)

where ∇Xs+1T is defined as in (1.102) that satisfies (i) - (iii) in Proposition 1.25.1.

1.25.2 ∇T in Local Coordinates

Consider an affine ∇ connection on a C∞ manifoldM with a C∞ chart (U, ϕ), and coordinates ϕ = (x1, · · · , xn).
From (1.66)

∇ ∂
∂xi

∂

∂xj
=
∑
k

Γkij
∂

∂xk

for Γkij ∈ C∞(U).

(0, 1)-tensor ∇ ∂
∂xi

dxj in Local Coordinates In general (0, 1)-tensor in cotangent bundle α ∈ Ω1(M) takes

the form

α =

n∑
i=1

aidxi, ai = α(
∂

∂xi
)

Recall from definition 1.102 that
∇ ∂

∂xi

: Ω1(M) → Ω1(M)

dxj 7→ ∇ ∂
∂xi

dxj

Then ∇ ∂
∂xi

dxj in local coordinates take the form

∇ ∂
∂xi

dxj =
∑
k

((
∇ ∂

∂xi

dxj

)
(
∂

∂xk
)

)
dxk

Let’s compute what the coefficients are. One has(
∇ ∂

∂xi

dxj

)
(
∂

∂xk
)
(1.106)
=

∂

∂xi

(
dxj(

∂

∂xk
)

)
− dxj

(
∇ ∂

∂xi

∂

∂xk

)
=

∂

∂xi
(δjk)− dxj

(∑
ℓ

Γℓik
∂

∂xℓ

)
= −Γjik using 1-form is C∞-linear
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so

∇ ∂
∂xi

dxj = −
n∑
k=1

Γjikdxk (1.109)

We write in short for ei =
∂
∂xi

, ej = dxj that

∇eiej = Γkijek ∇eie
j = −Γjike

k (1.110)

(r, s)-tensor ∇ekT in Local Coordinates For general (r, s)-tensors T we write in local coordinates

T = T i1,··· ,irj1,··· ,js ei1 ⊗ · · · ⊗ eir ⊗ ej1 ⊗ · · · ⊗ ejs

where
T i1,··· ,irj1,··· ,js := T (ei1 , · · · , eir , ej1 , · · · , ejs) ∈ C∞(U)

Now ∇T ∈ C∞(M,T rs+1M) is (r, s+ 1)-tensor, so we write in local coordinates

∇T = (∇T )i1,··· ,irj1,··· ,js+1
ei1 ⊗ · · · ⊗ eir ⊗ ej1 ⊗ · · · ⊗ ejs ⊗ ejs+1

Denote

T i1,··· ,irj1,··· ,js;k := (∇T )i1,··· ,irj1,··· ,js,k
(1.108)
= (∇ekT )

i1,··· ,ir
j1,··· ,js (1.111)

We want to express
T i1,··· ,irj1,··· ,js;k

in terms of T i1,··· ,irj1,··· ,js and Γkij using Leibniz rule for Covariant Derivative (1.104).
We compute

∇ekT = ∇ek

(
T i1,··· ,irj1,··· ,js ei1 ⊗ · · · ⊗ eir ⊗ ej1 ⊗ · · · ⊗ ejs

)
(1.104)
= ek

(
T i1,··· ,irj1,··· ,js

)
ei1 ⊗ · · · ⊗ eir ⊗ ej1 ⊗ · · · ⊗ ejs

+

r∑
α=1

T i1,··· ,irj1,··· ,js ei1 ⊗ · · · ⊗ eiα−1
⊗∇keiα ⊗ eiα+1

⊗ · · · ⊗
(
ej1 ⊗ · · · ⊗ ejs

)
+

s∑
β=1

T i1,··· ,irj1,··· ,js (ei1 ⊗ · · · ⊗ eir )⊗ ej1 ⊗ · · · ⊗ ejβ−1 ⊗∇ke
jβ ⊗ ejβ+1 ⊗ · · · ⊗ ejs

Then we switch in ∇keiα = Γℓkiαeℓ and ∇ke
jβ = −Γ

jβ
kℓe

ℓ as in (1.110) so

∇ekT =
(
ek(T

i1,··· ,ir
j1,··· ,js ) + ΓiαkℓT

i1,··· ,iα−1,ℓ,iα+1,···ir
j1,··· ,js − Γℓk,jβT

i1,··· ,ir
j1,··· ,jβ−1,ℓ,jβ+1,··· ,js

)
ei1 ⊗ · · · ⊗ eir ⊗ ej1 ⊗ · · · ⊗ ejs

Hence we have formula

T i1,··· ,irj1,··· ,js;k = ek(T
i1,··· ,ir
j1,··· ,js ) +

r∑
ℓ,α

ΓiαkℓT
i1,··· ,iα−1,ℓ,iα+1,···ir
j1,··· ,js −

s∑
ℓ,β

Γℓk,jβT
i1,··· ,ir
j1,··· ,jβ−1,ℓ,jβ+1,··· ,js (1.112)

where ek = ∂
∂xk

.

1.26 Pullback of a Vector Bundle and Connection Revisited

In this section we discuss the very confusing facts about pullbacks of vector bundle and connection. This follows
the short yet enlightening notes of Deane Yang.

Pullback Vector Bundle Consider M a C∞ manifold of dimension m, N a C∞ manifold of dimension n.
Consider a smooth map

F :M → N

Let π : E → N be a C∞ vector bundle of rank r over N . We define the pullback bundle F ∗E (1.74) as

1. Fiber at each x ∈M is (F ∗E)x = EF (x).

2. Given any local frame {ei}1≤i≤r of N ,
{ei ◦ F}1≤i≤r

gives a local frame of F ∗E (1.77). In particular, any section s ∈ C∞(M,F ∗E) can be written locally as

s(x) = ak(x)ek(F (x))

where ak are smooth functions defined on M .

In other words, the space of smooth sections of F ∗E, C∞(M,F ∗E), is the C∞(M)-module generated by the
space of smooth sections of E pulled-back by F .

https://cims.nyu.edu/~yangd/papers/PullbackConnection.pdf
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Pushforward of Vector Field Let ϕ = {x1, · · · , xm} be coordinates onM , and the corresponding coordinate
vector fields as { ∂

∂xi
}1≤i≤m. Let ψ = {y1, · · · , yn} be coordinates on N , and the corresponding coordinate vector

fields as { ∂
∂yi

}1≤i≤n.
Now in local coordinates

(ψ ◦ F ◦ ϕ−1)(x1, · · · , xm) = (y1(x1, · · · , xm), · · · , yn(x1, · · · , xm))

We ask, what is F∗(
∂
∂xi

) for 1 ≤ i ≤ m? First of all, in view of (1.81), we know F∗(
∂
∂xi

) ∈ C∞(M,F ∗TN),
thus

F∗(
∂

∂xi
) =

n∑
j=1

F∗(
∂

∂xi
)j

∂

∂yj
◦ F

Now we make sense as in (1.90). By definition, and as in (1.27)

F∗(
∂

∂xi
) = dF (

∂

∂xi
) =

n∑
j=1

∂yj
∂xi

∂

∂yj
◦ F (1.113)

More generally, for X =
∑m
i=1 ai

∂
∂xi

F∗(X) = F∗(
∑
i

ai
∂

∂xi
) =

∑
i

dF (ai
∂

∂xi
) =

m∑
i=1

ai

n∑
j=1

∂yj
∂xi

∂

∂yj
◦ F

Notice in particular, for any 1 ≤ i, k ≤ m and 1 ≤ j ≤ n

∂

∂xk
F∗(

∂

∂xi
)j =

∂

∂xk

∂yj
∂xi

=
∂

∂xi

∂yj
∂xk

=
∂

∂xi
F∗(

∂

∂xk
)j

Pullback of Connection Let ∇ be connection on π : E → N . Let {ei}1≤i≤n be local frame of N . Then
given any vector field Y ∈ X(N), ∇Y ei ∈ C∞(N,E).

We define a pullback connection D = F ∗∇ on F ∗E as follows (1.84). For any X ∈ X(M)

DX(ej ◦ F ) = (F ∗∇)X(ej ◦ F ) :=
(
∇F∗(X)ej

)
◦ F ∈ C∞(M,F ∗E)

Now given a smooth section of F ∗E

f =

n∑
j=1

ajej ◦ F

Let’s see how D acts on f . Via Leibniz Rule, for any X ∈ X(M)

DX(

n∑
j=1

ajej ◦ F ) =
n∑
j=1

(X(aj)ej ◦ F + ajDX(ej ◦ F ))

=
n∑
j=1

(
X(aj)ej ◦ F + aj(∇F∗(X)ej) ◦ F

)
(1.114)

Pullback of Curvature Given a pullback section

f =

n∑
j=1

ajej ◦ F

Let 1 ≤ p, q ≤ m and consider

D ∂
∂xp

(D ∂
∂xq

f)

= D ∂
∂xp

 n∑
j=1

∂aj
∂xq

ej ◦ F + aj(∇F∗(
∂
∂xq

)ej) ◦ F


(1.113)
= D ∂

∂xp

 n∑
j=1

∂aj
∂xq

ej ◦ F + aj(∇∑n
k=1

∂yk
∂xq

∂
∂yk

◦F ej) ◦ F


= D ∂

∂xp

 n∑
j=1

∂aj
∂xq

ej ◦ F + aj

n∑
k=1

∂yk
∂xq

(∇ ∂
∂yk

ej) ◦ F


=

n∑
j=1

(
∂2aj
∂xp∂xq

ej ◦ F +
∂aj
∂xq

D ∂
∂xp

(ej ◦ F ) +
n∑
k=1

((
∂aj
∂xp

∂yk
∂xq

+ aj
∂2yk
∂xp∂xq

)
(∇ ∂

∂yk

ej) ◦ F + aj
∂yk
∂xq

D ∂
∂xp

((∇ ∂
∂yk

ej) ◦ F )
))
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And the computation goes on

=
∂2aj
∂xp∂xq

ej ◦ F +
∂aj
∂xq

∂yℓ
∂xp

(∇ ∂
∂yℓ

ej) ◦ F

+

((
∂aj
∂xp

∂yk
∂xq

+ aj
∂2yk
∂xp∂xq

)
(∇ ∂

∂yk

ej) ◦ F + aj
∂yk
∂xq

∂yℓ
∂xp

(
∇ ∂

∂yℓ

(
∇ ∂

∂yk

ej

))
◦ F
)

We use [ ∂
∂xp

, ∂
∂xq

] = 0 and [ ∂∂yℓ ,
∂
∂yk

] = 0 to obtain

D ∂
∂xp

(D ∂
∂xq

f)−D ∂
∂xq

(D ∂
∂xp

f)

= aj
∂yk
∂xq

∂yℓ
∂xp

((
∇ ∂

∂yℓ

(
∇ ∂

∂yk

ej

))
◦ F −

(
∇ ∂

∂yk

(
∇ ∂

∂yℓ

ej

))
◦ F
)

= aj
∂yk
∂xq

∂yℓ
∂xp

R∇(
∂

∂yℓ
,
∂

∂yk
)ej ◦ F

= R∇

(
F∗(

∂

∂xp
), F∗(

∂

∂xq
)

)
f

where we denote R∇ as our curvature.
Therefore the pullback curvature is defined as

(F ∗R∇)(
∂

∂xp
,
∂

∂xq
)(f) = RF∗∇(

∂

∂xp
,
∂

∂xq
)(f) := R∇

(
F∗(

∂

∂xp
), F∗(

∂

∂xq
)

)
f

Thus for general X, Y ∈ X(M) and f ∈ C∞(M,F ∗TN) we define

(F ∗R∇)(X,Y )(f) := DX(DY f)−DY (DXf)−D[Y,X]f = R∇(F∗(X), F∗(Y ))(f) (1.115)



Chapter 2

Riemannian Geometry

2.1 Riemannian Metric

Let M be C∞ manifold of dimension n.

Definition 2.1.1 (Riemannian Metric). A Riemannian Metric on M is a C∞ (0, 2)-tensor on M , which we
denote as g ∈ C∞(M,T 0

2M)
g :M → T 0

2M = (T ∗M)⊗2

p 7→ g(p) = gp

where
gp : TpM × TpM → R

(v1, v2) 7→ gp(v1, v2)

defines an inner product on TpM , i.e.

(a) Bilinear
gp(λv1 + µv2, v3) = λgp(v1, v3) + µgp(v2, v3)

gp(v3, λv1 + µv2) = λgp(v3, v1) + µgp(v3, v2) ∀ λ, µ ∈ R

(b) Symmetric
gp(v1, v2) = gp(v2, v1) ∀ v1, v2 ∈ TpM

(c) Positive-Definite
gp(v, v) > 0 ∀ v ̸= 0

We call the pair (M, g) a Riemannian Manifold.

Sometimes we write
g(p)(u, v) = gp(u, v) = ⟨u, v⟩p

Symmetric Tensor Let dimM = n. Then the tensor bundle splits into symmetric tensor bundle (of rank
n(n+1)

2 ) and anti-symmetric tensor bundle (of rank n(n−1)
2 )

T 0
2M = Sym2T ∗M ⊗ Λ2T ∗M

defined for any p ∈M as

(Sym2T ∗M)p := {symmetric bilinear forms on TpM}
(Λ2T ∗M)p := {anti-symmetric bilinear forms on TpM}

Thus we notice a Riemannian metric g ∈ C∞(M,Sym2T ∗M).

Local Coordinates In local coordinates, let (U, ϕ) be a C∞ chart for M with ϕ = (x1, · · · , xn). Define

dxidxj :=
dxi ⊗ dxj + dxj ⊗ dxi

2
∈ C∞(U,Sym2 T ∗M |U )

so {dxidxj | 1 ≤ i ≤ j ≤ n} is C∞ frame of Sym2 T ∗M |U = Sym2T ∗U . On the other hand, note

dxi ∧ dxj := dxi ⊗ dxj − dxj ⊗ dxi ∈ C∞(U,Λ2 T ∗M |U )

68
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so {dxi ∧ dxj | 1 ≤ i < j ≤ n} is C∞ frame of Λ2 T ∗M |U . Also denote for simplicity

dx2i = dxidxi = dxi ⊗ dxi

Therefore on U , the Riemannian metric g has representation in local coordinates

g =
∑
ij

gijdxi ⊗ dxj =
∑
ij

gijdxidxj gij = gji

where the coefficients as smooth functions on U are given by

gij(p) = gp(
∂

∂xi
(p),

∂

∂xj
(p)) = ⟨ ∂

∂xi
,
∂

∂xj
⟩p

g0 Euclidean Metric and Spherical Coordinates Consider the Euclidean metric on M = Rn

g0 =

n∑
i=1

dx2i =
∑
ij

gijdxidxj , gij = δij =

{
1 i = j
0 i ̸= j

One may alternatively consider the Spherical Coordinates in Rn. For n = 2 with

(x, y) = (r cos(θ), r sin(θ))

one may write

g0 = dx2 + dy2 = (cos(θ)dr − r sin(θ)dθ)2 + (sin(θ)dr + r cos(θ)dθ)2 = dr2 + r2dθ2

For n = 3 with
(x, y, z) = (ρ sin(ϕ) cos(θ), ρ sin(ϕ) sin(θ), ρ cos(ϕ))

for ρ > 0, θ ∈ (0, 2π) and ϕ ∈ (0, π), one may write

g0 = dx2 + dy2 + dz2

= (sin(ϕ) cos(θ)dρ− ρ sin(θ) sin(ϕ)dθ + ρ cos(ϕ) cos(θ)dϕ)2

+ (sin(ϕ) sin(θ)dρ+ ρ cos(θ) sin(ϕ)dθ + ρ cos(ϕ) sin(θ)dϕ)2

+ (cos(ϕ)dρ− ρ sin(ϕ)dϕ)2

= dρ2 + ρ2dϕ2 + ρ2 sin2(ϕ)dθ2

Definition 2.1.2 (Orthonormal Frame). Let (M, g) be Riemannian manifold of dimM = n. An orthonormal
frame on U ⊆M is a collection {ei}1≤i≤n ⊆ X(U) s.t. {ei(p)}1≤i≤n are basis for TpM and

gp(ei(p), ej(p)) = δij ∀ p ∈ U, i, j = 1, · · · , n (2.1)

Now for Euclidean metric, { ∂
∂xi

}1≤i≤n defines an orthonormal smooth frame of TRn. How about spherical
coordinates? For n = 2

∂

∂r

1

r

∂

∂θ
R2 \ {0}

as orthonormal basis. For n = 3, one has

∂

∂ρ
,

1

ρ

∂

∂ϕ
,

1

ρ sin(ϕ)

∂

∂θ
U ⊂ R3

as orthonormal basis.

2.1.1 Isometry and Pullback Metrc

Isometry

Definition 2.1.3. Let (M, g), (N,h) be Riemannian manifolds. A smooth diffeomorphism f : M → N is an
isometry if

gp(u, v) = hf(p)(dfp(u), dfp(v)) ∀ p ∈M, u, v ∈ TpM (2.2)

A smooth map f :M → N is called a local isometry at p ∈M if there is a neighborhood U ⊆M of p s.t.

f : U → f(U)

is a diffeomorphism satisfying (2.2).
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f∗g Pullback of Riemannian Metric Let (N, g) Riemannian manifold, and f : M → N a C∞ map from
C∞ manifold M to N .

Question: Given the metric on N , how to equip a metric on M?

Proposition 2.1.1 ([dC92] Example 2.5). Let f :M → N be a smooth immersion, i.e.,

dfp : TpM → Tf(p)N

is injective for any p ∈M .
Then the pullback (1.47)

f∗g :M → T 0
2M

p 7→ (f∗g)p

(f∗g)p : TpM × TpM → R
(u, v) 7→ gf(p)(dfp(u), dfp(v))

(2.3)

defines a metric on M . In particular,
f : (M,f∗g) → (N, g)

becomes an isometric immersion. We regard (M,f∗g) as an isometrically immersed submanifold of (N, g).

Proof. We want to check (f∗g)p defines an inner product at each p ∈ M . Symmetry is trivial. Bilinearity is
preserved under linear isomorphism. To ensure (f∗g)p is positive-definite, if for v ∈ TpM

gf(p)(dfp(v), dfp(v)) = 0

Then that g is a metric ensures dfp(v) = 0. Now v = 0 iff dfp is injective iff f is an immersion.

Example 2.1.1. If (M, g) is Riemannian manifold and M ′ ⊂M is embedded C∞ submanifold, so

i :M ′ →M

p 7→ p

inclusion map is C∞ embedding (in particular, smooth immersion).
Thus (M ′, i∗g) is a Riemannian submanifold. For any p ∈M ′ ⊆M ,

(i∗g)(p) : TpM
′ × TpM

′ → R

is the restriction of g(p) : TpM × TpM → R.

Recall the Preimage Theorem 1.5.1. For

h :Mn+k → Nk

smooth map with q ∈ N a regular value, i.e.

dhp : TpM → Th(p)N

is surjective for all p ∈ h−1(q). Then h−1(q) ⊆M is a closed smooth submanifold of M of dimension n ≥ 0.
Now if (Mn+k, g) is a Riemannian Manifold, one may put a metric on

(h−1(q), i∗g)

as induced by the inclusion map.

g
Sn(r)
can Canonical Metric Recall the Sphere is defined via

Sn(r) := {(x1, · · · , xn+1) ∈ Rn+1 |
n+1∑
i=1

x2i = r2} ⊆ Rn+1

Denote ir : Sn(r) ↪→ Rn+1 the inclusion map. Then the pullback metric, known as the canonical metric of
Sn(r), is

gS
n(r)

can = i∗rg0 = i∗r(dx
2
1 + · · · dx2n+1)

For n = 3, the spherical coordinates on R3 is

g0 = dρ2 + ρ2dϕ2 + ρ2 sin2(ϕ)dθ2

One has
gS

2(r)
can = i∗rg0 = r2(dϕ2 + sin2(ϕ)dθ2) ∀ (ϕ, θ)

with local coordinates on U ⊆ S2(r) open.
Now ir : (Sn(r), gS

n(r)
can ) 7→ (Rn+1, g0) is an isometric embedding.
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Isometry in (Rn, g0) Take A ∈ GL(n,R). The corresponding linear isomorphism

LA : Rn → Rn

x =

x1...
xn

 7→ Ax

gives a C∞ diffeomorphism. For the Euclidean metric g0 =
∑n
i=1 dx

2
i , one ask, when is LA an isometry between

(Rn, g0)? i.e., when is L∗
Ag0 = g0?.

Note for A = (aij), (Ax)i =
∑
j aijxj . We compute the pullbacks

L∗
Axi = xi ◦ LA = (Ax)i =

∑
j

aijxj

L∗
Adxi

(1.50)
= d(L∗

Axi) =
∑
j

aijdxj

L∗
Ag0 = L∗

A(

n∑
i=1

dx2i ) =
∑
i,j,k

(aijdxj)(aikdxk) =

n∑
j,k=1

(
n∑
i=1

aijaik

)
dxjdxk

=

n∑
j,k=1

(
ATA

)
jk
dxjdxk

So L∗
Ag0 = g0 iff ATA = Tn iff A ∈ O(n).

Now for b ∈ Rn, define translation
Tb : Rn → Rn

x 7→ x+ b

Here T ∗
b xi = xi + bi, T

∗
b dxi = dxi and thus T ∗

b g0 = g0.
We conclude the following.

Theorem 2.1.1. f : (Rn, g0) → (Rn, g0) is an isometry iff

f(x) = Ax+ b A ∈ O(n), b ∈ Rn

i.e., f is a rigid motion.

Observe that, for A ∈ O(n + 1), since LA : (Rn+1, g0) → (Rn+1, g0) is an isometry and LA(Sn) = Sn, one
may conclude

LA : (Sn, gcan) → (Sn, gcan)

is an isometry. In other words for the canonical metric gcan = i∗g0

L∗
Agcan = gcan

Theorem 2.1.2. f : (Sn, gcan) → (Sn, gcan) is an isometry iff

f : Sn → Sn

x 7→ Ax

for some A ∈ O(n+ 1).

Product Metric

Definition 2.1.4 (Product Metric). Let (M1, g1), (M2, g2) be Riemannian manifolds and consider the Carter-
sian Product M1 ×M2 equipped with the product smooth structure.

Denote the natural projections as

π1 :M1 ×M2 →M1

(p, q) 7→ p

π2 :M1 ×M2 →M2

(p, q) 7→ q

Define
g1 × g2 := π∗

1g1 + π∗
2g2 :M1 ×M2 → (T ∗(M1 ×M2))

⊗2

(p1, p2) 7→ (g1 × g2)(p1,p2)
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s.t.
(g1 × g2)(p1,p2) : T(p1,p2)(M1 ×M2)× T(p1,p2)(M1 ×M2) → R

((u1, u2), (v1, v2)) 7→ (g1)p1(u1, v1) + (g2)p2(u2, v2)
(2.4)

Or equivalently

⟨u, v⟩(p1,p2) = (g1 × g2)(p1,p2)(u, v)

= (g1)p1((dπ1)(p1,p2)(u), (dπ1)(p1,p2)(v)) + (g2)p2((dπ2)(p1,p2)(u), (dπ2)(p1,p2)(v))

= ⟨dπ1 · u, dπ1 · v⟩p1 + ⟨dπ2 · u, dπ2 · v⟩p2 ∀ (p1, p2)×M1 ×M2, u, v ∈ T(p1,p2)(M1 ×M2)

Consider for example

f : R → S1 = {(x, y) ∈ R2 | x2 + y2 = 1}
i∗

⊆ R2

t 7→ (cos(t), sin(t))

So
f∗gS

1

can = f∗i∗(dx2 + dy2) = (d(cos(t)))2 + (d(sin(t)))2 = (− sin(t)dt)2 + (cos(t)dt)2 = dt2

And thus
f : (R, dt2) → (S1, gcan)

t 7→ (cos(t), sin(t))

is a local isometry, and in fact a covering map.
Now let’s consider n products of the above, i.e. the flat n-torus.

f : (Rn, g0 = dt21 + · · ·+ dt2n) →
(
Tn := S1 × · · · × S1, gcan × · · · × gcan

)
⊆ (R2n, g0)

(t1, · · · , tn) 7→ (cos(t1), sin(t1), · · · , cos(tn), sin(tn))

Now f is a local isometry.

2.1.2 Volume, Length and Distance

Volume

Definition 2.1.5 (Volume Form). Let M be C∞ manifold of dimension n. A volume form on M is a nowhere-
vanishing smooth n-form

ν ∈ Ωn(M) = C∞(M,ΛnT ∗M), ν(p) ̸= 0 ∀ p ∈M

One has equivalence criterion for existence of volume form.

Theorem 2.1.3. Let M be C∞ manifold. Then the following are equivalent

1. There exists a volume form ν on M .

2. ΛnT ∗M is trivial.

3. M is orientable.

Existence of Volume Form implies Orientability (1) implies (3). Suppose ν ∈ Ωn(M) is a volume
form on M . We may choose C∞ atlas {(Uα, ϕα) | α ∈ I} with coordinates ϕα = (xα1 , · · · , xαn), s.t. on Uα

ν = aαdx
α
1 ∧ · · · ∧ dxαn aα ∈ C∞(Uα) aα > 0

Now on the intersections with any other chart Uα ∩ Uβ with transition functions

ϕβ ◦ ϕ−1
α : ϕα(Uα ∩ Uβ) ⊆ Rn → ϕβ(Uα ∩ Uβ)

(xα1 , · · · , xαn) 7→ (xβ1 (x
α
1 , · · · , xαn), · · · , xβn(xα1 , · · · , xαn))

ν takes the form
ν = aβdx

β
1 ∧ · · · ∧ dxβn = aαdx

α
1 ∧ · · · ∧ xαn

Notice

dxβ1 ∧ · · · ∧ dxβn =

∑
j1

∂xβ1
∂xαj1

dxαj1

 ∧ · · · ∧

∑
jn

∂xβn
∂xαjn

dxαjn


det(d(ϕβ ◦ ϕ−1

α )) = det(
∂xβi
∂xαj

)
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So that

aβdx
β
1 ∧ · · · ∧ dxβn = aβ det(d(ϕβ ◦ ϕ−1

α ))dxα1 ∧ · · · ∧ dxαn
= aαdx

α
1 ∧ · · · ∧ dxαn

det(d(ϕβ ◦ ϕ−1
α )) =

aβ
aα

> 0

And therefore M is orientable.

Construction of Volume Form from the Metric

Proposition 2.1.2 (Orientable implies Existence of compatible volume form). Suppose (M, g) is an oriented
Riemannian manifold.

Then there exists a unique volume form ν ∈ Ωn(M) where n = dimM which is compatible with g and the
orientation. In fact, in local coordinates

νg(p) =
√
det(gij)(dx1 ∧ · · · ∧ dxn)(p)

For any p ∈M , using one has the metric g, let (e1, · · · , en) be an ordered orthonormal basis of (TpM, ⟨·, ·⟩p)
where ⟨ei, ej⟩p = δij is the inner product defined by g(p). In particular

⟨ej , ej⟩p = g(p)(ei, ej) = δij

Let {(Uα, ϕα) | α ∈ I} be the atlas defining the given orientation. For p ∈ Uα, one has coordinates
ϕα = (xα1 , · · · , xαn).

We say (e1, · · · , en) is compatible with the orientation if

ei =

n∑
j=1

aij
∂

∂xαj
(p), A = (aij) det(A) > 0

Given compatibility, one has

(dxα1 ∧ · · · ∧ dxαn)p (e1, · · · , en) = det(dxαi (ej)) = det(A) > 0

Now let (e∗1, · · · , e∗n) be ordered basis of T ∗
pM dual to (e1, · · · , en), i.e.

g(p) =

n∑
i=1

e∗i ⊗ e∗i

Then
ν(p) = e∗1 ∧ · · · ∧ e∗n ∈ ΛnT ∗

pM

iff ν(p)(e1, · · · , en) = 1 for any ordered orthonormal basis (e1, · · · , en) of (TpM, ⟨·, ·⟩p) compatible with the
orientation.

Proof of 2.1.2. Let (U, ϕ) be C∞ chart on M that gives the orientation by local coordinates ϕ = (x1, · · · , xn).
On U , the metric takes the form gij =

∑
ij gijdxidxj for gij = gji ∈ C∞(U). Now for any p ∈ U , let (e1, · · · , en)

be the orthonormal basis of TpM compatible with the orientation.
One define

ν(p) := e∗1 ∧ · · · ∧ e∗n
as above.

Notice
∂

∂xi
(p) =

n∑
j=1

bijej B = (bij) ∈ GL(n,R) det(B) > 0

One first compute using that (e1, · · · , en) gives an orthonormal basis

gij(p) = ⟨ ∂

∂xi
(p),

∂

∂xj
(p)⟩

= ⟨
∑
k

bikek,
∑
ℓ

bjℓeℓ⟩

=
∑
k,ℓ

bikbjℓδkℓ

=
∑
k

bikbjk = (BBT )ij
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Now we evaluate ν(p) via the definition

ν(p)(
∂

∂x1
(p), · · · , ∂

∂xn
(p)) = ν(p)

∑
j

b1je1, · · · ,
∑
j

bnjen


= det(B)ν(p)(e1, · · · , en) = det(B)

so that using det(gij(p)) = det(BBT ) = (detB)2

ν(p) = det(B)(dx1 ∧ · · · ∧ dxn)

=
√
det(gij)(dx1 ∧ · · · ∧ dxn)(p)

Now on U with g =
∑
ij gijdxidxj , one has defined volume form

ν =
√
det(gij)dx1 ∧ · · · ∧ dxn

We write νg = ν.

Volume Vol(R)

Definition 2.1.6 (Volume). Now let R ⊆ M be an open connected subset whose closure is compact. Suppose
R is contained in U open neighborhood with coordinates ϕ = (x1, · · · , xn). We define the volume Vol(R) of R
by the integral in Rn

Vol(R) :=

ˆ
ϕ(R)

√
det(gij)dx1 · · · dxn

Note the expression is well-defined. Indeed, if R is contained in another coordinate neighborhood V with
parametrization ψ = (y1, · · · , yn) that is compatible with the orientation, and denote

hij(p) = hp(
∂

∂yi
(p),

∂

∂yj
(p))

Then √
det(gij)(p) = ν(p)(

∂

∂x1
(p), · · · , ∂

∂xn
(p))

= det(
∂xi
∂yj

)ν(p)(
∂

∂y1
(p), · · · , ∂

∂yn
(p))

= det(
∂xi
∂yj

)
√

det(hij)(p)

so that ˆ
ϕ(R)

√
det(gij)dx1 · · · dxn =

ˆ
ψ(R)

√
det(hij)dy1 · · · dyn

Example 2.1.2. Consider S2(r) = r2(dϕ2 + sin2(ϕ)dθ2) with (ϕ, θ) = (x1, x2). Here(
g11 g12
g21 g22

)
=

(
r2 0
0 r2 sin2(ϕ)

)
=⇒ det(g) = r4 sin2(ϕ)

So ν =
√

det(g)dϕ ∧ dθ = r2 sin(ϕ)dϕ ∧ dθ. Hence

Vol(S2(r), gS
2(r)

can ) =

ˆ 2π

0

ˆ π

0

r2 sinϕdϕdθ = 4πr2

Length A Riemannian Metric can be used to calculate the lengths of curves.

Definition 2.1.7 (Length). For (M, g) Riemannian manifold, let γ : [a, b] →M be a C∞ curve for −∞ < a <
b <∞. Notice for any t ∈ (a, b), γ′(t) ∈ Tγ(t)M .

We define the length of the curve γ on the segment [a, b] as

ℓg(r) :=

ˆ b

a

|γ′(t)| dt =
ˆ b

a

√
⟨γ′(t), γ′(t)⟩γ(t)dt (2.5)

where

|γ′(t)|g(γ(t)) =
√
⟨γ′(t), γ′(t)⟩γ(t) =

√
g(γ(t))(γ′(t), γ′(t))
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Recall f : (M, g) → (N,h) is isometric immersion if for any p ∈M ,

⟨v1, v2⟩p = ⟨dfp(v1), dfp(v2)⟩f(p)

Here the former inner product is defined by g(p), while and the latter is defined by h(f(p)).
Then for any γ : [a, b] →M a C∞ curve, f ◦ γ : [a, b] → N is also C∞ curve. Moreover

ℓg(γ) = ℓh(f ◦ γ)

Example 2.1.3. Consider the upper half plane

H = {(x, y) ∈ R2 | y > 0}

Consider g0 = dx2 + dy2 Euclidean metric and h = dx2+dy2

y2 the hyperbolic metric.
Consider the two curves

γ1 : [x0, x1] → H

t 7→ (t, y0)

γ2 : [y0, y1] → H

t 7→ (x0, t)

with curve velocity

γ′1(t) =
∂

∂x
(γ1(t)) γ′2(t) =

∂

∂y
(γ2(t))

Then

g0(x, y)

(
a
∂

∂x
+ b

∂

∂y
, c
∂

∂x
+ d

∂

∂y

)
= ac+ bd

h(x, y)

(
a
∂

∂x
+ b

∂

∂y
, c
∂

∂x
+ d

∂

∂y

)
=
ac+ bd

y2

|γ′1(t)|g0 = 1 = |γ′2(t)|g0

|γ′1(t)|h =

√
1

y20
=

1

y0

|γ′2(t)|h =
1

t

ℓg0(γ1) =

ˆ x1

x0

|γ′1(t)|g0 dt =
ˆ x1

x0

dt = x1 − x0

ℓg0(γ2) =

ˆ y1

y0

|γ′2(t)|g0 dt =
ˆ y1

y0

dt = y1 − y0

ℓh(γ1) =

ˆ x1

x0

dt

y0
=
x1 − x0
y0

ℓh(γ2) =

ˆ y1

y0

dt

t
= log(y1)− log(y0) = log(

y1
y0

)

Let λ > 0. Define rescaling
ϕλ : H → H

(x, y) 7→ (λx, λy)

Compute the pullback of g0

ϕ∗x = λx

ϕ∗dx = λdx

ϕ∗λg0 = ϕ∗λ(dx
2 + dy2) = λ2(dx2 + dy2) = λ2g0

ℓg0(ϕλ ◦ γ) = λℓg0(γ)

On the other hand

ϕ∗λh = ϕ∗λ

(
dx2 + dy2

y2

)
=
λ2dx2 + λ2dy2

λ2y2
= h

Hence for any λ > 0, ϕλ : (H,h) → (H,h) is an isometry.
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Distance More generally if γ : [a, b] → [a, b] is a piecewise C∞ curve s.t. γ : [a, b] →M is continuous. i.e., let
a = t0 < t1 < · · · < tk−1 < tk = b we have

γ|[ti,ti+1]
∈ C∞([ti, ti+1],M) i = 0, · · · , k

Then γ′(t+i ) and γ
′(t−i ) exist. One may define the piecewise curve length

ℓg(γ) :=

k∑
i=0

ˆ ti+1

ti

|γ′(t)|g dt

Definition 2.1.8 (Distance). Let (M, g) be a connected Riemannian manifold.
Then for any p, q ∈M , there exists γ : [0, 1] →M piecewise C∞ curve s.t.

γ(0) = p γ(1) = q

We define the distance between p, q determined by g to be

dg(p, q) := inf{ℓg(t) | γ : [0, 1] →M piecewise smooth with γ(0) = p, γ(1) = q} ∈ [0,∞)

Then

• dg(p, q) = dg(q, p)

• dg(p, p) = 0

• dg(p, q) + dg(q, r) ≥ dg(p, r).

In fact, if M is Hausdorff, then dg(p, q) = 0 implies that p = g. In that case (M,dg) is a metric space.

We examine the notorious example.

Example 2.1.4 (Bugged-eyed Line). Let

M = (R× {0, 1}) / ((x, 0) ∼ (x, 1) except for x = 0)

Consider the Euclidean metric dx2 on R. Define π : R × {0, 1} → M as the projection. Then there exists a
unique metric g on M s.t. π∗g = dx2.

Now [0, 0] ̸= [0, 1] in M , whereas dg([0, 0], [0, 1]) = 0.

We notice isometry preserves length.

Lemma 2.1.1. If f : (M1, g1) → (M2, g2) is an isometry, then

dg2(f(p), f(q)) = dg1(p, q) ∀ p, q ∈M1

Proposition 2.1.3. For x, y ∈ Rn with g0 = dx21 + · · ·+ dx2n

dg0(x, y) = |x− y| =

√√√√ n∑
i=1

(xi − yi)2

Proof. dg0(x, x) = 0. Suppose x ̸= y, let d = |x − y| > 0. Then there exists A ∈ O(n) s.t. upon rotation,
A(x− y) = (d, 0, · · · , 0). Then since translation by y is an isometry and that rotation by O(n) is isometry

dg0(x, y) = dg0(x− y, 0) = dg0(A(x− y), 0) = dg0((d, 0, · · · , 0), 0)
= dg0((0, · · · , 0), (d, 0, · · · , 0))

It remains to show that dg0((0, · · · , 0), (d, 0, · · · , 0)) = d. Consider smooth curve

γ : [0, 1]
C∞

→ Rn

t 7→ (x1(t), · · · , xn(t))

s.t.
γ(0) = (0, · · · , 0), γ(1) = (d, 0, · · · , 0)
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Then

ℓg0(γ) =

ˆ 1

0

|γ′(t)|g0 dt =
ˆ 1

0

√
x′1(t)

2 + · · ·+ x′n(t)
2 dt ≥

ˆ 1

0

|x′1(t)| dt

≥
ˆ 1

0

x′1(t) dt = d− 0 = d

= ℓg0(γ0)

where γ0(t) = (dt, 0, · · · , 0), so γ(0) = 0 and γ(1) = (d, 0, · · · , 0).
In fact if ϕ : (Rn, g0) → (Rn, g0) is any isometry, then

|ϕ(x)− ϕ(y)| = |x− y|
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2.2 Riemannian Connection

Let (M, g) be a Riemannian Manifold of dimension n. Consider the tangent bundle. Recall Affine Connection
as in Definition 1.21.2.

∇ : X(M)× X(M) → X(M)

(X,Y ) 7→ ∇XY

2.2.1 Symmetry and Compatibility with the Metric

Symmetric Affine Connection

Definition 2.2.1 (Symmetric affine connection). An affine connection ∇ on a smooth manifoldM is symmetric
if for any X, Y ∈ X(M)

∇XY −∇YX = [X,Y ]

Symmetric Affine Connection in Local Coordinates. Recall as in (1.66) with ej =
∂
∂xj

. The Christoffel

symbols are defined as

∇ ∂
∂xi

∂

∂xj
=

n∑
k=1

Γkij
∂

∂xk

Now that ∇ is symmetric implies

∇ ∂
∂xi

∂

∂xj
−∇ ∂

∂xj

∂

∂xi
= [

∂

∂xi
,
∂

∂xj
] = 0

Thus expanding the LHS gives ∑
k

(
Γkij − Γkji

) ∂

∂xk
= 0

Hence that ∇ is symmetric is equivalent to saying

Γkij = Γkji (2.6)

Notice the above has nothing to do with the metric g.

Compatibility with the Metric

Definition 2.2.2 (Compatible with metric). An affine connection ∇ on a Riemannian manifold (M, g) is
compatible with the Riemannian metric g if for any X, Y, Z ∈ X(M) we have

Z(g(X,Y )) = g(∇ZX,Y ) + g(X,∇ZY ) (2.7)

where g(X,Y ) ∈ C∞(M). In fact, compatibility with the metric in equivalent to

∇Zg = 0 ∀ Z ∈ X(M) (2.8)

Proposition 2.2.1 (Equivalence with Compatibility with Metric; [dC92] Proposition 3.2). Let D
dt be defined

along c : I →M smooth curve by an affine connection ∇ on M , which is compatible with a Riemannian metric
g on M .

For V, W smooth vector fields along c : I →M , i.e., V, W ∈ C∞(I, c∗TM), the metric inner product writes

⟨V,W ⟩(t) = (g(c(t)) (V (t), W (t))

where ⟨V,W ⟩ ∈ C∞(I). Then we have

d

dt
⟨V,W ⟩(t) = ⟨DV

dt
,W ⟩+ ⟨V, DW

dt
⟩ (2.9)

In fact

(i) ∇ is compatible with g iff (2.9) holds.

(ii) In particular, ∇ is compatible with g implies whenever V, W are parallel, we have

⟨V,W ⟩ = constant (2.10)

The converse holds as well.
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Proof. Choose orthonormal basis {P1(t0), · · · , Pn(t0)} of Tc(t0)M for t0 ∈ I. Using Proposition 1.22.1, one may
extend the vectors Pi(t0) along c via parallel transport. Assume (2.10) holds, then

{P1(t), · · · , Pn(t)} is an orthonormal basis of Tc(t)M for any t ∈ I

Therefore one may write

V =
∑
i

viPi

W =
∑
i

wiPi

where vi, wi are differentiable functions on I. It follows that

DV

dt
=

n∑
i=1

dvi

dt
Pi

DW

dt
=

n∑
i=1

dwi

dt
Pi

This is because using the Leibniz rule (1.89) and that Pi are parallel

DV

dt
=
D

dt

(∑
i

viPi

)
=
∑
i

dvi

dt
Pi +

��
���

∑
i

vi
DPi
dt

Therefore

⟨DV
dt

,W ⟩+ ⟨V, DW
dt

⟩ =
n∑
i=1

(
dvi

dt
wi +

dwi

dt
vi
)

=
d

dt

(
n∑
i=1

viwi

)
=

d

dt
⟨V,W ⟩ = 0

Symmetry and Compatibility under Pullback Let M be smooth manifold of dimension n and (N,h) be

Riemannian manifold of dimension m. Let F :M
∞→ (N,h). Recall its pushforward (1.81) is defined via

F∗ : X(M) → C∞(M,F ∗TN)

X 7→ F∗X

where
F∗X :M → F ∗TN

p 7→ dFp(X(p)) ∈ TF (p)N = (F ∗TN)p

Let ∇ be affine connection on N . Denote D := F ∗∇

D : X(M) → C∞(M,F ∗TN)

X 7→ DX

as the pullback connection on M in F ∗TN as in (1.84).
We first need to study what are the objects

DX(F∗Y ) = (F ∗∇)X(F∗Y ) ∀ X, Y ∈ X(M)

or for Y ∈ X(M)
D(F∗Y ) = (F ∗∇)(F∗Y ) ∈ C∞(M,T ∗M ⊗ F ∗TN) = Ω1(M,F ∗TN)

Proposition 2.2.2. Under the above setting.

(i) If ∇ is symmetric , then

DX(F∗Y )−DY (F∗X) = F ∗∇X(F∗Y )− F ∗∇Y (F∗X) = F∗([X,Y ]) ∀ X, Y ∈ X(M) (2.11)

(ii) If ∇ is compatible with the Riemannian metric h then

X⟨V,W ⟩ = ⟨DXV,W ⟩+ ⟨V,DXW ⟩ ∀ X ∈ X(M), ∀ W,V ∈ C∞(M,F ∗TN) (2.12)
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Proof. Let ϕ : U → Rn be a chart on M with coordinates (x1, . . . , xn) and let (V, (y1, . . . , ym)) be a chart on N
with F (U) ⊂ V . Write

X =

n∑
i=1

ai
∂

∂xi
, Y =

n∑
i=1

bi
∂

∂xi
.

For each i, for any p ∈ U (in analog with (1.90))(
F∗

∂

∂xi

)
(p) = dFp

(
∂

∂xi
(p)

)
=

m∑
j=1

∂yj
∂xi

(p)
∂

∂yj
(F (p)).

On the other hand, for any V ∈ C∞(M,F ∗TN) we write in local coordinates (in analog with (1.91))

V (p) =

m∑
j=1

V j(p)
∂

∂yj
(F (p)) =

m∑
j=1

V j(p)

(
F ∗ ∂

∂yj

)
(p)

Hence, using Y =
∑
i bi

∂
∂xi

∈ X(M), so F∗Y ∈ C∞(M,F ∗TN), one write

F∗Y (p) =

n∑
i=1

bi(p)F∗

( ∂

∂xi

)
(p)

=

n∑
i=1

m∑
j=1

bi(p)
∂yj
∂xi

(p)
∂

∂yj
(F (p)). (2.13)

Therefore the coordinate components are

(F∗Y )j(p) =

n∑
i=1

bi(p)
∂yj
∂xi

(p) = Y (yj ◦ F )(p). (2.14)

Now let Γkℓr be the Christoffel symbols of ∇ in the (y1, . . . , ym) chart, i.e.

∇ ∂
∂yℓ

∂

∂yr
=

m∑
k=1

Γkℓr
∂

∂yk
.

Then by the defining property of pullback connection (1.84) for any X =
∑
i ai

∂
∂xi

,

DXV =

m∑
k=1

X(V k) +

m∑
ℓ,r=1

Γkℓr(F (p))X(yℓ ◦ F )V r
 ∂

∂yk
(F (p)). (2.15)

(Here X(yℓ ◦ F ) =
∑
i ai

∂
∂xi

(yℓ ◦ F ).)

Symmetry. Apply (2.15) to V = F∗Y . Using (2.14), we have (F∗Y )k = Y (yk ◦ F ), hence

DX(F∗Y ) =

m∑
k=1

X(Y (yk ◦ F )
)
+

m∑
ℓ,r=1

Γkℓr(F )X(yℓ ◦ F )Y (yr ◦ F )

 ∂

∂yk
(F ). (2.16)

Similarly,

DY (F∗X) =

m∑
k=1

Y (X(yk ◦ F )
)
+

m∑
ℓ,r=1

Γkℓr(F )Y (yℓ ◦ F )X(yr ◦ F )

 ∂

∂yk
(F ). (2.17)

Subtract (2.17) from (2.16):

DX(F∗Y )−DY (F∗X) =

m∑
k=1

(
X(Y (yk ◦ F ))− Y (X(yk ◦ F ))

+

m∑
ℓ,r=1

Γkℓr(F )
[
X(yℓ ◦ F )Y (yr ◦ F )− Y (yℓ ◦ F )X(yr ◦ F )

]) ∂

∂yk
(F ).

If ∇ is symmetric, then Γkℓr = Γkrℓ, so the Γ–term vanishes because the bracketed factor is antisymmetric in
(ℓ, r). Therefore,

DX(F∗Y )−DY (F∗X) =

m∑
k=1

(
[X,Y ](yk ◦ F )

) ∂

∂yk
(F ) = F∗([X,Y ]),
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because F∗([X,Y ]) has components ([X,Y ](yk ◦ F ))mk=1 in the ∂
∂yk

frame. This proves (2.11).

Compatibility. Let h be a Riemannian metric on N with local components hkr(y) in (y1, . . . , ym):

h
( ∂

∂yk
,
∂

∂yr

)
= hkr(y).

The induced (pullback) inner product on F ∗TN is

⟨V,W ⟩(p) = hkr(F (p))V
k(p)W r(p) (Einstein summation).

Differentiate:

X⟨V,W ⟩ = X
(
hkr(F )V

kW r
)

= X(hkr(F ))V
kW r + hkr(F )X(V k)W r + hkr(F )V

kX(W r). (2.18)

Next compute ⟨DXV,W ⟩+ ⟨V,DXW ⟩ using (2.15):

⟨DXV,W ⟩ = hkr(F ) (DXV )kW r

= hkr(F )
(
X(V k) + Γkαβ(F )X(yα ◦ F )V β

)
W r, (2.19)

⟨V,DXW ⟩ = hkr(F )V
k (DXW )r

= hkr(F )V
k
(
X(W r) + Γrαβ(F )X(yα ◦ F )W β

)
. (2.20)

Adding (2.19) and (2.20) gives

⟨DXV,W ⟩+ ⟨V,DXW ⟩ = hkr(F )X(V k)W r + hkr(F )V
kX(W r)

+X(yα ◦ F )
(
hkr(F )Γ

k
αβ(F )V

βW r + hkr(F )Γ
r
αβ(F )V

kW β
)
. (2.21)

So (2.12) will follow if we show the remaining terms match:

X(hkr(F ))V
kW r = X(yα ◦ F )

(
hsr(F )Γ

s
αk(F )V

kW r + hks(F )Γ
s
αr(F )V

kW r
)
.

But X(hkr(F )) = X(yα ◦F ) ∂αhkr(F ) by the chain rule, hence it suffices to use the coordinate form of ∇h = 0:

∂αhkr = hsrΓ
s
αk + hksΓ

s
αr. (2.22)

Substituting (2.22) into (2.18) shows that (2.18) equals (2.21), i.e.

X⟨V,W ⟩ = ⟨DXV,W ⟩+ ⟨V,DXW ⟩,

which is (2.12).

Symmetry and Compatibility as ∇ acting on (0, 2)-tensors

Lemma 2.2.1. Let ∇ be affine connection on a smooth manifold M . Then ∇ is symmetric iff for any f ∈
C∞(M), the (0, 2)-tensor ∇df is symmetric, i.e.

(∇df)(X,Y ) = (∇df)(Y,X) ∀ X, Y ∈ X(M) (2.23)

Proof. Using (1.106), since df ∈ Ω1(M) for any f ∈ C∞(M), for any X, Y ∈ X(M), using Definition (1.108)

(∇df)(Y,X) := ∇Xdf(Y ) = X(df(Y ))− df(∇XY )

(1.43)
= X(Y (f))− (∇XY )(f)

Now assume ∇ is symmetric.

(∇df)(Y,X) = X(Y (f))− (∇XY )(f) = X(Y (f))− ((∇YX)(f)− [Y,X](f))

= X(Y (f))−X(Y (f)) + Y (X(f))− (∇YX)(f)

= Y (X(f))− (∇YX)(f) = (∇df)(X,Y )

On the other hand assume (∇df)(Y,X) = (∇df)(X,Y ). Then

0 = (∇df)(Y,X)− (∇df)(X,Y ) = (X(Y (f))− (∇XY )(f))− (Y (X(f))− (∇YX)(f))

= [X,Y ](f) +∇YX(f)−∇XY (f) ∀ f ∈ C∞(M)
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Lemma 2.2.2. Let (M, g) be Riemannian manifold with ∇ an affine connection. Then ∇ is compatible with g
iff

∇g = 0

as an answer to (2.8).

Proof. For any X, Y, Z ∈ X(M)

(∇g)(X,Y, Z) (1.108)
= (∇Zg)(X,Y )

(1.104)
= Z(g(X,Y ))− g(∇ZX,Y )− g(X,∇ZY )

(2.7)
= 0

∇g = 0

2.2.2 Levi-Civita Connction

Levi-Civita Connection

Theorem 2.2.1 (Levi-Civita). Let (M, g) be a Riemannian manifold. Then there exists a unique affine con-
nection ∇ on M which is symmetric and compatible with the metric g.

Such connection is called the Levi-Civita Connection.

Proof. Assume such connection exists. Let’s show uniqueness. Take any X, Y, Z ∈ X(M), if we have compati-
bility with the metric g, then

X(g(Y,Z)) = g(∇XY,Z) + g(Y,∇XZ)

Y (g(Z,X)) = g(∇Y Z,X) + g(Z,∇YX)

Z(g(X,Y )) = g(∇ZX,Y ) + g(X,∇ZY )

Now add up first two and subtract the third, using g is symmetric tensor, and then using ∇ is symmetric
affine connection

X(g(Y,Z)) + Y (g(Z,X))− Z(g(X,Y )) = g(∇XY +∇YX,Z) + g(Y,∇XZ −∇ZX) + g(X,∇Y Z −∇ZY )

= 2g(∇YX,Z) + g(Z,∇XY −∇YX) + g(Y,∇XZ −∇ZX) + g(X,∇Y Z −∇ZY )

= 2g(∇YX,Z) + g(Z, [X,Y ]) + g(Y, [X,Z]) + g(X, [Y,Z])

Then

g(∇YX,Z) =
1

2
(X(g(Y,Z)) + Y (g(Z,X))− Z(g(X,Y ))− g(Y, [X,Z])− g(X, [Y,Z])− g(Z, [X,Y ]))

This uniquely determines ∇YX for any X, Y ∈ X(M).
Now for Existence, we define ∇YX as above and check that ∇ is symmetric and compatible with the

Riemannian metric g.

Here we record our usual expression for Levi-Civita Connection.

g(∇XY,Z) =
1

2
(X(g(Y,Z)) + Y (g(Z,X))− Z(g(X,Y ))− g(Y, [X,Z])− g(X, [Y, Z]) + g(Z, [X,Y ])) (2.24)

Levi-Civita in Local Coordinates Let Y = ∂
∂xi

, X = ∂
∂xj

and Z = ∂
∂xk

as in (2.24). Then making use of

(1.66) with ej =
∂
∂xj

so that

∇ ∂
∂xi

∂

∂xj
=

n∑
k=1

Γkij
∂

∂xk
(2.25)

One write

LHS of (2.24) = g(∇ ∂
∂xi

∂

∂xj
,
∂

∂xk
) = g(

n∑
ℓ=1

Γℓij
∂

∂xℓ
,
∂

∂xk
) =

n∑
ℓ=1

Γℓijgℓk

RHS of (2.24) =
1

2

(
∂

∂xj
g(

∂

∂xi
,
∂

∂xk
) +

∂

∂xi
g(

∂

∂xk
,
∂

∂xj
)− ∂

∂xk
g(

∂

∂xi
,
∂

∂xj
)− g(

∂

∂xi
, 0)− g(

∂

∂xj
, 0)− g(

∂

∂xk
, 0)

)
=

1

2
(gik,j + gkj,i − gij,k)
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where gij,k :=
∂gij
∂xk

. Hence matching both sides gives

Γℓij =
1

2

n∑
k=1

gℓk (gik,j + gkj,i − gij,k) (2.26)

where (gℓk(x)) := (gℓk(x))
−1 is understood as the inverse matrix. The matrix is invertible because

gij = g(
∂

∂xi
,
∂

∂xj
)

is symmetric, positive definite.

Christoffel Symbol Examples for Levi-Civita

Example 2.2.1. Consider the flat metric (Rn, g = dx21 + · · · dx2n) where gij = δij. Then gij,k = 0 with

Γℓij = 0, ∇ ∂
∂xi

∂

∂xj
= 0, ∇ ∂

∂xj
= 0

Then for c : I → Rn smooth curve with c(t) = (x1(t), · · · , xn(t)), and any C∞ vector field along c

V (t) =

n∑
j=1

V j(t)
∂

∂xj
(c(t))

Plugging in (1.92) we see

DV

dt
(t) =

n∑
j=1

dV j

dt
(t)

∂

∂xj
(c(t))

Thus V is parallel DVdt = 0 iff all coordinate components vanish dV j

dt (t) = 0.

Example 2.2.2. Consider (S2, gcan = dϕ2 + sin2(ϕ)dθ2). For spherical coordinates θ ∈ (0, 2π) and ϕ ∈ (0, π).

(x, y, z) = (sin(ϕ) cos(θ), sin(ϕ) sin(θ), cos(ϕ))

And (x1, x2) = (ϕ, θ).

Metric, its Inverse and the derivatives. We have

(gij) =

(
1 0
0 sin2(ϕ)

)
Inverting gives

(gij) =

(
1 0
0 1

sin2(ϕ)

)
Thus gij = 0 for any i ̸= j and gkk = 1

gkk
. In particular g22,1 = 2 sin(ϕ) cos(ϕ) and gij,k = 0 otherwise.

Compute Christoffel Symbols Γkij. Using (2.26) we compute

Γ1
11 = Γ2

11 = Γ1
12 = Γ1

21 = Γ2
22 = 0

Γ2
12 =

1

2

2∑
k=1

(
g2k(g1k,2 + gk2,1 − g12,k)

)
=

1

2g22

∂

∂ϕ
g22

=
1

2

∂

∂ϕ
log(sin2(ϕ)) =

cos(ϕ)

sin(ϕ)
= cot(ϕ) = Γ2

21

Γ1
22 =

1

2
g11(0 + 0− g22,1) = −1

2

∂

∂ϕ
(sin2(ϕ)) = − sin(ϕ) cos(ϕ)

Compute ∇ ∂
∂xi

∂
∂xj

. Using (2.25) we derive relations

∇ ∂
∂ϕ

∂

∂ϕ
= Γ1

11

∂

∂ϕ
+ Γ2

11

∂

∂θ

∇ ∂
∂ϕ

∂

∂θ
= ∇ ∂

∂θ

∂

∂ϕ
= Γ1

12

∂

∂ϕ
+ Γ2

12

∂

∂θ

∇ ∂
∂θ

∂

∂θ
= Γ1

22

∂

∂ϕ
+ Γ2

22

∂

∂θ
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Thus

∇ ∂
∂ϕ

∂

∂ϕ
= Γ1

11

∂

∂ϕ
+ Γ2

11

∂

∂θ
= 0

∇ ∂
∂ϕ

∂

∂θ
= ∇ ∂

∂θ

∂

∂ϕ
= Γ1

12

∂

∂ϕ
+ Γ2

12

∂

∂θ
= cot(ϕ)

∂

∂θ

∇ ∂
∂θ

∂

∂θ
= Γ1

22

∂

∂ϕ
+ Γ2

22

∂

∂θ
= − sin(ϕ) cos(ϕ)

∂

∂ϕ

Compute connection 1-forms ωkj . With our Christoffel Symbols, we use local coordinates (1.68)

ωkj =

n∑
i=1

Γkijdxi

to read off ω1
1 = 0, ω2

1 = cot(ϕ)dθ, ω1
2 = − sin(ϕ) cos(ϕ)dθ and ω2

2 = cot(ϕ)dϕ. The connection 1-form writes(
ω1
1 ω1

2

ω2
1 ω2

2

)
=

(
0 − sin(ϕ) cos(ϕ)dθ

cot(ϕ)dθ cot(ϕ)dϕ

)
∈ Ω1(U, gl(2,R))

Compute ∇ ∂
∂xj

. Hence for (1.67) with ej =
∂
∂xj

∇ ∂

∂xj
=

2∑
k=1

ωkj ⊗
∂

∂xk

we have

∇ ∂

∂ϕ
= dϕ⊗∇ ∂

∂ϕ

∂

∂ϕ
+ dθ ⊗∇ ∂

∂θ

∂

∂ϕ
= (cot(ϕ)dθ)⊗ ∂

∂θ

∇ ∂

∂θ
= dϕ⊗∇ ∂

∂ϕ

∂

∂θ
+ dθ ⊗∇ ∂

∂θ

∂

∂θ
= (cot(ϕ)dϕ)⊗ ∂

∂θ
− sin(θ) cos(θ)dθ ⊗ ∂

∂ϕ

Connection one-form for Orthonormal Frame We can use the Orthonormal frame (2.1) to compute
connection one-form for S2.

{ ∂
∂ϕ

,
1

sin(ϕ)

∂

∂θ
}

Using Leibniz rule (1.61)

∇1 = ∇ ∂
∂x1

= ∇ ∂
∂ϕ

∇2 = ∇ ∂
∂x2

= ∇ ∂
∂θ

e1 :=
∂

∂ϕ

e2 :=
1

sin(ϕ)

∂

∂θ

∇1e1 = ∇ ∂
∂ϕ

∂

∂ϕ
= 0

∇1e2 = ∇ ∂
∂ϕ

(
1

sin(ϕ)

∂

∂θ

)
(1.61)
= − cos(ϕ)

sin2(ϕ)

∂

∂θ
+

1

sin(ϕ)
∇ ∂

∂ϕ

∂

∂θ
= 0

∇2e1 = ∇ ∂
∂θ

∂

∂ϕ
= cot(ϕ)

∂

∂θ
= cos(ϕ)e2

∇2e2 = ∇ ∂
∂θ

(
1

sin(ϕ)

∂

∂θ

)
(1.61)
=

1

sin(ϕ)
∇ ∂

∂θ

∂

∂θ
=

1

sin(ϕ)
(− sin(ϕ) cos(ϕ)

∂

∂ϕ
) = − cos(ϕ)e1

For ∇ej =
∑2
k=1 ω̃

k
j ⊗ ek, since

∇e1 = dϕ⊗∇ ∂
∂ϕ
e1 + dθ ⊗∇ ∂

∂θ
e1 = dθ ⊗∇2e1 = cos(ϕ)dθ ⊗ e2

∇e2 = dϕ⊗∇1e2 + dθ ⊗∇2e2 = − cos(ϕ)dθ ⊗ e1

One has

[∇e1,∇e2] = [e1, e2]

(
0 − cos(ϕ)

cos(ϕ) 0

)
dθ
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and so our connection one-form ω̃ writes(
ω̃1
1 ω̃1

2

ω̃2
1 ω̃2

2

)
=

(
0 − cos(ϕ)dθ

cos(ϕ)dθ 0

)
∈ Ω1(U, so(2))

Proposition 2.2.3. In general if e1, · · · , en are local orthonormal frame (2.1) of TM |U = TU , and ∇ is
an affine connection compatible with the Riemannian metric, then

ωkj = −ωjk

and ω ∈ Ω1(U, so(n)).

Proof. Since ei are orthonormal, ⟨ei, ej⟩ = δij . Thus

0 = d⟨ei, ej⟩ = ⟨∇ei, ej⟩+ ⟨ei,∇ej⟩

But ∇ei =
∑n
k=1 ω

k
i ⊗ ek, so plugging in yields

0 = ωji + ωij



CHAPTER 2. RIEMANNIAN GEOMETRY 86

2.3 Geodesics

Let (M, g) be a Riemannian manifold of dimension n.

Definition 2.3.1 (Geodesic). Let γ : I ⊆ R →M be C∞ curve. We say γ is geodesic at t0 ∈ I if

D

dt

dγ

dt
(t0) = 0 ∈ Tγ(t0)M

where D
dt = γ∗∇ ∂

∂t
is the covariant derivative defined by the pullback of Levi-Civita connection on (M, g) under

γ itself.
We say γ is geodesic if

D

dt
(
dγ

dt
) = ∇ dγ

dt

dγ

dt
= ∇γ̇ γ̇ ≡ 0

In other words, geodesics are curves whose curve velocity are parallel w.r.t. the covariant derivative along
itself (via Levi-Civita Connection). In particular, the size of curve velocity remains constant.

Lemma 2.3.1. If γ : I →M is a geodesic in a Riemannian manifold (M, g) then

|γ′| := |dγ
dt

| =
√
g(t)(

dγ

dt
(t),

dγ

dt
(t)) = constant

Proof. Using D
dt defined by Levi-civita connection, which is compatible with the metric, (2.9)

d

dt
⟨dγ
dt
,
dγ

dt
⟩ = ⟨D

dt

dγ

dt
,
dγ

dt
⟩+ ⟨dγ

dt
,
D

dt

dγ

dt
⟩ = 0

Geodesic in Local Coordinates and Local Existence and Uniqueness Let (U, ϕ) for ϕ = (x1, · · · , xn)
be C∞ chart on M . On U we have

∇ ∂
∂xi

∂

∂xj
=
∑
k

Γkij
∂

∂xk

where (2.26)

Γℓij =
1

2

∑
k

gℓk (gik,j + gkj,i − gij,k)

WLOG assume

γ : I → U
ϕ→ Rn

Then in view of local coordinates representation (1.90) and (1.91), for any V ∈ C∞(I, γ∗TM)

ϕ ◦ γ(t) = (x1(t), · · · , xn(t))

γ′(t) =
∑
k

dxk
dt

(t)
∂

∂xk
(γ(t))

V (t) =

n∑
k=1

V k(t)
∂

∂xk
(γ(t))

DV

dt
(t)

(1.92)
=

n∑
k=1

dV k
dt

(t) +

n∑
i,j=1

Γkij(γ(t))
dxi
dt

(t)V j(t)

 ∂

∂xk
(γ(t))

Now in particular, we pick the smooth vector field along γ to be its curve velocity

V (t) = γ′(t) ≡ dγ

dt

By matching coefficients we have V k(t) = dxk
dt (t). Thus the equations for covariant derivative in local coordinates

write
D

dt

dγ

dt
= 0 ⇐⇒ d2xk

dt2
+

n∑
i,j=1

Γkij ◦ γ
dxi
dt

dxj
dt

= 0 ∀ k = 1 · · ·n (2.27)

This is a system of 2nd order ODEs in x1(t), · · · , xn(t). Denote

yi(t) :=
dxi
dt

(t)



CHAPTER 2. RIEMANNIAN GEOMETRY 87

Then they satisfy
dxk
dt

= yk

dyk
dt

= −
n∑

i,j=1

Γkij ◦ γyiyj
(2.28)

This is a system of 1st order ODE in x1(t), · · · , xn(t) and y1(t), · · · , yn(t). Hence there exists unique solution
if given initial data ai, bi ∈ R

xi(t0) = ai

yi(t0) = bi =
dxi
dt

(t0)

or in other words

γ(t0) = ϕ−1(a1, · · · , an) =: p

γ′(t0) =

n∑
i=1

bi
∂

∂xi
(p)

Theorem 2.3.1 (Existence and Uniqueness Theory for Geodesic). Let (M, g) be a Riemannian manifold. Given
any p ∈M and v ∈ TpM

• There exists a geodesic γ : I →M s.t. 0 ∈ I, γ(0) = p and γ′(0) = v.

• If β : I ′ →M is a geodesic s.t. β(0) = p, β′(0) = v then we must have

I ′ ⊆ I, β = γ|I′

Examples for Geodesic

Example 2.3.1. Let (Rn, g0 = dx21 + · · · dx2n) be flat metric. Then

gij = δij Γkij = 0

Hence using (2.27)
D

dt
γ′(t) = 0 ⇐⇒ d2xk

dt2
= 0

so for
γ : I → Rn

t 7→ (x1(t), · · · , xn(t))

Given any a ∈ Rn and b ∈ TaRn ∼= Rn the unique geodesic γ(t) with γ(0) = a and γ′(0) = b writes

γ(t) = a+ bt t ∈ R

Example 2.3.2. Consider canoncial metric (Sn, gcan). Given p ∈ Sn and v ∈ TpSn. Recall

(p, v) ∈ TSn ⊆ TRn+1 ∼= Rn+1 × Rn+1

for |p| = 1 and ⟨p, v⟩ = 0. The unique geodesic γ(t) (unit-speed great circle through p with initial velocity v) in
(Sn, gcan) is given by

γ(t) =

{
p if v = 0

cos(|v|t)p+ sin(|v|t) v|v| if v ̸= 0
(2.29)

2.3.1 Geodesic Field and Geodesic Flow

For γ : I →M smooth curve in M and V a C∞ vector field along γ, the tuple

γ̃ : I → TM

t 7→ (γ(t), V (t))
(2.30)

defines a smooth curve in TM s.t. the diagram commutes

I

TM M

γ̃
γ

π
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We prescribe initial data γ(0) = p and γ′(0) = v for (p, v) ∈ TM . Now γ is a geodesic in (M, g), i.e.,

D

dt

d

dt
γ = 0

iff γ(t) and V (t) satisfy

γ′(t) = V (t)

DV

dt
(t) = 0

γ̃(0) = (p, v)

2.3.1.1 Geodesic Field

Now for any (p, v) ∈ TM , define G(p, v) ∈ T(p,v)(TM) as follows.

Definition 2.3.2 (Geodesic Field). Take any (p, v) ∈ TM . Let γ : (−ε, ε) → M be the unique geodesic in
(M, g) s.t. γ(0) = p, γ′(0) = v. Let γ̃ denote the lifted curve (2.30)

γ̃ : (−ε, ε) → TM

t 7→ (γ(t), γ′(t))

Now we define the geodesic field as

G : TM → T (TM)

(p, v) 7→ γ̃′(0) ∈ Tγ̃(0)(TM) = T(p,v)(TM)
(2.31)

where γ is the unique geodesic in (M, g) with γ(0) = p, γ′(0) = v.

In the following we make sense of the definition (2.31).

Well-definedness of Geodesic Field G ∈ X(TM) Let (U, ϕ) with coordinates ϕ = (x1, · · · , xn) be C∞

chart for M .

We first lift coordinate chart into TM . We lift the chart to TM via (π−1(U), ϕ̃)

ϕ̃ : π−1(U) ⊆ TM → ϕ(U)× Rn ⊆ R2n

(p, v) 7→ (x1, · · · , xn, y1, · · · , yn)

where p ∈ U and {yi} denotes the components w.r.t. basis fixed by { ∂
∂xi

}

v =

n∑
i=1

yi
∂

∂xi
(p) ∈ TpM

In particular, ϕ̃ is related to ϕ via

ϕ̃(p, v) = (ϕ(p), y1, · · · , yn)

Also note
ϕ ◦ γ(t) = (x1(t), · · · , xn(t))

implies
ϕ̃ ◦ γ̃(t) = (x1(t), · · · , xn(t), y1(t), · · · , yn(t))

Geodesic Field in Local Coordinates. Hence writing into equations

G(γ̃(t))
(2.31)
:=

dγ̃

dt
(t)

(1.90)
=

n∑
i=1

dxi
dt

(t)
∂

∂xi
(γ̃(t)) +

n∑
k=1

dyk
dt

(t)
∂

∂yk
(γ̃(t))

(2.28)
=

n∑
i=1

dxi
dt

(t)
∂

∂xi
(γ̃(t))−

n∑
i,j,k=1

(Γkij ◦ γ)(t)yi(t)yj(t)
∂

∂yk
(γ̃(t))

On π−1(U) we have {
∂

∂x1
, · · · , ∂

∂xn
,
∂

∂y1
, · · · , ∂

∂yn

}
as C∞ frame of T (TM)|π−1(U).

Hence

G =

n∑
k=1

yk
∂

∂xk
−

n∑
i,j,k=1

(Γkij ◦ ϕ−1(x1, · · · , xn))yiyj
∂

∂yk
(2.32)

Since all coefficients are smooth functions over π−1(U), this justifies that G is indeed a C∞ vector field on TM .
Notice that the geodesic field G is unique using γ̃ is a unique solution of the system of differential equations.
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2.3.1.2 Geodesic Flow

Given our Geodesic Field G as in (2.31). For any (p, v) ∈ TM , using Theorem 1.15.1, there exists δ > 0 and an
open neighborhood TU of (p, v) in TM s.t. a flow ϕ (1.29) exists

ϕ : (−δ, δ)× TU
C∞

→ TM

(t, q, w) 7→ ϕ(t, q, w)

s.t. {
∂
∂tϕ(t, q, w) = G(ϕ(t, q, w))

ϕ(0, q, w) = (q, w)
∀ (t, q, w) ∈ (−δ, δ)× TU (2.33)

Such ϕ is called a Geodesic Flow.

Recover Geodesic via Geodesic Flow Using the geodesic flow, one may construct geodesics in M using
any initial data in the neighborhood U of (p, v). This is the same procedure as recovering the integral curve
from the flow.

Denote π as the projection for our tangent bundle

π : TM →M

(p, v) 7→ p

Let ϕ be our geodesic flow (2.33). Then define

γ := π ◦ ϕ : (−δ, δ)× U →M

(t, q, w) 7→ π(ϕ(t, q, w))
(2.34)

Now for fixed (q, w) ∈ U ⊆ TM s.t. q ∈M and w ∈ TqM , from γ we may recover the geodesic

γq,w : (−δ, δ) →M

t 7→ γ(t, q, w)
(2.35)

with γq,w(0) = q as initial position and γ′q,w(0) = w as initial velocity.
In fact γ and ϕ are related via

ϕ(t, p, v) = (γ(t, p, v),
∂

∂t
γ(t, p, v)) ∀ (t, p, v) ∈ (−δ, δ)× U

Abuse of notation, sometimes we call γ as in (2.34) also as geodesics.

Local Existence and Uniqueness of Geodesic under Geodesic Flow Fix p ∈ M . It is in fact able to
choose the neighborhood U ⊆ TM in (2.34)(as the domain of definition for geodesic flow) in the form

UV,ε1 = {(q, v) ∈ TM | q ∈ V, v ∈ TqM, |v| < ε1} (2.36)

where V is an open neighborhood of p ∈M . This controls the size of velocity within ε1.

Proposition 2.3.1 ([dC92] Proposition 3.2.5). Given p ∈M , there exists

1. an open set V ⊆M s.t. p ∈ V

2. an open interval (−δ, δ) ⊆ R around 0

3. a parameter ε1 > 0

and a C∞ mapping as in (2.34)

γ = π ◦ ϕ : (−δ, δ)× UV,ε1 →M

(t, q, v) 7→ γ(t, q, v)
(2.37)

s.t. the restriction as in (2.35)
γq,v : (−δ, δ) →M

t 7→ γ(t, q, v)

is the unique geodesic of M , which at t = 0 passes through q with velocity v, for each (q, v) ∈ UV,ε1 as in (2.36).

Proposition 2.3.2. If (M, g) is compact Riemannin manifold. Then the geodesic flow ϕ and geodesic γ is
globally defined on R× TM .

ϕ : R× TM → TM

γ : R× TM →M
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Examples of Geodesic Field and Geodesic Flow

Example 2.3.3. Consider (Rn, g = dx21 + · · · dx2n) flat metric. We know Γkij = 0. One identify TRn ∼= R2n so
the geodesic field writes

G : TRn = R2n → T (TRn)

(x, y) 7→
n∑
k=1

yk
∂

∂xk

Solving ODEs give the geodesic flow

ϕ : R× TRn → TRn

(t, x, y) 7→ (x+ ty, y)

along with nearby geodesics (2.34) in Rn

γ : R× TRn → Rn

(t, x, y) 7→ x+ ty

Example 2.3.4. Consider (Sn, gcan). We have γ geodesics

γ : R× TSn → Sn

(t, x, y) 7→
{

x if y = 0
cos(|y|t)x+ sin(|y|t) y|y| if y ̸= 0

For geodesic flows, making use of

ϕ(t, q, w) = (γ(t, q, w),
∂γ

∂t
(t, q, w))

so |∂γ∂t (t, q, w)| = |w|, we have

ϕ : R× TSn → TSn

(t, x, y) 7→
{

(x, 0) if y = 0
(cos(|y|t)x+ sin(|y|t) y|y| ,− sin(|y|t)|y|x+ cos(|y|t)y) if y ̸= 0

Geodesic Flow preserves the sphere bundle

S|v|(TM) = {(p, v) ∈ TM | |v| = r}

with r > 0. The geodesic field G(p, v) is tangent to S|v|(TM).

2.3.2 Exponential Map

Homogeneity of Geodesic Proposition 2.3.1 asserts that for |v| < ε1, the geodesic γ(t, q, v) exists in an
interval (−δ, δ) and is unique.

In fact it is possible to increase the velocity of a geodesic, by decreasing its interval of definition,
and vice versa. This is known as homogeneity.

Lemma 2.3.2 ([dC92] Lemma 3.2.6). Given p ∈M , let γ be as in (2.37). In particular

γ : (−δ, δ)× UV,ε1 →M

(t, q, v) 7→ γ(t, q, v)

defines the geodesic
γq,v : (−δ, δ) →M

t 7→ γ(t, q, v)

Then for any a > 0,

γq,av : (−
δ

a
,
δ

a
) →M

t 7→ γ(t, q, av)

is defined on the interval (− δ
a ,

δ
a ) and

γq,av(t) ≡ γ(t, q, av) = γ(at, q, v) ≡ γq,v(at) ∀ (t, q, v) ∈ (− δ
a
,
δ

a
)× UV,ε1 (2.38)

In particular, the domain of definition for γ can be modified from (−δ, δ)× UV,ε1 to (− δ
a ,

δ
a )× UV,aε1 .
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Proof. Fix (q, v) ∈ UV,ε1 . Define a curve

h : (− δ
a
,
δ

a
) →M

t 7→ γ(at, q, v)

so that h(0) = q and dh
dt (0) = av. Since h′(t) = aγ′(at, q, v),

D

dt
(
dh

dt
) = ∇h′(t)h

′(t) = a2∇γ′(at,q,v)γ
′(at, q, v) = 0 ∀ t ∈ (− δ

a
,
δ

a
)

using that γ is geodesic. Thus h is a geodesic over (− δ
a ,

δ
a ), passing through q with velocity av at the instant

t = 0. By uniqueness of geodesics Proposition 2.3.1 (or in fact Theorem 2.3.1)

h(t) = γ(at, q, v) = γ(t, q, av)

Extending Interval of Definition Uniformly Large Leveraging homogeneity, one is able to make the
interval of existence for the geodesic uniformly large in a neighborhood of p.

Proposition 2.3.3 ([dC92] Proposition 3.2.7). For any p ∈M , there exists

1. an open set V ⊆M s.t. p ∈ V

2. a number ε > 0

and a C∞ mapping as in (2.34)
γ : (−2, 2)× UV,ε →M

(t, q, w) 7→ γ(t, q, w)
(2.39)

where
UV,ε := {(q, w) ∈ TM | q ∈ V, w ∈ TqM, |w| < ε} (2.40)

s.t. the restriction as in (2.35)
γq,w : (−2, 2) →M

t 7→ γ(t, q, w)

is the unique geodesic of M , which at t = 0 passes through q with velocity w, for any (q, w) ∈ U .

Proof. The geodesic γ defined in Proposition 2.3.1 exists for |t| < δ and |v| < ε1. By homogeneity Lemma 2.3.2,
one modify the domain from

(−δ, δ)× UV,ε1 to (−2, 2)× UV, δ2 ε1
so γ(t, q, δv2 ) is defined for t ∈ (−2, 2), (q, v) ∈ UV,ε1 . Choosing ε < δ

2ε1, we obtain that the geodesic γ(t, q, w)
is defined for |t| < 2 and |w| < ε.

Via a similar approach, one could make the curve velocity 1 by homogeneity

γ(1, q, v) = γ(v, q,
v

|v|
)

Exponential Map Proposition 2.3.3 permits us to introduce the concept of exponential map.

Definition 2.3.3 (Exponential Map). Let p ∈M . There exists UV,ε (2.40) and γ (2.39) as in Proposition 2.3.3.
We define the exponential map on UV,ε as

exp : UV,ε ⊆ TM →M

(q, v) 7→ γ(1, q, v) = γ(|v|, q, v
|v|

)
(2.41)

One may also consider its restriction to an open subset of the tangent space TqM .

expq : Bε(0) ⊆ TqM →M

v 7→ exp(q, v) = γ(1, q, v)
∀ q ∈ V (2.42)

It follows that both exp, expq are smooth functions, and that

expq(0) = q

Geometrically, expq(v) is the point of M obtained by going out the length equal to |v|, starting
from q, along a geodesic which passes through q with velocity v

|v| .
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Exponential Map as Diffeomorphism

Proposition 2.3.4 ([dC92] Proposition 3.2.9). For any q ∈M , there exists an ε > 0 s.t. (2.42)

expq : Bε(0) ⊆ TqM →M

v 7→ exp(q, v) = γ(1, q, v)

is a diffeomorphism of Bε(0) onto an open subset of M .

Proof. We want to compute the differential of expq at the origin.

(d expq)0 : T0(TqM) ∼= TqM → TqM

Once it’s a linear isomorphism, by Inverse Function Theorem we can conclude that expq is a local diffeomorphism.
To do so, we adopt the definition of differential (1.28) as mapping between curve velocity. For q ∈ M , and

for any v ∈ TqM with |v| < ε (here ε is as in UV,ε (2.40)) fixed, consider the curve c(t) = tv with c′(0) = v.

c : (−2, 2) → TqM

t 7→ tv

Now expq as a smooth map between TqM and M composed with the curve c gives

expq(tv) : (−2, 2) →M

t 7→ expq(tv) = γ(1, q, tv)

whose curve velocity is computed via

d

dt

∣∣∣∣
t=0

expq(tv) =
∂

∂t
γ(1, q, tv)|t=0

=
∂

∂t
γ(t, q, v)

∣∣∣∣
t=0

= v

Now

(d expq)0(v) = (d expq)0(c
′(0)) =

d

dt

∣∣∣∣
t=0

expq(tv) = v (2.43)

which is to say, the differential of expq at the origin 0 is the identity map. This is indeed linear isomorphism
between two tangent spaces. Hence expp : Bε(0) →M is a local diffeomorphism at the origin 0, i.e., there exists
ε > 0 sufficiently small s.t.

expq : Bε(0) ⊆ TqM → expq(Bε(0)) ⊆M

is a diffeomorphism.

Examples for Exponential Map

Example 2.3.5. For M = Rn, the exponential maps are the translations

expp : TpRn → Rn

v 7→ p+ v

Example 2.3.6. For M = Sn, recall (2.29)

expp(v) =

{
p v = 0

cos(|v|)p+ sin(|v|) v|v| v ̸= 0

This is diffeomorphism of Bπ(0) onto Sn \ {−p}.

2.3.3 Gauss Lemma

We first define some preliminaries.
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Piecewise Smooth curve

Definition 2.3.4. A piecewise smooth curve is

c : [a, b] ⊆ R →M

t 7→ c(t)

s.t. there exists a partition a = t0 < t1 < · · · < tk−1 < tk = b where the restriction are smooth curve

c|[ti,ti+1]
i = 0, · · · , k − 1

We say c joins points c(a) and c(b). c(ti) is called a vertex of c, and the angle formed by lim
t→t+i

c′(t), lim
t→t−i

c′(t)

is called the vertex angle at c(ti).

One may extend idea of parallel transport to piecewise smooth curves. Given V0 ∈ Tc(t)M , for t ∈ [ti, ti+1],
one may extend V0 to obtain a parallel field V (t) for t ∈ [ti, ti+1]. Now taking V (ti) and V (ti+1) as new initial
values, one extend V (t) in a similar manner to [ti−1, ti+2].

Parametrized Surface Let A ⊆ R2 be connected open subset. A parametrized surface in M is a smooth
function

s : A ⊆ R2 →M

(u, v) 7→ s(u, v)

Let (u, v) be global coordinates on R2, then { ∂
∂u ,

∂
∂v} ∈ X(A).

A vector field V along s is a smooth mapping s.t. V (q) ∈ Ts(q)M for any q ∈ A, as in Definition (1.83). We

denote ∂s
∂u ,

∂s
∂v ∈ C∞(A, s∗TM) as the pullback vector fields of ∂

∂u ,
∂
∂v along the parametrized surface s

∂s

∂u
:= s∗

∂

∂u
= ds(

∂

∂u
)

∂s

∂v
:= s∗

∂

∂v
= ds(

∂

∂v
)

so that for any (u, v) ∈ A
∂s

∂u
(u, v),

∂s

∂v
(u, v) ∈ Ts(u,v)M = (s∗TM)(u,v)

For ∇ an affine connection onM , we denote D := s∗∇ as the pullback connection (1.84). Denote D
du

:= D ∂
∂u

,
D
dv

:= D ∂
∂v

the covariant derivative as in Definition (1.88).

D

du
: C∞(A, s∗TM) → C∞(A, s∗TM)

V 7→ DV

du

One may understand DV
du (u, v0) as the covariant derivative along the curve

u 7→ s(u, v0)

of the restriction of V to this curve. This defines DV
du (u, v) for any (u, v) ∈ A.

Lemma 2.3.3 ([dC92] Lemma 3.3.4). If ∇ is a symmetric affine connection on M , then

D

dv

∂s

∂u
=
D

du

∂s

∂v
(2.44)

Proof. Using (2.11)

D

dv

∂s

∂u
− D

du

∂s

∂v
= D ∂

∂v
s∗

∂

∂u
−D ∂

∂u
s∗

∂

∂v

= s∗∇ ∂
∂v
s∗

∂

∂u
− s∗∇ ∂

∂u
s∗

∂

∂v

= s∗

(
[
∂

∂v
,
∂

∂u
]

)
= 0

Or we directly prove by hand. Let (U, ϕ) be C∞ chart around point of s(A) with coordinates

ϕ ◦ s(u, v) = (x1(u, v), · · · , xn(u, v))
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Then

D

dv
(
∂s

∂u
)(u, v) =

D

dv

(∑
i

∂xi
∂u

(u, v)
∂

∂xi
(s(u, v))

)
(1.89)
=

∑
i

(
∂2xi
∂v∂u

(u, v)
∂

∂xi
(s(u, v)) +

∂xi
∂u

(u, v)
D

dv

(
∂

∂xi
(s(u, v))

))
=
∑
i

(
∂2xi
∂v∂u

(u, v)
∂

∂xi
(s(u, v)) +

∂xi
∂u

(u, v)∇∑
j

∂xj
∂v

∂
∂xj

∂

∂xi
(s(u, v))

)
(1.58)
=

∑
i

 ∂2xi
∂v∂u

(u, v)
∂

∂xi
(s(u, v)) +

∑
j

∂xi
∂u

(u, v)
∂xj
∂v

(u, v)∇ ∂
∂xj

∂

∂xi
(s(u, v))


where we’ve used essentially (1.90)

ds(u,v)(
∂

∂v
) =

∑
j

∂xj
∂v

∂

∂xj
(s(u, v))

Now using that ∇ is symmetric thus

∇ ∂
∂xj

∂

∂xi
= ∇ ∂

∂xi

∂

∂xj

one conclude
D

dv
(
∂s

∂u
)(u, v) =

D

du
(
∂s

∂v
)(u, v)

Gauss Lemma In what follows we identify the tangent space to TpM at v ∈ TpM with TpM itself, and write
TpM ∼= Tv(TpM).

Lemma 2.3.4 ([dC92] Lemma 3.3.5). Let (M, g) be Riemannian manifold. Let p ∈ M , and v ∈ TpM so that
expp(v) as in (2.42) is defined.

Then
⟨(d expp)v(v), (d expp)v(w)⟩expp(v) = ⟨v, w⟩p ∀ w ∈ TpM ∼= Tv(TpM) (2.45)

Figure 2.1: Gauss Lemma
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Proof. Define for δ, ε > 0 sufficiently small.

f : (−ε, ε)× (−δ, 1 + δ) →M

(s, t) 7→ expp(t(v + sw))

For any s ∈ (−ε, ε) define fs
fs : (−δ, 1 + δ) →M

t 7→ f(s, t) = expp(t(v + sw))

Here fs is geodesic with initial position fs(0) = p and initial velocity f ′s(0) = v + sw. Now using fs is geodesic

D

dt

∂f

∂t
(s, t) =

D

dt
f ′s(t) = 0 (2.46)

Also ∥∥∥∥∂f∂t (s, t)
∥∥∥∥2 = ⟨∂f

∂t
(s, t),

∂f

∂t
(s, t)⟩ = ⟨f ′s(t), f ′s(t)⟩

(2.10)
= ⟨f ′s(0), f ′s(0)⟩

= ⟨v + sw, v + sw⟩
= ⟨v, v⟩+ 2s⟨v, w⟩+ s2⟨w,w⟩ (2.47)

We differentiate

f(t, s) = expp(t(v + sw))

∂f

∂t
(t, s) = (d expp)t(v+sw)(v + sw)

∂f

∂s
(t, s) = (d expp)t(v+sw)(tw)

∂f

∂t
(t, 0) = (d expp)tv(v)

∂f

∂s
(t, 0) = (d expp)tv(tw)

Thus to recover LHS of (2.45), we care about

∂f

∂t
(1, 0) = (d expp)v(v),

∂f

∂s
(1, 0) = (d expp)v(w)

We differentiate using compatibility with the Riemannian metric g , and that metric is symmetric (2.44)

∂

∂t
⟨∂f
∂t
,
∂f

∂s
⟩(t, s) (2.9)

= ⟨D
dt

∂f

∂t
,
∂f

∂s
⟩+ ⟨∂f

∂t
,
D

dt

∂f

∂s
⟩ (2.46)

= ⟨∂f
∂t
,
D

dt

∂f

∂s
⟩

(2.44)
= ⟨∂f

∂t
,
D

ds

∂f

∂t
⟩

(2.9)
=

1

2

∂

∂s
⟨∂f
∂t
,
∂f

∂t
⟩ (2.47)

=
1

2

∂

∂s

(
⟨v, v⟩+ 2s⟨v, w⟩+ s2⟨w,w⟩

)
= ⟨v, w⟩+ s|w|2

∂

∂t
⟨∂f
∂t
,
∂f

∂s
⟩(t, 0) = ⟨v, w⟩

Thus upon integration

⟨∂f
∂t

(1, 0),
∂f

∂s
(1, 0)⟩ − ⟨∂f

∂t
(0, 0),

∂f

∂s
(0, 0)⟩ =

ˆ 1

0

∂

∂t
⟨∂f
∂t
,
∂f

∂s
⟩(t, 0) dt =

ˆ 1

0

⟨v, w⟩ dt = ⟨v, w⟩

Conclude by noticing

⟨∂f
∂t

(1, 0),
∂f

∂s
(1, 0)⟩ = ⟨(d expp)v(v), (d expp)v(w)⟩

⟨∂f
∂t

(0, 0),
∂f

∂s
(0, 0)⟩ = 0
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Normal(Geodesic) Ball If expp is a diffeomorphism of a neighborhood V of the origin in TpM , then

U = expp V

is called a normal neighborhood of p. For Bε(0) whose closure lies in V , we call

exppBε(0) = Bε(p)

the normal ball or geodesic ball with center p and radius ε > 0.
By Gauss Lemma (2.45), the boundary of a normal ball is a hypersurface (submanifold of codimension 1)

in M orthogonal to the geodesics that start from p. We denote the boundary as

Sε(p) := ∂Bε(p) = expp(∂Bε(0))

and we call it the normal sphere or geodesic sphere at p. The geodesics in Bε(p) that begin at p are referred to
as radial geodesics.

Lemma 2.3.5. Sε(p) is orthogonal to the geodesics that start from p.

Proof. Fix v ∈ ∂Bε(0) ⊆ TpM and set q := expp(v) ∈ ∂Bε(p). Consider the radial geodesic

γ(t) := expp(tv), γ(1) = q,

so that
γ′(1) = (d expp)v(v) ∈ TqM.

To describe Tq(∂Bε(p)), let v(s) ⊆ ∂Bε(0) be any smooth curve with v(0) = v, and define

α(s) := expp(v(s)) ⊆ ∂Bε(p), α(0) = q.

By the chain rule,
α′(0) = (d expp)v

(
v′(0)

)
∈ Tq(∂Bε(p)).

Since |v(s)| ≡ ε, differentiating |v(s)|2 = ε2 at s = 0 gives

0 =
d

ds

∣∣∣
s=0

⟨v(s), v(s)⟩ = 2⟨v, v′(0)⟩, hence ⟨v, v′(0)⟩ = 0.

Now apply Gauss Lemma (2.45) at v〈
(d expp)v(v), (d expp)v(w)

〉
expp(v)

= ⟨v, w⟩p ∀w ∈ TpM.

Taking w = v′(0) yields

⟨γ′(1), α′(0)⟩q =
〈
(d expp)v(v), (d expp)v(v

′(0))
〉
q
= ⟨v, v′(0)⟩p = 0.

Since vectors α′(0) span Tq(∂Bε(p)), we conclude

γ′(1) ⊥ Tq(∂Bε(p)).

Thus ∂Bε(p) is orthogonal to the geodesics issuing from p.

2.3.4 Minimizing Properties of Geodesics

Geodesics Locally Minimize Arclength Recall Arc-length ℓ is defined via (2.5)

Definition 2.3.5 (Minimizing Geodesic). A segment of the geodesic

γ : [a, b] →M

is called minimizing if
ℓ(γ) ≤ ℓ(c)

for any c piecewise smooth curve joining γ(a) to γ(b).

Recall the length is defined via (2.5).
Let (M, g) be Riemannian manifold.
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Proposition 2.3.5 ([dC92] Proposition 3.3.6). For any p ∈M , let U be a normal neighborhood of p in M , and
Bδ(p) ⊆ U be a geodesic ball of radius δ > 0.

Let
γ : [0, 1] → Bδ(p)

be a geodesic segment s.t.
γ(0) = p, γ(1) = q ̸= p

Now for any c : [0, 1] →M piecewise smooth curve in M joining γ(0) = c(0) = p to γ(1) = c(1) = q,

ℓ(γ) ≤ ℓ(c)

and if equality holds, γ([0, 1]) = c([0, 1]).

Figure 2.2: Geodesics Locally Minimize Arc-length

Proof. For the geodesic segment γ, if denote

γ′(0) = v0 ∈ TpM

we know
γ(t) = expp(tv0), γ(1) = q = expp(v0), ℓ(γ) = |v0|

WLOG, we conduct the following simplifications.

• Assume c([0, 1]) ⊆ Bδ(p). Otherwise consider the smallest t1 ∈ [0, 1] s.t. c(t1) ∈ ∂Bδ(p) and show that
ℓ(c) ≥ ℓ(c|[0,t1]) ≥ δ > ℓ(γ).

• Assume c(t) ̸= p for any t > 0. Otherwise consider the largest t2 ∈ (0, 1) s.t. c(t2) = p. Consider c|[t2,1]
and show ℓ(c) ≥ ℓ(c|[t2,1]) ≥ ℓ(γ).

Define
b : [0, 1] → Bδ(0) ⊆ TpM

t 7→ exp−1
p (c(t))

so b(t) is piecewise smooth curve in TpM . In particular c(t) = expp(b(t)). By our assumption, b(t) ̸= 0 for t > 0.
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Thus in the following we may decompose b(t) = |b(t)| b(t)|b(t)| . Let r(t) = |b(t)| so

r : [0, 1] → R≥0

is piecewise C∞. We have r(t) > 0 for any t > 0.
For t > 0, also define

v(t) :=
b(t)

|b(t)|
so v : (0, 1] → TpM is piecewise C∞. Hence using Compatibility with the metric

⟨v(t), v(t)⟩ = 1 =⇒ ⟨v(t), v′(t)⟩ = 0

Then for 0 < t ≤ 1

c(t) = expp(b(t)) = expp(r(t)v(t))

d

dt
c(t) = (d expp)b(t)(r

′(t)v(t) + r(t)v′(t))

| d
dt
c(t)|2 = ⟨(d expp)r(t)v(t)(r′(t)v(t) + r(t)v′(t)), (d expp)r(t)v(t)(r

′(t)v(t) + r(t)v′(t))⟩

= (r′(t))2⟨(d expp)r(t)v(t)(v(t)), (d expp)r(t)v(t)(v(t))⟩
+ 2r(t)r′(t)⟨(d expp)r(t)v(t)(v(t)), (d expp)r(t)v(t)(v′(t))⟩
+ (r(t))2⟨(d expp)r(t)v(t)(v′(t)), (d expp)r(t)v(t)(v′(t))⟩
(2.45)
= r′(t)2⟨v(t), v(t)⟩+ 2r(t)r′(t)⟨v(t), v′(t)⟩+ (r(t))2|(d expp)r(t)v(t)(v′(t))|2

= r′(t)2 + (r(t))2|(d expp)r(t)v(t)(v′(t))|2

Hence

|dc(t)
dt

| =
√
r′(t)2 + (r(t))2|(d expp)r(t)v(t)(v′(t))|2 ≥ |r′(t)| ≥ r′(t)

so

ℓ(c) ≥
ˆ 1

0

|dc(t)
dt

|dt ≥
ˆ 1

ε

r′(t)dt = r(1)− r(ε)

for any ε > 0. Note lim
ε→0

r(ε) = 0 so using r(1) = |v0| = ℓ(γ) yields

ℓ(c) ≥ ℓ(γ)

Furthermore ℓ(c) = ℓ(γ) implies v′(t) = 0 and |r′(t)| = r′(t) ≥ 0. Then

v(t) =
v0
|v0|

is constant unit vector. Now c is a monotonic reparametrization of γ

c(t) = expp(r(t)
v0
|v0|

) r′(t) ≥ 0 r(0) = 0 r(1) = |v0|

where
γ(t) = expp(tv0) c(0) = γ(0) = p c(1) = γ(1) = expp(v0) = q

Hence
c([0, 1]) = γ([0, 1])
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Figure 2.3: Geodesic ball on Sn

Totally Normal Neighborhoods Let (M, g) be Riemannian.

Definition 2.3.6. We say W ⊆M is a totally normal neighborhood of p if for each q ∈W , W is also normal
neighborhood of q.

Theorem 2.3.2 ([dC92] Theorem 3.3.7). For any p ∈ M , there exists a neighborhood W of p and a number
δ > 0 s.t.

for every q ∈W ,
expq : Bδ(0) ⊆ TqM → expq(Bδ(0)) ⊆W

is a diffeomorphism, that is , W is a normal neighborhood of each of its points.

As a consequence of Proposition 2.3.5, for any two points q1, q2 ∈ W , there exists a unique minimizing
geodesic γ of length < δ joining q1 to q2.

Proposition 2.3.6 ([dC92] Corollary 3.3.9). If a piecewise smooth curve

γ : [a, b] →M

with parameter proportional to arc length, has length less or equal to the length of any other piecewise smooth
curve joining γ(a) to γ(b), then γ is a geodesic.

2.3.5 Killing Vector Fields

Let (M, g) be a Riemannian manifold with metric g. Let X ∈ X(M). Let p ∈ M and U ⊆ M be open
neighborhood of p.

Denote the local flow (1.29) that is trajectory of X passing through q at t = 0

φ : (−ε, ε)× U →M

(t, q) 7→ φ(t, q)
(2.48)

Definition 2.3.7 (Killing Vector Field). X ∈ X(M) is called a Killing Vector Field if for each t0 ∈ (−ε, ε), the
mapping

φ(t0, ·) : U ⊆M →M

q 7→ φ(t0, q)

is an isometry (2.2), i.e.
φ(t0, ·)∗g = g ∀ t0 ∈ (−ε, ε) (2.49)
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Killing Equation

Proposition 2.3.7 (Killing Equation). X ∈ X(M) is a Killing vector field iff

⟨∇YX,Z⟩+ ⟨∇ZX,Y ⟩ = 0 ∀ Y, Z ∈ X(M) (2.50)

Proposition 2.3.8. Given Riemannian manifold (M, g). X ∈ X(M) is Killing Field if the Lie-Derivative of
the metric g w.r.t. X vanishes

LXg = 0

Proof. Let LXg = 0. Then

0 = LXg(Y,Z) = X(g(Y,Z))− g(LXY,Z)− g(Y, LXZ)

= X(g(Y,Z))− g([X,Y ], Z)− g(Y, [X,Z])

Note for ∇ Levi-Civita connection that is compatible with the metric

0 = X(g(Y,Z))− g(∇XY,Z)− g(Y,∇XZ) = ∇Xg(Y, Z)

and substitute using ‘symmetric’
∇Y Z −∇ZY = [Y,Z]

we conclude
0 = LXg(Y, Z) = ⟨∇YX,Z⟩+ ⟨∇ZX,Y ⟩

Proposition 2.3.9 ([dC92] Exercise 5.8). Let X be a Killing vector field on a connected Riemannian Manifold
M . If there exists point q ∈M s.t.

X(q) = 0 and (∇YX)(q) = 0 ∀ Y (q) ∈ TqM

Then X ≡ 0 identically vanishes.



CHAPTER 2. RIEMANNIAN GEOMETRY 101

2.4 Riemannian Curvature

2.4.1 Riemannian Curvature and Riemannain Curvaure Tensor

2.4.1.1 R∇ Riemannian Curvature

Let π : TM →M be tangent bundle, thus we consider ∇ as affine connection (1.60)

∇ : X(M)× X(M) → X(M)

(X,Y ) 7→ ∇XY

R∇ Riemannian Curvature Recall the definition for Curvature for Smooth vector bundles (1.95).

Definition 2.4.1 (Riemannian Curvature). A Riemannian curvature over M is a smooth curvature on TM ,
that is, a R-linear map

R∇ : X(M)× X(M)× X(M) → X(M)

(X,Y, Z) 7→ R∇(X,Y )(Z) := −F∇(X,Y )(Z)

= ∇Y∇XZ −∇X∇Y Z −∇[Y,X]Z

(2.51)

One recall the defining properties

1. R∇ is anti-symmetric in the first two arguments, i.e.

R∇(X,Y ) = −R∇(Y,X) ∀ X, Y ∈ X(M) (2.52)

This follows from (1.96).

2. R∇ is C∞(M)-linear in all three arguments X(M)× X(M)× X(M), i.e.

R∇(fX, Y )(Z) = fR∇(X,Y )(Z) (2.53)

R∇(X,Y )(fZ) = fR∇(X,Y )(Z) (2.54)

for any X, Y, Z ∈ X(M) and for any f ∈ C∞(M). This follows from (1.97) and (1.98).

Interpretation of R∇ as (1, 3)-tensor As inherited from F∇, using C∞(M)-linearity and anti-symmetry
we know from (1.99)

R∇ ∈ C∞(M, (Λ2T ∗M)⊗ End(TM)) = Ω2(M,End(TM))

But on the other hand

R∇ ∈ C∞(M, (Λ2T ∗M)⊗ End(TM))

= C∞(M, (Λ2T ∗M)⊗ T ∗M ⊗ TM)

⊆ C∞(M, (T ∗M)⊗3 ⊗ TM) = C∞(M,T 1
3M)

First Bianchi Identity For symmetric affine connections, the First Bianchi Identity follows by Jacobi Identity
for Lie Bracket.

Proposition 2.4.1 (First Bianchi Identity). If ∇ is a symmetric affine connection on M , i.e., (2.6)

∇XY −∇YX = [X,Y ] ∀ X, Y ∈ X(M)

Then
R∇(X,Y )Z +R∇(Y,Z)X +R∇(Z,X)Y = 0 ∀ X, Y, Z ∈ X(M) (2.55)

Proof.

R∇(X,Y )Z +R∇(Y,Z)X +R∇(Z,X)Y = ∇Y∇XZ −∇X∇Y Z −∇[Y,X]Z

+∇Z∇YX −∇Y∇ZX −∇[Z,Y ]X

+∇X∇ZY −∇Z∇XY −∇[X,Z]Y

Now using that the connection is symmetric, we group them via

∇Y∇XZ −∇X∇Y Z +∇Z∇YX −∇Y∇ZX +∇X∇ZY −∇Z∇XY

= ∇Y (∇XZ −∇ZX) +∇X (∇ZY −∇Y Z) +∇Z (∇YX −∇XY )

(2.6)
= ∇Y ([X,Z]) +∇X([Z, Y ]) +∇Z([Y,X])
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Thus using connection is symmetric again, we reduce to

R∇(X,Y )Z +R∇(Y,Z)X +R∇(Z,X)Y = ∇Y [X,Z] +∇Z [Y,X] +∇X [Z, Y ]−∇[X,Z]Y −∇[Y,X]Z −∇[Z,Y ]X

(2.6)
= [Y, [X,Z]] + [Z, [Y,X]] + [X, [Z, Y ]]

(1.24)
= 0

where the last step follows from Jacobi Identity.

2.4.1.2 R Riemannian Curvature Tensor

R Riemannian Curvature Tensor Now we define Riemannian Curvature Tensor using Riemannian Cur-
vature. Recall in the previous definition, we state nothing about the metric g.

In the following, let (M, g) be a Riemannian Manifold. Let ∇ be the Levi-Civita Connection (2.24).

Definition 2.4.2 (Riemannian Curvature Tensor). A Riemannian Curvature Tensor over (M, g) with Levi-
Civita Connection ∇ is a R-linear map

R : X(M)× X(M)× X(M)× X(M) → C∞(M)

(X,Y, Z, T ) 7→ g (R∇(X,Y )(Z), T )
(2.56)

One has a rich family of properties as inherited from the previous definitions.

C∞(M)-linearity and R as (0, 4)-tensor

Proposition 2.4.2 (C∞(M)-linearity). For any f ∈ C∞(M)

fR(X,Y, Z, T ) = R(fX, Y, Z, T ) = R(X, fY, Z, T ) = R(X,Y, fZ, T ) = R(X,Y, Z, fT ) (2.57)

Proof. The first two equalities follows from (2.53), and the third eqaulity follows from (2.53). The last equality
follows from the fact that smooth sections are C∞(M)-modules and the metric is one such smooth section
(Lemma 1.10.1).

Thus with C∞(M)-linearity in all 4 arguments, R ∈ C∞(M,T 0
4M) via the characterisation Lemma 1.19.1.

First Bianchi Identity

Proposition 2.4.3 ([dC92] Proposition 4.2.5). For any X, Y, Z, T ∈ X(M)

R(X,Y, Z, T ) +R(Y, Z,X, T ) +R(Z,X, Y, T ) = 0 (2.58)

Proof. Using ∇ is symmetric affine connection, one directly apply First Bianchi Identity (2.55)

R(X,Y, Z, T ) +R(Y, Z,X, T ) +R(Z,X, Y, T ) = g(R∇(X,Y )(Z), T ) + g(R∇(Y,Z)(X), T ) + g(R∇(Z,X)(Y ), T )

(2.55)
= g(0, T ) = 0

Symmetries and R ∈ C∞(M,Sym2(Λ2T ∗M))

Proposition 2.4.4 ([dC92] Proposition 4.2.5). For any X, Y, Z, T ∈ X(M)

1. R is anti-symmetric in the first two coordinates

R(X,Y, Z, T ) = −R(Y,X,Z, T ) (2.59)

2. R is anti-symmetric in the last two coordinates

R(X,Y, Z, T ) = −R(X,Y, T, Z) (2.60)

3. R is symmetric in the first and last two sets of coordinates

R(X,Y, Z, T ) = R(Z, T,X, Y ) (2.61)
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Proof. (2.59) follows from (2.52).

R(X,Y, Z, T ) = g (R∇(X,Y )(Z), T )
(2.52)
= g(−R∇(Y,X)(Z), T ) = −g(R∇(Y,X)(Z), T ) = −R(Y,X,Z, T )

(2.60) follows from that ∇ is compatible with the metric (1.101)

R(X,Y, Z, T ) = g (R∇(X,Y )(Z), T )
(1.101)
= −g(R∇(X,Y )(T ), Z) = −R(X,Y, T, Z)

We show (2.61) from First Bianchi Identity (2.58) by fixing each vector field

0 = R(X,Y, Z, T ) +R(Y,Z,X, T ) +R(Z,X, Y, T )

0 = R(Y, Z, T,X) +R(Z, T, Y,X) +R(T, Y, Z,X)

0 = R(Z, T,X, Y ) +R(T,X,Z, Y ) +R(X,Z, T, Y )

0 = R(T,X, Y, Z) +R(X,Y, T, Z) +R(Y, T,X,Z)

Summing up and using (2.59), (2.60) to permute yields

0 =((((((
R(X,Y, Z, T ) +((((((

R(Y,Z,X, T )−R(X,Z, Y, T )

(((((((−R(Y,Z,X, T )(((((((−R(Z, T,X, Y ) +R(Y, T,X,Z)

+(((((((
R(Z, T,X, Y ) +((((((

R(X,T, Y, Z)−R(X,Z, Y, T )

(((((((−R(X,T, Y, Z)(((((((−R(X,Y, Z, T ) +R(Y, T,X,Z)

R(X,Z, Y, T ) = R(Y, T,X,Z)

Now (2.59) and (2.60) together givesR ∈ C∞(M, (Λ2T ∗M)⊗(Λ2T ∗M)). (2.61) givesR ∈ C∞(M,Sym2(Λ2T ∗M)).

2.4.1.3 R∇ and R in Local Coordinates

Let (U, ϕ) be C∞ chart on M . Let (x1, · · · , xn) be local coordinates on U .
Let T be any (r, s)-tensor on M . Then locally on U , T takes the form (1.45)

T =
∑

1≤i1,··· ,ir≤n
1≤j1,··· ,js≤n

T i1,··· ,irj1,··· ,js
∂

∂xi1
⊗ · · · ⊗ ∂

∂xir
⊗ dxj1 ⊗ · · · ⊗ dxjs for T i1,··· ,irj1,··· ,js ∈ C∞(U)

Our Riemannian metric g in local coordinate writes

g =
∑
i,j

gijdxidxj

where

gij := g(
∂

∂xi
,
∂

∂xj
) ∈ C∞(U)

Our Levi-Civita connection ∇ acts locally via (1.66)

∇ ∂
∂xi

∂

∂xj
=
∑
k

Γkij
∂

∂xk

where the Christoffel Symbols take the form (2.26)

Γℓij =
1

2

∑
k

gℓk (gik,j + gkj,i − gij,k) gℓj,i :=
∂

∂xi
gℓj

Riemannian Curvature R∇ in Local Coordinates Recall R∇ ∈ C∞(M,T 1
3M). Thus on U , R∇ takes the

form as (1, 3)-tensor

R∇ =
∑
i,j,k,m

Rmijkdxi ⊗ dxj ⊗ dxk ⊗
∂

∂xm

where the components Rmijk ∈ C∞(U) are defined by

R∇(
∂

∂xi
,
∂

∂xj
)
∂

∂xk
=
∑
m

Rmijk
∂

∂xm
(2.62)
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We want to compute precisely what the components Rmijk are. To do so, we use definition (2.51) for the LHS

R∇(
∂

∂xi
,
∂

∂xj
)
∂

∂xk
= ∇ ∂

∂xj

∇ ∂
∂xi

∂

∂xk
−∇ ∂

∂xi

∇ ∂
∂xj

∂

∂xk
−∇[ ∂

∂xj
, ∂
∂xi

]

∂

∂xk

Now by computations using (1.66) and the Leibniz Rule

∇ ∂
∂xj

∇ ∂
∂xi

∂

∂xk

(1.66)
= ∇ ∂

∂xj

(
∑
ℓ

Γℓik
∂

∂xℓ
)

(1.61)
=

∑
ℓ

∂

∂xj
Γℓik

∂

∂xℓ
+
∑
ℓ

Γℓik∇ ∂
∂xj

∂

∂xℓ

(1.66)
=

∑
m

(
∂

∂xj
Γmik +

∑
ℓ

ΓℓikΓ
m
jℓ

)
∂

∂xm

∇ ∂
∂xi

∇ ∂
∂xj

∂

∂xk
= ∇ ∂

∂xi

(∑
ℓ

Γℓjk
∂

∂xℓ

)

=
∑
ℓ

∂

∂xi
Γℓjk

∂

∂xℓ
+
∑
ℓ

Γℓjk∇ ∂
∂xi

∂

∂xℓ

=
∑
m

(
∂

∂xi
Γmjk +

∑
ℓ

ΓℓjkΓ
m
iℓ

)
∂

∂xm

∇[ ∂
∂xj

, ∂
∂xi

]

∂

∂xk
= 0

Hence we have local coordinate representations

Rmijk :=
∂

∂xj
Γmik −

∂

∂xi
Γmjk +

∑
ℓ

ΓℓikΓ
m
jℓ −

∑
ℓ

ΓℓjkΓ
m
iℓ (2.63)

Riemannian Curvature Tensor R in Local Coordinates Let (U, ϕ) again be C∞ chart on M with
coordinates ϕ = (x1, · · · , xn). The metric writes

g =
∑
ij

gij dxidxj

with Γkij Christoffel symbols (2.26).

On U , since R ∈ C∞(M,T 0
4M) is (0, 4)-tensor, one may write in local coordinates

R =

n∑
i,j,k,ℓ=1

Ri,j,k,ℓdxi ⊗ dxj ⊗ dxk ⊗ dxℓ

where the components are defined as

Rijkℓ := R(
∂

∂xi
,
∂

∂xj
,
∂

∂xk
,
∂

∂xℓ
)
(2.56)
= g(R∇(

∂

∂xi
,
∂

∂xj
)
∂

∂xk
,
∂

∂xℓ
)

(2.62)
= g(

∑
m

Rmijk
∂

∂xm
,
∂

∂xℓ
) =

∑
m

Rmijkgmℓ ∈ C∞(U) (2.64)

Moreover,
Rijkℓ +Rjkiℓ +Rkijℓ = 0

follows from (2.58), and
Rijkℓ = −Rjikℓ = −Rijℓk = Rkℓij

follows from (2.59), (2.60) and (2.61).

Examples for Riemannian Curvature and Riemannian Curvature Tensor

Example 2.4.1. For dimM = 1 then

R = R1111(dx1 ⊗ dx1 ⊗ dx1 ⊗ dx1)

But this immediately implies R1111 ≡ 0 via Bianchi identity (2.58). Hence for dimM = 1, R = R∇ = 0.
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2.4.2 Sectional Curvature

Given a vector space V , we denote by

|x ∧ y| :=
√

|x|2|y|2 − ⟨x, y⟩2

which represents the area of a two-dimensional parallelogram determined by the pair of vectors x, y ∈ V .
In general, an inner product on a vector space V ∼= Rn induces an inner product on Λ2V as follows: If

{e1, · · · , en} ⊆ V is an orthonormal basis of V , then

{ei ∧ ej | 1 ≤ i < j ≤ n}

is an orthonormal basis of Λ2V .

K(p, σ) Sectional Curvature Let (M, g) be Riemannian manifold. Let ∇ be the Levi-Civita connection.
Let R ∈ C∞(M,T 0

4M) be the Riemannian curvature tensor.

Definition 2.4.3 (Sectional Curvature). Let p ∈M , and let σ be a 2 dim subspace of TpM , i.e.,

σ ∈ Gr(2, TpM)

Let x, y be any two linearly independent vectors of TpM .
We define the sectional curvature of σ at point p to be

K(p, σ) :=
R(p)(x, y, x, y)

|x ∧ y|2
=

R(p)(x, y, x, y)

⟨x, x⟩⟨y, y⟩ − ⟨x, y⟩2
(2.65)

Alternatively, one may define
K(p, σ) := R(p)(e1, e2, e1, e2) (2.66)

where e1, e2 is an orthonormal basis of σ.

Well-definedness. We show thatK(p, σ) ∈ R is well-defined independent of choice of vectors x, y, e1, e2. Indeed,
given σ ⊆ TpM a two-dimensional subspace, let e1, e2 be orthonormal basis and x, y be any basis. Assume
{x, y} and {e1, e2} are related via

x = ae1 + be2

y = ce1 + de2

For ad− bc ̸= 0. Then we compute using linearity

R(p)(x, y, x, y) = R(p)(ae1 + be2, ce1 + de2, ae1 + be2, ce1 + de2)

= a2c2R1111 + abc2R2111 + a2cdR1211 + abc2R1121 + a2cdR1112 + abcdR2211 + b2c2R2121 + abcdR2112

+ abcdR1221 + a2d2R1212 + abcdR1122 + b2cdR2221 + abd2R2212 + b2cdR2122 + abd2R1222 + b2d2R2222

= a2c2R1111 + (2abc2 + 2a2cd)R1211 + 2abcdR1122 + (a2d2 + b2c2 − 2abcd)R1212

+ (−b2cd+ abd2 − b2cd+ abd2)R1222 + b2d2R2222

= (ad− bc)2R1212

where we’re using any component with two consecutive repeated indices in either the first set or second set has
to vanish, due to anti-symmetry. But

|x ∧ y|2 = |x|2|y|2 − ⟨x, y⟩2

= (a2 + b2)(c2 + d2)− (ac+ bd)2 = a2d2 + b2c2 − 2acbd

= (ad− bc)2

Sectional Curvature K(σ) completely determines Riemannian Curvature Tensor R We need an
algebraic fact.

Lemma 2.4.1 ([dC92] Lemma 4.3.3 Linear Algebra). Let V be an inner product space over R with dimension
n.

Suppose that we have two maps r, r′ ∈ (V ∗)⊗4

r, r′ : V × V × V × V → R
(x, y, z, t) 7→ r(x, y, z, t), r′(x, y, z, t)

R-linear in x, y, z, t and both satisfy
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(a) Bianchi identity
r(x, y, z, t) + r(y, z, x, t) + r(z, x, y, t) = 0

(b) r ∈ Sym2(Λ2V ∗), i.e.

r(x, y, z, t) = −r(y, x, z, t)
r(x, y, z, t) = −r(x, y, t, z)
r(z, t, x, y) = r(x, y, z, t)

Now define
K, K ′ : Gr(2, V ) → R

σ 7→ r(x, y, x, y)

|x ∧ y|2
,
r′(x, y, x, y)

|x ∧ y|2

where x, y ∈ σ are two linearly independent vectors (that generates σ).
If for all σ ⊆ V two-dimensional subspaces, one has K(σ) = K ′(σ), then r = r′.

Proof. Let ∆ = r − r′ ∈ (V ∗)⊗4 then ∆ satisfies (a), (b) and

∆(x, y, x, y) = 0 ∀ x, y ∈ V

We claim that
∆(x, y, z, t) = 0 ∀ x, y, z, t ∈ V

Indeed for any x, y, z ∈ V we have

2∆(x, y, z, y) = ∆(x, y, z, y) + ∆(z, y, x, y)

= ∆(x+ z, y, x+ z, y)−∆(x, y, x, y)−∆(z, y, z, y) = 0

Hence
∆(x, y, z, y) = 0 ∀ x, y, z ∈ V

Now for any x, y, z, t ∈ V

0 = ∆(x, y + t, z, y + t)−∆(x, y, z, y)−∆(x, t, z, t)

= ∆(x, y, z, t) + ∆(x, t, z, y)

= ∆(x, y, z, t) + ∆(z, y, x, t)

= ∆(x, y, z, t)−∆(y, z, x, t)

using Bianchi we have

0 = ∆(x, y, z, t) + ∆(y, z, x, t) + ∆(z, x, y, t) = 3∆(x, y, z, t)

Thus one has the characterisation.

Theorem 2.4.1. The Riemannian curvature tensor R on a Riemannian manifold (M, g) is determined by its
sectional curvature K(p, σ) for any p ∈M and for any σ ∈ Gr(2, TpM), i.e.

{R(X,Y, Z, T ) | X, Y, Z, T ∈ X(M)}

is determined completely by
{R(X,Y,X, Y ) | X, Y ∈ X(M)}

Proof. Follows from the following lemma in linear algebra 2.4.1.

Computation for R via Constant Sectional Curvature

Definition 2.4.4. We say (M, g) have constant sectional curvature K0 if for any p ∈M for any σ ∈ Gr(2, TpM)

K(p, σ) = K0

Theorem 2.4.2 ([dC92] Lemma 4.3.4). (M, g) has constant sectional curvature iff

R(X,Y, Z, T ) = K0(g(X,Z)g(Y, T )− g(X,T )g(Y,Z)) (2.67)

Proof. Define the RHS to be K0R0(X,Y, Z, T ) then for any e1, e2 orthonormal vectors

R0(e1, e2, e1, e2) = g(e1, e2)g(e1, e2)− g(e1, e2)
2 = 1 · 1− 02 = 1

Hence
R0(X,Y, Z, T ) = g(X,Z)g(Y, T )− g(X,T )g(Y,Z)

satisfies (a) and (b) in Lemma 2.4.1.
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Flat Riemannian Manifold

Definition 2.4.5 (Flat). We say a Riemannian manifold (M, g) is flat if it has constant sectional curvature
K0 = 0. This is equivalent to saying Riemannian curvature tensor R ≡ 0 due to Lemma 2.4.1.

Example 2.4.2. (Rn, g0 = dx21 + · · · dx2n) is flat since Γkij = 0, and therefore Rℓijk = 0.

Sectional Curvature in Two Dimension Let Riemannian manifold (M, g) with dimM = 2. Let (U, ϕ) be
C∞ chart on M and let (x1, x2) be coordinates on U .

On U

g =

2∑
i,j=1

gijdxidxj = g11dx
2
1 + 2g12dx1dx2 + g22dx

2
2

We have Riemannian Curvature Tensor in local coordinates expressed as

R =

2∑
i,j,k,ℓ=1

Rijkℓdxi ⊗ dxj ⊗ dxk ⊗ dxℓ

= R1212dx1 ⊗ dx2 ⊗ dx1 ⊗ dx2 +R2112dx2 ⊗ dx1 ⊗ dx1 ⊗ dx2 +R1221dx1 ⊗ dx2 ⊗ dx2 ⊗ dx1 +R2121dx2 ⊗ dx1 ⊗ dx2 ⊗ dx1

= R1212(dx1 ⊗ dx2 − dx2 ⊗ dx1)⊗ (dx1 ⊗ dx2 − dx2 ⊗ dx1)

= R1212(dx1 ∧ dx2)⊗ (dx1 ∧ dx2)

The only 2-dim subspace of TpM is itself. So sectional curvature

K :M → R
p 7→ K(p, TpM)

writes

K =
R( ∂

∂x1
, ∂
∂x2

, ∂
∂x1

, ∂
∂x2

)

| ∂
∂x1

∧ ∂
∂x2

|2
=

R1212

g11g22 − g212

Example 2.4.3 (Sectional Curvature for S2 is 1). Consider (S2, gcan = dϕ2 + sin2 ϕdθ2) for (ϕ, θ) = (x1, x2).
Recall Example 2.2.2

g11 = 1, g22 = sin2 ϕ g12 = g21 = 0

Where

∇ ∂
∂ϕ

∂

∂ϕ
= 0

∇ ∂
∂ϕ

∂

∂θ
= ∇ ∂

∂θ

∂

∂ϕ
= cot(ϕ)

∂

∂θ

∇ ∂
∂θ

∂

∂θ
= − sin(ϕ) cos(ϕ)

∂

∂ϕ

We want to compute

K =
R1212

g11g22 − g212
=

R1212

sin2(ϕ)

Let’s compute by directly verifying by definition

R1212 = ⟨R( ∂
∂ϕ

,
∂

∂θ
)
∂

∂ϕ
,
∂

∂θ
⟩

= ⟨∇ ∂
∂θ
∇ ∂

∂ϕ

∂

∂ϕ
−∇ ∂

∂ϕ
∇ ∂

∂θ

∂

∂ϕ
,
∂

∂θ
⟩

= −⟨∇ ∂
∂ϕ
(cot(ϕ)

∂

∂θ
),
∂

∂θ
⟩

= −⟨− csc2(ϕ)
∂

∂θ
+ cot(ϕ)∇ ∂

∂ϕ

∂

∂θ
,
∂

∂θ
⟩

= −⟨− csc2(ϕ)
∂

∂θ
+ cot2(ϕ)

∂

∂θ
,
∂

∂θ
⟩

= ⟨ ∂
∂θ
,
∂

∂θ
⟩ = g22 = sin2(ϕ)

Hence K = 1.
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2.4.3 Ricci and Scalar Curvature

‘Certain combinations of sectional curvature appear with such frequency that they deserve special names’.

2.4.3.1 Ricci Curvature and Ricci Curvature Tensor

Q Trace of Riemannian Curvature z 7→ R∇(p)(x, z)(y) Consider (M, g) Riemannian manifold. Let ∇
denote its Levi-Civita connection. Recall Riemannian Curvature R∇ as in (2.51). We define Q, the trace, as
follows.

Definition 2.4.6. Take any p ∈M . Let {ei} be an orthonormal basis of TpM . Define for any x, y ∈ TpM the
bilinear form on TpM as

Q(p) : TpM × TpM → R

(x, y) 7→ trg (z 7→ R∇(p)(x, z)(y)) :=

n∑
i=1

⟨(R∇)(p)(x, ei)(y), ei⟩
(2.68)

Lemma 2.4.2. Q(p) is symmetric bilinear form for any p, i.e.

Q(p)(x, y) = Q(p)(y, x) ∀ x, y ∈ TpM

Proof. We compute for {ei} an orthonormal basis of TpM

Q(p)(x, y) =

n∑
i=1

⟨(R∇)p(x, ei)(y), ei⟩ =
n∑
i=1

R(p)(x, ei, y, ei)

(2.61)
=

n∑
i=1

R(p)(y, ei, x, ei) = Q(p)(y, x)

Thus
Q :M → Sym2T ∗M

p 7→ Q(p) ∈ Sym2T ∗
pM

(2.69)

defines Q ∈ C∞(M,Sym2T ∗M) as smooth symmetric (0, 2)-tensor.

Ric Ricci Curvature Tensor Let (M, g) be Riemannian manifold. LetQ be trace of its Riemannian curvature
tensor (2.69).

Definition 2.4.7 (Ricci Curvature Tensor). We define

Ric :M → Sym2T ∗M

p 7→ 1

n− 1
Q(p) ∈ Sym2T ∗

pM
(2.70)

As inherited from Q, Ric ∈ C∞(M,Sym2T ∗M).

Ricp Ricci Curvature in direction x ∈ TpM In particular, for any p ∈ M , let x = zn be a unit vector in
TpM . We take an orthonormal basis {z1, · · · , zn−1} of the hyperplane orthogonal in TpM w.r.t. x = zn.

Definition 2.4.8 (Ricci Curvature). The Ricci Curvature in the direction x at p is defined via

Ricp : TpM → R

x 7→ Ric(p)(x, x) =
1

n− 1

n−1∑
i=1

⟨(R∇)(p)(x, zi)(x), zi⟩
(2.71)

2.4.3.2 Scalar Curvature

Q̃ Self-adjoint Mapping induced by Q Let (M, g) be Riemannian manifold. Let Q be trace of its Rie-
mannian curvature tensor (2.69).
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Definition 2.4.9. For any p ∈M , define a linear mapping

Q̃(p) : TpM → TpM

x 7→ Q̃(p)(x)

where
Q̃(p)(x) : TpM → R

y 7→ ⟨Q̃(p)(x), y⟩ := Q(p)(x, y)
(2.72)

Lemma 2.4.3. Q̃(p) is self-adjoint operator for any p, i.e.

⟨Q̃(p)(x), y⟩ = ⟨x, Q̃(p)(y)⟩ ∀ x, y ∈ TpM

Proof. Compute

⟨Q̃(p)(x), y⟩ = Q(p)(x, y) = Q(p)(y, x) = ⟨Q̃(p)(y), x⟩ = ⟨x, Q̃(p)(y)⟩

Thus
Q̃ :M → TM ⊗ T ∗M

p 7→ Q̃(p) ∈ End(TpM) = TpM ⊗ T ∗
pM

(2.73)

defines Q̃ ∈ C∞(M,T 1
1M) as smooth (1, 1)-tensor.

Trace of Q̃(p) We compute the trace of (2.72). Take an orthonormal basis {ei} of TpM . We compute

trg(z 7→ Q̃(p)(z)) =

n∑
i=1

⟨Q̃(p)(ei), ei⟩
(2.72)
=

n∑
i=1

Q(p)(ei, ei)

(2.68)
=

n∑
i, j=1

⟨(R∇)(p)(ei, ej)(ei), ej⟩

(2.70)
= (n− 1)

n∑
i=1

Ric(p)(ei, ei)
(2.71)
= (n− 1)

n∑
i=1

Ricp(ei)

S Scalar Curvature Let (M, g) be Riemannian manifold.

Definition 2.4.10 (Scalar Curvature). The Scalar Curvature is defined at each p ∈M via

S :M → R

p 7→ 1

(n− 1)n
trg(z 7→ Q̃(p)(z)) =

1

n

n∑
i=1

Ricp(ei)

=
1

(n− 1)n

n∑
i, j=1

⟨(R∇)(p)(ei, ej)(ei), ej⟩

(2.74)

Thus
S ∈ C∞(M)

2.4.3.3 Ricci and Scalar Curvature in Local Coordinates

Let (M, g) be Riemannian manifold with dimM = 2. Let (U, ϕ) be C∞ chart onM with coordinates (x1, · · · , xn)
on U . Let {ek} be a local smooth orthonormal frame on U .

On U , our metric admits local expression

g =

n∑
i,j=1

gijdxidxj , gij := g(
∂

∂xi
,
∂

∂xj
) ∈ C∞(U)

Now notice one has two frames on U , { ∂
∂xi

} and {ek}. How do they interact with each other? Assume

∂

∂xi
=
∑
k

aikek
∂

∂xj
=
∑
ℓ

ajℓeℓ (2.75)
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Then gij in terms of coordinates in {ek} writes

gij = ⟨
∑
k

aikek,
∑
ℓ

ajℓeℓ⟩ =
∑
k,ℓ

aikajℓ⟨ek, eℓ⟩ =
n∑
k=1

aikajk

gij = (aaT )ij

gij = (a−Ta−1)ij (2.76)

Trace Q in Local Coordinates Since Q is a (0, 2) symmetric tensor on U , locally

Q =

n∑
i,j=1

Rijdxidxj

where the components Rij ∈ C∞(U) are given by

Rij := Q(
∂

∂xi
,
∂

∂xj
)
(2.68)
=

n∑
k=1

⟨R∇(
∂

∂xi
, ek)

∂

∂xj
, ek⟩

We need to understand the RHS.

Lemma 2.4.4 (Taking the Trace in Local Coordinates). For any x, y ∈ TpM , and ∂
∂xi

(p), ∂
∂xj

(p) ∈ TpM

Q(p)(x, y) =

n∑
i=1

R(p)(x, ei, y, ei) =

n∑
i,j=1

R(p)(x,
∂

∂xi
(p), y,

∂

∂xj
(p))gij(p) (2.77)

Proof. We compute using (2.75)

n∑
i,j=1

R(p)(x,
∂

∂xi
(p), y,

∂

∂xj
(p))gij(p) =

n∑
i,j=1

R(p)(x,
∑
k

aikek, y,
∑
ℓ

ajℓeℓ)g
ij =

∑
k,ℓ

R(p)(x, ek, y, eℓ)

n∑
i,j=1

aikg
ijajℓ

=
∑
k,ℓ

R(p)(x, ek, y, eℓ)(a
T g−1a)kℓ

(2.76)
=

∑
k,ℓ

R(p)(x, ek, y, eℓ)(a
Ta−Ta−1a)kℓ

=
∑
k,ℓ

R(p)(x, ek, y, eℓ)δkℓ =

n∑
k=1

R(p)(x, ek, y, ek)

Now one may compute using (2.77)

Rij := Q(
∂

∂xi
,
∂

∂xj
) =

n∑
k=1

⟨R∇(
∂

∂xi
, ek)

∂

∂xj
, ek⟩

=

n∑
k=1

R(
∂

∂xi
, ek,

∂

∂xj
, ek)

(2.77)
=

n∑
k,ℓ=1

R(
∂

∂xi
,
∂

∂xk
,
∂

∂xj
,
∂

∂xℓ
)gkℓ

=

n∑
kℓ

Rikjℓg
kℓ (2.78)

Ric in Local Coordinates Consider Ricci Curvature Tensor

Ric =
1

n− 1

n∑
i,j=1

Rijdxidxj

The components write

Ricij =
1

n− 1
Rij =

1

n− 1

∑
k

Rkikj
(2.78)
=

1

n− 1

∑
k,ℓ

Rikjℓg
kℓ (2.79)

Ric in Local Coordinates with Constant Sectional Curvature K0. Let’s explain why we want a
normalization by 1

n−1 . If (M, g) has constant sectional curvature K0, then

R(X,Y, Z, T )
(2.67)
= K0(g(X,Z)g(Y, T )− g(X,T )g(Y,Z))

Rijkℓ = K0(gikgjℓ − giℓgjk)
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Now

Rik =
∑
j,ℓ

Rijkℓg
jℓ = K0

∑
ℓ

gik
∑
j

gjℓgjℓ −
∑
ℓ

giℓ
∑
j

gjkg
jℓ


= K0

(
gik
∑
ℓ

δℓℓ −
∑
ℓ

giℓδ
ℓ
k

)
= K0 (gikn− gik) = (n− 1)K0gik

Hence Q = (n − 1)K0g. The Ricci curvature tensor is simply a multiple of metric g via constant sectional
curvature

Ric = K0g (2.80)

S Scalar Curvature in Local Coordinates Consider Scalar Curvature

S =
1

n

n∑
i=1

Ric(ei, ei)

where {ei} is an orthonormal basis of TpM . Applying similar strategy (2.75) gives

Ric(ei, ei)
(2.77)
=

n∑
j=1

Ric(
∂

∂xi
,
∂

∂xj
)gij =

n∑
j=1

1

n
Rijg

ij

Thus the Scalar Curvature writes

S =
1

n

∑
i,j

Ricijg
ij =

1

n(n− 1)

∑
i,j

Rijg
ij =

1

n(n− 1)

∑
i,j,k

Rkikjg
ij =

1

n(n− 1)

∑
i,j,k,ℓ

Rijkℓg
ikgjℓ (2.81)

S in Local Coordinates with Constant Sectional Curvature K0. When (M, g) has constant sectional
curvature K0, directly using (2.80) gives

S =
1

n

∑
i,j

Ricijg
ij (2.80)

=
1

n

∑
i,j

K0gijg
ij = K0 (2.82)

Examples

Example 2.4.4 (Two Dimension). For dimM = 2, one has formula

R = R1212(dx1 ∧ dx2)⊗ (dx1 ∧ dx2)

Ric =
R1212

g11g22 − g212
g = Kg

S =
R1212

g11g22 − g212
= K

Proof. We carry out the calculation

S =
1

2

(
R1212g

11g22 +R2112g
21g12 +R1221g

12g21 +R2121g
22g11

)
=

1

2

(
R1212g

11g22 −R1212g
21g12 −R1212g

12g21 +R1212g
22g11

)
= R1212g

11g22 −R1212(g
12)2 =

R1212

g11g22 − g212
= K

2.4.4 Levi-Civita Covariant Derivative on Tensors

Let (M, g) be Riemannian manifold. Let R be (0, 4) Riemannian Curvature Tensor. Let ∇ denote the Levi-
Civita Connection.
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2.4.4.1 ∇R Covariant Derivative of Riemannian Curvature Tensor

From Covariant Derivative of (r, s)-tensors (1.108), we know ∇R defines a (0, 5)-tensor

∇R : X(M)× X(M)× X(M)× X(M)× X(M) → C∞(M)

(X,Y, Z, T,W ) 7→ (∇WR)(X,Y, Z, T )
(2.83)

where ∇WR reads as in (1.102)

∇WR : X(M)× X(M)× X(M)× X(M) → C∞(M)

(X,Y, Z, T ) 7→ (∇WR)(X,Y, Z, T )
(2.84)

that is R-linear, commutes with contractions (1.103) and satisfies Leibniz Rule (1.104).

Second Bianchi Identity

Proposition 2.4.5 (2nd Bianchi Identity). ∇R satisfies

∇R(X,Y, Z, T,W ) +∇R(X,Y, T,W,Z) +∇R(X,Y,W,Z, T ) = 0 (2.85)

Locally Symmetric Spaces Let (M, g) be Riemannian manifold. Let ∇ be the Levi-Civita connection on
M . Let R be Riemannian curvature tensor (2.56) of M .

Definition 2.4.11 (Locally Symmetric Space). We say M is locally symmetric space if

∇R = 0

Proposition 2.4.6. Let (M, g) be be Riemannian manifold.

1. Let M be locally symmetric space and let

γ : [0, ℓ) →M

be geodesic of M . Then for any X, Y, Z parallel vector fields along γ

R(X,Y )Z

is also a parallel vector field along γ.

2. If M is locally symmetric, connected, and dimM = 2, then M has constant sectional curvature.

3. If M has constant sectional curvature, then M is locally symmetric space.

2.4.4.2 Gradient, Divergence, Hessian, Laplacian

Let (M, g) be Riemannian manifold with ∇ Levi-Civita Connection.
Using that ∇ is compatible with the metric g, we know

gij;k = 0 ∀ i, j, k (2.86)

and that ∇ is symmetric, we get (2.23).
Let (U, ϕ) be a C∞ chart for M , with coordinates ϕ = (x1, · · · , xn). Denote

ei =
∂

∂xi
, ej = dxj

They’re related under ∇ via (1.110)

∇eiej = Γkijek ∇eie
j = −Γjike

k

We recall notations from Local Coordinates for ∇T (1.111)

T i1,··· ,irj1,··· ,js;k := (∇T )i1,··· ,irj1,··· ,js,k
(1.108)
= (∇ekT )

i1,··· ,ir
j1,··· ,js
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∇f = df for f ∈ C∞(M) In particular, for f ∈ C∞(M) = C∞(M,T 0
0M), we denote

f;i = ∇ei(f)
(1.105)
= ei(f) =

∂f

∂xi

What is the covariant derivative ∇f? We check via (1.108)

∇f : X(M) → C∞(M)

X 7→ ∇Xf = X(f) = df(X)

so that

df
(1.43)
= ∇f = f;ie

i =
∑
i

∂f

∂xi
dxi

Notice the differential as df ∈ Ω1(M) agrees with ∇f ∈ Ω1(M).
In particular one may compute

|df |2 = f;if;j⟨ei, ej⟩ = f;if;jg
ij (2.87)

gradf Gradient and its local coordinates We define the gradient operator

grad : C∞(M) → X(M)

f 7→ grad(f)

where grad(f) makes sense via pairing w.r.t. the metric g

g (gradf,X) := ∇X(f) = X(f) = df(X) ∀ X ∈ X(M) (2.88)

In local coordinates
gradf =

∑
i

(gradf)iei

We would like to compute the coefficients (gradf)i. Note

f;j = ej(f) =
∂f

∂xj
= df(ej) = ⟨gradf, ej⟩ =

∑
i

(gradf)igij

Therefore the gradient in local coordinates are obtained by inverting the matrix gij

gradf =
∑
i

(gradf)iei =
∑
i

f i; ei =
∑
i,j

gij
∂f

∂xj

∂

∂xi
(2.89)

where
f i; := gijf;j

One may compare with the differential in local coordinates

df = f;ie
i =

∑
i

∂f

∂xi
dxi

div(Y ) Divergence and its local coordinates Recall for any Y ∈ X(M), the map ∇Y ∈ C∞(M,T 1
1M) as

(1.63)
∇Y : X(M) → X(M)

X 7→ ∇XY

Now for any p ∈M , it defines a linear operator

(∇Y )(p) : TpM → TpM

v 7→ ∇vY (p)

which takes the form of (1, 1)-tensor. One is able to take its trace.
We define the divergence operator

div : X(M) → C∞(M)

Y 7→ div(Y )

where
div(Y ) :M → R

p 7→ div(Y )(p) := tr(v ∈ TpM 7→ ∇vY (p) ∈ TpM)
(2.90)
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In local coordinates, we write
Y = Y iei

Using
Y i;j = ej(Y

i) + ΓijkY
k

as in (1.112), we also have in coordinates
∇Y = Y i;jei ⊗ ej

Therefore taking the trace (1.41) gives the Divergence in local coordinates

div(Y ) = Y i;i = ei(Y
i) + ΓiikY

k =
∑
i

∂

∂xi
Y i +

n∑
i,k=1

ΓiikY
k (2.91)

Lemma 2.4.5. Given Y ∈ X(M) and divY as in (2.91)

divY =
1√

det(g)

∑
i

∂

∂xi

(√
det(g)Y i

)
(2.92)

Proof. Using Jacobi’s Formula
∂

∂xi
(det(g)) = det(g)tr(g−1 ∂g

∂xi
)

We look at

n∑
i=1

Γiik =
1

2

n∑
i=1

n∑
j=1

gij(gij,k + gkj,i − gik,j) =
1

2

n∑
i,j=1

gij
∂

∂xk
gij +

1

2

∑
ij

gijgkj,i − gjigjk,i


=

1

2

n∑
i,j=1

gij
∂

∂xk
gij =

1

2
tr(g−1 ∂

∂xk
g) =

1

2

1

det(g)

∂

∂xk
(det(g))

=
1

2

∂

∂xk
log(det(g)) =

∂

∂xk
log(

√
det(g)) =

1√
det(g)

∂

∂xk

(√
det(g)

)
Hence

div(Y ) =
∑
i

∂

∂xi
Yi +

∑
i,k

ΓiikY
k

=
∑
k

∂

∂xk
Yk +

∑
k

1√
det(g)

∂

∂xk

(√
det(g)

)
Y k

=
1√

det(g)

∑
i

∂

∂xi

(√
det(g)Y i

)

Hess(f) Hessian and its local coordinates Define the Hessian Operator

Hess : C∞(M) → C∞(M,T 0
2M)

f 7→ Hess(f) := ∇∇f ≡ ∇2f = ∇df

where
Hess(f) : X(M)× X(M) → C∞(M)

(X,Y ) 7→ (∇df)(X,Y )
(2.93)

Using that Levi-Civita Connection is symmetric, and that (2.23), we know Hess(f) is symmetric (0, 2)-tensor

Hess(f) ∈ C∞(M,Sym2T ∗M)

In particular

Hess(f)(X,Y ) = (∇df)(X,Y )
(1.108)
= (∇Y df)(X)

(1.106)
= Y (df(X))− df(∇YX)

(1.43)
= Y X(f)− (∇YX)f

(2.6)
= XY (f)− (∇XY )f

= Hess(f)(Y,X)
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Define f;ij s.t.

∇∇f = ∇df = ∇(f;ie
i) =

∑
i,j

f;ije
i ⊗ ej

One may calculate Hessian in local coordinates as in (1.112)

f;ij = ej(f;i)− Γkijfk =
∂2f

∂xi∂xj
−
∑
k

Γkij
∂f

∂xk
(2.94)

∆f Laplacian and its local coordinates Define the Laplacian Operator

∆ : C∞(M) → C∞(M)

f 7→ ∆f := div(gradf)
(2.95)

In local coordinates

∆f = div(gradf)
(2.89)
= div(f i; ei)

= div(gijf;jei) = f i;i = f;ijg
ij

For ei =
∂
∂xi

we have Laplacian in local coordinates as in (1.112)

∆f =
∑
i,j

gij

(
∂2f

∂xi∂xj
−
∑
k

Γkij
∂f

∂xk

)
(2.96)

In particular for gij = δij we recover

∆f =
∑
i

∂2f

∂xi2

Lemma 2.4.6. In local coordinates, for f ∈ C∞(M)

∆f =
1√

det(g)

n∑
i,j=1

∂

∂xi

(√
det(g)gij

∂f

∂xj

)
(2.97)

Proof. Using ∆f = div(gradf) where

gradf =
∑
ij

gij
∂f

∂xj

∂

∂xi

plugging in (2.92) we have the result.
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2.5 Jacobi Fields

Let (M, g) be a Riemannian manifold. Consider any geodesic

γ : [0, a] →M

Think of doing variations of the given geodesic γ

f : (−ε, ε)× [0, a] →M

(s, t) 7→ f(s, t) ≡ fs(t)

where f0 recovers our given geodesic
f0(t) = γ(t)

Let’s impose the condition that for any s ∈ (−ε, ε)

fs : [0, a] →M

t 7→ fs(t)

also gives a geodesic.
We’re interested in: how will our given geodesic γ vary to remain a geodesic under the given variation? In

other words, we would like to study
J : [0, a] → TM

t 7→ ∂f

∂s
(0, t)

We would like to derive an equation for J ∈ C∞([0, a], γ∗TM), which is a C∞ vector field along the geodesic γ.

2.5.1 Jacobi Equation

2.5.1.1 Derivation for Jacobi Equation

Parametrized Surface Let A = (−ε, ε) × [0, a] ⊆ R2 be connected. Recall we’ve defined a parametrized
surface in M

f : (−ε, ε)× [0, a] ⊆ R2 →M

(s, t) 7→ f(s, t)

and for ∂
∂s ,

∂
∂t smooth vector fields on A, we put

∂f

∂s
:= f∗(

∂

∂s
),
∂f

∂t
:= f∗(

∂

∂t
) ∈ C∞(A, f∗TM)

so that for any (s, t) ∈ A,
∂f

∂s
(s, t),

∂f

∂t
(s, t) ∈ Tf(s,t)M = (f∗TM)(s,t)

Let ∇ now be the Levi-Civita connection. Denote D = f∗∇ the pullback connection on A, defined as (1.86)
and (1.81)

DX(f∗Y ) = (f∗∇)X(f∗Y )

which acts on f∗Y via (1.114).

Hitting one Covariant Derivative. In view of (2.44), we’ve shown that

D

ds

∂f

∂t
=
D

dt

∂f

∂s

using that the Levi-Civita Connection ∇ is symmetric. In particular

D

ds

∂f

∂t
− D

dt

∂f

∂s
= D ∂

∂s
f∗(

∂

∂t
)−D ∂

∂t
f∗(

∂

∂s
)

= f∗∇ ∂
∂s
f∗(

∂

∂t
)− f∗∇ ∂

∂t
f∗(

∂

∂s
)

= f∗

(
[
∂

∂s
,
∂

∂t
]

)
= 0 (2.98)

Hitting two Covariant Derivatives. On the other hand, we differentiate once more to see the curvature
term pops out. Recall the Riemannian curvature is defined via (2.51)

R∇(X,Y )(Z) = ∇Y∇XZ −∇X∇Y Z −∇[Y,X]Z
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By definition of Rf∗∇ = f∗R∇ the pullback Riemannian Curvature (1.115)

(f∗R∇)(
∂

∂s
,
∂

∂t
)(f∗

∂

∂t
) =

D

dt

D

ds
f∗(

∂

∂t
)− D

ds

D

dt
f∗(

∂

∂t
)−D[ ∂∂t ,

∂
∂s ]
f∗(

∂

∂t
)

From the previous computation (2.98), the First covariant derivative commutes

D

ds
f∗(

∂

∂t
) =

D

dt
f∗(

∂

∂s
)

Also, note [ ∂∂t ,
∂
∂s ] = 0. Hence

R(
∂f

∂s
,
∂f

∂t
)
∂f

∂t
=
D2

dt2
∂f

∂s
− D

ds

D

dt

∂f

∂t
(2.99)

From now on we abuse of notation and write R = R∇.
(2.98) and (2.99) are true for any C∞ map f : A→M .

Derivation of Jacobi Equation Now we impose our setup, in addition that fs is a geodesic for any
s ∈ (−ε, ε), i.e.

D

dt

∂fs
∂t

=
D

dt

∂f

∂t
(s, t) = 0 ∀ s ∈ (−ε, ε)

In particular the second term in (2.99) vanishes. Hence we’re left with two terms

D2

dt2
∂f

∂s
+R(

∂f

∂t
,
∂f

∂s
)
∂f

∂t
= 0 (2.100)

If set s = 0, then since we’ve defined and required

J(t) :=
∂f

∂s
(0, t)

γ′(t) =
d

dt
γ(t) =

∂f

∂t
(0, t)

Then (2.100) at s = 0 writes

D2

dt2
J(t) +R(γ′, J(t))γ′ = 0 ∀ t ∈ [0, a] (2.101)

This is the Jacobi Equation.

Definition 2.5.1 (Jacobi Field). A C∞ vector field J(t) along a geodesic

γ : [0, a] →M

is called a Jacobi Field if it satisfies the Jacobi Equation (2.101).
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Figure 2.4: Jacobi Equation

2.5.1.2 Existence and Uniqueness of Jacobi Field

Proposition 2.5.1. Let
γ : [0, a] →M

be a geodesic s.t.
γ(0) = p γ′(0) = v ∈ TpM

In other words, the geodesic
γ(t) = expp(tv)

is determined by the exponential map.
Then

1. For any u, w ∈ TpM , there exists a unique Jacobi Field J along γ s.t.

J(0) = u,
D

dt
J(0) = w

In other words, a Jacobi Field is determined by initial conditions J(0) and D
dtJ(0).
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2. If J(t) is a Jacobi Field along γ, then there exists variational field (2.103)

f : (−ε, ε)× [0, a] →M

(s, t) 7→ f(s, t) = fs(t)

s.t.

(a) for any s ∈ (−ε, ε), fs : [0, a] →M is a geodesic.

(b) f0 = γ.

(c) ∂f
∂s (0, t) = J(t).
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Figure 2.5: Jacobi Field Variation

Proof. 1. To get an ODE out of (2.101) we need to take {e1, · · · , en} ONB of TpM . Then we think of parallel
transport. Let e1(t), · · · , en(t) be the parallel transport of e1, · · · , en along γ(t), i.e.{

D ∂
∂t
ei(t) = 0

ei(0) = ei

Hence {ei(t)}1≤i≤n forms an ONB of Tγ(t)M for every t ∈ [0, a]. For any J(t) as C∞ vector fields along
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γ(t), we can write

J(t) =

n∑
i=1

fi(t)ei(t)

for fi : [0, a] → R. Then J(t) is a Jacobi Field iff (2.101) is satisfied iff

n∑
i=1

f ′′i (t)ei(t) + fi(t)R(γ
′(t), ei)γ

′(t) = 0

We’re using the fact that ei(t) are parallel transports.

Then we take inner product with ej(t) for each of these and selects

f ′′j (t) +

n∑
i=1

fi(t)R(γ
′(t), ej(t), γ

′(t), ej(t)) = 0 ∀ j = 1, · · · , n (2.102)

Denote
Aij(t) := R(γ′(t), ej(t), γ

′(t), ej(t))

Then we write

f ′′j (t) +

n∑
i=1

Aij(t)fi(t) = 0

Hence we have
d2

dt2
f +Af = 0

where we apply Existence and Uniqueness of ODE.

2. Set u := J(0) and w := D
dtJ(0). Let

λ : (−ε, ε) →M

s 7→ λ(s) := expp(su)

Let v(s), w(s) be parallel transport along λ(s). Define

f : (−ε, ε)× [0, a] →M

(s, t) 7→ expλ(s)(t(v(s) + sw(s)))
(2.103)

We need to check

(a) For each s, fs is the unique geodesic that starts at fs(0) = λ(s) and with

f ′s(0) = v(s) + sw(s)

(b) f0(t) = expλ(0)(t(v(0) + 0)) = expp(tv) = γ(t).

(c) J(t) = ∂f
∂s (0, t) is a Jacobi Field by our previous derivation. Check

J(0) =
∂f

∂s
(0, 0) = λ′(0) = u

D

dt
J(0) =

D

dt

∂f

∂s
(0, 0) =

D

ds

∂f

∂t
(0, 0) = w(0) = w

where the second line follows from

∂f

∂t
(s, 0) = (d expλ(s))0(v(s) + sw(s))

(2.43)
= v(s) + sw(s)

D

ds

∂f

∂t
(s, 0) = w(s) both v(s) and w(s) are parallel transports

Since they have same initial conditions, we conclude by uniqueness.
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Example of Jacobi Field

Example 2.5.1. In (Rn, g0), the geodesics are

γ(t) = p+ tv p, v ∈ Rn

Now our Jacobi Field writes

J(t) = u+ tw ∀ u,w ∈ Rn

and f writes
f(s, t) = p+ su+ t(v + sw)

for fixed p, v, u, w. f is in fact
f(s, t) = expp+su (t(v + sw))

2.5.1.3 Properties of Jacobi Field

Jacobi Field with J(0) = 0 In the special case u = 0, J(t) Jacobi field along γ(t) with

γ(0) = p γ′(0) = v J(0) = 0 J ′(0) = w

satisfies
λ(s) = p and f(s, t) = expp(t(v(s) + sw(s)))

Thus

J(t) =
∂f

∂s
(0, t) = (d expp)tv(tw) (2.104)

For λ fixed its easier to take derivatives.
In particular, |(d expp)v(w)| denotes intuitively the rate of spreading of the geodesic

t 7→ expp(tv(s))

which starts from p.

Figure 2.6: Jacobi Field for J(0) = 0.
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⟨J, γ′⟩(t) as linear function

Lemma 2.5.1 ([dC92] Proposition 5.3.6). Let

γ : [0, a] →M

be geodesic in M , J Jacobi field along γ. Then ⟨J, γ′⟩(t) is linear function in t

⟨J, γ′⟩(t) = ⟨J(0), γ′(0)⟩+ t⟨J ′(0), γ′(0)⟩ J ′(0) :=
D

dt
J(0) (2.105)

Proof. Let

f(t) = ⟨J, γ′⟩(t)
f ′(t) = ⟨J ′, γ′⟩(t) using D ∂

∂t
γ′ = 0

f ′′(t) = ⟨J ′′, γ′⟩(t) (2.101)
= ⟨−R(γ′, J)γ′, γ′⟩ = 0 by anti-symmetry of R

Hence f is a linear function in t.

Corollary 2.5.1 ([dC92] Corollary 5.3.7). If ⟨J, γ′⟩(t1) = ⟨J, γ′⟩(t2) for t1, t2 ∈ [0, a], t1 ̸= t2, then ⟨J, γ′⟩ does
not depend on t.

In particular if J(0) = J(a) = 0, then
⟨J, γ′⟩ ≡ 0

Decomposition of J into γ′ and tγ′(t) Let γ be geodesic in M . In fact γ′ and tγ′(t) are examples of Jacobi
Fields along γ(t).

Indeed

D2

dt2
γ′(t) +R(γ′, γ′)γ′ = 0 using

D

dt
γ′ = 0

and

D2

dt2
(tγ′(t)) =

D

dt
(γ′(t)) = 0

R(γ′, tγ′)γ′ = 0

In particular given initial conditions we can explicitly write J using γ′ and tγ′. For any J Jacobi field along
γ we have decomposition

J(t) = (⟨J(0), γ′(0)⟩+ t⟨J ′(0), γ′(0)⟩) γ′(t)

|γ′(0)|2
+ J⊥(t) where ⟨J⊥(t), γ′(t)⟩ = 0 (2.106)

Hence it suffices to consider Jacobi Fields normal w.r.t. γ′(t).

Corollary 2.5.2 ([dC92] Corollary 5.3.8). Suppose J(0) = 0. Then ⟨J ′(0), γ′(0)⟩ = 0 iff

⟨J, γ′⟩ ≡ 0

Application for Jacobi Field induced by Killing vector field

Proposition 2.5.2 ([dC92] Exercise 5.8). Let

γ : [0, a] →M

be a geodesic and let X be a Killing Vector field on M (2.49). Then

(a) The restriction X(γ(s)) of X to γ(s) is a Jacobi Field along γ.

(b) As a consequence of above, if M is connected and there exists p ∈M s.t.

X(p) = 0 and ∇YX(p) = 0 ∀ Y ∈ TpM

Then X ≡ 0 on M .
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Proof. 1. We first show (a). Since X is a Killing Vector Field, its flow

φt : U ⊂M →M q 7→ φ(t, q) = φt(q) ∀ t ∈ (−ε, ε)

is a 1-parameter subgroup of isometries on (M, g) with φ0 = Id. The flow φt relates to X via

φt(q) is the trajectory of X passing through q at t = 0 for any q ∈ U

or in other words using X as integral curve

X(φ(t, γ(s))) =
∂

∂t
φ(t, γ(s)) =

d

dt
φt(γ(s))

γ(s) = φ(0, γ(s))

Since image of the geodesic γ by a family of isometries remains a geodesic,

ϕt(s) = φt(γ(s)) ∀ t ∈ (−ε, ε)

are a 1-parameter family of geodesics on (M, g). Thus restriction of X to γ is a variational field

X(γ(s)) =
d

dt

∣∣∣∣
t=0

ϕt(s)

of γ by geodesics. Hence X(γ(s)) is Jacobi Field along γ.

2. We prove (b). From (a) we know

J(s) := X(γ(s)) ∀ s ∈ [0, a]

defines a Jacobi Field along γ. We first conduct a simple computation using Definition of pullback section

D

ds
J(s) = γ∗∇ d

ds
(X(γ(s))) = γ∗∇ d

ds
(γ∗X(s))

= ∇γ∗
d
ds
X = ∇γ′(s)X

Notice assumptions imply
X(p) = 0 =⇒ X(γ(0)) = J(0) = 0

and

∇YX(p) = 0 ∀ Y ∈ Tγ(0)M =⇒ choosing Y = γ′(0) ∇γ′(0)X =
D

ds
J(0) = 0

Hence by Existence and Uniqueness Theorem,

J(s) = X(γ(s)) ≡ 0

is the unique Jacobi Field along γ. But now since M is connected, for any other point q ∈ M , there
exists smooth curve connecting p to q. Covering the curve by geodesic segments and applying previous
argument, one obtain

X(q) = 0 ∀ q ∈M

2.5.2 Jacobi Fields on Constant Sectional Curvature Manifolds

Let (M, g) be Riemannian manifold with constant sectional curvature K. Let

γ : [0, a] →M

be a normalized geodesic, i.e., |γ′(t)| = 1.
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Derivation of Jacobi Field for Constant Sectional Curvature K Take a Jacobi field J along γ that is
normal to γ′, in particular

⟨J, γ′⟩(t) = ⟨J(0), γ′(0)⟩+ t⟨D
dt
J(0), γ′(0)⟩ = 0 ∀ t ∈ [0, a]

Let V be C∞ vector field along γ. Then using an equivalent condition for constant sectional curvature and
Riemannian Curvature

⟨R(γ′, J)γ′, V ⟩ = R(γ′, J, γ′, V )

(2.67)
= K (⟨γ′, γ′⟩⟨J, V ⟩ − ⟨γ′, J⟩⟨γ′, V ⟩)

= ⟨KJ, V ⟩

where the last step uses ⟨γ′, γ′⟩ = 1 and ⟨γ′, J⟩ = 0.
Hence

R(γ′, J)γ′ = KJ

and our Jacobi Equation (2.101) writes
D2

dt2
J +KJ = 0 (2.107)

Solving Jacobi Equation for constant sectional curvature with Initial D
dtJ(0) Let w(t) be parallel

transport of w along γ(t) with w(0) = w so

⟨w(t), γ′(t)⟩ = 0 |w(t)| = 1

We look for solutions of the form
J(t) = f(t)w(t) f : [0, a] → R

Then equation (2.107) writes, given nontrivial initial condition D
dtJ(0) = w

D2

dt2
J +KJ = 0

J(0) = 0

D

dt
J(0) = w

This is equivalent to system of equations on f

d2

dt2
f(t) +Kf(t) = 0

f(0) = 0

f ′(0) = 1



CHAPTER 2. RIEMANNIAN GEOMETRY 126

Figure 2.7: Jacobi Equation for Constant Sectional Curvature

Now this has unique solution. So the Jacobi field

J = fw

that we find this way is the unique solution of

D2

dt2
J +KJ = 0
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Solutions to system of equations in f and J are given by

f(t) =


sin(

√
Kt)√
K

K > 0

t K = 0
sinh(

√
−Kt)√

−K K < 0

J(t) =


sin(

√
Kt)√
K

w(t) K > 0

tw(t) K = 0
sinh(

√
−Kt)√

−K w(t) K < 0

(2.108)

Solving Jacobi Field for constant sectional curvature with Initial J(0) Similarly, if write

J(t) = f(t)u(t)

for u(t) the parallel transport of u along γ, it takes initial conditions

D2

dt2
J +KJ = 0

J(0) = u

D

dt
J(0) = 0

Then this corresponds to

d2

dt2
f(t) +Kf(t) = 0

f(0) = 1

f ′(0) = 0

Solutions write

f(t) =


cos(

√
Kt)√
K

K > 0

1 K = 0
cosh(

√
−Kt)√

−K K < 0

J(t) =


cos(

√
Kt)√
K

u(t) K > 0

u(t) K = 0
cosh(

√
−Kt)√

−K u(t) K < 0

In general, it’s a combination between these two solutions. What we did here is the orthogonal part in 2.106.

Geodesic Polar Coordinates We would like to define Geodesic Polar Coordinates on a manifold (M, g).

Sphere S2 Take S2 round sphere of radius 1. Take p = (0, 0, 1) to be north pole. Consider v ∈ TpS2. The
exponential map sends

expp : TpS2 → S2

{circles of radius ρ centered at origin} 7→ {(x, y, z) ∈ R3 | x2 + y2 = sin2(ρ), z = cos(ρ)}

Then let (ρ, θ) be polar coordinates on TpS2 = R2. By Gauss Lemma (2.45)

exp∗p(dx
2 + dy2 + dz2) = dρ2 + sin2 ρdθ2

Sphere S2( 1√
K
) More generally, given K > 0, consider sphere of radius 1√

K

S2(
1√
K

) := {(x, y, z) ∈ R3 | x2 + y2 + z2 =
1

K
}

This has constant sectional curvature K. Let p = (0, 0, 1√
K
) and the exponential map

expp : TpS2(
1√
K

) → S2(
1√
K

)

{circles of radius ρ} 7→ {(x, y, z) ∈ R3 | x2 + y2 =
sin2(

√
Kρ)√
K

, z =
cos(

√
Kρ)√
K

}
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Let (ρ, θ) be the polar coordinates on R2 = TpS2( 1√
K
), then

exp∗p(dx
2 + dy2 + dz2) = dρ2 +

(
sin(

√
Kρ)√
K

)2

dθ2 (2.109)

Geodesic Polar Coordinates for Manifold with Constant Sectional Curvature.
In general, we want to define the geodesic polar coordinates on M as pullback metric g under the following

map
F : (0, δ)× Sn−1 → Bδ(p) = {normal ball centered at p with radius δ > 0} ⊆M

(ρ, v) 7→ expp(ρv)

We compute the differential, w.r.t. the basis vector { ∂
∂ρ , w} for w ∈ TvSn−1

(dF(ρ,v))(
∂

∂ρ
) = (d expp)ρv(v)

(dF(ρ,v))(w) = (d expp)ρv(ρw) where w ∈ TvSn−1 = {w ∈ Rn | ⟨w, v⟩ = 0}

Then we can describe what the differential map does.

dF(ρ,v) : T(ρ,v)((0, δ)× Sn−1) = R
∂

∂ρ
⊕ TvSn−1 → TF (ρ,v)M

Recall special case u = 0 yields (2.104). Hence in fact (dF(ρ,v))(w) is the Jacobi Field with formula (2.108)

(dF(ρ,v))(w) = (d expp)ρv(ρw) = fK(ρ)w(ρv)

In particular, we’ve used Gauss Lemma which says exponential map is isometry

⟨(d expp)v(v), (d expp)v(v)⟩ = ⟨v, v⟩ = 1

⟨(d expp)v(v), (d expp)v(ρw)⟩ = ⟨v, ρw⟩ = 0

Let (M, g) be our manifold with metric g. We thus define the geodesic polar coordinates on M as

F ∗g = (expp)
∗g = dρ2 + f2K(ρ)gS

n−1

can =


dρ2 + sin2(

√
Kρ)

K gS
n−1

can K > 0

dρ2 + ρ2gS
n−1

can K = 0

dρ2 + sinh2(
√
−Kρ)

−K gS
n−1

can K < 0

2.5.3 Taylor Expansion of gij in Local Coordinates

Let (M, g) be Riemannian Manifold. Given an orthonormal frame, the metric takes the form

gij = δij

Now using ∇ is compatible with the metric (2.86) one get

∂gij
∂xk

= 0

Taylor Expansion in |J(t)|2 We want to look at its Taylor Expansion. Take p ∈M Let

γ : [0, a] →M

be geodesic with
γ(0) = p γ′(0) = v

Let J(t) be Jacobi Field along γ(t) with

J(0) = 0
D

dt
J(0) = w

Therefore in particular
γ(t) = expp(tv) J(t) = (d expp)tv(tw)
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Proposition 2.5.3 (Taylor Expansion of |J(t)|2 in Riemannian curvature).

|J(t)|2 = ⟨w,w⟩t2 − 1

3
R(v, w, v, w)t4 − 1

6
(∇vR)(v, w, v, w)t

5 (2.110)

+

(
2

45
⟨R(v, w)v,R(v, w)v⟩ − 1

20
(∇v∇vR)(v, w, v, w)

)
t6 + o(t6) (2.111)

Proof. Let f(t) = ⟨J(t), J(t)⟩. Need to compute f (k)(0) for 0 ≤ k ≤ 6.

f ′(t) = 2⟨J ′(t), J(t)⟩
f ′′(t) = 2⟨J (2)(t), J(t)⟩+ 2⟨J ′(t), J ′(t)⟩
f (3)(t) = 2⟨J (3)(t), J(t)⟩+ 6⟨J (2)(t), J(t)⟩
f (4)(t) = 2⟨J (4)(t), J(t)⟩+ 8⟨J (3)(t), J ′(t)⟩+ 6⟨J (2)(t), J (2)(t)⟩
f (5)(t) = 2⟨J (5)(t), J(t)⟩+ 10⟨J (4)(t), J ′(t)⟩+ 20⟨J (3)(t), J (2)(t)⟩
f (6)(t) = 2⟨J (6)(t), J(t)⟩+ 12⟨J (5)(t), J ′(t)⟩+ 30⟨J (4)(t), J (2)(t)⟩+ 20⟨J (3)(t), J (3)(t)⟩

We have J(0) = 0, J ′(0) = w. Notice we’re about to compute

D

dt
(R(γ′, J)γ′) ≡ ∇γ′(R(γ′, J)γ′)

= (∇γ′R)(γ′, J)γ′ +R(
D

dt
γ′, J)γ′ +R(γ′,

D

dt
J)γ′ +R(γ′, J)

D

dt
γ′

= (∇γ′R)(γ′, J)γ′ +R(γ′,
D

dt
J)γ′ using that γ is geodesic

where the second line follows from

∇W (R(X,Y, Z, T )) = (∇WR)(X,Y, Z, T ) +R(∇WX,Y, Z, T ) + · · ·+R(X,Y, Z,∇WT ) ∀ T
∇W (⟨R(X,Y )Z, T ⟩) = (∇WR)(X,Y, Z, T ) +R(∇WX,Y, Z, T ) + · · ·+R(X,Y, Z,∇WT )

⟨∇W (R(X,Y )Z), T ⟩ = ∇W (⟨R(X,Y )Z, T ⟩)−R(X,Y, Z,∇WT ) by definition

= ⟨(∇WR)(X,Y )Z, T ⟩+ ⟨R(∇WX,Y )Z, T ⟩+ ⟨R(X,∇WY )Z, T ⟩+ ⟨R(X,Y )∇WZ, T ⟩

Thus

J ′′ = −R(γ′, J)γ′ =⇒ J ′′(0) = −R(v, 0)v = 0

J (3) = −R′(γ′, J)γ′ −R(γ′, J ′)γ′ =⇒ J (3)(0) = −R(v, w)v
J (4) = −R′′(γ′, J)γ′ − 2R′(γ′, J ′)γ′ −R(γ′, J ′′)γ′ =⇒ J (4)(0) = −2(∇vR)(v, w)v

J (5) = −R′′′(γ′, J)γ′ − 3R′′(γ′, J ′)γ′ − 3R′(γ′, J ′′)γ′ −R(γ′, J ′′′)γ′ =⇒ J (5)(0) = −3(∇v∇vR)(v, w)v +R(v,R(v, w)w)w

So

f(0) = 0

f ′(0) = 0

f ′′(0) = 2⟨w,w⟩
f (3)(0) = 0

f (4)(0) = 8⟨−R(v, w)v, w⟩
f (5)(0) = 10⟨−2(∇vR)(v, w)v, w⟩
f (6)(0) = 12⟨−3∇v∇vR(v, w)v +R(v,R(v, w)v)v, w⟩+ 20⟨R(v, w)v,R(v, w)v⟩

= −36⟨∇v∇vR(v, w)v, w⟩+ 32⟨R(v, w)v,R(v, w)v⟩

Then

f(t) =
1

2!
2⟨w,w⟩t2 − 1

4!
8⟨R(v, w)v, w⟩t4 − 1

5!
20⟨(∇vR)(v, w)v, w⟩t5

+
1

6!
(−36⟨∇v∇vR(v, w)v, w⟩+ 32⟨R(v, w)v,R(v, w)v⟩) t6 + o(t6)
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Corollary 2.5.3 (Taylor Expansion of |J(t)|2 in Sectional Curvature). Take v, w orthonormal, i.e.

|v| = |w| = 1 ⟨v, w⟩ = 0

Let
σ = Span(v, w)

Then for t > 0

|J(t)|2 = t2 − 1

3
K(σ)t4 + o(t4)

|J(t)| = t

(
1− 1

3
K(σ)t2 + o(t2)

) 1
2

= t− 1

6
K(σ)t3 + o(t3) using (1 + x)

1
2 = 1 +

1

2
x+ o(x2) (2.112)

Taylor Expansion for the Metric gij in Normal Coordinates Now write

J(t) = (d expp)tv(tw)

One has

f(t) = ⟨J(t), J(t)⟩ = ⟨(d expp)tv(tw), (d expp)tv(tw)⟩ = t2⟨(d expp)tv(w), (d expp)tv(w)⟩

Define
B(u,w) := ⟨(d expp)tv(u), (d expp)tv(w)⟩

This is symmetric bilinear form on TpM . Now the diagonal quadratic form is

Q(w) = ⟨(d expp)tv(w), (d expp)tv(w)⟩

By polarizing for u, w ∈ TpM , i.e., by polarized identity

B(u,w) =
1

2
(Q(u+ w)−Q(u)−Q(w))

One has

⟨(d expp)tv(u), (d expp)tv(w)⟩
(2.111)
= ⟨u,w⟩ − 1

3
R(v, w, v, u)t2 − 1

6
(∇vR)(v, w, v, u)t

3

+

(
2

45
⟨R(v, w)v,R(v, u)v⟩ − 1

20
(∇v∇vR)(v, w, v, u)

)
t4 + o(t4)

Now for |v| small. One can deduce via Taylor Expansion around 0

⟨(d expp)v(u), (d expp)v(w)⟩ = ⟨u,w⟩ − 1

3
R(v, w, v, u)− 1

6
(∇vR)(v, w, v, u)

+
2

45
⟨R(v, w)v,R(v, u)v⟩ − 1

20
(∇v∇vR)(v, w, v, u) + o(|v|4)

Let {e1, · · · , en} as ONB basis for TpM . Consider normal ball Bδ(p) ⊆ M and point q ∈ Bδ(p). Then q is
viewed as endpoint of geodesic starting from p with velocity as linear combination of ei. In particular

q = expp(
∑
k

xkek) ∈ Bδ(p)

where
∑
k xkek ∈ TpM , and xk are the normal coordinates associated to {e1, · · · en}.

Then

∂

∂xi

∣∣∣∣
q

= (d expp)
∑
k xkek

(ei)

So

gij(x1, · · · , xn) = ⟨ ∂

∂xi

∣∣∣∣
q

,
∂

∂xj

∣∣∣∣
q

⟩ = ⟨(d expp)∑k xkek
(ei), (d expp)

∑
k xkek

(ej)⟩

Now apply with v =
∑
k xkek ∈ TpM for |xk| small, and with u = ei, w = ej . We finally obtain using the

formula

gij(x) = δij −
1

3

∑
k,ℓ

R(ei, ek, ej , eℓ)xkxℓ −
1

6

∑
ℓ,m,k

Rℓimj,kxℓxmxk

+
2

45

∑
ℓ,k,r,s,m

RikℓmRjrsmxkxℓxrxs −
1

20

∑
ℓ,r,m,k

Rℓjri,mkxℓxrxmxk + o(|x|4)

= δij −
1

3
Rikjℓ(p)xkxℓ −

1

6
Rikjℓ,m(p)xkxℓxm

+
2

45
Rikℓm(p)Rjrsm(p)xkxℓxrxs −

1

20
Rikjℓ,rs(p)xkxℓxrxs + o(|x|4)
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Taylor Expansion for det(gij) in Normal Coordinates Note

det gij = exp(tr(log(gij)))

One has

g(x) = I + g(2)(x) + g(3)(x) + g(4)(x) + o(|x|4)

log g(x) = g(2)(x) + g(3)(x) + g(4)(x)− 1

2
(g(2))2 + o(|x|4) using log(1 + t) = t− 1

2
t2 + o(t2)

Here

−1

2
(g(2))2 = −1

2
g
(2)
iℓ g

(2)
ℓj = − 1

18

∑
k,ℓ,r,s,m

RkiℓmRrmsjxkxℓxrxs

= − 1

18

∑
k,ℓ,r,s,m

RikℓmRjrsmxkxℓxrxs

Now take the trace, i.e., contracting (gives Ricci curvature)

tr log g(x) = −1

3

∑
k,ℓ

Rkℓxkxℓ −
1

6

∑
ℓ,m,k

Rℓm,kxℓxmxk −
1

90

∑
k,ℓ,r,s,m,c

RckℓmRcrsmxkxℓxrxs

− 1

20

∑
ℓ,r,m,k

Rℓr,mkxℓxrxmxk + o(|x|4)

Now lifting to exponential

ey = 1 + y +
y2

2
+ o(|y|2)

One has

det g(x) = 1− 1

3
Rkℓxkxℓ −

1

6
Rℓm,kxℓxmxk −

1

90
RckℓmRcrsmxkxℓxrxs −

1

20
Rℓr,mkxℓxrxmxℓ −

1

18
RkℓRmrxkxℓxmxr + o(|x|4)

Applications of Taylor Expansion

Guassian Curvature in Polar Coordinates This is [dC92] Exercise 5.6.
Let M be Riemannian manifold of dimension 2 (identified as surface). Let Bδ(p) be normal ball around

p ∈M and consider the parametrized surface

f(ρ, θ) = expp(ρv(θ)) ∀ 0 < ρ < δ − π < θ < π

for v(θ) circle of radius 1 in TpM as parametrized by the central angle θ.

1. (ρ, θ) are coordinates in an open subset U ⊂M formed by the open ball minus the ray

U := Bδ(p) \ {expp(−ρv(0)) | 0 < ρ < δ}

These coordinates are polar coordinates at p.

Proof. It suffices to prove that

f : (0, δ)× (−π, π) ⊂ Bδ(0) ⊂ R2 → U ⊂ Bδ(p) ⊂M defines a smooth diffeomorphism

i.e., a bijection smooth map with smooth inverse.

(a) f as composition of smooth maps is indeed smooth in (ρ, θ) on Bδ(0).

(b) f is injective since expp is injective on Bδ(0) ⊂ R2, which follows that

expp(ρ1v(θ1)) = expp(ρ2v(θ2)) =⇒ ρ1v(θ1) = ρ2v(θ2) =⇒ ρ1 = ρ2, θ1 = θ2 mod 2π

Since both θ1, θ2 ∈ (−π, π) one has θ1 = θ2.
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(c) f is surjective follows from the definition of the geodesic ball Bδ(p). By definition expp : Bδ(0) →
Bδ(p) is a diffeomorphism, hence for any

q ∈ U = Bδ(p) \ {expp(−ρv(0)) | 0 < ρ < δ}

There exists w ∈ Bδ(0) s.t.
expp(w) = q

By injectivity of expp and excluding all possible points where ρv(0) ranging from 0 < ρ < δ can map
to, there must exists θ ̸= 0 mod 2π and 0 < ρ < δ s.t.

expp(ρv(θ)) = q

But θ has representative at (−π, π).
(d) To show f is immersion, we need ker df(ρ,θ) = {0} for any (ρ, θ) ∈ (0, δ)× (−π, π) where

df(ρ,θ) : T(ρ,θ) ((0, δ)× (−π, π)) = R2 → Tf(ρ,θ)U ∼= R2

But using Chain rule

∂f

∂ρ

∣∣∣∣
(ρ,θ)

= d(expp ◦(ρv(θ)))(ρ,θ) = (d expp)ρv(θ)(v(θ))

∂f

∂θ

∣∣∣∣
(ρ,θ)

= d(expp ◦(ρv(θ)))(ρ,θ) = (d expp)ρv(θ)(ρv
′(θ))

Yet v(θ) and ρv′(θ) are orthogonal, hence they span R2. Under (d expp)ρv(θ) as isomorphism between
vector spaces {

∂f

∂ρ

∣∣∣∣
(ρ,θ)

,
∂f

∂θ

∣∣∣∣
(ρ,θ)

}
indeed form a basis for Tf(ρ,θ)U

Thus the differential df(ρ,θ) is injective, and hence f is immersion.

(e) By Inverse Function Theorem, and using f is bijection, f−1 inverse is defined everywhere on U and
is smooth.

2. The coefficients gij of the Riemannian metric in polar coordinates are given by

g12 = 0, g11 = |∂f
∂ρ

|2 = |v(θ)|2 = 1, g22 = |∂f
∂θ

|2

Proof. (a) Notice by setting ρ = 0, the initial radial velocity of our geodesic is one

∂f

∂ρ

∣∣∣∣
(0,θ)

= (d expp)0(v(θ)) = v(θ) =⇒ | ∂f
∂ρ

∣∣∣∣
(0,θ)

| = |v| = 1

But a geodesic has constant speed. Hence in radial direction

g11 = ⟨ ∂f
∂ρ

∣∣∣∣
(ρ,θ)

,
∂f

∂ρ

∣∣∣∣
(ρ,θ)

⟩ = |v(θ)|2 = 1 ∀ θ ∈ (−π, π)

(b) Using Gauss Lemma

g12 = ⟨ ∂f
∂ρ

∣∣∣∣
(ρ,θ)

,
∂f

∂θ

∣∣∣∣
(ρ,θ)

⟩ = ⟨(d expp)ρv(θ)(v(θ)), (d expp)ρv(θ)(ρv′(θ))⟩

= ⟨v(θ), ρv′(θ)⟩ = 0

Using that radial and angular velocity are orthogonal.

(c) By definition

g22 = ⟨ ∂f
∂θ

∣∣∣∣
(ρ,θ)

,
∂f

∂θ

∣∣∣∣
(ρ,θ)

⟩ = |∂f
∂θ

|2
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3. Along the geodesic f(ρ, 0), we have

(
√
g22)ρρ = −K(p)ρ+ R̃(ρ) for some R̃ where lim

ρ→0

R̃(ρ)

ρ
= 0 (2.113)

and K(p) the sectional curvature of M at p.

Proof. For θ = 0, we make the observation that

√
g22 = | ∂f

∂θ

∣∣∣∣
(ρ,0)

| = |(d expp)ρv(0)(ρv′(0))|

= |J(ρ)| for Jacobi Field with J(0) = 0 and J ′(0) = v′(0)

Then directly apply (2.112), for the plane spanned by v(0) and v′(0)

σ = Span{v(0), v′(0)}

one obtain

J(ρ) = ρ− 1

6
K(σ)ρ3 + o(ρ3)

But dimM = 2, the only 2-dim subspace of TpM is itself, soK(σ) = K(p) is indeed the sectional curvature
of M at p. Thus

(
√
g22)ρρ = −K(p)ρ+ o(ρ)

4. In dimension 2, the sectional curvature coincides with the Gaussian Curvature.

lim
ρ→0

(
√
g22)ρρ√
g22

= −K(p)

Proof.

(
√
g22)ρρ√
g22

=
−K(p)ρ+ o(ρ)

ρ− 1
6K(σ)ρ3 + o(ρ3)

lim
ρ→0

(
√
g22)ρρ√
g22

= −K(p) + lim
ρ→0

o(1)

ρ− 1
6K(σ)ρ3 + o(ρ3)

= −K(p)

where for both limits, we compute using L’Hôpital’s rule.

Sectional Curvature for dim = 2

Corollary 2.5.4 ([dC92] Exercise 5.7.). Let M be Riemannian manifold of dimension 2. Let p ∈ M and let
V ⊂ TpM be a neighborhood of the origin where expp is a diffeomorphism. Let Sr(0) ⊂ V be circle centered
at the origin. Let Lr denote the length of the curve expp(Sr) in M . Then the sectional curvature at p ∈ M is
given by

K(p) = lim
r→0

3

π

2πr − Lr
r3

Proof. Let Bδ(p) be normal ball around p ∈M s.t. r < δ and in the tangent space, Bδ(0) ⊂ V . One parametrize
the surface expp(Bδ(0)) = Bδ(p) using

f(ρ, θ) = expp(ρv(θ)) 0 < ρ < δ, −π < θ < π

Notice f(r, θ) therefore parametrizes the curve expp(Sr). In particular

| ∂
∂θ
f(r, θ)| =

√
g22(r, θ)

Hence the length Lr is computed via

Lr =

ˆ π

−π

√
g22(r, θ) dθ

and since we’re working with polar coordinates so the metric is radially symmetric, one obtain

Lr = 2π
√
g22(r)
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Now directly using (2.112)

3

π

2πr − Lr
r3

=
3

π

2πr − 2π
√
g22(r)

r3
= 6

r − (r − 1
6K(p)r3 + o(r3))

r3

= K(p) + 6
o(r3)

r3

lim
r→0

3

π

2πr − Lr
r3

= K(p)

2.5.4 Conjugate Points

We study relationship between singularities of the exponential map and Jacobi Fields. Conjugate points give
degeneracy of the geodesics.

Definition 2.5.2 (Conjugate Point). Given geodesic.

γ : [0, a] →M

Let t0 ∈ (0, a]. The point γ(t0) is conjugate to γ(0) along γ if there exists Jacobi Field J along γ s.t.

1. J ̸= 0 nontrivial.

2. J(0) = 0 = J(t0).

We call the multiplicity of the conjugate point γ(t0) as the maximum number of such linearly independent
Jacobi fields, i.e.

Multiplicity(γ(t0)) := dim{J(t) | Jacobi field along γ(t) s.t. J(0) = 0 = J(t0)} ≥ 1

Definition 2.5.3 (Conjugate Locus). Given p ∈ M , the set of first conjugate points to the point p, for all the
geodesics that start at p, is the conjugate locus of p which we denote C(p).

C(p) := {γ(t0) | γ(t0) is the first conjugate point to p along γ, for all γ geodesic s.t. γ(0) = p}
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Figure 2.8: Jacobi Field Conjugate Points

Conjugate Points and singularities of the exponential map

Proposition 2.5.4 ([dC92] Proposition 5.3.5). Let

γ : [0, a] →M
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be geodesic with γ(0) = p and γ′(0) = v, hence

γ(t) = expp(tv)

Then the point q = γ(t0) for t0 ∈ (0, a] is conjugate point to p = γ(0) along γ iff

t0γ
′(0) = t0v

is a critical point of expp, i.e., (d expp)t0v is not surjective (has non-trivial kernel). Moreover

Multiplicity of q as a conjugate point of p = dimker((d expp)t0v)

Proof. Any Jacobi Field J(t) along γ(t) s.t. J(0) = 0 is of the form

J(t) = (d expp)tv(tw) w :=
D

dt
J(0)

Suppose t0 ̸= 0, then q is conjugate to p iff J(t0) = 0 iff

(d expp)t0v(t0w) = 0

But t0 > 0, so this vanishes iff

(d expp)t0v(w) = 0 ⇐⇒ w ∈ ker((d expp)t0v)

Hence due to non-trivial kernel, t0v is a critical point for expp via definition.

Multiplicity of Conjugate Point never exceeds n− 1 Notice the multiplicity never exceeds n− 1. Recall
that if

γ(t) = expp(tv)

Then J(0) = 0 implies
J(t) = (d expp)tv(tw)

and (2.105)

⟨J, γ′⟩(t) = ⟨J(0), γ′(0)⟩+ t⟨J ′(0), γ′(0)⟩

Applying to t = t0 yields

0 = 0 + t0⟨J ′(0), γ′(0)⟩
0 = ⟨J ′(0), γ′(0)⟩

so D
dtJ(0) is perpendicular to γ

′(0).
Thus the space

J(t) ∈ {J(t) | Jacobi Fields along γ(t), J(0) = 0 and ⟨D
dt
J(0), γ′(0)⟩ = 0} ∼= Rn−1 (2.114)

since originally one has 2n initial conditions to determine J(t), and J(0) = 0 kills n while ⟨w, v⟩ = 0 kills 1,
we’re left with n− 1.

In fact, if e1, · · · , en are ONB of TpM

e1 =
v

|v|
=

γ′(0)

|γ′(0)|
Let Ji(t) be Jacobi Fields with

Ji(0) = 0
D

dt
Ji(0) = ei i ∈ {1, · · · , n}

and let Jn+i(t) be Jacobi Field s.t.

Jn+i(0) = ei,
D

dt
Jn+i(0) = 0 i ∈ {1, · · · , n}

So look at the space

{J(t) | Jacobi Fields J(0) = 0 = ⟨D
dt
J(0), γ′(0)⟩} = Span{J2(t), · · · , Jn(t)} =⇒ Multiplicity(γ(t0)) ≤ n− 1
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Space of Jacobi Fields

Proposition 2.5.5 ([dC92] Proposition 5.3.9). Let

γ : [0, a] →M

be geodesic. Let V1 ∈ Tγ(0)M and V2 ∈ Tγ(a)M . If γ(a) is not conjugate to γ(0) along γ, there exists a unique
Jacobi Field J along γ s.t.

J(0) = V1, J(a) = V2

Corollary 2.5.5 ([dC92] Corollary 5.3.10). Let (M, g) be Riemannian manifold of dimension n. Let

γ : [0, a] →M

be geodesic.
Denote as in (2.114)

J⊥ := {J(t) | Jacobi Fields J(0) = 0, J ′(0) ⊥ γ′(0)} ∼= Rn−1

Let {J1, · · · , Jn−1} be a basis of J⊥.
Assume γ(t), t ∈ (0, a] is not conjugate to γ(0). Then {J1(t), · · · , Jn−1(t)} is a basis for the orthogonal

complement of γ′(t)
{γ′(t)}⊥ ⊆ Tγ(t)M

2.5.4.1 Conjugate Points and Sectional Curvature

If (M, g) has constant sectional curvature K. Then

{J(t) | Jacobi Fields J(0) = 0} = Span{tγ′(t), fKe2, fKe3, · · · , fKen} ∼= Rn

where

e1 =
γ′(0)

|γ′(0)|
, e2, · · · , en

are ONB of TpM and ei are parallel transported along γ(t).
The differential (d expp)tv is singular exactly when there exits a non-zero Jacobi field with J(0) = J(1) = 0.

Now from the spanning set, tγ′(t) never vanishes for t > 0. The transverse ones are fK(t)ei, so zero happens
exactly when fK(t) = 0.

Negative Sectional Curvature gives C(p) = ∅

Proposition 2.5.6 ([dC92] Exercise 5.3). Let M be a Riemannian manifold with non-positive sectional curva-
ture. Then for any p ∈M , the conjugate locus C(p) = ∅ is empty.

Proof. Fix any p ∈M . Given a geodesic
γ : [0, a] →M

s.t. γ(0) = p. Assume there exists nontrivial Jacobi Field J s.t.

J(0) = J(a) = 0

1. We first show that
d

dt
⟨D
dt
J, J⟩ ≥ 0

One calculate using that the covariant derivative D
dt corresponds to Levi-Civita Connection (hence com-

patible with the metric g), and the Jacobi Equation (2.101).

d

dt
⟨D
dt
J, J⟩ = ⟨D

2

dt2
J, J⟩+ ⟨D

dt
J,
D

dt
J⟩

= −⟨R(γ′, J(t))γ′, J⟩+ ⟨D
dt
J,
D

dt
J⟩

Notice the first term is essentially sectional curvature in the plane spanned by γ′ and J with flipped sign
so

−⟨R(γ′, J(t))γ′, J⟩ ≥ 0

due to our assumption on non-positive sectional curvature. The second term is always non-negative due
to inner product structure.
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2. But then

⟨D
dt
J, J⟩(a) = 0 = ⟨D

dt
J, J⟩(0)

yields

⟨D
dt
J, J⟩ ≡ 0

3. Using compatible with the metric g again

d

dt
⟨J, J⟩ = 2⟨D

dt
J, J⟩ ≡ 0

Thus
|J |2 = ⟨J, J⟩(t) = 0 ∀ t ∈ [0, a]

We’ve reached a contradiction that J is assumed to be non-trivial.

Spheres as Positive Sectional Curvature On the other hand, for positive sectional curvature, there could
be conjugate points.

Let K > 0. Denote by

Sn
(

1√
K

)
the round n–sphere of radius 1√

K
(equivalently, constant sectional curvature K). Fix p ∈ Sn

(
1√
K

)
and a

unit-speed geodesic

γ : [0, π/
√
K] → Sn

(
1√
K

)
with γ(0) = p. Let W (t) be a parallel vector field along γ such that W (t) ⊥ γ̇(t) and W (0) = w ̸= 0. Then the
vector field (2.108)

J(t) =
sin(

√
K t)√
K

W (t)

is a (nontrivial) Jacobi field orthogonal to γ̇ and it satisfies

J(0) = 0, J

(
π√
K

)
= 0.

Hence γ
(

π√
K

)
is conjugate to p along γ and the first conjugate time equals π/

√
K. Moreover, for every unit

vector v ∈ TpSn
(

1√
K

)
,

expp

(
π√
K
v

)
= −p,

so the cut locus of p is the singleton
C(p) = {−p}.

Negative Sectional Curvature Jacobi Field Formula

Proposition 2.5.7 ([dC92] Exercise 5.4). Let M be Riemannian manifold with constant negative sectional
curvature b < 0. Let

γ : [0, ℓ] →M

s.t. γ(0) = p be normalized geodesics, and let v ∈ Tγ(ℓ)M s.t.

⟨v, γ′(ℓ)⟩ = 0, |v| = 1

Then the Jacobi Field J along γ as determined by

J(0) = 0 J(ℓ) = v

is given by

J(t) =
sinh(t

√
−b)

sinh(ℓ
√
−b)

w(t) (2.115)

where w(t) is the parallel transport along γ of the vector

w(0) =
u0
|u0|

u0 = (d expp)
−1
ℓγ′(0)(v) ∈ Tγ(0)M ∼= Tℓγ′(0)(Tγ(0)M)
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Proof. 1. Since M has constant negative curvature, using Proposition 2.5.6 we know γ(ℓ) is not conjugate
point to γ(0) along γ.

2. Using b is constant sectional curvature, our Jacobi Equation writes as in (2.107). Given initial data

J1(0) = 0 J ′
1(0) = w(0) =

u0
|u0|

According to solution (2.108) with b < 0, one has

J1(t) =
sinh(

√
−bt)√

−b
w(t)

as the unique solution. But notice J1 is not the solution J we seek for.

3. Since J1(0) = 0, using (2.104) one may write J1 as

J1(t) = (d expγ(0))tγ′(0)(tw(0))

In particular one may evaluate at t = ℓ and obtain

J1(ℓ) = (d expp)ℓγ′(0)(ℓw(0)) = (d expp)ℓγ′(0)(ℓ
u0
|u0|

)

But making use of
u0 = (d expp)

−1
ℓγ′(0)(v) =⇒ (d expp)ℓγ′(0)(u0) = v

so via linearity

J1(ℓ) = ℓ
v

|u0|

4. Finally, notice both J1(ℓ) and J(ℓ) are expected to be in the direction of v ∈ Tγ(ℓ)M . We define scaling

J̃(t) :=
|u0|
ℓ
J1(t) =

sinh(
√
−bt)√

−b
|u0|
ℓ
w(t)

so that
J̃(0) = 0 J̃(ℓ) = v

Indeed due to two boundary conditions, via Existence and Uniqueness of ODE solution

J̃ ≡ J

5. It suffices to argue one has the correct scaling that matches (2.115). Using

1 = |v| = |J(ℓ)| = | sinh(
√
−bℓ)√

−b
|u0|
ℓ
w(ℓ)| = | sinh(

√
−bℓ)√

−b
|u0|
ℓ

|

Hence

J(t) =
sinh(

√
−bt)√

−b
|u0|
ℓ
w(t) =

sinh(t
√
−b)

sinh(ℓ
√
−b)

w(t)

2.5.4.2 Jacobi Fields and Conjugate Points on Locally Symmetric Spaces

This is [dC92] Exercise 5.5.
Let M be locally symmetric space as in Definition 2.4.11. Let

γ : [0,∞) →M

be a geodesic in M and let
γ(0) = p, γ′(0) = v

Define
Kv : TpM → TpM

x 7→ Kv(x) := R(v, x)v

Then

1. Kv is self-adjoint.
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Proof. For any x, y ∈ TpM , using Symmetry of Riemannian Curvature Tensor (2.61)

⟨Kv(x), y⟩ =⟨R(v, x)v, y⟩ = R(v, x, v, y) = R(v, y, v, x)

= ⟨R(v, y)v, x⟩ = ⟨Kv(y), x⟩ = ⟨x,Kv(y)⟩

where the last equality follows by symmetric of metric.

2. Choose an ONB {e1, · · · , en} of TpM that diagonalizes Kv, i.e.

Kv(ei) = λiei ∀ i = 1, · · · , n

We extend ei to Vector fields along γ via Parallel Transport. Then (note λi does not depend on t)

Kγ′(t)(ei(t)) = λiei(t) ∀ t

Proof. Notice γ′(t) is the parallel transport of γ′(0) = v along γ. Since M is locally symmetric space,
given ei(t) parallel transport of ei along γ

Kγ′(t)(ei(t)) = R(γ′(t), ei(t))γ
′(t) is also parallel transport along γ

Thus for any ej(t) where j ̸= i, we take covariant derivative using ∇ is Levi-Civita Connection

d

dt
⟨Kγ′(t)(ei(t)), ej(t)⟩ = ⟨D

dt
Kγ′(t)(ei(t)), ej(t)⟩+ ⟨Kγ′(t)(ei(t)),

D

dt
ej(t)⟩

= 0 since both are parallel vector fields

⟨Kγ′(t)(ei(t)), ej(t)⟩ = ⟨Kγ′(0)(ei(0)), ej(0)⟩ = ⟨Kv(ei), ej⟩ = λi⟨ei, ej⟩ = 0 ∀ t

Then due to choice of ONB basis
Kγ′(t)(ei(t)) = Cei(t) ∀ t

To determine constant

d

dt
⟨Kγ′(t)(ei(t)), ei(t)⟩ = ⟨D

dt
Kγ′(t)(ei(t)), ei(t)⟩+ ⟨Kγ′(t)(ei(t)),

D

dt
ei(t)⟩ = 0

⟨Kγ′(t)(ei(t)), ei(t)⟩ = ⟨Kv(ei), ei⟩ = λi

C = λi

Thus
Kγ′(t)(ei(t)) = λiei(t) ∀ t

3. Let
J(t) :=

∑
i

xi(t)ei(t) ∀ t be Jacobi Field along γ

Then the Jacobi Equation is equivalent to the system of ODEs

d2

dt2
xi(t) + λixi = 0 i = 1, · · · , n (2.116)

Proof. Recall (2.101) writes

D2

dt2
J(t) +R(γ′(t), J(t))γ′(t) = 0 ∀ t ∈ [0,∞)

So plugging in, using product rule and using Linearity of Riemannian Curvature Tensor in C∞(M)∑
i

D2

dt2
(xi(t)ei(t)) +

∑
i

R(γ′(t), xi(t)ei(t))γ
′(t) = 0

∑
i

ei(t)
d2

dt2
xi(t) +

∑
i

xi(t)R(γ
′(t), ei(t))γ

′(t) = 0

∑
i

ei(t)
d2

dt2
xi(t) +

∑
i

xi(t)Kγ′(t)(ei(t)) = 0

∑
i

ei(t)
d2

dt2
xi(t) +

∑
i

xi(t)λiei(t) = 0

d2

dt2
xi(t) + λixi(t) = 0 ∀ t

Using the fact that {e1(t), · · · , en(t)} are ONB frames parallel w.r.t. γ.



CHAPTER 2. RIEMANNIAN GEOMETRY 141

4. The conjugate points of p along γ are given by

γ(
πk√
λi

) ∀ k ∈ Z, k ≥ 1, ∀ i ∈ {1, · · · , n} ∩ {λi is a positive eigenvalue of Kv }

Proof. Solving system of ODEs for (2.116) with

x⃗(0) = (0, · · · , 0)

We wish to look for tk s.t.
x⃗(tk) = (0, · · · , 0)

(a) In the case λi > 0, the general solution

xi(t) = Ai sin(
√
λit) x′i(0) = Ai

√
λi

To set xi(tk) = 0, and to keep Ai ̸= 0 we obtain

sin(
√
λitk) = 0 ∀ k =⇒ tk =

kπ√
λi

∀ k ∈ Z, k > 0

Notice we omit k = 0 for the simple reason that it coincides with the origin of γ.

(b) In the case λi = 0, the general solution

xi(t) = Cit x′i(0) = Ci

Setting xi(tk) = 0 but keeping Ci ̸= 0 yields tk = 0, which we omit.

(c) In the case λi < 0, the general solution

xi(t) = Di sinh(
√

−λit) x′i(0) = Di

√
−λi

Setting xi(tk) = 0 but keeping Di ̸= 0 yields

sinh(
√
−λitk) = 0 ∀ k =⇒ tk = 0

which we omit

Hence

γ(tk) = γ(
πk√
λi

)

are precisely the conjugate points of γ(0) = p along γ.
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2.6 Isometric Immersion

In this section, we want to measure the way a manifold is immersed in another.
Let (M, g) and (M, g) be two Riemannian manifolds and ∇, ∇ their respective Levi-Civita connections.

2.6.1 Isometric Immersion and the Tangential Part

Isometric Immersion Let’s recall the definition for isometric immersion (2.2) and pullback of Riemannian
metric under an immersion (2.3).

Definition 2.6.1 (Isometric Immersion).

f : (M, g) → (M, g)

is an isometric immersion if

1. f is an immersion, i.e., for any p ∈M ,

dfp : TpM → Tf(p)M

v 7→ dfp(v)
is injective

In particular, since both tangent spaces are finite-dimensional, dfp defines an linear isomorphism.

2. f is an isometry, i.e.
f∗g = g

which is to say (2.3)

gp(u, v) = (f∗g)p(u, v) = gf(p)(dfp(u), dfp(v)) ∀ u, v ∈ TpM

If such f exists, then
n := dimM ≤ n := dimM

Let’s consider some example.

Example 2.6.1 ([dC92] Exercise 6.2). The map

x : R2 → R4

(θ, φ) 7→ 1√
2
(cos(θ), sin(θ), cos(φ), sin(φ))

is an immersion of R2 into the unit sphere S3(1) ⊆ R4, whose image x(R2) equipped with the pullback metric is
a torus T2 with sectional curvature 0 in the induced metric.

Proof. 1. We first show x defines an immersion.

xθ =
∂x

∂θ
=

1√
2
(− sin(θ), cos(θ), 0, 0)

xφ =
∂x

∂φ
=

1√
2
(0, 0,− sin(φ), cos(φ))

Due to linear independence of xθ and xφ, clearly dxθ,φ = (xθ,xφ) is injective for any (θ, φ) ∈ R2. Hence
x defines an immersion.

2. We compute

|x(θ, φ)|2 =
1

2

(
cos2(θ) + sin2(θ) + cos2(φ) + sin2(φ)

)
= 1

hence x defines an immersion into the unit sphere S3(1) ⊂ R4. Notice indeed

x(R2) = S1(
1√
2
)× S1(

1√
2
) = T2

is the two dimensional torus as a set.
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3. We compute the induced metric on (x(R2),x∗g0) where (R4, g0) is the Euclidean space.

x∗g0 =

4∑
i=1

dx2
i =

4∑
i=1

(
∂xi
∂θ

dθ +
∂xi
∂φ

dφ)2

= (− 1√
2
sin(θ)dθ)2 + (

1√
2
cos(θ)dθ)2 + (− 1√

2
sin(φ)dφ)2 + (

1√
2
cos(φ)dφ)2

= dθ2 + dφ2 = Euclidean metric on R2

Hence x is in fact an isometric immersion.

4. Since we’re in (x(R2),x∗g0) a Riemannian surface of dimension 2, the sectional curvature

K =
R1212

g11g22 − g212

But due to the fact that induced metric is flat, R1212 = 0 hence sectional curvature is 0

K = 0

First Fundamental Form Consider isometric immersion

f : (M, g) → (M, g)

For any p ∈M .

Definition 2.6.2 (First Fundamental Form). The 1st fundamental form is the form we have on the tangent
space of the manifold.

(TpM, ⟨·, ·⟩g)
where the pullback metric g(·, ·) = ⟨·, ·⟩g is defined by

g = f∗g

as an inner product space. In other words

I : TpM × TpM → R
(u, v) 7→ gf(p)(dfp(u), dfp(v))

Figure 2.9: Isometric Immersion

Orthogonal Part of Tangent Space (TpM)⊥ We want to understand how f(M) can be understood as part
of M . Both its structure coming from g and from g, i.e., tangent part, that coincides due to isometry. What
plays an important role is the normal part, which is known as the second fundamental form.

Let
f :Mn →M

n+m

be an isometric immersion. Then for each p ∈ M , there exits a neighborhood U ⊆ M of p, s.t. f(U) ⊆ M is a
submanifold of M .

In other words, there exists a neighborhood U ⊆M of f(p) and a diffeomorphsim

φ : U ⊆M → V ⊆ Rn+m

to an open subset V of Rn+m, s.t. φ maps f(U) ∩ U diffeomorphically onto an open set of a subspace of
Rn ⊆ Rn+m.

We identify U with f(U), and each v ∈ TqM for q ∈ U , with dfq(v) ∈ Tf(q)M .
Under these identifications, one may extend a local vector field defined on U ⊆M to a local vector field on

U ⊆M . Such extension is always possible if U is sufficiently small.
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Definition 2.6.3 ((TpM)⊥). Now for each p ∈M , one define the subspace (TpM)⊥ ⊆ Tf(p)M as the orthogonal
complement

Tf(p)M = TpM ⊕ (TpM)⊥

where we identified TpM ∼= dfp(TpM).
Here ⊥ is orthogonal complement defined through gf(p). In particular

(TpM)⊥ := {v ∈ Tf(p)M | g(f(p))(v, w) = 0 ∀ w ∈ dfp(TpM)}

For any v ∈ Tf(p)M , there exists unique decomposition

v = vT + v⊥ ∈ TpM ⊕ (TpM)⊥

We call vT the tangential component of v and v⊥ the normal component of v.
Such decomposition is smooth in the sense that the mappings of TM into TM

(p, v) 7→ (p, vT ), (p, v) 7→ (p, v⊥)

are smooth.

Normal Bundle N(f) Let

f :Mn →M
n+m

be an isometric immersion.

Definition 2.6.4 (Normal Bundle). The normal bundle of an isometric immersion of f is

N(f) :=
⊔
p∈M

(TpM)⊥

The vector bundle
N(f) →M

is of rank n+m− n = m.

Alternatively, the normal bundle is achieved via pullback and decomposing

f∗TM = TM ⊕N(f)

Similarly

C∞(M,f∗TM) = C∞(M,TM)⊕ C∞(M,N(f))

= X(M)⊕ X(M)⊥

where we denote
X(M)⊥ := C∞(M,N(f))

Pushforward and Pullback Vector Fields Recall our old friend (1.81), (1.82).
For smooth map

f :M →M

We’ve defined
f∗ : X(M) → C∞(M,f∗TM)

X 7→ (f∗X)(p) := dfp(X(p)) ∀ p ∈M

and
f∗ : X(M) → C∞(M,f∗TM)

Y 7→ (f∗Y )(p) := Y (f(p)) ∀ p ∈M

Also recall f -related as in Definition 1.20.1

Definition 2.6.5 (f -related). X ∈ X(M) is f -related to X ∈ X(M) if

f∗X = f∗X

In other words
dfp(X(p)) = X(f(p)) ∀ p ∈M (2.117)
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Tangential Part (∇XY (f(p)))T

Lemma 2.6.1. Suppose
f : (M, g) → (M, g)

is an isometric immersion.
Then for any X ∈ X(M) f -related to X ∈ X(V ) and Y ∈ X(M) f -related to Y ∈ X(V ) where V ⊆M is any

open neighborhood of f(p)
dfp(∇XY (p)) = (∇XY (f(p)))T

Recall we’ve identified
dfp(∇XY (p)) = ∇XY (p)

thus the tangential part essentially carries from the manifold M itself

∇XY (p) = (∇XY (f(p)))T

2.6.2 Second Fundamental Form

But what is the normal part? It is not contained in previous information.

Second Fundamental Form B(X,Y )(p) = (∇XY (f(p)))⊥ We want to define a bilinear capturing the
normal behavior.

Definition 2.6.6 (Bilinear Form B).

B : X(M)× X(M) → X(M)⊥

(X, Y ) 7→ B(X,Y )(p) := (∇XY (f(p)))⊥ ∀ p ∈M
(2.118)

whenever X ∈ X(M) f -related to X ∈ X(V ) and Y ∈ X(M) f -related to Y ∈ X(V ) where V ⊆ M is any open
neighborhood of f(p).

In particular

B(X,Y )(p) = (∇XY (f(p)))⊥

= ∇XY (f(p))− (∇XY (f(p)))T

= ∇XY (f(p))−∇XY (p)

Equivalently, if one define

D = f∗∇

as the pullback connection on f∗TM .
Then one has equivalent definition for B(X,Y )

B(X,Y )(p) = (DXf∗Y )⊥(p)

= DXf∗Y (p)− (DXf∗Y )T (p) ∀ X, Y ∈ X(M) (2.119)

This justifies why B is well-defined. In particular, this also shows B is C∞(M)-linear in X.
In fact B is symmetric.

Proposition 2.6.1 (Symmetric Bilinear Form).

B(X,Y ) = B(Y,X) ∀ X, Y ∈ X(M)

Proof.

B(X,Y )−B(Y,X) = (DXf∗Y )⊥ − (DY f∗X)⊥

= (DXf∗Y −DY f∗X)⊥

= (f∗([X,Y ]))⊥ = 0

Since [X,Y ] ∈ X(M), then its orthogonal part is 0.

Now since B is C∞(M)-linear in both X and Y . In fact

B ∈ C∞(M,Sym2T ∗M ⊗N(f))

Sometimes the ‘second fundamental form’ is used to designated the mapping B, which at each p ∈M gives
a symmetric bilinear mapping, taking values in (TpM)⊥.
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Second Fundamental Form of f along normal η One has 3 one-to-one correspondence of second funda-
mental forms for fixed η ∈ (TpM)⊥

1. symmetric bilinear forms
Hη : TpM × TpM → R

2. quadratic form
IIη : TpM → R

3. Self adjoint operators
Sη(x) : TpM → TpM

One may define using one from another

IIη(x) := Hη(x, x)

Hη(x, y) :=
1

2
(IIη(x+ y)− IIη(x)− IIη(y))

⟨Sη(x), y⟩g := Hη(x, y) = ⟨x, Sη(y)⟩g ∀ x, y ∈ TpM

Let’s define them one by one.
Let

f : (M, g) → (M, g)

be an isometric immersion. Fix a vector on the orthogonal by Letting η ∈ (TpM)⊥ = (N(f))p.

Definition 2.6.7 (Second Fundamental Form). For the symmetric bilinear form B as in (2.118) (or (2.119)),
one define

Hη : TpM × TpM → R
(x, y) 7→ Hη(x, y) := ⟨B(x, y), η⟩g(f(p))

(2.120)

Alternatively one may define the quadratic form

IIη : TpM → R
x 7→ Hη(x, x)

One may also define the operator
Sη : TpM → TpM

x 7→ Sη(x)

s.t.
⟨Sη(x), y⟩g(f(p)) = Hη(x, y) ∀ x, y ∈ TpM (2.121)

These are called the second fundamental form of f at p along η.

One may write in general η ∈ X(M)⊥.
Let

f : (Mn, g) → (M
n+k

, g)

be isometric immersion.
Given η ∈ X(M)⊥ normal fields w.r.t. N(f). Let Sη be the operator associated to the second fundamental

form of f along η as in (2.121)

Sη : X(M) → X(M)

X 7→ Sη(X)

s.t. Sη is viewed as a tensor of order 2

⟨Sη(X), Y ⟩g = Hη(X,Y ) ∀ X, Y ∈ X(M) (2.122)

Note Sη is self-adjoint is equivalent to the tensor Hη being symmetric

Hη(X,Y ) = Hη(Y,X)

which is indeed the case following Proposition 2.6.1.
Now one view

Hη ∈ C∞(M,Sym2T ∗M)

and
Sη ∈ C∞(M,T ∗M ⊗ TM) = C∞(M,End(TM))
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Lemma 2.6.2 (∇V Sη is self-adjoint). For any V ∈ X(M)

∇V Sη : X(M) → X(M)

X 7→ ∇V Sη(X)

is self-adjoint

Proof. We differentiate the equation
⟨Sη(X), Y ⟩ = ⟨X,Sη(Y )⟩

w.r.t. V ∈ X(M) using that ∇ is the Levi-Civita connection

⟨∇V (Sη(X)), Y ⟩+ ⟨Sη(X),∇V Y ⟩ = ⟨∇VX,SηY ⟩+ ⟨X,∇V (Sη(Y ))⟩

Notice, again by Leibniz rule

∇V (Sη(X)) = (∇V Sη)(X) + Sη(∇VX)

Hence

⟨(∇V Sη)(X), Y ⟩+ ⟨Sη(∇VX), Y ⟩+ ⟨Sη(X),∇V Y ⟩ = ⟨∇VX,SηY ⟩+ ⟨X, (∇V Sη)(Y ))⟩+ ⟨X,Sη(∇V Y )⟩
⟨(∇V Sη)(X), Y ⟩ = ⟨X, (∇V Sη)(Y ))⟩

Using the fact that Sη is self-adjoint, applied to vector fields ∇VX, Y , and ∇V Y , X.

Figure 2.10: Second Fundamental Form

Explicit Expression of Sη We want to write all above. Denote D = f∗∇.

Hη(X,Y ) = ⟨B(X,Y ), η⟩ = ⟨DXY −DXY
T , η⟩ = ⟨DXY, η⟩

= X⟨Y, η⟩ − ⟨Y,DXη⟩
= −⟨Y,DXη⟩

IIη(X) = Hη(X,X) = ⟨DXX, η⟩

We incorporate this particularly important example as below.

Lemma 2.6.3 (Explicit Expression).

Sη(X) = −(DXη)
T ∀ X ∈ X(M), η ∈ (TpM)⊥ (2.123)

This is the tangent part of how η changes along X. We identify η as the local extension normal to M .

Proof.

⟨Sη(x), y⟩ = Hη(x, y) = ⟨B(x, y), η⟩
= ⟨(DXY )⊥, η⟩ = ⟨DXY, η⟩ since η is orthogonal already

= X(⟨Y, η⟩)− ⟨Y,DXη⟩ now we use that D is compatible with the metric

= −⟨Y, (DXη)
T ⟩ = −⟨(DXη)

T , y⟩ using Y ∈ X(M) and η ∈ (TpM)⊥ so only tangential part is preserved
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Corollary 2.6.1 (Shape Operator). Let dimM = dimM + 1. Now there exists unique η s.t. ∥η∥ = 1. In this
case f(M) ⊆M is called a hypersurface.

Then one has the shape operator
Sη(X) = −DXη (2.124)

Proof.

(DXη)
⊥ = ⟨DXη, η⟩η

=
1

2
X(⟨η, η⟩)η D is compatible with the metric

= 0

Examples of Sη

Example 2.6.2 (Sn). Consider
f : (Sn, gcan) ↪→ (Rn+1, g)

For any p ∈ Sn, p = (x1, · · · , xn) satisfies
∑n
i=1 x

2
i = 1.

Consider inward unit normal on the sphere Sn

η(p) = −p s.t. η ∈ X(Sn)⊥ (2.125)

In particular

η(p) = −
n+1∑
i=1

xi
∂

∂xi

∣∣∣∣
p

In fact, for any p ∈ Sn
Sη(p) : TpSn → TpSn

is the identity.

Proof. We do computation in local coordinates. For any v ∈ TpSn s.t.

v =

n+1∑
i=1

ai
∂

∂xi

∣∣∣∣
p

using coordinates from the ambient manifold Rn+1. What is then the shape operator? For ∇ the Levi-Civita
connection on Rn+1 and D = f∗∇, we define η ∈ X(Rn+1) s.t.

η := −
n+1∑
i=1

xi
∂

∂xi
so η(p) := η(p) ∀ p ∈ Sn

Thus

Sη(p)(v) = −Dvη = −∇vη where η is f -related to η defined in the full ambient space Rn+1 that restricts to η on Sn

= − ∇∑
i a
i ∂
∂xi

−
∑
j

xj
∂

∂xj

∣∣∣∣∣∣
p

=
∑
i

ai∇ ∂
∂xi

∑
j

xj
∂

∂xj

∣∣∣∣∣∣
p

=
∑
ij

ai
∂

∂xi
(xj)

∂

∂xj

∣∣∣∣
p

+
∑
ij

aixj ∇ ∂

∂xi

∂

∂xj

∣∣∣∣
p

=
∑
ij

ai
∂

∂xi
(xj)

∂

∂xj

∣∣∣∣
p

where ∇ ∂

∂xi

∂

∂xj

∣∣∣∣
p

=
∑
k

Γkij
∂

∂xk
= 0 due to Γ = 0 on (Rn+1, g0)

=
∑
ij

aiδij
∂

∂xj

∣∣∣∣
p

=
∑
j

aj
∂

∂xj

∣∣∣∣
p

= v

Therefore

Hη(x, y) = ⟨B(x, y), η⟩ = ⟨Sη(x), y⟩ = ⟨x, y⟩ = gcan(x, y) ∀ x, y ∈ X(Sn)
B(x, y) = ⟨x, y⟩η
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One may compute normals for graphs.

Figure 2.11: Normal for Graphs

2.6.3 Local Coordinates

Let
f :Mn →M

n+m

be isometric immersion. LetMn have local coordinates (x1, · · · , xn), whileM
n+m

have coordinates (y1, · · · , yn, · · · , yn+m).
Let’s write our smooth map f in coordinates

f(x1, · · · , xn) = (f1(x), · · · , fn+m(x))

We denote coordinate vector fields as

∂i =
∂

∂xi
, ∂α =

∂

∂yα
, 1 ≤ i ≤ n, 1 ≤ α ≤ n+m

Thus

f∗(∂i) =

n+m∑
α=1

∂if
α∂α

The induced metric is given by

gij = g(f∗(
∂

∂xi
), f∗(

∂

∂xj
)) = g

(
∂if

α∂α, ∂jf
β∂β

)
= gαβ∂if

α∂jf
β (2.126)
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The smooth frame for f∗TM is
{∂α ◦ f}n+mα=1 ⊆ C∞(M,f∗TM)

The tangent frame along f is

{f∗(∂i)}1≤i≤n = {∂ifα∂α}1≤i≤n ⊆ C∞(M,f∗(TM)) ∼= X(M)

Smooth Frame for Normal Bundle We would like to make sense of the frame for normal bundle, i.e.,

X(M)⊥ = C∞(M,N(f))

Recall
η ∈ (TpM)⊥ ⇐⇒ gf(p)(η, dfp(u)) = 0 ∀ u ∈ TpM

Thus
η ∈ X(M)⊥ ⇐⇒ g(η, f∗(∂i)) = 0 ∀ i = 1, · · · , n

Since we’re working on f∗TM with frame {∂α ◦ f}n+mα=1 . We first assume for η of the form

ηa = ηαa (∂α ◦ f)

A local normal frame {ηa}ma=1 ⊆ C∞(M,N(f)) are expected to satisfy

g(ηa, ηb) = δab, g(ηa, f∗(∂i)) = 0 ∀ i = 1, · · · , n (2.127)

Thus we solve for

0 = g(ηαa (∂α ◦ f), ∂ifβ(∂β ◦ f))
= (gαβ ◦ f)ηαa ∂ifβ

Now there are n linear equations with n +m unknowns ηαa for α = 1, · · · , n +m. Thus the solution space
would be m dimensional, which spans (TpM)⊥.

Define the n× (n+m) matrix to be

Aiα(p) = (gαβ ◦ f)∂ifβ

so that ηα (we drop a) solve
n+m∑
α=1

Aiα(p)η
α(p) = 0 ∀ i = 1, · · · , n

Because f is immersion so dfp has full rank n, A(p) has rank n, so

(TpM)⊥ = ker(A(p))

and thus dim(TpM)⊥ = m.
Now we pick an orthonormal frame {ηa}ma=1 that satisfies (2.127).

Coordinates for Second Fundamental Form B Recall B (2.118)

B : X(M)× X(M) → X(M)⊥

(X,Y ) 7→ DXY − (DXY )T

To understand the above in local coordinates, we need the pullback connection.
Now let D = f∗∇. For any V ∈ C∞(M,f∗TM) the pullback connection is defined via

D∂iV = ∇f∗(∂i)Ṽ

where Ṽ is now a local extension of V to a vector field on M .
Thus for the section

V = V α(∂α ◦ f)
We compute

D∂iV = D∂i(V
α(∂α ◦ f)) (1.114)

= ∂iV
α(∂α ◦ f) + V α(∇f∗(∂i)∂α) ◦ f

= ∂iV
α(∂α ◦ f) + V α∂if

β(∇∂β
∂α) ◦ f

= ∂iV
α(∂α ◦ f) + V α∂if

βΓγβα∂γ ◦ f

=
(
∂iV

α + V γ∂if
βΓαβγ

)
(∂α ◦ f)
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In particular

D∂i(∂α ◦ f) = ∂if
β(Γγβα ◦ f)(∂γ ◦ f)

Moreover

D∂i(f∗(∂j)) = D∂i(∂jf
α∂α ◦ f) = ∂i∂jf

α∂α ◦ f + ∂jf
αD∂i(∂α ◦ f)

= ∂i∂jf
α∂α ◦ f + ∂jf

α∂if
β(Γγβα ◦ f)(∂γ ◦ f)

=
(
∂i∂jf

γ + ∂jf
α∂if

β(Γγβα ◦ f)
)
(∂γ ◦ f)

Now
D∂i(f∗(∂j)) ∈ C∞(M,f∗TM)

This is essentially what we want to decompose!

D∂i(f∗(∂j)) = D∂i(f∗(∂j))
T +D∂i(f∗(∂j))

⊥

The second part gives our desired

Bij = B(∂i, ∂j) = D∂i(f∗(∂j))
⊥

The tangential part. Since the tangent part lies in C∞(M,f∗(TM)) ∼= X(M). We assume

D∂i(f∗(∂j))
T = T kijf∗(∂k)

How to find the coefficients T kij? We use orthogonal projection

g(D∂i(f∗(∂j))− T kijf∗(∂k), f∗(∂ℓ)) = 0 ∀ ℓ = 1, · · · , n

Thus

g(D∂i(f∗(∂j)), f∗(∂ℓ)) = T kijg(f∗(∂k), f∗(∂ℓ))
(2.126)
= T kijgkℓ

So inverting gives

T kij = gkℓg(D∂i(f∗(∂j)), f∗(∂ℓ)) ∀ k = 1, · · · , n

= gkℓg(
(
∂i∂jf

γ + ∂jf
α∂if

β(Γγβα ◦ f)
)
(∂γ ◦ f), ∂ℓfδ(∂δ ◦ f))

= gkℓ∂ℓf
δ
(
∂i∂jf

γ + ∂jf
α∂if

β(Γγβα ◦ f)
)
gγδ ◦ f

Hence

D∂i(f∗(∂j))
T =

(
gkℓ∂ℓf

δ
(
∂i∂jf

γ + ∂jf
α∂if

β(Γγβα ◦ f)
)
gγδ ◦ f

)
f∗(∂k)

=
(
gkℓ∂kf

ε∂ℓf
δ
(
∂i∂jf

γ + ∂jf
α∂if

β(Γγβα ◦ f)
)
gγδ ◦ f

)
∂ε ◦ f

The normal part.
Now we can compute

Bij = B(∂i, ∂j) = D∂i(f∗(∂j))
⊥ = D∂i(f∗(∂j))−D∂i(f∗(∂j))

T

in terms of frame {∂γ ◦ f}.
But this is messy. In fact one does not need to compute the tangential part at all! Instead we write in

coordinates
B(∂i, ∂j) = haijηa

for local frame of normal bundle as in (2.127), where

haij = g(B(∂i, ∂j), ηa)

= g(D∂i(f∗(∂j)), ηa)

= g(
(
∂i∂jf

γ + ∂jf
α∂if

β(Γγβα ◦ f)
)
(∂γ ◦ f), ηa)

On the other hand one has the form
ηa = ηδa(∂δ ◦ f)

so

haij = g(
(
∂i∂jf

γ + ∂jf
α∂if

β(Γγβα ◦ f)
)
(∂γ ◦ f), ηδa(∂δ ◦ f))

=
(
∂i∂jf

γ + ∂jf
α∂if

β(Γγβα ◦ f)
)
ηδagγδ ◦ f
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2.6.4 Gauss-Codazzi-Ricci Equations

This section is about how the curvature splits into tangent and normal parts. Let

f : (M, g) → (M, g)

be an isometric immersion. In particular,

f∗ : X(M) → C∞(M,f∗TM)

X 7→ f∗(X)(p) := dfp(X(p)) ∀ p ∈M

is an injective map.
From now on we identify X with f∗X.
Denote the pullback connection as D := f∗∇. For any X, Y ∈ X(M) and η ∈ X(M)⊥, we look at the

quantities

DXY = (DXY )T + (DXY )⊥

= ∇XY +B(X,Y ) (2.128)

DXη = (DXη)
T + (DXη)

⊥

= −Sη(X) + (DXη)
⊥ (2.129)

We denote ∇⊥
Xη := (DXη)

⊥. From this, we interpret ∇⊥ as connection on the normal bundle N(f) →M .
This allows us to extend the definition of covariant derivative and connection on the normal bundle.

Covariant Derivative and Curvature on Normal Bundle In particular, we’re given connections

1. ∇ on TM , T ∗M

2. and ∇⊥ on N(f), N(f)∗.

We obtain covariant derivative ∇ acting on

(TM)⊗r ⊗ (T ∗M)⊗s ⊗ (N(f))⊗ℓ ⊗ (N(f)∗)⊗m

In particular, we’re interested in hitting the connection on

B(X,Y, η) := ⟨B(X,Y ), η⟩

which is an object
B ∈ C∞(M,Sym2T ∗M ⊗N(f)∗)

For any X ∈ X(M), define using the compatibility condition (Leibniz Rule (1.104))

∇XB : X(M)× X(M)×N(f) → C∞(M)

(Y, Z, η) 7→ X(B(Y,Z, η))−B(∇XY, Z, η)−B(Y,∇XZ, η)−B(Y, Z,∇⊥
Xη)

In other words

(∇XB)(Y,Z, η) := X(B(Y, Z, η))−B(∇XY,Z, η)−B(Y,∇XZ, η)−B(Y, Z,∇⊥
Xη) ∀ Y, Z ∈ X(M), η ∈ X(M)⊥

(2.130)

Similarly, for the curvature, we have

1. full curvature
R ∈ Ω2(M,End(TM)) curvature of ∇

2. and pullback curvature

f∗R ∈ Ω2(M,End(f∗TM)) curvature of f∗∇ = D

3. and the exact curvature of the submanifold

R ∈ Ω2(M,End(TM)) curvature of ∇

4. and the curvature of the normal

R⊥ ∈ Ω2(M,End(N(f))) curvature of ∇⊥
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Figure 2.12: Gauss-Codazzi-Ricci

Gauss-Codazzi-Ricci Equations For R(X,Y, ·, ·) where X, Y ∈ X(M) but with the last two variables free

1. In TM × TM (X(M)× X(M)) this gives Gauss Equation.

2. In TM ×N(f) or N(f)× TM (X(M)× X⊥(M)) this gives Codazzi Equation.

3. In N(f)×N(f) (X⊥(M)× X⊥(M)) this gives Ricci Equation.

Proposition 2.6.2 (Gauss Equation). Let X, Y, Z, T ∈ X(M). We have Riemannian Curvature of the Ambient
Manifold.

R(X,Y, Z, T ) = R(X,Y, Z, T )− ⟨B(X,Z), B(Y, T )⟩+ ⟨B(X,T ), B(Z, Y )⟩ (2.131)

Proposition 2.6.3 (Codazzi Equation). For η ∈ X(M)⊥

R(X,Y, Z, η) = (∇YB)(X,Z, η)− (∇XB)(Y, Z, η) (2.132)

where
B(X,Y, η) := ⟨B(X,Y ), η⟩

Proposition 2.6.4 (Ricci Equation). For η, ξ ∈ X(M)⊥

R(X,Y, η, ξ) = ⟨R⊥(X,Y )η, ξ⟩+ ⟨[Sη, Sξ]X,Y ⟩ (2.133)

where R⊥ ∈ Ω2(M,End(N(f))) is the curvature of ∇⊥.

Proof of three equations (2.131), (2.132), (2.133). By Definition

R(X,Y, Z, T ) = ⟨R(X,Y )Z, T ⟩
R(X,Y, Z, η) = ⟨R(X,Y )Z, η⟩

And

R(X,Y )Z = DYDXZ −DXDY Z +D[X,Y ]Z

We want to write

DYDXZ = DY (∇XZ +B(X,Z))

= DY (∇XZ) +DY (B(X,Z))

= ∇Y∇XZ +B(Y,∇XZ) +DY (B(X,Z))

DXDY Z = ∇X∇Y Z +B(X,∇Y Z) +DX(B(Y,Z))

D[X,Y ]Z = ∇[X,Y ]Z +B([X,Y ], Z)

Now R(X,Y )Z = ∇Y∇XZ +B(Y,∇XZ) +DY (B(X,Z))

−∇X∇Y Z −B(X,∇Y Z)−DX(B(Y,Z))

+∇[X,Y ]Z +B([X,Y ], Z)

= R(X,Y )Z + (B(Y,∇XZ)−B(X,∇Y Z) +B([X,Y ], Z)) +DY (B(X,Z))−DX(B(Y, Z))
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so we take away

R(X,Y )Z = R(X,Y )Z + (B(Y,∇XZ)−B(X,∇Y Z) +B([X,Y ], Z)) +DY (B(X,Z))−DX(B(Y,Z)) (2.134)

Gauss Equations.
Let’s prove Gauss Equation (2.131) first. We contract it with T , something tangent

R(X,Y, Z, T )
(2.134)
= R(X,Y, Z, T ) +

(((((((((((((((((((((

⟨B(Y,∇XZ)−B(X,∇Y Z) +B([X,Y ], Z), T ⟩︸ ︷︷ ︸
0 because B(·, ·) ∈ X(M)⊥

+ ⟨DY (B(X,Z)), T ⟩ − ⟨DX(B(Y,Z)), T ⟩
= R(X,Y, Z, T ) + 0

+ ((((((((
Y (⟨B(X,Z), T ⟩)︸ ︷︷ ︸

0 because B(·, ·) ∈ X(M)⊥

−⟨B(X,Z), DY T ⟩ − ((((((((
X (⟨B(Y, Z), T ⟩)︸ ︷︷ ︸

0 because B(·, ·) ∈ X(M)⊥

+⟨B(Y, Z), DXT ⟩

= R(X,Y, Z, T )− ⟨B(X,Z), DY T ⟩+ ⟨B(Y,Z), DXT ⟩
(2.128)
= R(X,Y, Z, T )−((((((((⟨B(X,Z),∇Y T ⟩︸ ︷︷ ︸

B(·, ·) ∈ X(M)⊥

−⟨B(X,Z), B(Y, T )⟩+((((((((⟨B(Y,Z),∇XT ⟩︸ ︷︷ ︸
B(·, ·) ∈ X(M)⊥

+⟨B(Y,Z), B(X,T )⟩

= R(X,Y, Z, T )− ⟨B(X,Z), B(Y, T )⟩+ ⟨B(Y,Z), B(X,T )⟩

Codazzi Equation.
Now let’s prove Codazzi (2.132). We contract it with η

R(X,Y, Z, η)
(2.134)
= (((((((⟨R(X,Y )Z, η⟩︸ ︷︷ ︸

0 because R(X,Y )Z ∈ X(M)

+⟨B(Y,∇XZ), η⟩ − ⟨B(X,∇Y Z), η⟩+ ⟨B(∇XY −∇YX,Z), η⟩

+ ⟨DY (B(X,Z)), η⟩ − ⟨DX(B(Y,Z)), η⟩
= 0 + ⟨B(Y,∇XZ), η⟩ − ⟨B(X,∇Y Z), η⟩+ ⟨B(∇XY −∇YX,Z), η⟩
+ ⟨DY (B(X,Z)), η⟩ − ⟨DX(B(Y,Z)), η⟩
= ⟨B(Y,∇XZ), η⟩+ ⟨B(∇XY, Z), η⟩ − ⟨DX(B(Y,Z)), η⟩ we put together all the X derivatives

− ⟨B(X,∇Y Z), η⟩ − ⟨B(∇YX,Z), η⟩+ ⟨DY (B(X,Z)), η⟩ and the Y derivatives

= ⟨B(Y,∇XZ), η⟩+ ⟨B(∇XY, Z), η⟩ − (X(⟨B(Y,Z), η⟩)− ⟨B(Y, Z), DXη⟩) Leibniz

− ⟨B(X,∇Y Z), η⟩ − ⟨B(∇YX,Z), η⟩+ (Y (⟨B(X,Z), η⟩)− ⟨B(X,Z), DY η⟩)
(2.129)
= ⟨B(Y,∇XZ), η⟩+ ⟨B(∇XY,Z), η⟩ −

(
X(⟨B(Y,Z), η⟩)− ⟨B(Y,Z),∇⊥

Xη⟩
)

− ⟨B(X,∇Y Z), η⟩ − ⟨B(∇YX,Z), η⟩+
(
Y (⟨B(X,Z), η⟩)− ⟨B(X,Z),∇⊥

Y η⟩
)

= −(∇XB)(Y, Z, η) + (∇YB)(X,Z, η) using definition of (2.130)

Ricci Equation.
Finally for Ricci Equation (2.133), by definition

R(X,Y )η = DYDXη −DXDY η +D[X,Y ]η

We compute

DXη
(2.129)
= (DXη)

T + (DXη)
⊥ = −Sη(X) +∇⊥

Xη

(DYDXη)
⊥ = (DY (−Sη(X) +∇⊥

Xη))
⊥

= −B(Y, Sη(X)) +∇⊥
Y∇⊥

Xη

(DXDY η)
⊥ = −B(X,Sη(Y )) +∇⊥

X∇⊥
Y η

(D[X,Y ]η)
⊥ = ∇⊥

[X,Y ]η

Now we contract with ξ ∈ X(M)⊥ so that

R(X,Y, η, ξ) = −⟨B(Y, Sη(X)), ξ⟩+ ⟨∇⊥
Y∇⊥

Xη, ξ⟩+ ⟨B(X,Sη(Y )), ξ⟩ − ⟨∇⊥
X∇⊥

Y η, ξ⟩+ ⟨∇⊥
[X,Y ]η, ξ⟩

= ⟨R⊥(X,Y )η, ξ⟩+ ⟨B(X,Sη(Y )), ξ⟩ − ⟨B(Y, Sη(X)), ξ⟩
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But Recall that

⟨Sξ(X), Y ⟩ = Hξ(X,Y ) = ⟨B(X,Y ), ξ⟩

So here the terms

⟨B(X,Sη(Y )), ξ⟩ = ⟨Sξ(X), Sη(Y )⟩
⟨B(Y, Sη(X)), ξ⟩ = ⟨Sξ(Y ), Sη(X)⟩

Therefore

R(X,Y, η, ξ) = R⊥(X,Y, η, ξ) + ⟨Sξ(X), Sη(Y )⟩ − ⟨Sξ(Y ), Sη(X)⟩
= R⊥(X,Y, η, ξ) + ⟨Sη ◦ Sξ(X), Y ⟩ − ⟨Y, Sξ ◦ Sη(X)⟩ using S is self-adjoint

= R⊥(X,Y, η, ξ) + ⟨[Sη, Sξ](X), Y ⟩

Sectional Curvature Gauss Formula As an immediate corollary, one may relate the Sectional Curvature
of M and M .

Corollary 2.6.2 (Gauss [dC92] Theorem 6.2.5). If X, Y are orthonormal, then the sectional curvature of
Span{X,Y }

K(X,Y ) = R(X,Y,X, Y )

satisfies

K(X,Y )−K(X,Y ) = −⟨B(X,X), B(Y, Y )⟩+ |B(X,Y )|2 (2.135)

In the case of a hypersurface

f :Mn →M
n+1

the Gauss formula (2.135) has simple expression. Let p ∈ M and η ∈ (TpM)⊥. Let {e1, · · · , en} be an
orthonormal basis of TpM in which Sη is diagonal, i.e.

Sη(ei) =

n∑
i=1

λiei ∀ i = 1, · · · , n

where λi are the eigenvalues of Sη. Then using definition (2.121)

H(ei, ei) = λi H(ei, ej) = 0 i ̸= j

Therefore with X = ei and X = ej in (2.135) one obtain

K(ei, ej)−K(ei, ej) = λiλj

Example 2.6.3. Consider isometric immersion of the sphere

f : (Sn, gcan) ↪→ (Rn+1, g0)

Recall (2.125) the unit inward normal

η(p) = −p ∈ X(Sn)⊥ |η| = 1

Then
B(X,Y ) = ⟨X,Y ⟩η

On our tangent space we pick X, Y orthonormal. Using (2.135)

K(X,Y )−K(X,Y ) = −⟨B(X,X), B(Y, Y )⟩+ |B(X,Y )|2

0−K(X,Y ) = −⟨⟨X,X⟩η, ⟨Y, Y ⟩η⟩+ |B(X,Y )|2

= −⟨η, η⟩+ |⟨X,Y ⟩η|2 = −1

K(X,Y ) = 1

Hence the sectional curvature of Sn is 1.
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2.6.5 Principal Curvature

Consider the codimension 1 case, i.e., let

f : (Mn, g) ↪→ (M
n+1

, g)

be isometric immersion, f(M) ⊆M the hypersurface.
Let p ∈M and η ∈ (TpM)⊥, |η| = 1. Since

Sη : TpM → TpM

is symmetric, by spectral decomposition, there exists an orthonormal basis of eigenvectors {e1, · · · , en} of TpM
with real eigenvalues λ1, · · · , λn, i.e.

Sη(ei) = λiei ∀ i = 1, · · · , n

If M and M are both orientable and oriented, i.e. orientations chosen on M and M , then the vector η is
uniquely determined, if we require that both

1. {e1, · · · , en} is basis in the orientation of M

2. and {e1, · · · , en, η} is basis in the orientation of M .

In this case, we say ei are principal directions and that

{λi}1≤i≤n
are principal curvatures of f .

The symmetric functions of λ1, · · · , λn are invariants of the immersion. Of particular interest are

1. Gauss-Kronecker Curvature of f
det(Sη) = λ1 · · ·λn

2. Mean curvature of f

1

n
tr(Sη) =

1

n

n∑
i=1

λi

Proof. Let’s check this coincides with (2.139). Indeed the mean curvature writes

H(p)
(2.139)
=

1

n
tr(Sη)η

=
1

n

n∑
i=1

⟨Sη(ei), ei⟩η

=
1

n

n∑
i=1

⟨λiei, ei⟩η =
1

n

n∑
i=1

λiη

But we’re in codimension 1 so the average of principal curvatures recover the mean curvature.

Principal Curvature in n = 2

Example 2.6.4 ([dC92] Remark 6.2.7). Consider two dimensional

f : (M2, g) ↪→ (R3, g0)

surface in R3.
Then the sectional curvature

K = λ1λ2

Proof. Choose n ∈ TpM
⊥. Notice

H(e1, e1) = ⟨B(e1, e1), n⟩ = ⟨Sn(e1), e1⟩ = ⟨λ1e1, e1⟩ = λ1

⟨B(e1, e2), n⟩ = ⟨Sn(e1), e2⟩ = λ1⟨e1, e2⟩ = 0

and again since we’re in codimension 1

⟨B(e1, e1), B(e2, e2)⟩ = ⟨⟨B(e1, e1), n⟩n, ⟨B(e2, e2), n⟩n⟩ = ⟨λ1n, λ2n⟩

Thus the intrinsic sectional curvature is in fact recovered by the second fundamental form

K(p) = K(e1, e2)
(2.135)
= ⟨B(e1, e1), B(e2, e2)⟩ − |B(e1, e2)|2

= ⟨λ1n, λ2n⟩ − 0 = λ1λ2
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Now the product λ1λ2 of the principal curvature coincides with Gaussian curvature of the surface. In this
case, the Gaussian Curvature coincides with the sectional curvature of the surface.

In short, for dimM = 2

Ricci = Sectional Curvature = Gaussian Curvature = product of Principal Curvature

This is the famous Theorem Egregium of Gauss: Gaussian Curvature of M2 ⊆ R3 is invariant under
isometries.

2.6.6 Gauss Map

In general, if
Mn ↪→ (Rn+1, g0)

and Mn is two–sided (oriented) hypersurface, then there exists a unit global normal vector N ∈ X(M)⊥.
Then for any p ∈M

N(p) ∈ (TpM)⊥ ⊆ TpRn+1 = Rn+1

and
N(p) ∈ Sn due to |N | = 1

Definition 2.6.8 (Gauss Map). We define the unit global normal as

N :M → Sn

p 7→ N(p)
(2.136)

This is known as the Gauss Map (Gauss spherical mapping).

Of particular interest is its differential, known as the Weingarten Map.

dNp : TpM → TN(p)Sn = TpM

v 7→ dNp(v) = (∇vN)(p)
(2.124)
= −SN(p)(v)

By identifying TN(p)Sn = TpM as both orthogonal to RN(p) in Rn+1.

Second Fundamental form HN in Local Coordinates For p = x(u1, · · · , un) with coordinate chart

x(u1, · · · , un) = (x1(u1, · · · , un), · · · , xn+1(u1, · · · , un))

We compute its differential

dx : TuV → Tx(u)M ⊂ Tx(u)Rn+1 = Rn+1

∂

∂ui
7→ ∂x

∂ui
≡ xi

where
∂

∂ui
∼=

∂x

∂ui
= (

∂x1
∂ui

, · · · , ∂xn
∂ui

,
∂xn+1

∂ui
) =

n+1∑
k=1

∂xk
∂ui

∂

∂xk

Now we look at Gauss Map

V ⊂ Rn with coordinates (u1, · · · , un)

p ∈M Sn
x chart y chart

N

The good thing about Gauss Map is that then we do computation for second fundamental form (2.120).
Write

HN =
∑

hijduiduj (2.137)

using that HN ∈ C∞(M, Sym2T ∗M). Now the coefficients are

hij = ⟨B(
∂

∂ui
,
∂

∂uj
), N⟩ = ⟨(∇ ∂

∂ui

∂x

∂uj
)⊥, N⟩ = ⟨∇ ∂

∂ui

∂x

∂uj
, N⟩
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Notice in Rn+1 with standard coordinates

∂x

∂uj
=

n+1∑
k=1

∂xk
∂uj

∂

∂xk

and

∇ ∂
∂ui

∂

∂xk
= 0

Thus

∇ ∂
∂ui

∂x

∂uj
= ∇ ∂

∂ui

(
n+1∑
k=1

∂xk
∂uj

∂

∂xk

)
=

n+1∑
k=1

∂2xk
∂ui∂uj

∂

∂xk
=

∂2x

∂ui∂ui
≡ xij

Therefore

hij = ⟨∇ ∂
∂ui

(∑
k

∂xk
∂uj

∂

∂xk

)
, N⟩ = ⟨

∑
k

∂2xk
∂ui∂uj

∂

∂xk
, N⟩ = ⟨xij , N⟩

Weingarten Map in Coordinates Now what is dNp in local coordinates? Using dNp(v) = −SN(p)(v) we
get

dNp : TpM → TpM

xi =
∂x

∂ui
7→ −SN(p)(xi)

For if we’re able to fully characterize −SN(p) acting on a basis of TpM , we fully characterize the Differential of
Gauss Map. But the latter is done via the computations for hij .

⟨xij , N⟩︸ ︷︷ ︸
something we can compute

= hij = HN (
∂

∂ui
,
∂

∂ui
) = ⟨SN (

∂

∂ui
),

∂

∂uj
⟩

By aligning with equations j = 1, · · · , n one solve for SN ( ∂
∂ui

). Repeat for i = 1, · · · , n we one recover dNp as

−SN(p) acting on the set { ∂x∂ui }1≤i≤n

Example: Catenoid Let S ⊆ R3 be the surface of revolution of y = cosh(z). Now, to do rotation we need
sine and cosine.

x(u, v) = (cos(u) cosh(v), sin(u) cosh(v), v)

Then using local coordinates

xu =
∂x

∂u
= (− sin(u) cosh(v), cos(u) cosh(v), 0)

xv =
∂x

∂v
= (cos(u) sinh(v), sin(u) sinh(v), 1)

This is basis for tangent space.
Let’s compute the first fundamental form g = x∗g0 (the induced metric on S).

g = Edu2 + 2Fdudv +Gdv2

= ⟨xu,xu⟩du2 + 2⟨xu,xv⟩dudv + ⟨xv,xv⟩dv2

= cosh2(v)du2 + (sinh2(v) + 1)dv2 = cosh2(v)(du2 + dv2)

Next we compute the second fundamental form. In R3, normal vector is given by the cross product.

N =
xu × xv
|xu × xv|

=
(cos(u) cosh(v), sin(u) cosh(v),− sinh(v) cosh(v))√

cosh2(v) + sinh2(v) cosh2(v)

=
(cos(u), sin(u),− sinh(v))

cosh(v)

The second fundamental form writes

HN = edu2 + 2fdudv + gdv2

= ⟨xuu, N⟩du2 + 2⟨xuv, N⟩dudv + ⟨xvv, N⟩dv2
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Notice

e = ⟨xuu, N⟩ = ⟨− cos(u) cosh(v)⃗i− sin(u) cosh(v)⃗j,
cos(u)

cosh(v)
i⃗+

sin(u)

cosh(v)
j⃗ − sinh(v)

cosh(v)
k⃗⟩

= − cos2(u)− sin2(u) = −1

f = ⟨xuv, N⟩ = ⟨− sin(u) sinh(v)⃗i+ cos(u) sinh(v)⃗j,
cos(u)

cosh(v)
i⃗+

sin(u)

cosh(v)
j⃗ − sinh(v)

cosh(v)
k⃗⟩ = 0

g = ⟨xvv, N⟩ = ⟨cos(u) cosh(v)⃗i+ sin(u) cosh(v)⃗j,
cos(u)

cosh(v)
i⃗+

sin(u)

cosh(v)
j⃗ − sinh(v)

cosh(v)
k⃗⟩ = 1

Thus the second fundamental form is
HN = −du2 + dv2

Now to fully write down the differential of Gauss map, we need to determine the shape operator. Assume
for (recall we’ve identified ∂x

∂u with ∂
∂u )

SN (
∂

∂u
) = a

∂

∂u
+ b

∂

∂v

We first determine a by plugging into (here one needs the first fundamental form)

e = −1 = HN (
∂

∂u
,
∂

∂u
) = ⟨SN (

∂

∂u
),
∂

∂u
⟩ = ⟨a ∂

∂u
+ b

∂

∂v
,
∂

∂u
⟩ = a cosh2(v)

a = − 1

cosh2(v)

Now determine b by

f = 0 = HN (
∂

∂u
,
∂

∂v
) = ⟨SN (

∂

∂u
),
∂

∂v
⟩ = ⟨a ∂

∂u
+ b

∂

∂v
,
∂

∂v
⟩ = b cosh2(v)

b = 0

Thus the Shape Operator acting on ∂
∂u is explicit

SN (
∂

∂u
) = − 1

cosh2(v)

∂

∂u

and thus

dNp(xu) =
1

cosh2(v)
xu

Doing the same for ∂
∂v gives

dNp(xv) = − 1

cosh2(v)
xv

Therefore

dNp =
1

cosh2(v)

(
1 0
0 −1

)
w.r.t. basis {xu, xv}.

2.6.7 Totally Geodesic

Let M be dimension n, M be dimension n+ 1. Let

f : (M, g) → (M, g)

be an isometric immersion.

Definition 2.6.9 (Totally Geodesic). Let p ∈ M . We say that f is geodesic at p if the second fundamental
form is 0

Sη = 0 ∀ η ∈ (TpM)⊥

or equivalently
Hη = 0 ∀ η ∈ (TpM)⊥

or equivalently
B(p) : TpM × TpM → (TpM)⊥ is zero map

The immersion f is totally geodesic if it is geodesic at any p ∈M .
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Characterisation of Totally Geodesic

Proposition 2.6.5 ([dC92] Proposition 6.2.9). An isometric immersion

f :M →M

is geodesic at p ∈M iff every geodesic γ of M starting from p is a geodesic of M at p.

Proof. Let γ(0) = p, γ′(0) = v. Let η ∈ (TpM)⊥ and denote N as local extension. Let X be local extension of
γ′(t) to a vector field on M .

Since
⟨X,N⟩ = 0

we obtain at p

Hη(v, v) = ⟨Sη(v), v⟩ = −⟨DXN,X⟩ = −X����⟨N,X⟩+ ⟨N,DXX⟩

Now f is geodesic at p iff for all v ∈ TpM , the geodesic γ of M that is tangent to v at p satisfies DXX does not
have normal component. This is to say γ remains a geodesic in M .

We also record the version from class. They’re just the same...

Proposition 2.6.6. Let
f : (M, g) → (M, g)

be an isometric immersion. Then f is geodesic at p ∈M , i.e. the second fundamental form

B(x, y) = 0 ∀ x, y ∈ TpM

iff for any
γ : (−ε, ε) →M geodesic γ(0) = p

one has

γ̃ := f ◦ γ : (−ε, ε) γ→M
f→M is a geodesic on M

Proof. Assume f is geodesic at p ∈ M . Suppose γ is a geodesic in M , we want to prove γ = f ◦ γ is geodesic
in M . What is the covariant derivative of γ′?

(
D

dt
γ′)(0) = (

D

dt
γ′)(0) +B(γ′(0), γ′(0))

= (
D

dt
γ′)(0) = 0 since γ is geodesic in M

On the converse, it suffices to show that B(x, x) = 0 for any x ∈ TpM . Let

γ(t) = expp(tx)

Then

(
D

dt
γ′)(t) = 0

(
D

dt
γ′)(t) = 0

B(x, x) = (
D

dt
γ′)(0)− (

D

dt
γ′)(0) = 0

Recall (M, g) is Riemannian manifold of dimension n with p ∈M , then there exists ε > 0 s.t.

expp : Bε(0) ⊂ TpM →M

is a C∞ embedding. Now let
M := expp(W ∩Bε(0))

where W is a subspace of TpM of dimension n. Then M is a n-dim submanifold of M . This gives you a
canonical local n-dimensional submanifold through p whose tangent space at p is exactly the chosen plane W .

Corollary 2.6.3. If f : (M, g) → (M, g) is totally geodesic, i.e, f is geodesic for any p ∈M . Then

expp = expp
∣∣
V ∩TpM

where V is a neighborhood of origin of TpM on which expp is defined.
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Geometric Interpretation of Sectional Curvature Now one has a good geometric interpretation of sec-
tional curvature. Let M be Riemannian manifold and p ∈M . Let B ⊆ TpM be an open ball in TpM on which
expp is a diffeomorphism.

Let σ ⊆ TpM be a subspace of dimension 2. Then

expp(σ ∩B) = S

is a submanifold of dimension two of M passing through p.
S is the surface formed by ‘small’ geodesics that start from p and are tangent to σ at p. By Proposition 2.6.5

S is geodesic at p. Hence the second fundamental forms of the inclusion

i : S ↪→M

vanish at p.
As a submanifold ofM , S has an induced Riemannian metric whose Gaussian curvature at p will be denoted

as KS . It follows from Guass Formula (2.135) that

KS(p) = K(p, σ)

In other words, the sectional curvature K(p, σ) is the Gaussian curvature at p of a small surface formed by
geodesics of M that start from p and are tangent to σ.

Transitivity of Totally geodesic

Proposition 2.6.7 ([dC92] Exercise 6.3). Let M be a Riemannian manifold and let N ⊂ K ⊂M be submani-
folds of M . Suppose N is totally geodesic in K and that K is totally geodesic in M . Then N is totally geodesic
in M .

Proof. Since N and K are Riemannian submanifolds, consider f and g as isometric immersions

N
f
↪→ K

g
↪→M

We’re given that f is totally geodesic in K and g is totally geodesic in M , and want to show g ◦ f is totally
geodesic in M .

1. For any p ∈ N , by identifying p ∼= f(p) ∼= g ◦ f(p), we observe that the normal splits w.r.t. both K and
M

TpK = TpN ⊕ (TpN)⊥K

TpM = TpK ⊕ (TpK)⊥M

= TpN ⊕ (TpN)⊥M

=⇒ (TpN)⊥M = (TpN)⊥K ⊕ (TpK)⊥M

Furthermore, for connection ∇ on N , ∇ on K and ∇ on M , one can write bilinear forms

BKN : X(N)× X(N) → X(N)⊥K

(X,Y ) 7→ BKN (X,Y )(p) := (∇XY )(f(p))− dfp(∇XY (p))

BMK : X(K)× X(K) → X(K)⊥M

(X,Y )) 7→ BMK (X,Y )(f(p)) := (∇
X
Y )(g ◦ f(p))− dgf(p)(∇XY (f(p)))

BMN : X(N)× X(N) → X(N)⊥M

(X,Y ) 7→ BMN (X,Y )(g ◦ f(p)) := (∇
X
Y )(g ◦ f(p))− d(g ◦ f)p(∇XY (p))

Now using f , g-related vector fields and Chain rule

dfp(∇XY (p)) = (∇XY )(f(p))T

dgf(p)(∇XY (f(p))) = (∇
X
Y )(g ◦ f(p))T

d(g ◦ f)p(∇XY (p)) = dgf(p)(dfp(∇XY (p)))

= dgf(p)((∇XY )(f(p))T )

= dgf(p)(∇XY (f(p)))− dgf(p)(∇XY (f(p))⊥)

= (∇
X
Y )(g ◦ f(p))T − dgf(p)(∇XY (f(p))⊥)

= (∇
X
Y )(g ◦ f(p))− (∇

X
Y )(g ◦ f(p))⊥ − dgf(p)(∇XY (f(p))⊥)

BMN (X,Y )(g ◦ f(p)) = BMK (X,Y )(f(p)) + dgf(p)(B
K
N (X,Y )(p))
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2. Then since f is totally geodesic in K, BKN (p) ≡ 0, and since g is totally geodesic in M , BMK (f(p)) ≡ 0,
one conclude

BMN (g ◦ f(p)) ≡ 0

Hence by definition N is totally geodesic in M .

Totally Geodesic under Product

Proposition 2.6.8 ([dC92] Exercise 6.4). Let N1 ⊂ M1 and N2 ⊂ M2 be totally geodesic submanifolds of the
Riemannian manifolds M1 and M2 respectively. Then N1 ×N2 is a totally geodesic submanifold of the product
M1 ×M2 with the product metric.

Example 2.6.5 ([dC92] Exercise 6.5). The sectional curvature of the Riemannian manifold S2 × S2 equipped
with the product metric, where S2 ⊆ R3 is the unit sphere, is non-negative.

Moreover, there exists a totally geodesic, flat torus T2 embedded in S2 × S2.

Proof. 1. Recall (S2, gcan) is equipped with the round metric

gS
2

can(ϕ, θ) = dϕ2 + sin2(ϕ)dθ2

Hence the product metric gprod on S2 × S2 writes

gprod((ϕ1, θ1), (ϕ2, θ2)) := gS
2

can(ϕ1, θ1)⊕ gS
2

can(ϕ2, θ2)

= dϕ21 + sin2(ϕ1)dθ
2
1 + dϕ22 + sin2(ϕ2)dθ

2
2

Notice that

(a) When a 2-plane Π is tangent to one common copy of S2, then K(Π) = K(S2) = 1 equal to the
sectional curvature of the sphere, which we know to be 1.

(b) When a 2-plane Π contains fixed tangent vectors from both factors of S2, say X ∈ TS2 × {p} and
Y ∈ {p} × TS2, then X and Y are orthogonal, hence independent to each other due to the product
metric. Thus

R(X,Y,X, Y ) = 0

and K(Π) = 0.

2. Consider
T2 = S1 × S1

define embedding
T2 ↪→ S2 × S2

(θ1, θ2) 7→ ((
π

2
, θ1), (

π

2
, θ2))

In view of Proposition 2.6.8, it suffices to prove

S1 ⊂ S2

is totally geodesic. Philosophically this is true because S1, the great circle, is preserved by the geodesic
flow on S2. In particular, let (ϕ, θ) denote coordinates on S2 and let embedding be

f : S1 ↪→ S2

θ 7→ (
π

2
, θ)

where
gS

1

round = dθ2 = f∗gS
2

round

Thus f is isometric immersion. But

B : X(S1)× X(S1) → X(S1)⊥

(X,Y ) 7→ B(X,Y )(p) := (∇XY (f(p)))⊥
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and observe

Γϕθθ = − sin(ϕ) cos(ϕ)

Γθθθ = cot(ϕ)

∇ ∂
∂θ

∂

∂θ
= Γϕθθ

∂

∂ϕ
+ Γθθθ

∂

∂θ

But evaluating at ϕ = π
2 yields

∇ ∂
∂θ

∂

∂θ
= 0

Hence

B(
∂

∂θ
,
∂

∂θ
) ≡ 0

But this is the only chance for B to be non-zero, hence we obtain bilinear form B as a zero map, and f
is thus a totally geodesic in S2.

2.6.8 Minimality and Mean Curvature

A much weaker notion than totally geodesic is minimality.
Let

f :Mn →M
n+m

be isometric immersion.

Definition 2.6.10 (Minimal). We say f is minimal if trace of the second fundamental form is 0

tr(Sη) = 0 ∀ η ∈ (TpM)⊥ ∀ p ∈M

What is the trace of Sη? Note
Sη : TpM → TpM

If we take {ei}ni=1 an orthonormal basis of TpM then

tr(Sη) :=

n∑
i=1

⟨Sη(ei), ei⟩
(2.121)
=

n∑
i=1

Hη(ei, ei)
(2.120)
=

n∑
i=1

⟨B(ei, ei), η⟩

Note this is independent of basis chosen, hence well-defined.
Since minimality only requires such sum to be 0, this is indeed a weaker condition than requiring all second

fundamental form vanish.

2.6.8.1 Mean Curvature Vector

Definition 2.6.11 (Mean Curvature). We define the mean curvature vector

H(p) :=
1

n

n∑
i=1

B(ei, ei) ∈ (TpM)⊥ for {ei}ni=1 as orthonormal basis of TpM (2.138)

Thus H ∈ C∞(M,N(f)).

Immediately notice that f is minimal iff H ≡ 0.
On the other hand, choosing a local orthonormal frame {Ej} of vectors in X(M)⊥ = C∞(M,f∗TM), one

may write at p

B(x, y) =
∑
j

HEj (x, y)Ej ∀ x, y ∈ TpM, j = 1, · · · ,m

Indeed
HEj (x, y) = ⟨B(x, y), Ej⟩

Note the normal vector given by

1

n

m∑
j=1

tr(SEj )Ej
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does not depend on the choice of frame Ej . In fact

1

n

m∑
j=1

tr(SEj )Ej =
1

n

m∑
j=1

n∑
i=1

⟨B(ei, ei), Ej⟩Ej

=
1

n

n∑
i=1

 m∑
j=1

⟨B(ei, ei), Ej⟩Ej


=

1

n

n∑
i=1

B(ei, ei) = H(p)

Hence one has equivalent definitions for Mean Curvature vector

H(p) =
1

n

n∑
i=1

B(ei, ei) =
1

n

m∑
j=1

tr(SEj )Ej (2.139)

where {ei}ni=1 is orthonormal basis for TpM and {Ej}mj=1 is orthonormal basis for (TpM)⊥.
We use the word ‘minimal’ because such immersions minimize the volume in the induced metric, in the same

way that geodesics minimize arclength.
More precisely, if M ⊆M is a minimal submanifold and D ⊆M is a sufficiently domain of M with regular

boundary ∂D, then the volume of D in the induced metric is less than or equal to the volume of any other
submanifold of M with the same boundary.

Example 2.6.6. Consider sphere
(Sn, gcan) ↪→ (Rn+1, g0)

Recall η(p) = −p, and
B(X,Y ) = ⟨X,Y ⟩η

Then

H(p) =
1

n

n∑
i=1

⟨ei, ei⟩η(p) =
1

n

n∑
i=1

η(p) = η(p) = −p

the mean curvature vector of the sphere is also pointing inwards, the same as normal.

Mean Curvature for Codimension 1 If m = 1, then take η as the normal (whichever direction). Consider
parametrization

x : U ⊆ Rn → Rn+1

(u1, · · · , un) 7→ (x1(u1, · · · , un), · · · , xn+1(u1, · · · , un))

The second fundamental form takes the form (2.137)

Hη =
∑
ij

hijduiduj

where

hij = ⟨Sη(
∂

∂ui
),

∂

∂uj
⟩ = ⟨B(

∂

∂ui
,
∂

∂uj
), η⟩ = ⟨D ∂

∂ui

x∗(
∂

∂uj
), η⟩ = ⟨xij , η⟩

Now we compute the Mean Curvature via

H =
1

n
tr(Sη)η

It suffice to compute

tr(Sη) =
∑
i,j

⟨Sη(
∂

∂ui
),

∂

∂uj
⟩gij =

∑
ij

⟨xij , η⟩gij
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Mean Curvature for Level Set Let’s recall the definition for Hessian.

Definition 2.6.12 (Hessian). Let

f :M
n+1 → R

be a differentiable function. Define the Hessian Hess(f) of f at p ∈M as the linear operator

Hess(f) : TpM → TpM

Y 7→ (Hess(f))(Y ) := ∇Y grad(f) ∀ Y ∈ TpM
(2.140)

where ∇ is the Riemannian connection of M .

Lemma 2.6.4 (Laplacian). The Laplacian ∆f is given by

∆f = tr(Hess(f)) (2.141)

Proof. By definition

∆f := div(grad(f))

:= tr(linear mapping Y (p) → ∇Y grad(f)(p) for any p ∈M)

= tr(Hess(f))

Lemma 2.6.5 (Hessian as symmetric bilinear form). For any X, Y ∈ X(M)

⟨Hess(f)Y,X⟩ = ⟨Y, (Hess(f)X⟩ (2.142)

Hence Hess(f) is self-adjoint, and determines a symmetric bilinear form on TpM for any p ∈M via

Hess(f)(X,Y ) := ⟨(Hess(f))X,Y ⟩ ∀ X, Y ∈ TpM (2.143)

Proof.

⟨(Hess(f))Y,X⟩ = ⟨∇Y grad(f), X⟩ = Y (⟨grad(f), X⟩)− ⟨grad(f),∇YX⟩
= Y (X(f))− (∇YX)(f) using definition of grad(f) and Levi-Civita is compatible with metric

= [Y,X](f) +X(Y (f))− (∇YX)(f) using definition of Lie Bracket

= (∇XY )(f) +X(Y (f)) using Levi-Civita is symmetric

= ⟨grad(f),∇XY ⟩+X(⟨grad(f), Y ⟩)
= ⟨∇Xgrad(f), Y ⟩ = ⟨Y,∇Xgrad(f)⟩ = ⟨Y, (Hess(f))X⟩

Proposition 2.6.9 ([dC92] Exercise 6.11). Let ‘a’ be a regular value of f , i.e., for any p ∈ f−1(a), f is a

submersion at p. Let Mn ⊆M
n+1

be the hypersurface in M defined by

M := {p ∈M | f(p) = a} = f−1(a)

1. The mean curvature H of M ⊆M is given by

nH = −div(
grad(f)

|grad(f)|
) (2.144)

Proof. First of all, we claim grad(f) is normal to the level surface M . Let any p ∈M and v ∈ TpM , since
f ≡ a on M , the tangential derivatives all vanish

v(f) = 0

Thus by definition of gradient (w.r.t. ambient metric g), for any X ∈ X(M)

g(grad(f), X) = df(X) = X(f)

which vanishes for any X tangent to M at p. Thus grad(f) has to point in the normal direction.
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Take an Orthonormal frame E1, · · · , En and our normal vector

En+1 :=
grad(f)

|grad(f)|
= η

in a neighborhood p of M in M . Recall H as in (2.139) and Sη as in (2.121). Since codimension is 1, the
mean curvature is essentially a scalar

nH = tr(Sη) =

n∑
i=1

⟨Sη(Ei), Ei⟩g

(2.123)
= −

n∑
i=1

⟨(DEiη)
T , Ei⟩g

(2.124)
= −

n∑
i=1

⟨DEiη,Ei⟩g

= −
n∑
i=1

⟨∇Eiη,Ei⟩g − ⟨∇ηη, η⟩g

= −
n+1∑
i=1

⟨∇Eiη,Ei⟩

(2.91)
= −divMη using definition of divergence

= −div(
grad(f)

|grad(f)|
)

where we used that ⟨η, η⟩ = 1 so
η(⟨η, η⟩) = 2⟨∇ηη, η⟩ = 0

2. Notice Every Embedded hypersurfaceMn ⊆M
n+1

is locally the inverse image of a regular value. Moreover,
the mean curvature H of such a hypersurface is given by

H = − 1

n
div(N)

where N is an appropriate local extension of the unit normal vector field on Mn ⊂M
n+1

.

Proof. (a) Since M ↪→M , there exists a smooth immersion

f :M →M

s.t. f(M) ⊂M is homeomorphism w.r.t. subspace topology. Or using the alternative definition, for
any q ∈ M , there exists a neighborhood U of q in M and a coordinate chart ϕ = (x1, · · · , xn+1) on
U s.t.

ϕ(M ∩ U) = ϕ(M) ∩ {xn+1 = 0}

In other words
M ∩ U = {q ∈ U | xn+1(q) = 0}

It suffices to see 0 is a regular value for f = xn+1. But for any p ∈M

dfp : TpM → R dfp =
∂f

∂xn+1
dxn+1

Then
∂f

∂xn+1
= 1

Hence dfp is surjective for any p ∈M ∩ U so 0 is a regular value for f = xn+1.

(b) For any q ∈M , there exists neighborhood U of q in M and a ∈ R s.t.

U ∩M = f−1
U (a)
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for some smooth fU and a as its regular value. Applying (2.144), the mean curvatureH ofM∩U ⊂M
is

nH = −div(
grad(fU )

|grad(fU )|
)

However one can extend the formula to neighborhood U in M because fU is submersion on U ∩M ,
hence has non-vanishing gradient. By continuity of fU one can extend smoothly to open neighborhood
in M . Now one can define a unit normal vector field N as the local extension s.t.

NU :=
grad(fU )

|grad(fU )|
∀ U ⊂M local neighborhood s.t. NU is well-defined

2.6.8.2 Minimal Graph

This is taken from Lecture notes by Xin Zhou.
Consider a domain

Ω ⊆ Rn−1

Let
u : Ω ⊆ Rn−1 → R

be a smooth function with |∇u| ≠ 0. The graph of u is defined via

Σu = {(x, u(x)) | x = (x1, · · · , xn−1) ∈ Ω}

Denote the smooth embedding of Ω to Rn as

F : Ω ⊆ Rn−1 → Rn

x 7→ (x, u(x))

Denote g = F ∗g0 as the pullback metric of Euclidean metric in Rn on Σu. Then

g(
∂

∂xi
,
∂

∂xj
) = ⟨ ∂F

∂xi
,
∂F

∂xj
⟩ = δij +

∂u

∂xi

∂u

∂xj

i.e., as a matrix
g = I +∇u(∇u)T (2.145)

Eigenvalues of g We extend g = g ⊕ dx2n when necessary.
We observe that g as a matrix acting on ∇u gives

g∇u = (I +∇u(∇u)T )∇u = ∇u+∇u(∇uT∇u)
= ∇u+ |∇u|2∇u = (1 + |∇u|2)∇u (2.146)

so that 1 + |∇u|2 is an eigenvalue of g with eigenvector ∇u.
Moreover, if v ⊥ ∇u (i.e., in the tangential direction), then

gv = (I +∇u(∇u)T )v = v +∇u(∇uT v) = v (2.147)

so {∇u⊥} is the (n− 1)-dimensional eigenspace for the eigenvalue 1.

Volume form and Area of Σu Let dx = dx1 · · · dxn−1 we have the volume form of Σ as

dvol =
√
det(g)dx =

√
1 + |∇u|2dx

Now we study the critical points of the area functional

Area(Σu) =

ˆ
Ω

√
1 + |∇u|2dx

For any η ∈ C∞
0 (Ω), we consider the change of area under perturbations. If the graph Σu is minimal, one must

have
d

dt

∣∣∣∣
t=0

Area(Σu+tη) = 0 ∀ η ∈ C∞
0 (Ω)

https://drive.google.com/file/d/109aB5rqRfwEJlOnVQGZyG2H366dz0HA0/view
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We compute

d

dt

∣∣∣∣
t=0

Area(Σu+tη) =
d

dt

∣∣∣∣
t=0

ˆ
Ω

√
1 + |∇(u+ tη)|2dx

=

ˆ
Ω

∇(u+ tη) · ∇η√
1 + |∇(u+ tη)|2

∣∣∣∣∣
t=0

dx =

ˆ
Ω

∇u · ∇η√
1 + |∇u|2

dx

= −
ˆ
Ω

ηdiv(
∇u√

1 + |∇u|2
)

We set this to 0 for any η ∈ C∞
0 (Ω). In other words we recovered the minimal surface equation

div(
∇u√

1 + |∇u|2
) = 0

Graphical Mean Curvature We’re going to show that (in the not normalized version)

H = div(
∇u√

1 + |∇u|2
)

First calculate the inverse matrix of gij . Since

g(∇u(∇u)T ) = (g∇u)∇uT

(2.146)
= (1 + |∇u|2)∇u∇uT

(2.145)
= (1 + |∇u|2)(g − I)

g(1 + |∇u|2 −∇u(∇u)T ) = (1 + |∇u|2)I

(gij) = g−1 = I − ∇u(∇u)T

1 + |∇u|2

Thus

gij = δij −
∂iu∂ju

1 + |∇u|2
(2.148)

One may regard Σu as the level set given by

h : Rn → R
(x1, · · · , xn) 7→ xn − u(x1, · · · , xn−1)

Hence the unit normal of ∇u is given by

ν =
∇h
|∇h|

=
1√

1 + |∇u|2
(−∇u, 1)

Thus if define

H = tr(Sν) =

n−1∑
i=1

⟨Sν(ei), ei⟩ = ⟨Sν(
∂

∂xi
),

∂

∂xj
⟩gij

we notice that, writing D = F ∗∇

⟨Sν(
∂

∂xi
),

∂

∂xj
⟩ = ⟨B(

∂

∂xi
,
∂

∂xj
), ν⟩

(2.119)
= ⟨D ∂

∂xi

∂

∂xj
− (D ∂

∂xi

∂

∂xj
)T , ν⟩

= ⟨D ∂
∂xi

∂

∂xj
, ν⟩

Now

D ∂
∂xi

∂

∂xj
= F ∗∇ ∂

∂xi

(F ∗ ∂

∂xj
) = (∇ ∂F

∂xi

∂

∂xj
) ◦ F = ∂ijF

= (0, · · · , 0, ∂iju)
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Thus continuing by using the expression for unit normal

H =
∂iju√

1 + |∇u|2
gij

(2.148)
=

∂iju√
1 + |∇u|2

(
δij −

∂iu∂ju

1 + |∇u|2

)
=

∂iiu√
1 + |∇u|2

− ∂iu∂ju∂iju

(1 + |∇u|2) 3
2

Notice that

div(
∇u√

1 + |∇u|2
) = ∂i

(
∂iu√

1 + |∇u|2

)
= H
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2.7 Global Differential Geometry

One of the interesting aspects of differential geometry is the interplay that exists between the local properties
and the global properties of a Riemannian manifold.

2.7.1 Complete Riemannian Manifold

We always assume M is Hausdorff.

Distance d

Definition 2.7.1 (Path-Connected). M is path-connected if for any p, q ∈M , there exists continuous

c : [0, 1] →M s.t. c(0) = p c(1) = q

Lemma 2.7.1. If M is a connected topological manifold, then M is path connected.

Lemma 2.7.2. If M is a connected Ck manifold, there exists a CK map

c : [0, 1] →M s.t. c(0) = p c(1) = q

We revisit our definition for distance.

Definition 2.7.2 (Distance). Let (M, g) be a connected Riemannian manifold. For every p, q ∈M , we define
the distance between p and q as infimum of the length of all curves connecting p and q

dg(p, q) := inf{ℓ(c) | c : [0, 1] →M piecewise smooth s.t. c(0) = p c(1) = q}

1. The set is non-empty due to M is connected. Hence dg(p, q) ≥ 0.

2. We fix the metric g and denote d(p, q).

(M,d) metric space

Proposition 2.7.1. (M,d) defines a metric space.

Proof. 1. Triangle Inequality. For any p, q, m ∈M .

d(p, q) + d(q,m) ≥ d(p,m)

due to composition of curves.

2. d is symmetric trivially by reversing the curve parametrization.

3. d(p, q) ≥ 0 due to nonempty set. It suffices to check d(p, q) = 0 ⇐⇒ p = q. We need to check d(p, q) = 0
implies p = q. We prove the contrapositive, i.e., for p ̸= q, we want to show d(p, q) > 0. For this we need
to use our manifold M is Hausdorff. There exists an open neighborhood U of p ∈ M s.t. q /∈ U . There
exists r s.t. the normal ball

Br(p) ⊂ U

But then d(p, q) ≥ r because all points at distance ≤ r from p are in Br(p), otherwise q ∈ Br(p).

Example 2.7.1. 1. On Rn, d(x, y) = |x− y|.

2. Line with two origins. Let M = (R× {0, 1}) / [(x, 0) ∼ (x, 1) except for x = 0]. Then

d([x, 0], [y, 1]) = |x− y| ∀ x, y ̸= 0

d([x, 0], [0, 1]) = |x|
d([0, 0], [0, 1]) = 0

Hence we indeed need Hausdorff condition.

Also we remark the following.

1. If there exists a minimizing geodesic γ between p and q, then

ℓ(γ) = d(p, q)
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2. The topology induced by d is the same as the original topology, i.e., the one with basis

{Br(p) | r > 0, p ∈M}

3. Fix p0 ∈M , then
f : (M,d) → (R, | · |)

q 7→ d(p0, q)

is continuous. In fact

|f(q)− f(p)| = |d(p0, q)− d(p0, p)| ≤ |d(p, q)|

Then f is Lipschitz continuous.

Geodescially Complete

Definition 2.7.3 (Geodesically Complete). A Riemannian manifold (M, g) is geodesically complete if for any
p ∈M ,

expp(v) is defined for all v ∈ TpM

i.e., all geodesics γ(t) are defined for all t ∈ R.

2.7.2 Hopf-Rinow Theorem

Hopf-Rinow says (M, g) is geodesically complete iff (M,d) is complete metric space.

Theorem 2.7.1 (Hopf-Rinow). The following are (a)− (e) equivalent and all imply (f)

(a) expp(v) is defined for all v ∈ TpM at a particular point p ∈M .

(b) Closed and Bounded sets of (M,d) are compact.

(c) (M,d) is a complete metric space.

(d) (M, g) is geodesically complete, i.e., expq(v) is defined for all v ∈ TqM for any q ∈M .

(e) There exists a sequence of compact sets {Kn}

Kn ⊂ Kn+1

⋃
n

Kn =M

s.t. if qn /∈ Kn ∀ n then d(p, qn) → ∞.

(f) In the above cases, for any q ∈M fixed there exists minimizing geodesic γ between any p ∈M and q, i.e.

ℓ(γ) = d(p, q)

Example 2.7.2 (Counter example for (f) does not imply (a)). Take B1(0) open ball in Rn. (f) is satisfied.
But exp0(v) is not defined for |v| ≥ 1. In particular B1(0) is not complete.

2.7.2.1 Proof and Consequences of Hopf-Rinow

Proof of Hopf-Rinow

Proof of Theorem 2.7.1 (a) =⇒ (f). We want to find the initial velocity v ∈ TpM s.t. |v| = 1 of the geodesic
γ where γ(0) = p and γ(1) = q. In this case we want

γ(t) = expp(tv) γ(r) = q for r = d(p, q)

There exists r0 s.t. Br0(p) is a normal ball at p.

1. Case one. If r < r0, and q ∈ Br0(p), then there exists a minimizing geodesic connecting p and q.
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2. Case two. If r > r0. The idea is to construct the curve with initial velocity step by step. Consider the
map

f :M → R x 7→ d(q, x)

which is continuous. There exists x0 ∈ Sr0(p) the sphere of the normal ball s.t.

x0 = min
x∈Sr0 (p)

f(x)

Note x0 may not be unique. In particular,

x0 = expp(r0v) for some unit tangent vector v

Finally we can use the assumption that expp is defined for all v ∈ TpM . So we define the curve

γ(t) := expp(tv)

and I want to show that γ(r) = q. To do so we use the continuity method. We define a set

A = {s ∈ [0, r] | d(γ(s), q) = r − s}

If one can prove A is non-empty, closed and open, then since A is connected, we have A = [0, r]. In
particular we conclude r ∈ A, and finally d(γ(r), q) = r − r = 0 =⇒ γ(r) = q.

• A is non-empty since s = 0 lies inside

d(γ(0), q) = d(p, q) = r − 0 = r

• A is closed due to closed condition.

• We’re left to prove A open. We show that if s ∈ A, then there exists δ > 0 s.t. s + δ ∈ A. Since
s ∈ A, one has

d(γ(s), q) = r − s

Consider the normal ball centered at γ(s), of some radius δ, which is between (0, r − s). Now we
consider x′ that minimizes the distance between the ball and q, i.e.

x′ = min
x∈Sδ(γ(s))

f(x)

Then

r − s = d(γ(s), q) = δ +min{d(q, x) | x ∈ Sδ(γ(s))}
= δ + d(q, x′)

d(x′, q) = r − (s+ δ)

Now by triangle inequality

s+ δ ≥ d(p, x′) ≥ d(p, q)− d(q, x′) = r − r + (s+ δ) = s+ δ

d(p, x′) = s+ δ

=⇒ x′ = γ(s+ δ)

Thus
d(γ(s+ δ), q) = r − (s+ δ) =⇒ s+ δ ∈ A

Proof of Theorem 2.7.1 (a) =⇒ (b). Let A ⊂M closed and bounded. Then there exists r > 0 s.t.

A ⊂ {x ∈M | d(x, p) ≤ r} = Br(p) ⊂ expp(Br(0))

where the latter is indeed a compact set. Hence using A closed subset of a compact set and Hausdorff topology,
one knows that A is compact.

Proof of Theorem 2.7.1 (b) =⇒ (c). Start with a Cauchy Sequence {xn}. Let A = {xn} be closed and bounded.
Then A is compact, and there exists a subsequence xnk → p0 ∈M . Hence xn → p0 since it’s Cauchy.
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Proof of Theorem 2.7.1 (c) =⇒ (d). Let q ∈ M , we want to show that expq is defined on TqM . Suppose for
contradiction that

γ : (a, s0) →M

is a normalized geodesic, and is not defined for s0. Then we prove that γ can be extended to

γ : (a, s0 + δ) →M

How do we prove? Remember we assume Cauchy sequence converges. We take a sequence that converges to s0.
Let sn be an increasing sequence s.t. sn ↗ s0. Then since we have normalized geodesic

d(γ(sn), γ(sm)) ≤ |sn − sm|

Since {sn} is Cauchy, γ(sn) are Cauchy, and using our assumption, γ(sn) → p0 in M . Then there exists δ > 0
and a totally normal neighborhood V of p0 s.t.

1. for any p1, p2 ∈ V , there is a minimizing geodesic between p1 and p2

2. for every q ∈ V ,
expq : B2δ(0) ⊂ TqM → V

is defined.

What is remarkable is that the δ is uniform in q ∈ V . If γ(sn) and γ(sm) ∈ V , then γ coincides with the
minimizing geodesic between γ(sn) and γ(sm). Choose sn s.t. γ(sn) ∈ V and

s0 − δ < sn < s0

Then for the exponential map at γ(sn), we again center a ball at γ(sn) with radius 2δ, i.e.

expγ(sn) : B2δ(0) → V

is defined. Hence γ(t) is defined for t ∈ (sn−2δ, sn+δ). But sn+2δ > s0 by our choice. Hence γ is extended.

Proof of Theorem 2.7.1 (d) =⇒ (a). Trivial.

Proof of Theorem 2.7.1 (b) =⇒ (e). Let Kn = Bn(p). They satisfy (e). If qn /∈ Kn for any n, then d(p, qn) ≥
n.

Proof of Theorem 2.7.1 (e) =⇒ (b). Let A be a closed and bounded set. Then there exists n s.t. A ⊂ Kn,
hence A is compact.

Corollaries and Examples of Hopf-Rinow We discuss certain examples and immediate consequences of
Hopf-Rinow.

Compact Manifolds are Complete

Corollary 2.7.1 ([dC92] Corollary 7.2.9). Any Riemannian metric on a compact manifold gives a complete
manifold.

Proof. Property (e) is always verified.

Closed Submanifold of Complete Manifolds are Complete

Corollary 2.7.2. Let (M, g) be complete Riemannian manifold. Let N be a closed submanifold. Denote

i : N →M as inclusion

Then
(N, i∗g) is complete

Proof. By Theorem 2.7.1 property (b), we need to show closed and bounded sets of N are compact. Here closed
and bounded sets are w.r.t. the distance dN given by i∗g. But

dN (p, q) ≥ dM (p, q)

so any closed and bounded sets of N are also closed and bounded in M . So they’re compact.

Example 2.7.3. 1. Sn, Tn are complete.
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2. (Rn, g0) is complete.

3. (Bn1 (0), g0) is not complete.

Proof. Let
ϕ : Rn → Bn1

x 7→ x√
1 + |x|2

Then the inverse writes
ϕ−1 : Bn1 → Rn

y 7→ y√
1− |y|2

The diffeomorphism (Rn, ϕ∗g0) is not complete since the ball is not complete.

Criterion for Completeness

Proposition 2.7.2 ([dC92] Exercise 7.7). Let M and M be Riemannian manifolds and let

f :M →M be a diffeomorphism

Let M be complete, and assume there exists a constant c ≥ 0 s.t.

|v| ≥ c|dfp(v)| ∀ p ∈M v ∈ TpM

Then M is complete.

Proof. Let {pn} be a Cauchy sequence in M . By Hopf-Rinow 2.7.1 (c), it suffices to prove pn converges. Notice
{f(pn)}n is a sequence in M , and since M is complete, if we’re able to show {f(pn)}n is Cauchy, we have
convergence of f(pn) to some point q ∈ M . Indeed, for any pn ∈ M , there exists totally normal neighborhood
V of pn s.t. for any pm ∈ V , there exists γ a minimizing geodesic joining pn and pm, i.e.

γ : [0, 1] →M γ(0) = pn γ(1) = pm

One has

dM (f(pn), f(pm)) ≤
ˆ 1

0

|dfγ(t)(γ′(t))| dt

≤
ˆ 1

0

1

c
|γ′(t)| dt = 1

c
ℓ(γ)

=
1

c
dM (pn, pm)

But {pn} is Cauchy sequence in M , hence dM (pn, pm) → 0 so {f(pn)} is a Cauchy sequence. Thus there exists
q ∈M s.t.

dM (f(pn), q) → 0

Now since f is a diffeomorphism, it has a smooth inverse, hence define p := f−1(q) and by continuity

dM (pn, p) → 0

Non-extendible Notice any proper open subset of a complete manifold is not complete, i.e., for open em-
bedding

i :M ↪→M i(M) ⊊ (M, g) open and proper

The manifold (M, i∗g) is not complete.

Definition 2.7.4 (Extendible). Let M , M ′ be connected. A Riemannian manifold (M, g) is extendible if there
exists an isometric open embedding

i : (M, g) ↪→ (M ′, g′) i(M) ⊊M ′

Remark 2.7.1. If M is compact then M is complete. If M is complete then M is non-extendible.
But both converses are not true.
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1. (Rn, g0) is complete but not compact

2. The map
exp : C → (C \ {0}, dx2 + dy2)

z 7→ ez

gives (C \ {0}, dx2 + dy2) extendible. Hence this is incomplete. But then

(C, exp∗(dx2 + dy2))

is incomplete and inextendible.

2.7.2.2 Applications of Hopf-Rinow

Complete Non-compact manifold contains a Ray

Definition 2.7.5 (Ray). A geodesic γ : [0,∞) →M in a Riemannian manifold M is called a ray starting from
γ(0) if it minimizes the distance between γ(0) and γ(s) for any s ∈ (0,∞).

Proposition 2.7.3 ([dC92] Exercise 7.6). Let M be complete and non-compact.
Then for any p ∈M , there exists a ray starting from p in M .

Proof. 1. Since M is geodesically complete, for any p ∈ M , the exponential map expp(v) is defined for all
v ∈ TpM . Since M is non-compact, there exists a sequence of points qn ∈M s.t. d(p, qn) → ∞.

2. Using (f) in Hopf-Rinow 2.7.1, for any qn ∈ M one can pick a minimizing geodesic γn between p and qn
s.t.

ℓ(γn) = d(p, qn)

WLOG one may parametrize γn using arc-length, i.e.

γn(0) = p γn(d(p, qn)) = qn

3. Now consider the family of tangent vectors {γ′n(0)} ⊂ SpM ⊂ TpM where |γ′n(0)| = 1 and SpM denotes the
unit sphere in TpM . Since SpM is compact, one may extract a convergnt subsequence γ′nk(0) → v ∈ SpM .
Again since M is geodesically complete, the geodesic

γ : [0,∞) →M γ(0) = p, γ′(0) = v

exists.

4. We claim that γ is a ray. To see this, one needs to show γ minimizes the distance between p and γ(s) for
any s ∈ (0,∞). Now fix s, there exists k large enough s.t.

d(p, qnk) ≥ d(p, γ(s))

hence
ℓ(γnk |[0,s]) = d(p, γnk(s)) is length minimizing

Push k → ∞, since both
γ′nk(0) → v γnk(s) → γ(s)

By continuous dependence on initial conditions

d(γnk(s), γ(s)) → 0

Hence γ|[0,s] is length minimizing.

Hyperbolic Plane In this paragraph we consider the upper half plane

H = {(x, y) ∈ R2 | y > 0}

equipped with the Lobatchevski metric

g11 = g22 =
1

y2
g12 = 0

Recall the ‘Minimizing’ characterisation for geodesics.
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Proposition 2.7.4. If a piecewise differentiable curve γ : [a, b] →M with parameter proportional to arc length
has length less or equal to any other piecewise differentiable curve joining γ(a) and γ(b), then γ is a geodesic
in M .

Lemma 2.7.3 (Geodesics of H). Geodesics of H are either

1. Upper semi-circles

2. rays x = x0 for y > 0

Proof. 1. We claim the segment for a > 0
γ : [a, b] → H

t 7→ (0, t)

is the image of a geodesic. Indeed, for any arc c : [a, b] → H s.t.

c(t) = (x(t), y(t)) c(a) = (0, a) c(b) = (0, b)

One has

ℓ(c) =

ˆ b

a

|dc
dt

| dt =
ˆ b

a

√
(
dx

dt
)2 + (

dy

dt
)2

1

y(t)
dt

≥
ˆ b

a

|dy
dt

|1
y
dt ≥

ˆ b

a

dy

y
= ℓ(γ)

Hence γ minimizes arc length for piecewise differentiable curves, and using Proposition 2.7.4, the image
of γ is a geodesic.

2. The isometries of H are the Möbius Transforms

z 7→ az + b

cz + d
z = x+ iy ad− bc = 1 (2.149)

and it transforms the 0y axis into upper semi-circles or rays x = x0 for y > 0. Since isometries preserve
geodesics, these are geodesics. In fact they’re the only geodesics. Indeed, for any p ∈ H, and any direction
in TpH, there passes either a semi-circle with center on the 0x axis or the circle degenerates to a ray
normal to 0x.

Proposition 2.7.5 ([dC92] Exercise 7.10). The Upper Half Plane H = R2
+ with the Lobatchevski metric g

g11 = g22 =
1

y2
g12 = 0

is complete

Proof. We want to make use of Hopf-Rinow 2.7.1 (a). We have to show the geodesic starting at the point
(0, 1) ∈ R2

+ is well-defined for all v ∈ T(0,1)R2
+ for all time t. Since we require to exist for t ≥ 0 it suffices to

take |v| = 1.

1. If v = (0, 1) the geodesic is
γ(t) = (0, et)

since from Proposition 2.7.4

ℓ(c) ≥
ˆ b

a

dy

y
= log(b)− log(a)

2. If v = (0,−1) the geodesic is accordingly
γ(t) = (0, e−t)

3. If v = (sin(θ),− cos(θ)) we make the identification y = iy in the complex field. Then we claim

γ(t) =
sin( θ2 )ie

t − cos( θ2 )

cos( θ2 )ie
t + sin( θ2 )

is the geodesic with origin i = (0, 1) and initial velocity v = eiθ = (cos(θ), sin(θ)).

(a) As in (2.149) sin2( θ2 ) + cos2( θ2 ) = 1 so image of γ is indeed a geodesic.
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(b) Compute

γ(0) =
sin( θ2 )i− cos( θ2 )

cos( θ2 )i+ sin( θ2 )
= i = (0, 1)

(c) Compute

γ′(t) = − 1

(cos( θ2 )ie
t + sin( θ2 ))

2
cos(

θ

2
)iet(sin(

θ

2
)iet − cos(

θ

2
)) +

sin( θ2 )ie
t

cos( θ2 )ie
t + sin( θ2 )

γ′(0) = − 1

(cos( θ2 )i+ sin( θ2 ))
2
cos(

θ

2
)i(sin(

θ

2
)i− cos(

θ

2
)) +

sin( θ2 )i

cos( θ2 )i+ sin( θ2 )

=
1

(cos( θ2 )i+ sin( θ2 ))
2

(
cos(

θ

2
) sin(

θ

2
) + i cos(

θ

2
)2 − cos(

θ

2
) sin(

θ

2
) + i sin(

θ

2
)2
)

= i
1

(cos( θ2 )i+ sin( θ2 ))
2
=

i

− cos( θ2 )
2 + 2i sin( θ2 ) cos(

θ
2 ) + sin( θ2 )

2

=
i

i sin(θ)− cos(θ)
=

1

sin(θ) + i cos(θ)
= sin(θ)− i cos(θ)

Since all above γ(t) exists for all t ≥ 0, exp(0,1)(v) is defined for all v ∈ T(0,1)R2
+. Hence H = R2

+ is geodesically
complete, thus complete.

Homogeneous Manifold

Definition 2.7.6. A Riemannian manifold M is homogeneous if for any p, q ∈M there exists an isometry of
M which takes p to q.

Proposition 2.7.6 ([dC92] Exercise 7.12). Any homogeneous manifold M is complete.

Proof. By Hopf-Rinow 2.7.1 it suffices to show M is geodesically complete. Suppose we have a unit speed
geodesic

c : [a, 1) →M s.t. it is not extendiable to t = 1

Now for any p ∈M , due to local existence of geodesic, there exists another geodesic c2 starting at p and α > 0
small s.t.

ℓ(c2) ≥ α > 0

Let’s denote

δ := min{α
2
,
1− a

2
} > 0

Since M is homogenegous, for points p and c(1 − δ), there exists an isometry of M that takes p to c(1 − δ).
But isometry also preserves geodesics, hence our c2 should be isometrically mapped to some geodesic of equal
length with starting point c(1− δ). But

ℓ(c2) ≥ α ≥ 2δ

hence
c : [1− δ, 1 + δ) →M is extended

But this contradicts with our assumption. Thus M is complete.

2.7.3 Hadamard’s Theorem

Theorem 2.7.2 (Hadamard [dC92] Theorem 7.3.1). Let M be a complete Riemannian manifold with sectional
curvature

K(p, σ) ≤ 0 ∀ p ∈M, ∀ σ ⊆ TpM two-dimensional subspace

Then for any p ∈M
expp : TpM →M

is a covering map.
If in addition we assume M is simply-connected, then M is diffeomorphic to Rn where n = dimM with

expp : TpM →M

a diffeomorphism.
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2.7.3.1 Lemma one: Non-positive Sectional Curvature to expp Local Diffeomorphism

This has been essentially shown in Proposition 2.5.6.

Pole p gives expp local diffeomorphism Recall Conjugate Local

C(p) := {γ(t0) | γ(t0) is the first conjugate point to p along γ, for all γ geodesic s.t. γ(0) = p}

In particular by varying γ′(0) = v ∈ TpM , C(p) is achieved by conjugate points to p along γ emanating in any
direction v.

Definition 2.7.7 (Pole). Let (M, g) be a complete Riemannian manifold. We say p is a pole if the conjugate
locus C(p) = ∅ is empty.

In particular, if p is a pole, for γ geodesic emitting in any directions v ∈ TpM , i.e.

γ(t) = expp(tv)

There is no γ(t0) conjugate point to p along γ. Now using Proposition 2.5.4

(d expp)tv

is surjective for all t > 0, for any direction v ∈ TpM fixed. Thus

expp : TpM →M

has no critical points.
In particular, at any v ∈ TpM , expp is a local diffeomorphism by the inverse function theorem. (Note

this is stronger than our result in Proposition 2.3.4)

Lemma One: Complete manifold with K(p, σ) ≤ 0 is pole everywhere

Lemma 2.7.4 ([dC92] Lemma 3.2). Let (M, g) be a complete Riemannian Manifold with K(p, σ) ≤ 0 for any
p ∈M and σ ⊂ TpM 2-plane.

Then for any p ∈M , p is a pole.

Proof. See Proposition 2.5.6. Compute ⟨J, J⟩′′.
Let J be nontrivial Jacobi Field along a geodesic

γ : [0,∞) →M

where γ(0) = p and J(0) = 0. Notice here we’re using that (M, g) is complete via Theorem 2.7.1 so that the
geodesic expp is defined for all v ∈ TpM .

Then

⟨J, J⟩′′ = 2⟨J ′, J ′⟩+ 2⟨J, J ′′⟩
(2.101)
= 2⟨J ′, J ′⟩ − 2⟨R(γ′, J)γ′, J⟩

(2.65)
= 2|J ′|2 − 2K(γ′, J)|γ′ ∧ J |2 ≥ 0 (2.150)

Therefore for any t2 > t1
⟨J, J⟩′(t2) ≥ ⟨J, J⟩′(t1)

Since we assumed J is nontrivial, J ′(0) ̸= 0, but ⟨J, J ′⟩(0) = 0. Now for t sufficiently small,

⟨J, J⟩(t) > ⟨J, J⟩(0)

It follows that for all t > 0
⟨J, J⟩(t) = |J(t)|2 > 0

thus γ(t) is never conjugate to γ(0) along γ.

Remark 2.7.2. Notice Lemma 2.7.4 does not mean if there exists p ∈ M s.t. K(p, σ) ≤ 0 for any σ ⊂ TpM
then it implies p is a pole. This is because in the proof step (2.150), one really need the sign on sectional
curvature along γ(t) instead of just one point p = γ(0).
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Example for poles in non-compact manifolds with positive sectional curvature Notice that poles
can exist in non-compact manifolds which have positive sectional curvature. The point p = (0, 0, 0) of the
paraboloid

S = {(x, y, z) ∈ R3 | z = x2 + y2}

is a pole of S. On the other hand, notice the curvature is positive. ([dC92] Exercise 7.13)

2.7.3.2 Lemma Two: Covering Map

Lemma 2.7.5 ([dC92] Lemma 7.3.3). Let (M, g) be a complete Riemannian manifold, and let (N,h) be another
Riemannian manifold s.t. there exists

f :M → N

that is surjective and a local diffeomorphism.
Assume for any p ∈M , for any v ∈ TpM , we have

∥dfp(v)∥f(p) ≥ ∥v∥p (2.151)

Then we have f is a covering map.

Path-Lifting Property determines Covering Map

Remark 2.7.3 (Path-lifting Property). Assume we have a path c : [0, 1] → B. Let π : B → B be a continuous
surjective map, local homeomorphism. Let B be locally path connected and B be locally simply connected. If in
addition c satisfies the path lifting property s.t. the diagram commutes

B

[0, 1] B

πc

c

Then π is a covering map.

Proof of Lemma Two

Proof of Lemma 2.7.5. By the above fact Remark 2.7.3, we only need to check that f satisfies the path lifting
property with B =M and B = N . Given

c : [0, 1] → N

We want to prove

(a) c can be defined. If c is defined in some small interval then one can extend it. In particular if

c : [0, t0] →M 0 ≤ t0 < 1

s.t.
f ◦ c = c

Then there exists a δ > 0 s.t. c is defined on [0, t0 + δ] and also satisfies

f ◦ c = c

(b) If c is now defined in
c : [0, t0) →M 0 < t0 ≤ 1

s.t.
f ◦ c = c

Then c can be extended to t0
c : [0, t0] →M

with
f ◦ c = c

In particular f(c(t0)) = c(t0).
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Proof of (a). Since f is local diffeomorphism, there exists U open neighborhood of c(t0) s.t.

f |U : U → f(U) is a diffeomorphism

Then f(U) is an open neighborhood of c(t0) = f(c(t0)). Then there exists δ > 0 s.t. the image of (t0− δ, t0+ δ)
through c is contained in U . For t ∈ (t0 − δ, t0 + δ) define

c(t) := (f |U )
−1(c(t))

since f is surjective.

Proof of (b)
In this why we need (2.151). Let {tn} be a sequence tn+1 > tn s.t. tn → t0. Then for any m < n. Compute

the distance between c(tn) and c(tm) because we want to show {c(tn)} is Cauchy.

dM (c(tn), c(tm)) ≤ ℓ(c|[tm,tn]) =
ˆ tn

tm

∥∥∥∥dcdt (t)
∥∥∥∥
c(t)

dt

(2.151)

≤
ˆ tn

tm

∥∥∥∥dfc(t)(dcdt (t))
∥∥∥∥
c(t)

dt =

ˆ tn

tm

∥∥∥∥ ddt (f ◦ c)
∥∥∥∥
c(t)

dt

=

ˆ tn

tm

∥∥∥∥ ddtc(t)
∥∥∥∥
c(t)

dt ≤ C|tn − tm| where C := max
[0,1]

|dc
dt

(t)|

Now {c(tn)} is Cauchy. Since M is complete, by Hopf-Rinow 2.7.1, c(tn) converges, so there exists r ∈M s.t.

c(tn) → r

We define
r := c(t0)

It suffices to check f(c(t0)) = c(t0). But using continuity of f

f(c(t0)) = f(r) = f( lim
n→∞

c(tn)) = lim
n→∞

(f ◦ c)(tn) = lim
n→∞

c(tn) = c(t0)

2.7.3.3 Proof of Hadamard’s

Corollary 2.7.3 (Corollary of Lemma 2.7.5). Let (M, g) be a complete Riemannian manifold. Suppose p ∈M
is a pole. Then

expp : TpM →M

is a covering map. In particular, if M is simply connected, then expp is a global diffeomorphism, and hence M
is diffeomorphic to Rn.

Proof. Since p is a pole, expp : TpM →M is a local diffeomorphism. SinceM is complete Riemannian Manifold,
by Hopf-Rinow 2.7.1 (f), there exists minimizing geodesic connecting any two points, thus

expp : TpM →M is surjective

We define
g̃ := exp∗p g

to be a Riemannian metric on TpM . Then the exponential map

expp : (TpM, g̃) → (M, g) is a local isometry

In particular ∥∥d expp(v)∥∥g = ∥v∥g̃
so (2.151) is satisfied.

Now we only need to check (TpM, g̃) is complete to apply Lemma 2.7.5.
By Hopf-Rinow 2.7.1 (d), we want to show that the exponential map of (TpM, g̃) is defined everywhere.

∀ v ∈ T0(TpM) ∼= TpM γ(t) := expp(tv) ∀ t ∈ R is a geodesic in M

and
γ̃(t) := tv ∀ t ∈ R is a geodesic in TpM
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One define
˜exp0 : T0(TpM) → TpM

tv 7→ ˜exp0(tv) := γ̃(t) = tv

Thus
˜exp0 : T0(TpM) = TpM → TpM

is the identity.
In particular ˜exp0 is defined everywhere at the point 0. By Hopf-Rinow 2.7.1 we know (TpM, g̃) is complete.

Hence by Lemma 2.7.5, expp is a covering map.

Proof of Theorem 2.7.2. Let (M, g) be complete Riemannian manifold with K(p, σ) ≤ 0. By Lemma 2.7.4 for
any p ∈M , p is a pole. By Corollary 2.7.3 we know

expp : TpM →M

is a covering map.
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2.8 Space of Constant Curvature

So far we have encountered two examples of Riemannian manifold with constant sectional curvature K, namely
Euclidean space Rn with K = 0, and the unit sphere Sn ⊆ Rn+1 with K = 1.

In this chapter we shall introduce the hyperbolic space Hn with sectional curvature −1. These are complete
and simply connected. The main theorem of this chapter is that these are essentially the only complete, simply
connected Riemannian manifolds with constant sectional curvature.

2.8.1 Theorem of Cartan on Determination of the Metric by Curvature

If two Riemannian manifolds have the same Riemannian curvature, then they have the same metric. How do
we compare two Riemannian manifolds of the same dimension?

Setup to Compare Manifolds of same dimension Let p ∈ M and p̃ ∈ M̃ with the same dimension. In
particular they both have tangent space TpM ∼= Tp̃M̃ = Rn. Then one can cook up a mapping i between the
tangent spaces

i : TpM → Tp̃M̃

ei 7→ i(ei) = ẽi

as a linear isometry, i.e., sends an orthonormal basis {ei} to an orthonormal basis {ẽi}.
Using Proposition 2.3.4 there exists r > 0 s.t.

expp : Br(0) ⊂ TpM → Br(p) ⊂M

v 7→ expp(v)

˜expp̃ : Br(0) ⊂ Tp̃M̃ → Br(p̃) ⊂ M̃

v 7→ ˜expp̃(v)

are diffeomorphisms.
Now we define

f : Br(p) ⊂M → Br(p̃) ⊂ M̃

q 7→ f(q) := ˜expp̃ ◦ i ◦ (expp)−1(q)
(2.152)

f is a diffeomorphism.

TpM Br(0) Br(0) Tp̃M̃

M Br(p) Br(p̃) M̃

⊇open

expp

i

˜expp̃

⊆open

⊇open f ⊆open

For all q ∈ Br(0) there exists a unique initial velocity v ∈ TpM s.t. q can be reached via the normalized
geodesic

γ(t) = expp(tv)

s.t.
p = expp(0) = γ(0), q = expp(ℓv) = γ(ℓ) ℓ := d(p, q)

Now let
Pp,q : TpM → TqM

be the parallel transport (1.94) along the geodesic γ(t) := expp(tv) from γ(0) = p to γ(ℓ) = q.
Similarly let

P̃p̃,f(q) : Tp̃M̃ → Tf(q)M̃

be the parallel transport along the geodesic γ̃(t) := ˜expp̃(tṽ) from γ̃(0) = p̃ to

γ̃(ℓ) = ˜expp̃(ℓṽ) = ˜expp̃(i ◦ exp−1
p (q)) = f(q)

Now for any q ∈ Br(p), define

ϕq : TqM → Tf(q)M̃

v 7→ ϕq(v) := P̃p̃,f(q) ◦ i ◦ (Pp,q)−1(v)
(2.153)
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as an a linear isometry.

TpM Tp̃M̃

TqM Tf(q)M̃

Pp,q

i

P̃p̃,f(q)

ϕq

Finally denote by R and R̃ the Riemannian curvature of M and M̃ respectively.

Cartan’s Theorem

Theorem 2.8.1 (Cartan [dC92] Theorem 8.2.1). With the above notations, assume for all q ∈ Br(p), and for
all

x, y, v, u ∈ TqM

the Riemannian curvature agrees

R(x, y, v, u) = R̃(ϕq(x), ϕq(y), ϕq(v), ϕq(u))

where ϕq = is as in (2.153).
Then f as in (2.152)

f : Br(p) → Br(p̃)

is an isometry and
dfp = i

Proof of Cartan 2.8.1. We already know that f is a diffeomorphism. We really need to show that for all
q ∈ Br(p) and for every w ∈ TqM , the norm is preserved

∥dfp(w)∥f(q) = ∥w∥q

Observe that

dfp = d( ˜expp̃ ◦ i ◦ (expp)−1) = d ˜expp̃ ◦ i ◦ d(expp)−1

(2.43)
= idTp̃M̃ ◦ i ◦ (idTpM )−1 = i

Remark that even though the identity is known, it doesn’t mean f is an isometry. We need to show norms are
the same. We do it through Jacobi fields. Those will allow us to use the hypothesis.

We may assume p ̸= q and w ̸= 0. There exists unit vector v ∈ TpM s.t.

q = expp(ℓv) ℓ = d(p, q) > 0

There exists a unique w0 ∈ Tℓv(TpM) ∼= TpM such that

(d expp)ℓv(w0) =
w

ℓ

This exists since if ℓv < r one can find the preimage due to d expp is a linear isomorphism. Now let

γ : [0, ℓ] →M be the geodesic s.t. γ(0) = p γ(ℓ) = q

Look at the Jacobi Field
J(t) := (d expp)tv(tw0)

Then

J(0) = 0

J(ℓ) = (d expp)ℓv(ℓw0) = ℓ(d expp)ℓv(w0) = ℓ
w

ℓ
= w

Now we write in coordinates. Let {e1, · · · , en} be an orthonormal basis of TpM . We let

en := v = γ′(0)

Let {e1(t), · · · , en(t)} be the parallel transport along the geodesic γ. Then Jacobi Field has local coordinates

J(t) =

n∑
i=1

yi(t)ei(t) yi ∈ C∞([0, ℓ];M)
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Now here the Jacobi Equation is, upon contraction with ei(t)

J ′′(t) +R(γ′, J)γ′ = 0 =⇒ d2yi
dt2

+

n∑
j=1

R(en, ej , en, ei)yj = 0

Now let

γ̃ : [0, ℓ] → M̃ γ̃ := f ◦ γ be geodesic so that γ̃(0) = f(p) = p̃ γ̃(ℓ) = f(q)

Let {ẽ1, · · · , ẽn} be ONB of Tp̃M̃ , and {ẽ1(t), · · · , ẽn(t)} be their parallel transport along γ̃. Hence

ẽi(t) = ϕq(ei(t))

Now we define

J̃(t) = ϕγ(t)(J(t)) =

n∑
i=1

yi(t)ẽi(t)

But this is not in principle a Jacobi Field. Here we use our assumption that two Riemannian curvatures are
the same. Hence

d2yi
dt2

+

n∑
j=1

R̃(ẽn, ẽj , ẽn, ẽi)yj

=
d2yi
dt2

+

n∑
j=1

R(en, ej , en, ei)yj

= 0

Hence J̃(t) is Jacobi field with J̃(0) = 0. What about its length?

∥∥∥J̃(t)∥∥∥
γ(t)

=

√√√√ n∑
i=1

y2i = ∥J(t)∥γ(t) ∀ t

Now J̃(t) is a Jacobi Field along γ̃(t) with

J̃ ′(0) =

n∑
i=1

y′i(0)ẽi(0)

=

n∑
i=1

i(y′i(0)ei) = i(w0)

J̃(t) = (d ˜expp̃)ti(v)(ti(w0))

J̃(ℓ) = (d ˜expp̃)ℓi(v) ◦ i ◦ (ℓw0)

= (d ˜expp̃)ℓi(v) ◦ i ◦ ((d expp)ℓv)−1(w) using definition of w0

= d( ˜expp̃ ◦ i ◦ exp−1
p )expp(ℓv)(w)

= d(f)q(w) using q = expp(ℓv)

Thus
∥dfq(w)∥ =

∥∥∥J̃(ℓ)∥∥∥ = ∥J(ℓ)∥ = ∥w∥

Determination by Constant Sectional Curvature

Corollary 2.8.1. Let (M, g) and (M̃, g̃) be two Riemannian manifolds of dimension n, with the same constant
sectional curvature K0. Let p ∈ M and p̃ ∈ M̃ . Let {e1, · · · , en} be ONB of TpM and {ẽ1, · · · , ẽn} ONB of

Tp̃M̃ .

Then there exists U open neighborhood of p in M and Ũ open neighborhood of p̃ in M̃ and an isometry

f : U → Ũ

s.t.
f(p) = p̃ dfp(ei) = ẽi
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Proof. Notice via (2.67)
R(x, y, u, v) = K0(g(x, u)g(y, v)− g(x, v)g(y, u))

Choose
i : TpM → Tf(p)M̃ i(ej) = ẽj

and
f = expp ◦i ◦ ( ˜expp̃)

−1

Apply Cartan’s Theorem 2.8.1.

2.8.2 Conformal Deformation of the Curvature

Let (M, g) be a Riemannian manifold.

Definition 2.8.1 (Conformal Deformation).
g̃ = e2fg

for some f ∈ C∞(M) smooth function on the manifold M .

This is known as a conformal change(deformation). Note we’re working on the same manifold with different
metrics given by the deformation.

2.8.2.1 Conformal Change in Connection

We denote ∇ as Levi-Civita connection of g and ∇̃ as Levi-Civita connection of g̃. Using the expression for
g̃(∇̃XY,Z) (2.24) one may compute for ∇̃XY .

Proposition 2.8.1. Let g be a Riemannian metric on a manifold M and let g̃ := e2fg where f ∈ C∞(M) be
its deformation.

Let ∇ and ∇̃ denote respectively the Levi-Civita connections on (M, g) and (M, g̃).
Then for any X, Y ∈ X(M) one has

∇̃XY = ∇XY +X(f)Y + Y (f)X − g(X,Y )grad(f) where g(grad(f), Y ) := df(Y ) (2.154)

Proof. Let’s prove using local coordinates. Denote

∇̃ ∂
∂xi

∂

∂xj
:=

n∑
ℓ=1

Γ̃ℓij
∂

∂xℓ

where

Γ̃ℓij =
1

2

n∑
k=1

g̃ℓk(g̃ik,j + g̃kj,i − g̃ij,k)

=
1

2

n∑
k=1

e−2fgℓk(
∂

∂xj
(e2fgik) +

∂

∂xi
(e2fgkj)−

∂

∂xk
(e2fgij))

=
1

2

n∑
k=1

e−2fgℓk
(
2e2f

∂f

∂xj
gik + e2fgik,j + 2e2f

∂f

∂xi
gkj + e2fgkj,i − 2e2f

∂f

∂xk
gij − e2fgij,k

)

=
n∑
k=1

gℓk
(
∂f

∂xj
gik +

∂f

∂xi
gkj −

∂f

∂xk
gij

)
+ Γℓij

= Γℓij + δℓi
∂f

∂xj
+ δℓj

∂f

∂xi
−

n∑
k=1

gℓkgij
∂f

∂xk

Now

∇̃ ∂
∂xi

∂

∂xj
:=

n∑
ℓ=1

Γ̃ℓij
∂

∂xℓ

= ∇ ∂
∂xi

∂

∂xj
+

n∑
ℓ=1

(
δℓi
∂f

∂xj
+ δℓj

∂f

∂xi
−

n∑
k=1

gℓkgij
∂f

∂xk

)
∂

∂xℓ

= ∇ ∂
∂xi

∂

∂xj
+

∂f

∂xj

∂

∂xi
+
∂f

∂xi

∂

∂xj
− gij

n∑
ℓ=1

n∑
k=1

gℓk
∂f

∂xk

∂

∂xℓ

(2.89)
= ∇ ∂

∂xi

∂

∂xj
+

∂f

∂xj

∂

∂xi
+
∂f

∂xi

∂

∂xj
− g(

∂

∂xi
,
∂

∂xj
)grad(f)
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Hence (2.154) is true for coordinate basis. In general let

X =

n∑
i=1

ai
∂

∂xi
ai ∈ C∞(U)

Y =

n∑
j=1

bj
∂

∂xj
bj ∈ C∞(U)

in local charts. We compute

∇̃XY = ∇̃∑
i ai

∂
∂xi

(
∑
j

bj
∂

∂xj
)

=
∑
i

ai

∑
j

(
∂bj
∂xi

∂

∂xj
+ bj∇̃ ∂

∂xi

∂

∂xj

)
=
∑
i

ai

∑
j

(
∂bj
∂xi

∂

∂xj
+ bj∇ ∂

∂xi

∂

∂xj
+ bj

∂f

∂xj

∂

∂xi
+ bj

∂f

∂xi

∂

∂xj
− bjg(

∂

∂xi
,
∂

∂xj
)grad(f)

)
=
∑
i

ai

∑
j

(
∇ ∂

∂xi

(bj
∂

∂xj
) + bj

∂f

∂xj

∂

∂xi
+ bj

∂f

∂xi

∂

∂xj
− bjg(

∂

∂xi
,
∂

∂xj
)grad(f)

)
= ∇∑

i ai
∂
∂xi

(
∑
j

bj
∂

∂xj
) +

∑
j

bj
∂f

∂xj

∑
i

ai
∂

∂xi
+
∑
i

ai
∂f

∂xi

∑
j

bj
∂

∂xj
− g(

∑
i

ai
∂

∂xi
,
∑
j

bj
∂

∂xj
)grad(f)

= ∇XY + Y (f)X +X(f)Y − g(X,Y )grad(f)

Scaling As immediate consequence one observe scaling.

Corollary 2.8.2. If f is a constant, then g̃ = kg for k > 0 is constant times g. In this case

∇̃XY = ∇XY

R̃(X,Y )Z = R(X,Y )Z

R̃(X,Y, Z,W ) = kR(X,Y, Z,W )

K̃(X,Y ) =
1

k
K(X,Y )

R̃ic(X,Y ) = Ric(X,Y )

S̃ =
1

k
S

Proof. The first two remain unchanged because Christoffel symbols are unchanged. The Riemannian curvature
tenor scales by k due to the formula (2.64). For sectional curvature, note

K(X,Y ) =
1

g(X,X)g(Y, Y )− g(X,Y )2
R(X,Y,X, Y )

so that

K̃(X,Y ) =
1

k
K(X,Y )

Ricci remains unchanged because 1
k pops out upon taking trace (2.79). Scalar curvature has another 1

k because
we’re taking trace again (2.81).

2.8.2.2 Riemannian Curvature Deformation

Kulkarni-Nomizu Product But what happens in general?

Definition 2.8.2 (Kulkarni-Nomizu Product). For S, T ∈ C∞(M, Sym2T ∗M) symmetric (0, 2)-tensors on M ,
(S ◦ T ) gives a (0, 4)-tensor on M . We define their Kulkarni-Nomizu Product as

(S ◦ T )(X,Y, Z,W ) = S(X,Z)T (Y,W ) + S(Y,W )T (X,Z)− S(X,W )T (Y,Z)− S(Y,Z)T (X,W ) (2.155)
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Moreover, the symmetries take the form

(S ◦ T )(X,Y, Z,W ) = −(S ◦ T )(Y,X,Z,W ) anti-symmetric in first two components

= −(S ◦ T )(X,Y,W,Z) anti-symmetric in second two components

= (S ◦ T )(Z,W,X, Y ) symmetric w.r.t. the two sets of components

Thus S ◦ T ∈ C∞(M, Sym2
(
Λ2T ∗M

)
).

Riemannian Curvature Deformation Let R denote curvature tensor of g and R̃ denote curvature tensor
of g̃.

Lemma 2.8.1. If (M, g) has constant sectional curvature κ, the Riemannian Curvature is determined via the
product

R =
1

2
κg ◦ g (2.156)

Proof. Using (2.155)

(g ◦ g)(X,Y, Z,W ) = g(X,Z)g(Y,W ) + g(Y,W )g(X,Z)− g(X,W )g(Y,Z)− g(Y, Z)g(X,W )

= 2g(X,Z)g(Y,W )− 2g(X,W )g(Y,Z)

Thus recalling (2.67) gives

R(X,Y, Z,W ) = κ (g(X,Z)g(Y,W )− g(X,W )g(Y,Z))

=
1

2
κ(g ◦ g)(X,Y, Z,W )

Proposition 2.8.2. Under conformal deformation g̃ = e2fg, we have

R̃ = e2f (R− (Hess(f)) ◦ g + (df ⊗ df) ◦ g − 1

2
|df |2g ◦ g) (2.157)

where

1. the Hessian writes (2.94), for f;ij the covariant derivative w.r.t. g,

Hess(f) =

n∑
i,j=1

f;ijdxidxj

2. and (2.87)

|df |2 =
∑
i,j

gijf;if;j

In the following we demonstrate examples from Hyperbolic Space that we study using (2.157) and (2.156).
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Figure 2.13: Hyperbolic Space Upper Half Space Constant Sectional Curvature −1

Example one: Hyperbolic Space Upper Half Space model

Definition 2.8.3 (Upper Half Hyperbolic Space). We take

Hn := {(y1, · · · , yn) ∈ Rn | yn > 0}

and metric

g̃ :=
dy21 + · · · dy2n

y2n
= e2fg0

where g0 = dy21 + · · · dy2n is the Euclidean metric.
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Here one may solve for f

e2f =
1

y2n
=⇒ f = − log(yn)

We compute

df = d(− log(yn)) = −dyn
yn

df ⊗ df =
dyn ⊗ dyn

y2n
=
dy2n
y2n

|df |2 =
1

y2n

Hess(f) =
1

y2n
dy2n

Then we apply the formula (2.157)

R̃ =
1

y2n

(
R− 1

y2n
dy2n ◦ g0 +

dy2n
y2n

◦ g0 −
1

2

1

y2n
g0 ◦ g0

)
= −1

2
(
1

y2n
g0) ◦ (

1

y2n
g0)

= −1

2
g̃ ◦ g̃

Hence (Hn, g̃) has constant sectional curvature −1 using (2.156).

Example two: Hyperbolic Space Unit Disc model

Definition 2.8.4 (Unit Disk Hyperbolic Space). We take

Dn := {(u1, · · · , un) ∈ Rn | |u| < 1}

and metric

g̃ :=
4

(1− |u⃗|2)2
(du21 + · · ·+ du2n) = e2fg0

One solve for f

g0 = du21 + · · ·+ du2n

e2f =
4

(1− |u⃗|2)2

ef =
2

(1− |u⃗|2)
f = log 2− log(1− |u⃗|2)

We compute

fi = − −2ui
1− |u⃗|2

=
2ui

1− |u⃗|2

df =

∑n
i=1 2uidui
1− |u⃗|2

df ⊗ df =
∑
i,j

4uiujduiduj
(1− |u⃗|2)2

|df |2 =
4|u⃗|2

(1− |u⃗|2)2

fij =
2δij(1− |u⃗|2) + 4uiuj

(1− |u⃗|2)2
=

2δij
1− |u⃗|2

+
4uiuj

(1− |u⃗|2)2

Hess(f) = 2

∑
du2i

1− |u⃗|2
+

4
∑
i,j uiujduiduj

(1− |u⃗|2)2
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So we apply (2.157)

R̃ = e2f

R− (2

∑
du2i

1− |u⃗|2
+

4
∑
i,j uiujduiduj

(1− |u⃗|2)2
) ◦ g0 + (

∑
i,j

4uiujduiduj
(1− |u⃗|2)2

) ◦ g0 −
1

2

4|u⃗|2

(1− |u⃗|2)2
g0 ◦ g0


= e2f

(
−2

∑
i du

2
i

1− |u⃗|2
◦ g0 −

2|u⃗|2

(1− |u⃗|2)2
g0 ◦ g0

)
= −2

1

(1− |u⃗|2)2
e2f
(
1− |u⃗|2 + |u⃗|2

)
g0 ◦ g0

= − 2

(1− |u⃗|2)2
e2fg0 ◦ g0

= −1

2
(e2fg0) ◦ (e2fg0) using

2

(1− |u⃗|2)2
=

1

2
e2f

= −1

2
g̃ ◦ g̃

Thus (Dn, g̃) has constant sectional curvature −1.

Example Three One look at a non-hyperbolic example.
Given any positive constant K > 0, define a Riemannian metric gK on Rn by

gK =
4
∑n
i=1 dx

2
i

(1 +K|x|2)2

Then

1. (Rn, gK) has constant sectional curvature K.

Proof. Let f ∈ C∞(M) s.t.

gK =
4
∑n
i=1 dx

2
i

(1 +K|x|2)2
= e2fg0

where g0 denotes the flat metric. Hence

g0 =

n∑
i=1

dx2i

e2f =
4

(1 +K|x|2)2

ef =
2

1 +K|x|2

f = log 2− log(1 +K|x|2)

We compute

fi = − 2Kxi
1 +K|x|2

df = −
∑n
i=1 2Kxidxi
1 +K|x|2

df ⊗ df =

∑n
i,j=1 4K

2xixjdxidxj

(1 +K|x|2)2

|df |2 =
4K2|x|2

(1 +K|x|2)2

fij =
−2Kδij(1 +K|x|2) + 4K2xixj

(1 +K|x|2)2
= − 2Kδij

1 +K|x|2
+

4K2xixj
(1 +K|x|2)2

Hess(f) = −
2K

∑n
i=1 dx

2
i

1 +K|x|2
+

4K2
∑n
i,j=1 xixjdxidxj

(1 +K|x|2)2
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Now we apply (2.157) so that

RK = e2f

(
R− (−

2K
∑n
i=1 dx

2
i

1 +K|x|2
+

4K2
∑n
i,j=1 xixjdxidxj

(1 +K|x|2)2
) ◦ g0 + (

∑n
i,j=1 4K

2xixjdxidxj

(1 +K|x|2)2
) ◦ g0 −

1

2

4K2|x|2

(1 +K|x|2)2
g0 ◦ g0

)

= e2f
(
2K

∑n
i=1 dx

2
i

1 +K|x|2
◦ g0 −

2K2|x|2

(1 +K|x|2)2
g0 ◦ g0

)
=

2

(1 +K|x|2)2
e2f (K +K2|x|2 −K2|x|2)g0 ◦ g0

=
1

2
K

4

(1 +K|x|2)2
e2fg0 ◦ g0

=
1

2
K(e2fg0) ◦ (e2fg0)

=
1

2
KgK ◦ gK

Thus constant sectional curvature equals K > 0 from (2.156).

2. (Rn, gK) is not complete.

Proof. Consider the radial path

γ(t) := tv where v ∈ Rn and |v| = 1 ∀ t ≥ 0

Fix any R > 0, we compute the length

ℓ(γ|[0,R]) =

ˆ R

0

√
gKγ(t)(γ

′(t), γ′(t)) dt

=

ˆ R

0

√
gKtv(v, v) dt

=

ˆ R

0

√
4
∑n
i=1 v

2
i

(1 +Kt2)2
dt

=

ˆ R

0

2

1 +Kt2
dt

=
2√
K

arctan(
√
KR)

Now

lim
R→∞

ℓ(γ|[0,R]) =
2√
K

π

2
=

π√
K

so we conclude the radial path has finite length. Thus consider the sequence

xn := nv

we observe

dK(xn, xm) =

ˆ m

n

2

1 +Kt2
dt

=
2√
K

arctan(
√
Km)− 2√

K
arctan(

√
Kn) → 0

as n, m→ ∞ hence xn is a Cauchy sequence. However this sequence diverges in (Rn, g0), and in particular,
since length of the radial path is finite, the sequence xn does not converge to a point in (Rn, gK).

2.8.2.3 Ricci Curvature Deformation

Let Ric be Ricci Curvature of g and R̃ic be Ricci of g̃.

Proposition 2.8.3. Under conformal deformation g̃ = e2fg, we have

R̃ic = Ric +
n− 2

n− 1

(
df ⊗ df −Hess(f)− |df |2g

)
− ∆f

n− 1
g (2.158)



CHAPTER 2. RIEMANNIAN GEOMETRY 192

Proof. Notice from definition of Ricci

(n− 1)R̃ic(X,Y )
(2.68)
= g̃kℓR̃(X,

∂

∂xk
, Y,

∂

∂xℓ
) = e−2fgkℓR̃(X,

∂

∂xk
, Y,

∂

∂xℓ
) (2.159)

In general if S ∈ C∞(M, Sym2T ∗M) then

gkℓ(S ◦ g)(X, ∂

∂xk
, Y,

∂

∂xℓ
) = S(X,Y )gkℓg(∂k, ∂ℓ) + gkℓS(∂k, ∂ℓ)g(X,Y )− gkℓS(X, ∂k)g(Y, ∂ℓ)− gkℓS(Y, ∂ℓ)g(X, ∂k)

= nS(X,Y ) + tr(S)g(X,Y )− S(X,Y )− S(X,Y )

= (n− 2)S(X,Y ) + tr(S)g(X,Y ) since gkℓg(Y, ∂ℓ) = Y k

Therefore writing

R̃ = e2f (R+ U ◦ g) where U = df ⊗ df −Hess(f)− 1

2
|df |2g

One has

(n− 1)R̃ic = e−2fgkℓe2f (R(X, ∂k, Y, ∂ℓ) + (U ◦ g)(X, ∂k, Y, ∂ℓ))
= (n− 1)Ric(X,Y ) + (n− 2)U(X,Y ) + tr(U)g(X,Y )

= (n− 1)Ric(X,Y ) + (n− 2)(df ⊗ df −Hess(f)− 1

2
|df |2g)(X,Y ) + (|df |2 −∆f − n

2
|df |2)g(X,Y )

notice

−1

2
(n− 2) + 1− n

2
= −n+ 2 = 2− n

Thus we have the formula (2.158).

2.8.2.4 Scalar Curvature Deformation

Let S be Scalar Curvature of g and S̃ be Scalar Curvature of g̃.

Proposition 2.8.4. Under conformal deformation g̃ = e2fg, we have

S̃ = e−2f

(
S − n− 2

n
|df |2 − 2

n
∆f

)
(2.160)

Proof. We write

nS̃
(2.81)
= g̃kℓR̃ickℓ = e−2fgkℓ

(
Rickℓ +

n− 2

n− 1
(df ⊗ df −Hess(f)− |df |2g)kℓ −

∆f

n− 1
gkℓ

)
= e−2f

(
nS +

n− 2

n− 1
(|df |2 −∆f − n|df |2)−∆f

n

n− 1

)
= e−2fnS − (n− 2)|df |2 − 2∆f since −n+ 2− n = −2n+ 2

Yamabe Equation Notice this is Elliptic Problem if we want to give conditions on S. We further define for
n ≥ 3

u = e
n−2
2 f

e2f = (e
n−2
2 f )

4
n−2 = u

4
n−2

g̃ = u
4

n−2 g

log u =
n− 2

2
f

f =
2

n− 2
log(u)

df =
2

n− 2

du

u

|df |2 =
4

(n− 2)2
|du|2

u

f;i =
2

n− 2

u;i
u

f;ij =
2

n− 2

(u;ij
u

− u;iu;j
u2

)
∆gf =

2

n− 2

(
∆gu

u
− |du|2

u2

)
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Hence

S̃
(2.160)
= u−

4
n−2

(
S − n− 2

n

4

(n− 2)2
|du|2

u
− 2

n

2

n− 2

(
∆gu

u
− |du|2

u2

))
= u−

4
n−2

(
S − 4

n(n− 2)

∆gu

u

)
= u−

4
n−2u−1

(
Su− 4

n(n− 2)
∆gu

)
= u−

n+2
n−2

(
Su− 4

n(n− 2)
∆gu

)
We derived the Yamabe Equation

u
n+2
n−2 S̃ − Su+

4

n(n+ 2)
∆gu = 0 (2.161)

Yamabe Conjecture We denote scal = n(n− 1)S = gikgjℓRijkℓ. Then

u
n+2
n−2

1

n(n− 1)
˜scal− 1

n(n− 1)
scalu+

4

n(n− 2)
∆gu = 0

4(n− 1)

n− 2
∆gu− scalu+ ˜scalu

n+2
n−2 = 0 (2.162)

Proposition 2.8.5 (Yamabe Conjecture). Let (M, g) be a compact Riemannian manifold of dimension n ≥ 3.
Then there exists a metric g̃ that is conformal to g, i.e.,

g̃ = e2fg for some f ∈ C∞(M)

s.t. it has constant scalar curvature C = ˜scal. In particular

4(n− 1)

n− 2
∆gu− scalu+ Cu

n+2
n−2 = 0 for C ∈ R

Remark 2.8.1. In n = 2, the uniformization theorem says that any compact manifold (M, g) is conformal to
one that is constant sectional curvature.

In the following we demonstrate a brief history of the proof for Yamabe Conjecture.
Consider the Einstein-Hilbert Action. ˆ

M

Rgdvolg

and the normalized Einstein-Hilbert Action

E(g) :=
´
M
Rgdvolg

vol(M, g)
n−2
2

so that
E(λ2g) = E(g) ∀ λ ∈ R

The critical points of Einstein-Hilbert Action are Einstein manifolds, i.e.

Ric(g) = Λg

We define the Yamabe Invariant

Y (M, g) := inf{E(g̃) | g̃ conformal to g} = inf{E(u
4

n−2 g) | u ∈ C∞(M), u > 0}

Theorem 2.8.2 (Aubin). For n = dimM

Y (M, g) ≤ Y (Sn, gcan)

One needs three theorems.

Theorem 2.8.3 (1976 Yamabe-Trudinger-Aubin). If Y (M, g) < Y (Sn, gcan) for n = dimM , then the Yamabe
Conjecture 2.8.5 holds.

Theorem 2.8.4 (Aubin). If (M, g) is of dimension ≥ 6 and not locally conformally flat. Then Y (M, g) <
Y (Sn, gcan) for n = dimM .

Theorem 2.8.5 (1984 Schoen). If (M, g) has dimension 3, 4, 5 or (M, g) is locally conformally flat, then
Y (M, g) < Y (Sn, gcan) unless (M, g) is conformal to (Sn, gcan).

Combining above, the Yamabe Conjecture is proved.
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2.8.3 Hyperbolic Space (Dn, h)

Recall the Hyperbolic Space.

Definition 2.8.5 (Unit Disc Model). (Dn, h)

Dn := {u ∈ Rn | |u| < 1} h :=
4
∑n
i=1 du

2
i

(1− |u|2)2

Definition 2.8.6 (Upper Half Space Model). (Hn, g)

Hn := {y ∈ Rn | yn > 0} g :=

∑n
i=1 dy

2
i

y2n

Completeness of (Dn, h) One needs the following lemma to show (Dn, h) is complete.

Lemma 2.8.2. Let (M, g) be a Riemannian manifold and let σ :M →M be an isometry. Denote

Mσ := {x ∈M | σ(x) = x} as the set of fixed points of σ

Suppose Mσ is non-empty and is a submanifold of M . Then Mσ is a totally geodesic submanifold of M .

Proof. Since Mσ ̸= ∅, there exists p ∈Mσ. Due to local existence, for given v ∈ TpM
σ, there exists ε > 0 s.t.

γ : [0, ε) →Mσ γ(0) = p γ′(0) = v

is geodesic in M . Since σ(x) = x, and using that σ is an isometry

σ ◦ γ(0) = σ(p) = p (σ ◦ γ)′(0) = dσp ◦ γ′(0) = dσp(v) = v

and thus by uniqueness of geodeiscs, σ fixes geodesics. Hence

σ ◦ γ = γ =⇒ γ ⊂Mσ

Thus γ is a geodesic in Mσ. Hence any geodesic in M starting in p ∈ Mσ, v ∈ TpM
σ remains a geodesic in

Mσ. This is equivalent to say Mσ is a totally geodesic submanifold of M using Proposition 2.6.5.

Proposition 2.8.6. (Dn, h) is complete.

Proof. By Hopf-Rinow 2.7.1, it suffices to show that exp0 is defined on the whole tangent space of T0D
n. Note

h(0) = 4

n∑
i=1

du2i

Now we simplify it further by rotating. Given initial velocity at 0. For any v ∈ T0D
n unit length, there exists

A ∈ O(n) s.t.

Av = (
1

2
, 0, · · · , 0) and A : Dn → Dn for A ∈ O(n) is an isometry

It suffices to show that the geodesic γ with γ(0) = 0 and γ′(0) = ( 12 , 0, · · · , 0) is defined for all times.
γ′(0) = (12 , 0, · · · , 0) is to say

γ′(0) =
1

2

∂

∂u1

∣∣∣∣
0

Consider
σ : Dn → Dn

(u1, · · · , un) 7→ (u1,−u2,−u3, · · · ,−un)

In other words σ = diag(−1, 1, 1, · · · , 1) ∈ O(n) is an isometry of Dn. Now the fixed points of σ are

(Dn)σ = {(u1, 0, · · · , 0) ∈ Dn | u1 ∈ [−1, 1]}

Since Lemma 2.8.2 says (Dn)σ is a totally geodesic submanifold. We need to prove that the geodesic lives
forever. Denote

β : (−1, 1) → Dn

t 7→ (t, 0, · · · , 0)
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This is a curve β with the same image as a geodesic.

β′(t) = (1, 0, · · · , 0) |β′(t)|2 =
4

(1− t2)2
|β′(t)| = 2

1− t2

To reparametrize it in arc length

s(t0) =

ˆ t0

0

|β′(t)| dt =
ˆ t0

0

2

1− t2
dt =

ˆ t0

0

(
1

1 + t
+

1

1− t

)
dt = log(1 + t)− log(1− t)|t00

= log(
1 + t0
1− t0

)

es(t0) =
1 + t0
1− t0

t0 =
es(t0) − 1

es(t0) + 1

t =
es(t) − 1

es(t) + 1
= tanh(

s(t)

2
) = tanh(

s

2
)

Now
γ : R → Dn

s 7→ (t, 0, · · · , 0) = (tanh(
s

2
), 0, · · · , 0)

satisfies

γ(0) = 0 γ′(0) = (
1

2
, 0, · · · , 0)

Hence the Disc Model is complete.

Geodesics in (Dn, h) In general, the geodesic starting at 0 is given by

exp0 : T0D
n → Dn∑

i

ai
∂

∂ui
7→
{

0 a⃗ = 0

tanh(|⃗a| s2 )
a⃗
|⃗a| a⃗ ̸= 0

Now we want to find geodesics on Hn where γ(0) = p and γ′(0) = v. We need reduction to 2-dim. For
y⃗ = (ξ, t) ∈ Rn−1 × R we want to define

ϕA,b(ξ, t) := (Aξ + b⃗, t) A ∈ O(n− 1), b⃗ ∈ Rn−1 is an isometry

We may assume p = (0, · · · , 0, y) and v⃗ = (0, · · · , 0, a, b). Now

σ =

(
−In−2 0

0 1

)
The fixed points are

(Hn)σ = {(0, · · · , 0, a, b) ∈ Hn} ∼= (H2,
dx2 + dy2

y2
)

But for the H2 the isometries are given by as in Lemma 2.7.3

PSL(2,R) ∪ σPSL(2,R)

where

PSL(2,R) = {
(
a b
c d

)
∈M2(R) | ad− bc = 1}/{±

(
1 0
0 1

)
}

and
σ : H2 → H2 (x, y) 7→ (−x, y)

2.8.4 Space Form

Definition 2.8.7 (Space Form). A Space form is a connected complete Riemannian Manifold with constant
sectional curvature.
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Classification for Universal Cover of Complete Riemannian Manifold with Constant Sectional
Curvature

Theorem 2.8.6 ([dC92] Theorem 8.4.1). Let (Mn, g) be a Space Form of Dimension n. Let (M̃, g̃) be its
universal cover, i.e., (M̃, g̃) is simply connected, complete with constant sectional curvature.

Then (M̃, g̃) is isometric to (up to rescaling Kλ2g =
1
λ2Kg) one of the following

1. (Hn, g) with K = −1

2. (Rn, g0) with K = 0

3. (Sn, gcan) with K = 1.

Local Isometry on connected manifold is determined by pointwise information In the proof we will
need a lemma.

Lemma 2.8.3. Given two Riemannian Manifolds (M, g), (N,h) where M is connected, and f1, f2

f1, f2 : (M, g) → (N,h)

are smooth maps, and local isometires. Also assume there exists p ∈M s.t.

f1(p) = f2(p)

(df1)p = (df2)p : TpM → Tf1(p)N

Then f1 = f2.

Proof. Take the set
A := {q ∈M | f1(q) = f2(q), (df1)q = (df2)q} ⊂M

Notice

1. A ̸= ∅ because p ∈ A.

2. A is closed by definition.

Now for any q ∈ A, there exists r > 0 s.t.

1. the exponential map

expq :Br(0) ⊂ TqM → Br(q) ⊂M is a diffeomorphism

2. f1, f2 maps isometrically Br(q) to Br(q̃) where (this is guaranteed via f1 and f2 are local isometry)

q̃ = f1(q) = f2(q)

But notice that

expq̃ ◦(df1)q = f1 ◦ expq
expq̃ ◦(df2)q = f2 ◦ expq

This is shown via the following: Take geodesic in M starting at q with velocity v ∈ TpM , i.e., expq(tv), then
since f1 locally preserves geodesic as an isometry, f1 ◦ expq(tv) is a geodesic in N with

f1 ◦ expq(0) = f1(q) = q̃, (df1)q ◦ d(expq)0(v) = (df1)q(v)

By uniqueness of geodesics with given initial data and velocity, one conclude

f1 ◦ expq(tv) = expq̃ ◦(df1)q

Also since q ∈ A, assume their linear isometry takes the form

(df1)q = (df2)q = i : TqM → Tq̃N

So we have diagram that commutes

f1 = expq̃ ◦i ◦ (expq)−1 = f2 on Br(q)

Thus Br(q) ⊂ A and so A is open.
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Proof of Theorem 2.8.6

Proof. 1. Case K = −1, 0. Let

∆n :=

{
Hn K = −1
Rn K = 0

Given two exponential maps

expp̃ :Tp̃M̃ → M̃

expp :T0∆n → ∆n

Let any p̃ ∈ M̃ , and any point p ∈ ∆n, define any linear isometry

i : Tp̃M̃ → T0∆

under the same setup as Cartan’s Theorem. Since K ≤ 0, by Hadamard Theorem 2.7.2, expp̃ and
expp are diffeomorphisms. Since K is constant sectional curvature, by Cartan’s Theorem 2.8.1

f := expp ◦i ◦ exp−1
p̃

is an isometry.

2. Case K = 1. Again take any p̃ ∈ M̃ , p ∈ Sn, construct a linear isometry

i : TpSn → Tp̃M̃

One has similar diagram for

expp :TpSn → Sn

expp̃ :Tp̃M̃ → M̃

TpSn Br(0) Br(0) Tp̃M̃

Sn \ {−p} Br(p) Br(p̃) M̃

⊇open

expp

i

expp̃

⊆open

⊇open f ⊆open

Then we define
f = (expp̃) ◦ i ◦ (expp)−1 : Sn \ {−p} → M̃

Since K is constant, f is a local isometry.

Let’s take another p′ ∈ Sn \ {±p}. Then define

i′ ≡ dfp′ : Tp′Sn → Tf(p′)M̃

which is another linear isometry. Denote p̃′ := f(p′). Let’s define another f ′ s.t.

f ′ := (expp̃′) ◦ i
′ ◦ (expp′)−1 : Sn \ {−p′} → M̃

This is another local isometry.

Tp′Sn Br(0) Br(0) Tp̃′M̃

Sn \ {−p′} Br(p
′) Br(p̃

′) M̃

⊇open

expp′

i′

expp̃′

⊆open

⊇open f ′

⊆open

Notice

f(p′) = f ′(p′) = p̃′

dfp′ = df ′p′ = i′

Let’s see this. Notice by definition f(p′) = p̃′. On the other hand by construction

f ′(p′) = (expp̃′) ◦ i
′(0) = p̃′
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For differentials, again i′ = dfp′ is by definition. And

df ′p′ = d
(
(expp̃′) ◦ i

′ ◦ (expp′)−1
)
p′

= Id ◦ i′ ◦ Id = i′

Via Lemma 2.8.3
f = f ′ : Sn \ {−p,−p′} → M̃

How do we put the points back? Define

h(x) :=

{
f(x) x ∈ Sn \ {−p}
f ′(x) x ∈ Sn \ {−p′}

Then clearly h is a local isometry. Now h is surjective, h(Sn) is closed, nonempty, and also open by
completeness of M̃ . Thus h(Sn) = M̃ . Hence h is an isometry using Lemma 2.7.5.

Classification of Space Form via Group Theory Now by the Theorem 2.8.6, if we’re given (Mn, g)
complete with constant sectional curvature either 0,±1, (M, g) is isometric to (M̃/Γ, ĝ) where M̃ is either Hn,
Rn or Sn, and Γ is a subgroup of discrete isometries acting in a fully discontinuous way.

We know thatM/Γ has a smooth structure in which the projection π :M →M/Γ is a local diffeomorphism.
One can put a Riemannian metric ĝ on M/Γ s.t. it is the only metric s.t.

(M, g̃) → (M/Γ, ĝ) is a local isometry

Indeed, for any p ∈M/Γ, choose p̃ ∈ π−1(p). For every pair of u, v ∈ Tp(M/Γ) define

⟨u, v⟩p := ⟨dπ−1(u), dπ−1(v)⟩p̃

This is metric on M/Γ induced by the covering π.
Observe that M/Γ is complete iff M is complete. M/Γ has constant curvature iff M has constant curvature.
Taking M = Sn or Rn or Hn we conclude that M/Γ is a complete manifold of constant sectional curvature

1 (if M = Sn), 0 (if M = Rn) or −1 (if M = Hn).

Proposition 2.8.7 ([dC92] Proposition 8.4.3). LetM be a complete Riemannian manifold with constant section
curvature K = 0,±1. Then M is isometric to M̃/Γ, where

1. For K = 1, M̃ = Sn

2. For K = 0, M̃ = Rn

3. For K = −1, M̃ = Hn

and Γ is a subgroup of the group of isometries of M̃ which acts in a totally discontinuous manner on M̃ . The
metric on M̃/Γ is induced from the covering π : M̃ → M̃/Γ.

We remark
Isom(Hn, g) ∼= O(n, 1)

since one can realize (Hn, g) as a submanifold of (Rn,1,−dx20 + dx21 + · · · dx2n), where

O(n, 1) = {A ∈ GL(n+ 1,R) | AT ηA = η, η = diag(−1, 1, · · · , 1)}

And

Isom(Rn, g0) ∼= O(n)⋊Rn x 7→ Ax+ b⃗

Isom(Sn, gcan) ∼= O(n+ 1) = {A ∈ GL(n+ 1,R) | ATA = I}

In the following, we reduce the problem of finding all space forms to the problem of determining all subgroups
of the group of isometries that act in a totally discontinuous manner on each of the simply connected models.

We demonstrate facts about the Sphere Problem.

Proposition 2.8.8 ([dC92] Proposition 8.4.4). Mn complete Riemannian manifold with K = 1, n = 2m. Then
Mn is isometric to Sn or RPn = Sn/{±1}.

Proof. M ∼= M̃/Γ = Sn/Γ for Γ ⊂ O(n+ 1) = O(2m+ 1) discrete subgroup. Let γ ∈ Γ be its eigenvalue

{e−iθ1 , eiθ1 , · · · , e−iθk , eiθk , 1, 1, · · · , 1,−1, · · · ,−1} 2k + r + s = 2m

and that det γ = (−1)s.
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1. If r > 0 then there exists x ∈ Sn s.t. γ(x) = x so upon free group action, γ = id. Then M ∼= Sn.

2. If r = 0, γ2 has eigenvalues

{e−2iθ1 , e2iθ1 , · · · , e−2iθk , e2iθk , 1, 1, · · · , 1}

Thus by first case, γ2 = id so eigenvalues {−1, · · · ,−1} and γ = −id. Thus M ∼= Sn \ {±1}.

Remark 2.8.2. If n is odd, there are some more possibilities, For example S3 \ Zq lens space has K = 1.

2.8.5 Conformal Mappings and Liouville Theorem

2.8.5.1 Conformal Mapping

Conformal Mapping between Inner Product Spaces

Definition 2.8.8. Let V, W be finite dimensional vector spaces equipped with an inner product. We say that a
linear map L : V →W is a linear conformal map if

1. L is a linear isomorphism

2. and the angles are preserved, i.e.

⟨L(v1), L(v2)⟩W
|L(v1)|W |L(v2)|W

=
⟨v1, v2⟩V
|v1|V |v2|V

∀ v1, v2 ∈ V \ {0}

i.e., cos(angle between L(v1) and L(v2)) = cos(angle between v1 and v2).

Lemma 2.8.4. Let L : V →W be a linear isomorphism. Then the followings are equivalent

1. L is a conformal map.

2. There exists λ ∈ R+ s.t. |L(v)|W = λ|v|V for any v ∈ V .

3. There exists λ ̸= 0 s.t.
⟨L(v), L(w)⟩W = λ2⟨v, w⟩V ∀ v, w ∈ V (2.163)

Conformal Mapping between Riemannian Manifold

Definition 2.8.9 (Conformal Map). Let (M, g), (N,h) be two Riemannian manifolds. A C∞ function f :
M → N map is conformal w.r.t. g and h if for any p ∈M

dfp : TpM → Tf(p)N

is a linear conformal map.

By Lemma 2.8.4, f is a conformal map iff{
f is a local diffeomorphism

f∗h = λ2g
(2.164)

Here the non-vanishing function
λ :M → (0,∞)

C∞ is called the conformal factor.

Remark 2.8.3. A local Isometry is a conformal map with λ = 1. In fact

local isometry f∗h = g =⇒ conformal map f∗h = λ2g =⇒ local diffeomorphism

The converse is not true unless n = 1.

2.8.5.2 Liouville Theorem

Let’s begin by observing examples of conformal Mappings.
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Dilations For λ > 0
f : Rn → Rn

x 7→ λx

Then

f∗g0 = f∗(dx21 + · · · dx2n) = λ2(dx21 + · · ·+ dx2n) = λ2g0

and for any x ∈ Rn
dfx : Rn → Rn

is represented by λId. f is an orientation-preserving conformal map of Rn.

Inversion For any fixed x0 ∈ Rn consider

f : Rn \ {x0} → Rn \ {x0}

x 7→ x− x0
|x− x0|2

+ x0

s.t.
|f(x)− x0| · |x− x0| = 1

Here x−x0

|x−x0| gives the direction of x⃗− x⃗0 and 1
|x−x0| gives the length.

Now for any v ∈ Tx(Rn \ {0}) = TxRn ∼= Rn

(dfx)(v) =
v|x− x0|2 − (x− x0)2⟨v, x− x0⟩

|x− x0|4

=
1

|x− x0|2

(
v − 2⟨v, x− x0⟩

|x− x0|2
(x− x0)

)
(2.165)

Taking the square

|dfx(v)|2 =
1

|x− x0|4

(
|v|2 − 4⟨v, x− x0⟩

|x− x0|2
⟨v, x− x0⟩+

4⟨v, x− x0⟩2

|x− x0|4
|x− x0|2

)
=

1

|x− x0|4
|v|2

Hence using (2.164), f is a conformal map with

f∗g0 =
1

|x− x0|4
g0

From the formula of inversion (2.165),

1. if ⟨v, x− x0⟩ = 0 then

dfx(v) =
1

|x− x0|2
v

2. If v ∈ R(x− x0) in the span, say v = ξ(x− x0) then

dfx(v) =
1

|x− x0|2

(
ξ(x− x0)−

2⟨ξ(x− x0), x− x0⟩(x− x0)

|x− x0|2

)
= −ξ x− x0

|x− x0|2
= − 1

|x− x0|2
v

So dfx : Rn → Rn is represented by

1

|x− x0|2


−1 0 · · · 0
0 1 · · · 0
0 0 · · · 0
0 0 · · · 1


Hence f is an orientation reversing conformal map.

Liouville Theorem

Theorem 2.8.7 (Liouville). Let f : U ⊂ Rn → Rn be a conformal map with respect to g0, n ≥ 3. Let U be
connected.

Then f is the restriction to U of F where F is a composition of isometries, dilation and inversion, at most
one of each.
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Isometries of Hn

Theorem 2.8.8. The isometries of Hn are restrictions to Hn ⊂ Rn of the conformal transformations of Rn
that take Hn into itself for n ≥ 2.

2.8.5.3 Counter-examples of Liouville Theorem in Dimensions n = 1, 2

Dimension n = 1 Consider a conformal mapping in n = 1

f : (a, b) → (R, dx2)
x 7→ f(x)

It is a diffeomorphism, hence f ′(x) ̸= 0. Then

f∗g0 = f∗(dx2) = (f ′(x))2dx2

is a conformal map with conformal factor f ′(x). In particular, a local diffeomorphism is always a conformal
map in dimension 1.

Dimension n = 2 Consider a conformal mapping in n = 2

f : U ⊂ R2 → R2

(x, y) 7→ f(x, y) = (u(x, y), v(x, y))

Now the differential
df(x,y) : R2 → R2

is represented by metric

df(x,y) =

(
∂u
∂x (x, y)

∂u
∂y (x, y)

∂v
∂x (x, y)

∂v
∂y (x, y)

)
If f is conformal, then necessarily det(df(x,y)) ̸= 0. We have two cases

1. If det(df(x,y)) > 0 we have model

(
a −b
b a

)
. Then f is orientation preserving.

dfx =

(
ux uy
vx vy

)
If we satisfy the Cauchy-Riemann Equations

ux = vy

vx = −uy

Then det(df(x,y)) > 0. This means if we construct w(z) = w(x+ iy) = u(x, y) + iv(x, y), then

∂

∂z
w = 0 where

∂

∂z
≡ 1

2

(
∂

∂x
+ i

∂

∂y

)
This corresponds to f being holomorphic. It doesn’t have to be composition of isometries, dilations or
inversions.

2. If det(df(x,y)) < 0 we have model

(
a b
b −a

)
. Then f is orientation reversing. We want

ux = −vy
uy = vx

This corresponds to
∂f

∂z
= 0 where

∂

∂z
=

1

2

(
∂

∂x
− i

∂

∂y

)
hence f is anti-holomorphic.
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However the group generated by isometries, dilations and inversions in R2 is given by

PSL(2,C) ∪ σPSL(2,C)

where

PSL(2,C) = {
(
a b
c d

)
∈M2(C) | ad− bc = 1}/{±

(
1 0
0 1

)
} z 7→ az + b

cz + d

and
σ(z) := −z

In complex coordinates,

1. Isometries of R2 are

R⋉O(2) = R⋉ SO(2)
⊔

R⋉O(2) {z 7→ eiθz + z0} ∪ {z 7→ eiθz + z0}

2. Dilations are of the form z 7→ λz for λ > 0

3. Inversion w.r.t. z0 ∈ C are of the form

z 7→ z0 +
z − z0

|z − z0|2
= z0 +

1

z − z0
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2.9 Variations of Energy

Variation of a curve Consider Riemannian manifold (M, g).

Definition 2.9.1. Let
c : [0, a] →M

be a piecewise smooth curve. A variation of c is a continuous map

f : (−ε, ε)× [0, a] →M

(s, t) 7→ f(s, t)

s.t.

1. f(0, t) = c(t) for any t ∈ [0, a].

2. There exists a subdivision of [0, a] by points

0 = t0 < t1 < · · · < tk+1 = a

s.t. the restriction of f to each (−ε, ε)× [ti, ti+1] for i = 0, · · · , k is smooth.

A variation f is said to be proper if both endpoints are held fixed

f(s, 0) = c(0), f(s, a) = c(a) ∀ s ∈ (−ε, ε)

For each s ∈ (−ε, ε), the parametrized curve

fs : [0, a] →M

t 7→ fs(t) := f(s, t)

is called a curve in the variation f . Thus a variation determines a family fs(t) of neighboring curves of
f0(t) = c(t). A variation is proper iff the curves of this family have same initial point c(0) and same endpoint
c(a).

Transversal Curve and Variational Field. On the other hand, if hold t fixed but vary in s ∈ (−ε, ε)

ft : (−ε, ε) →M

s 7→ ft(s) := f(s, t)

is called a transversal curve of the variation.

Definition 2.9.2. The piecewise smooth velocity vector field of a transversal curve at s = 0 along c(t)

V : [0, a] →M

t 7→ d

ds

∣∣∣∣
s=0

ft(s) = f ′t(0) =
∂f

∂s
(0, t)

(2.166)

is called the variational field of f .

If f is proper, then
V (0) = V (a) = 0

Construction of Variation In fact, given V a piecewise smooth vector field along a curve c, one may recover
a variation whose variational field coincides with V .

Proposition 2.9.1 ([dC92] Proposition 9.2.2). Let

c : [0, a] →M

be piecewise C∞ curve, and V (t) ̸≡ 0 be piecewise C∞ vector field along c.
Then there exists variation

f : (−ε, ε)× [0, a] →M

of c s.t.

V (t) =
∂f

∂s
(0, t)

If in addition that V (0) = V (a) = 0, it is possible to choose f as proper variation.
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Proof. By compactness of [0, a], there exists universal δ > 0 s.t.

expc(t)(v)

is defined for |v| < δ, v ∈ Tc(t)M , for any t ∈ [0, a]. Now we want to consider

ε :=
δ

max
t∈[0,a]

|V (t)|

Define
f : (−ε, ε)× [0, a] →M

(s, t) 7→ expc(t)(sV (t))
(2.167)

This is well-defined because |sv(t)| < δ for |s| < ε. Now verify

f(0, t) = expc(t)(0) = c(t)

and
∂f

∂s
(0, t) = (d expc(t))0(V (t))

(2.43)
= V (t)

In addition, if V (0) = V (a) = 0, then

f(s, 0) = expc(0)(sV (0)) = expc(0)(0) = c(0)

and
f(s, a) = expc(a)(sV (a)) = expc(a)(0) = c(a)

Thus f is proper.

Notice that, in the construction of (2.167), one did not specify any s2 order information of V . Thus the
construction is not unique. One may alter any second order information in the definition of f to recover the
same variational field.

Arc Length and Energy Functional We want to compare the arc length of c with the length of neighboring
curves in a variation of c

f : (−ε, ε)× [0, a] →M

To do so, we define
L : (−ε, ε) → R

s 7→
ˆ a

0

|∂f
∂t

(s, t)|dt

L(s) is the length of the curve fs(t).
One prefer to work with the energy function of f given by

E : (−ε, ε) → R

s 7→
ˆ a

0

|∂f
∂t

(s, t)|2dt
(2.168)

Let’s justify why E is better to work with. Consider

c : [0, a] →M

a curve and denote

L(c) =

ˆ a

0

|c′(t)|dt

E(c) =

ˆ a

0

|c′(t)|2dt

Now by Cauchy-Schwarz

L(c) =

ˆ a

0

|c′(t)|dt ≤
√
a

(ˆ a

0

|c′(t)|2dt
) 1

2

L(c)2 ≤ a · E(c)

Now the equality takes place iff |c′(t)| is constant, i.e., t is proportional to arc length.
In fact, curves which minimize energy are automatically parametrized by parameter proportional to arc

length. This is one of the advantages of working with the energy function rather than arc length function.
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Lemma 2.9.1 ([dC92] Lemma 9.2.3). Let p, q ∈M . Let

γ : [0, a] →M

be a minimizing geodesic joining p to q.
Then for all curves

c : [0, a] →M

joining p to q, one has
E(γ) ≤ E(c)

with equality iff c is a minimizing geodesic.

Proof. For a minimizing geodesic, curve velocity is constant, thus

a2E(γ) = L(γ)2 ≤ L(c)2 ≤ a2E(c)

If equality holds, necessarily the parametrization of c is proportional to arc length. But also L(γ) = L(c), which
implies c is itself a minimizing geodesic.

2.9.1 Formula for First and Second Variations

2.9.1.1 First Variation

Proposition 2.9.2 (Formula for First Variation of Energy; [dC92] Proposition 9.2.4). Let

c : [0, a] →M

be piecewise smooth curve and let
f : (−ε, ε)× [0, a] →M

be variation of c. Let E (2.168) be energy of f .

1

2

d

ds

∣∣∣∣
s=0

E(s) = −
ˆ a

0

⟨V (t),
D

dt

dc

dt
⟩dt+

k∑
i=1

⟨V (ti),
dc

dt
(t−i )−

dc

dt
(t+i )⟩+ ⟨V (a),

dc

dt
(a)⟩ − ⟨V (0),

dc

dt
(0)⟩ (2.169)

where V (t) (2.166) is the variational field of f , and

dc

dt
(t+i ) = lim

t↘ti

dc

dt
(t),

dc

dt
(t−i ) = lim

t↗t−i

dc

dt
(t)
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Figure 2.14: First Variation for smooth curves

Proof. Compute

E(s) =

ˆ a

0

⟨∂f
∂t
,
∂f

∂t
⟩dt =

k∑
i=0

ˆ ti+1

ti

⟨∂f
∂t
,
∂f

∂t
⟩dt

So

d

ds

(ˆ ti+1

ti

⟨∂f
∂t
,
∂f

∂t
⟩dt
)

= 2

ˆ ti+1

ti

⟨D
ds

∂f

∂t
,
∂f

∂t
⟩dt (2.44)

= 2

ˆ ti+1

ti

⟨D
dt

∂f

∂s
,
∂f

∂t
⟩dt

= 2

ˆ ti+1

ti

(
d

dt
⟨∂f
∂s
,
∂f

∂t
⟩ − ⟨∂f

∂s
,
D

dt

∂f

∂t
⟩
)
dt

= 2 ⟨∂f
∂s
,
∂f

∂t
⟩
∣∣∣∣t

−
i+1

t+i

− 2

ˆ ti+1

ti

⟨∂f
∂s
,
D

dt

∂f

∂t
⟩dt

Thus

1

2
E′(s) =

k∑
i=0

⟨∂f
∂s
,
∂f

∂t
⟩
∣∣∣∣t

−
i+1

t+i

−
ˆ a

0

⟨∂f
∂s
,
D

dt

∂f

∂t
⟩dt (2.170)
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Now we evaluate at s = 0. In particular

∂f

∂t

∣∣∣∣
s=0

= c′(t)

∂f

∂s

∣∣∣∣
s=0

= V (t)

So

1

2
E′(0) =

k∑
i=0

(
⟨V (t−i+1), c

′(t−i+1)⟩ − ⟨V (t+i ), c
′(t+i )⟩

)
−
ˆ a

0

⟨V (t),
D

dt

dc

dt
⟩dt

Rearranging and using f(s, t) is smooth in s, continuous in t to yield (2.169).

Geodesics as critical points of E In fact critical points of E are geodesics.

Proposition 2.9.3 ([dC92] Proposition 9.2.5). A piecewise smooth curve

c : [0, a] →M

is a geodesic iff for every proper variation f of c, we have

d

ds

∣∣∣∣
s=0

E(s) = 0

Figure 2.15: Geodesics as Critical Points to Energy
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Proof. ( =⇒ ) For any proper variation f of c,

V (0) = V (a) = 0

If c is a geodesic, then

1

2
E′(0)

(2.169)
= −

���������ˆ a

0

⟨V (t),
D

dt

dc

dt
⟩dt︸ ︷︷ ︸

c is geodesic so D
dt
dc
dt = 0

+

k∑
i=1

⟨V (ti),��������dc

dt
(t−i )−

dc

dt
(t+i )︸ ︷︷ ︸

geodesics are smooth

⟩+
((((((((((((((

⟨V (a),
dc

dt
(a)⟩ − ⟨V (0),

dc

dt
(0)⟩︸ ︷︷ ︸

f is proper so V (0) = V (a) = 0

= 0

( ⇐= ) We consider the following

1. Let

V (t) = g(t)
D

dt

dc

dt

be C∞ smooth curve with

g(t) = sin(
π(t− ti)

ti+1 − ti
) ∀ t ∈ [ti, ti+1]

In particular g vanishes at each ti. Hence

V (0) = V (a) = V (ti) = 0

Then V is the variational field of a proper variation of c. By our assumption

E′(0) = 0

By our first variation formula (2.169)

0 =
1

2
E′(0) = −

ˆ a

0

⟨V (t),
D

dt

dc

dt
⟩dt = −

ˆ a

0

g(t)|D
dt

dc

dt
|2dt

= −
k∑
i=0

ˆ ti+1

ti

g(t)|D
dt

dc

dt
|2dt ≥ 0

0 =

ˆ ti+1

ti

g(t)|D
dt

dc

dt
|2dt ∀ i

0 = g(t)|D
dt

dc

dt
|2 ∀ t ∈ [ti, ti+1]

0 =
D

dt

dc

dt
∀ t ∈ (ti, ti+1)

In particular, c must be a piecewise geodesic. So in particular, for any V s.t. V (0) = V (a) = 0 we have

1

2
E′(0) =

k∑
i=1

⟨V (ti),
dc

dt
(t−i )−

dc

dt
(t+i )⟩ = 0

2. We choose V (t) such that
V (0) = V (a) = 0

and V (ti) =
dc
dt (t

−
i )− dc

dt (t
+
i ). It has an associated proper variation satisfying

0 =
1

2
E′(0) =

k∑
i=1

|dc
dt

(t−i )−
dc

dt
(t+i )|

2

dc

dt
(t−i ) =

dc

dt
(t+i )

Hence c is smooth. Because c is smooth and D
dt
dc
dt = 0 we know c is a geodesic.
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Ωp,q Interpretation This is [dC92] Remark 9.2.7.
Now one has characterization of geodesics as critical points of the energy for all proper variations. It is in

this sense that geodesics can be thought of as solutions to a variational problem.
Let (M, g) be a Riemannian manifold, p, q ∈M . Denote

Ωp,q := {c : [0, 1] →M | piecewise C∞, c(0) = p and c(1) = q}

Now points in the manifold Ωp,q are piecewise smooth curves with endpoints p and q.
Pick any c ∈ Ωp,q. f as proper variation of c is thus viewed as

f : (−ε, ε) → Ωp,q

s 7→ fs

s.t.
fs(0) = c

The tangent space at a point c consists of piecewise smooth vector fields V along c which vanishes at both
endpoints p and q

TcΩp,q = {V : [0, 1] → Tc(t)M | V piecewise smooth vector field along c s.t. V (0) = V (1) = 0}

In particular for any c ∈ Ωp,q fixed, and f as proper variation of c chosen, we define the variational field
V ∈ TcΩp,q as

V : [0, 1] → Tc(t)M

t 7→ d

ds

∣∣∣∣
s=0

fs(t)

As in Proposition 2.9.1, for any V ∈ TcΩp,q, one can construct a proper variation f : (−ε, ε) → Ωp,q whose
variational field recovers V .

The energy E is thus a smooth function on Ωp,q and E′(0) is the derivative of E in the direction of V

E : Ωp,q → R

c 7→ E(c) :=

ˆ 1

0

|dc
dt

|2dt

dEc : TcΩp,q → R

V 7→ dEc(V ) :=
d

ds

∣∣∣∣
s=0

E(fs)

where f is the proper variation associated to V .
Now if γ ∈ Ωp,q is a geodesic, from Proposition 2.9.3, we know

dEγ(V ) =
d

ds

∣∣∣∣
s=0

E(fs) = 0 ∀ V ∈ TγΩp,q

Thus γ ∈ Ωp,q is a critical point for the energy E.

2.9.1.2 Second Variation

Because d
ds

∣∣
s=0

E(s) = 0 for every proper variation of a geodesic, our next information on the energy of
neighboring curves is given by the second order derivatives at 0.

We first derive the second variation for general variations of a geodesic γ.

Proposition 2.9.4 (Formula for Second Variation of Energy; [dC92] Proposition 9.2.8, Remark 9.2.9). Let

γ : [0, a] →M

be a geodesic, and let
f : (−ε, ε)× [0, a] →M

be a variation of γ. Let E (2.168) be the energy of the variation.

1

2

d2

ds2

∣∣∣∣
s=0

E(s) = ⟨D
ds

∂f

∂s
(0, a), γ′(a)⟩ − ⟨D

ds

∂f

∂s
(0, 0), γ′(0)⟩+ ⟨V (a),

D

dt
V (a)⟩ − ⟨V (0),

D

dt
V (0)⟩

+

k∑
i=1

⟨V (ti),
D

dt
V (t−i )−

D

dt
V (t+i )⟩ −

ˆ a

0

⟨V (t),
D2

dt2
V (t) +R(γ′, V )γ′⟩dt (2.171)

where V is the variational field of f , R is the Riemannian curvature of M , and

DV

dt
(t+i ) = lim

t↘ti

DV

dt
(t),

DV

dt
(t−i ) = lim

t↗ti

DV

dt
(t)
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Proof. Recall from the proof of first variation, we have (2.170)

1

2
E′(s) =

k∑
i=0

⟨∂f
∂s
,
∂f

∂t
⟩

∣∣∣∣∣
t=t−i+1

t=t+i

−
ˆ a

0

⟨∂f
∂s
,
D

dt

∂f

∂t
⟩dt

We take another derivative

1

2
E′′(s) =

k∑
i=0

⟨D
ds

∂f

∂s
,
∂f

∂t
⟩

∣∣∣∣∣
t=t−i+1

t=t+i

+

k∑
i=0

⟨∂f
∂s
,
D

ds

∂f

∂t
⟩

∣∣∣∣∣
t=t−i+1

t=t+i

−
ˆ a

0

⟨D
ds

∂f

∂s
,
D

dt

∂f

∂t
⟩dt−

ˆ a

0

⟨∂f
∂s
,
D

ds

D

dt

∂f

∂t
⟩dt

Notice

D

ds

D

dt

∂f

∂t

(2.99)
=

D

dt

D

ds

∂f

∂t
+R(

∂f

∂t
,
∂f

∂s
)
∂f

∂t

=
D

dt

D

dt

∂f

∂s︸ ︷︷ ︸
(2.44)

+R(
∂f

∂t
,
∂f

∂s
)
∂f

∂t

So

1

2
E′′(s) =

k∑
i=0

⟨D
ds

∂f

∂s
,
∂f

∂t
⟩

∣∣∣∣∣
t=t−i+1

t=t+i

+
k∑
i=0

⟨∂f
∂s
,
D

dt

∂f

∂s
⟩

∣∣∣∣∣
t=t−i+1

t=t+i

−
ˆ a

0

⟨D
ds

∂f

∂s
,
D

dt

∂f

∂t
⟩dt−

ˆ a

0

⟨∂f
∂s
,
D

dt

D

dt

∂f

∂s
+R(

∂f

∂t
,
∂f

∂s
)
∂f

∂t
⟩dt

We assumed that f(0, t) = γ(t) is a geodesic. Then

D

dt

∂f

∂t
(0, t) =

D

dt
γ′(t) = 0

∂f

∂t
(0, t) = γ′(t)

Also by assumption, V is variational field of f

∂f

∂s
(0, t) = V (t)

Then plug s = 0 in

1

2
E′′(0) =

k∑
i=0

⟨D
ds

∂f

∂s
(0, t), γ′(t)⟩

∣∣∣∣∣
t=t−i+1

t=t+i

+

k∑
i=0

⟨V (t),
D

dt
V (t)⟩

∣∣∣∣∣
t=t−i+1

t=t+i

−
������������ˆ a

0

⟨D
ds

∂f

∂s
(0, t),

D

dt
γ′(t)⟩dt︸ ︷︷ ︸

γ is a geodesic

−
ˆ a

0

⟨V (t),
D2

dt2
V (t) +R(γ′, V )γ′⟩dt

γ smooth
= ⟨D

ds

∂f

∂s
(0, a), γ′(a)⟩ − ⟨D

ds

∂f

∂s
(0, 0), γ′(0)⟩︸ ︷︷ ︸

differentiating only in s preserves smoothness, so middle terms vanish

+⟨V (a),
D

dt
V (a)⟩ − ⟨V (0),

D

dt
V (0)⟩

+

k∑
i=1

⟨V (ti),
D

dt
V (t−i )−

D

dt
V (t+i )⟩ −

ˆ a

0

⟨V (t),
D2

dt2
V (t) +R(γ′, V )γ′⟩dt

Now

Proposition 2.9.5 (Formula for Second Proper Variation of Energy; [dC92] Proposition 9.28). In addition to
assumption as in Proposition 2.9.4, take f to be a proper variation.

Then

1

2
E′′(0) =

ˆ a

0

(
⟨D
dt
V (t),

D

dt
V (t)⟩ −R(γ′, V, γ′, V )

)
dt (2.172)
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Proof. If f is proper, then for any s ∈ (−ε, ε),

f(s, 0) = γ(0)

f(s, a) = γ(a)

But

V (0) =
∂f

∂s
(0, 0) = V (a) =

∂f

∂s
(0, a) = 0

D

ds

∂

∂s
f(0, 0) =

D

ds

∂

∂s
f(0, a) = 0

Thus

1

2
E′′(0)

(2.171)
=

((((((((((((((((((

⟨D
ds

∂f

∂s
(0, a), γ′(a)⟩ − ⟨D

ds

∂f

∂s
(0, 0), γ′(0)⟩+

(((((((((((((((

⟨V (a),
D

dt
V (a)⟩ − ⟨V (0),

D

dt
V (0)⟩

+

k∑
i=1

⟨V (ti),
D

dt
V (t−i )−

D

dt
V (t+i )⟩ −

ˆ a

0

⟨V (t),
D2

dt2
V (t) +R(γ′, V )γ′⟩dt

= −
ˆ a

0

⟨V (t),
D2

dt2
V (t) +R(γ′, V )γ′⟩dt+

k∑
i=1

⟨V (ti),
D

dt
V (t−i )−

D

dt
V (t+i )⟩

Now applying Integration by Parts,

⟨DV
dt

,
DV

dt
⟩ = d

dt

(
⟨V (t),

D

dt
V (t)⟩

)
− ⟨V (t),

D2

dt2
V (t)⟩

k∑
i=0

ˆ ti+1

ti

⟨DV
dt

,
DV

dt
⟩dt =

k∑
i=0

ˆ ti+1

ti

d

dt

(
⟨V (t),

D

dt
V (t)⟩

)
−
ˆ a

0

⟨V (t),
D2

dt2
V (t)⟩dt

=

k∑
i=0

⟨V (ti),
D

dt
V (ti)⟩

∣∣∣∣∣
t=t−i+1

t=t+i

−
ˆ a

0

⟨V (t),
D2

dt2
V (t)⟩dt

So we recover (2.172).

Ωp,q Interpretation This is [dC92] Remark 9.2.12.
Recall our energy function

E : Ωp,q → R

Take any c ∈ Ωp,q. This time we consider a two-parameter proper variation

f : (−δ, δ)× (−ε, ε) → Ωp,q

(r, s) 7→ fr,s

s.t.
f0,0 = c

For a given c and f two-parameter variation, one define two variational fields V, W ∈ TcΩp,q

V : [0, 1] → Tc(t)M

t 7→ ∂

∂r

∣∣∣∣
r=0

fr,0(t)

W : [0, 1] → Tc(t)M

t 7→ ∂

∂s

∣∣∣∣
s=0

f0,s(t)

As in Proposition 2.9.1, for any V,W ∈ TcΩp,q, one can construct a two-parameter variation f : (−δ, δ) ×
(−ε, ε) → Ωp,q whose variational fields are V and W .

Now define for any c ∈ Ωp,q the second variation as the Hessian of the energy function E at c

d2Ec : TcΩp,q × TcΩp,q → R

(V,W ) 7→ Hess(E)(c)(V,W ) :=
∂2

∂r∂s

∣∣∣∣
(r,s)=(0,0)

E(fr,s)
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where f is the proper two-parameter variation associated to V and W .
Now take γ ∈ Ωp,q to be the geodesic connecting p, q, i.e., γ is the critical point for E. Then for any

V, W ∈ TγΩp,q

d2Eγ(V,W ) =
∂2

∂r∂s

∣∣∣∣
(r,s)=(0,0)

E(fr,s)

= 2

ˆ 1

0

(
⟨DV
dt

,
DW

dt
⟩ −R(γ′, V, γ′,W )

)
dt

In particular

d2Eγ(V, V ) =
d2

dr2

∣∣∣∣
r=0

E(fr,0)

(2.172)
= 2

ˆ 1

0

(
⟨DV
dt

,
DV

dt
⟩ −R(γ′, V, γ′, V )

)
dt

2.9.2 Bonnet-Myers Theorem

Theorem 2.9.1 ([dC92] Theorem 9.3.1). Let (Mn, g) be a complete Riemannian manifold. Suppose there exists
r > 0 s.t. either

1. For any p ∈M , and any v ∈ TpM of unit length

Ricp(v) ≥
1

r2
> 0 (2.173)

2. Or for any p ∈M , and any σ ⊆ TpM 2-plane

K(p, σ) ≥ 1

r2
> 0 (2.174)

Then M is compact, and
diam(M, g) := sup

p, q∈M
dg(p, q) ≤ πr (2.175)

Remarks on Bonnet-Myers

1. We remark that it suffices to check under the assumption of Myers (2.173), since the assumption of Bonnet
(2.174) implies the former ([dC92] Corollary 9.3.3). Indeed, for {ei}1≤i≤n−1 ∪ {v} an orthonormal basis
of TpM

Ricp(v) =
1

n− 1

n−1∑
i=1

⟨R(v, ei)v, ei⟩

(2.66)
=

1

n− 1

n−1∑
i=1

K(p, Span{v, ei})

2. Also, note the inequalities are sharp ([dC92] Remark 9.3.6). Consider the example

M = Sn(r)

Then for any p ∈ Sn(r) and v ∈ TpSn(r)

Ricp(v)
(2.80)
= K =

1

r2
> 0

But
diam(Sn(r)) = πr2

In fact there is result stating uniqueness.

Theorem 2.9.2 (Cheng-Shiohama). Let (Mn, g) be complete with

Ricp(v, v) ≥
1

r2
∀ p ∈M, ∀ v ∈ TpM

If
diam(M, g) = πr

Then the manifold Mn is isometric to the sphere Sn(r) of curvature 1
r2

(Mn, g) ∼= (Sn(r), gS
n(r)

can )
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3. It is necessary that K,Ric are bounded away from 0 ([dC92] Remark 9.3.4). For example consider
paraboloid

S = {(x, y, z) ∈ R3 | z = x2 + y2}

This is complete, and has curvature

K =
4

(1 + x2 + y2)2
> 0, inf

p∈S
K(p) = 0

but S is indeed not compact.

Proof of Bonnet-Myers Theorem 2.9.1 It suffices to assume for (2.173). This is beautiful proof leveraging
the second variation formula.

Proof. 1. By contradiction, suppose that diam(M, g) > πr. Then there exists two points p, q ∈M s.t.

ℓ := d(p, q) > πr

Since the manifold is complete, using Hopf-Rinow Theorem 2.7.1 (f) there exists also a normalized geodesic
that connects these two points p, q. Take γ

γ : [0, ℓ] →M γ(0) = p γ(ℓ) = q

We want to apply the second variation formula to some variation that gives us a contradiction.

2. We construct a variation by imposing a vector field along this curve. We define it by using the orthonormal
basis of the tangent space. Let {e1, · · · , en} be ONB of TpM where

en := γ′(0)

Then parallel transport them. Let ei(t) be the parallel transport of ei along γ. We define our variational
field (the one that saturates the sphere)

Vi(t) := sin(
πt

ℓ
)ei(t) i = 1, · · · , n− 1

Vi(0) = Vi(ℓ) = 0

Given our Vector fields along γ, from Proposition 2.9.1, we have a family of proper variations {fi} asso-
ciated to the Variational Field, i.e., Vi are the variational field of fi of γ.

3. Now let Ei(s) be the energy of fi(s, t), the proper variation associated to Vi. Let’s compute

Ei(s) :=

ˆ ℓ

0

|∂fi
∂t

(s, t)|2 ≥ 1

ℓ
L(fi)

2 Cauchy Schwarz

≥ 1

ℓ
L(γ)2 since γ is geodesic

= E(γ) = Ei(0)

Now that γ is geodesic and V proper, we know E′
i(0) = 0. We also know E′′

i (0) ≥ 0 because we’ve shown
that 0 achieves minimum.

By the second variation formula (2.172)

1

2
E′′
i (0) = −

ˆ ℓ

0

(
⟨D

2Vi
dt2

, Vi⟩+R(γ′, Vi, γ
′, Vi)

)
dt no boundary terms because all are piecewise smooth

=

ˆ ℓ

0

(
π2

ℓ2
sin2(

πt

ℓ
)− sin2(

πt

ℓ
)R(en, ei, en, ei)

)
dt ∀ i = 1, · · · , n− 1

1

n− 1

n−1∑
i=1

1

2
E′′
i (0) =

ˆ ℓ

0

(
π2

ℓ2
sin2(

πt

ℓ
)− sin2(

πt

ℓ
)Ricp(en, en)

)
dt

(2.173)

≤
ˆ ℓ

0

(
π2

ℓ2
− 1

r2

)
sin2(

πt

ℓ
)dt < 0 since πr < ℓ by our contradictory assumption

Now this contradicts E′′
i (0) ≥ 0.

Since M is totally bounded and complete, M is compact.
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Corollaries and Examples for Bonnet-Myers 2.9.1

Corollary 2.9.1 ([dC92] Corollary 9.3.2). If (Mn, g) is a complete Riemannian manifold with

Ricp(v, v) ≥ δ > 0 ∀ p ∈M, ∀ v ∈ TpM

Then the universal cover of M is compact. In particular the first fundamental group π1(M) is finite.

Proof. Let (M̃, g̃) be the universal cover equipped with the covering metric, i.e. the pullback metric under the
covering map (so that π is local isometry)

π : M̃ →M

Then M̃ is complete and R̃icp ≥ δ > 0.

By Myer’s Theorem 2.9.1, M̃ is compact. Hence the number of sheets of the covering is finite. Since this is
a number of elements in the fundamental group π1(M) of M , we conclude that π1(M) is finite.

Or to be precise, for any p ∈M , π−1(p) is a discrete set in a compact manifold, so that its finite.

|π1(M)| = #π−1(p) <∞

Example 2.9.1 ([dC92] Exercise 9.2). Introduce a complete Riemannian metric on R2. Prove that

lim
r→∞

(
inf

x2+y2≥r2
K(x, y)

)
≤ 0

where (x, y) ∈ R2 and K(x, y) is the Gaussian curvature of the given metric at (x, y).

Proof. Assume for contradiction that

lim
r→∞

(
inf

x2+y2≥r2
K(x, y)

)
> 0

Then, there exists ε > 0 and R > 0 such that

K(x, y) ≥ ε for all x2 + y2 ≥ R2

Consider the closed subsetM = {(x, y) ∈ R2 | x2+y2 ≥ R2} with the induced metric. Since (R2, g) is complete,
M as a closed submanifold is also a complete Riemannian manifold by Cororllary of Hopf-Rinow 2.7.2.

By construction, K ≥ ε > 0 on M . Now the Bonnet-Myers Theorem 2.9.1 states that a complete connected
Riemannian manifold with Ricci curvature bounded below by some strictly positive constant is compact and
has finite diameter.

In dimension 2, the Ricci curvature coincides with the Gaussian curvature by Example 2.6.4. Thus, Bonnect-
Myers says M must be compact.

However, M is homeomorphic to R2 \BR(0), which is non-compact as it contains unbounded sequences. We
reach a contradiction.

2.9.3 Synge-Weinstein Theorem

Theorem 2.9.3 (Weinstein; [dC92] Theorem 9.3.7). Let (Mn, g) be a compact oriented Riemannian manifold.
Suppose M has positive sectional curvature. Suppose

f : (M, g) → (M, g)

is an isometry s.t. f preserves (resp. reverses) the orientation if n = dimM is even (resp. odd).
Then f has a fixed point, i.e., there exists p ∈M s.t. f(p) = p.

Remark 2.9.1. This assumption in fact excludes the case of the sphere. Consider

A : Sn → Sn

p 7→ −p

Then this is the opposite of the orientation requirement on the isometry, i.e., A is orientation preserving if n
is odd and orientation reversing if n is even.
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Fact from orthogonal linear transformation over R

Lemma 2.9.2 ([dC92] Lemma 9.3.8). Let A be an orthogonal linear transformation of Rn−1, i.e., A ∈ O(n−1)
over the reals. Suppose that

det(A) = (−1)n

Then A leaves invariant some non-zero vector of Rn−1.

Proof. If n even, then det(A− λI) is a real polynomial in λ of odd degree n− 1. Then A has a real eigenvalue.
Since A ∈ O(n − 1) orthogonal, such real eigenvalue is of the form ±1. But the product of the complex
eigenvalues of A is non-negative (this is because for matrix A over the reals, complex eigenvalues come in pairs.
To see this, assume Av = λv then taking complex conjugate Av = λv. But A is real so A = A hence λ is an
eigenvalue), and det(A) = 1, so at least one of the eigenvalues of A equals 1.

If n is odd, det(A) = −1. But the product of complex eigenvalues is non-negative, thus there is at least one
pair of real eigenvalues, only one of which is positive, hence equal to 1.

Proof of Weinstein Theorem 2.9.3

Proof. 1. Suppose that f has no fixed points, i.e.

f(q) ̸= q ∀ q ∈M

Consider the continuous function on M

h :M → R
q 7→ d(q, f(q))

Since M is compact, there exists p ∈M s.t.

h(p) = min
q∈M

h(q)

i.e., using contradictory assumption

ℓ := d(p, f(p)) = inf
q∈M

d(q, f(q)) > 0 (2.176)

But by Corollary 2.7.1, M is complete due to compactness, hence Hopf-Rinow Theorem 2.7.1 (f) says
there exists a normalized geodesic γ connecting the two points q and f(q)

γ(0) = p, γ(ℓ) = f(p)

2. Now consider the two velocity vectors γ′(0) and γ′(ℓ). We need two claims that gives a contradiction.

Claim 1. For f as in our assumption

dfp : TpM → Tf(p)M

sends γ′(0) 7→ γ′(ℓ).

Indeed, let p′ := γ(t′) for arbitrary 0 < t′ < ℓ. So t′ = d(p, p′). We look at the distances between p′ and
f(p′).

d(p′, f(p′)) ≤ d(p′, f(p)) + d(f(p), f(p′))

= d(p′, f(p)) + d(p, p′) using f is an isometry

= ℓ− t′ + t′ = ℓ = d(p, f(p))

where the last line uses our unit-speed parametrization.
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Figure 2.16: Claim 1 for Proof of Theorem 2.9.3

But on the other hand, d(p, f(p)) is the minimum. Thus we have

d(p′, f(p′)) = d(p, f(p)) = d(p′, f(p)) + d(f(p), f(p′)) = L(γ|[t′,ℓ]) + L( (f ◦ γ)|[0,t′])

Hence γ and f ◦ γ are normalized geodesics. Thus

γ′(ℓ) = (f ◦ γ)′(0) = dfp(γ
′(0)) (2.177)

3. Claim 2. There exists a parallel vector field V (t) along γ(t) s.t. |V (t)| = 1 and ⟨V (t), γ′(t)⟩ = 0.

(a) We setup. Let P : TpM → Tf(p)M be the parallel transport along γ (P is orientation preserving).
Notice both maps

TpM
P→
dfp

Tf(p)M
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Note P (γ′(0)) = γ′(ℓ) since γ′(t) is parallel to γ(t) (because γ is geodesic). Define

A := P−1 ◦ dfp : TpM → TpM

Then A ∈ O(n) is an isometry and det(A) = (−1)n (using assumption f preserves orientation if n
even anf reverses orientation if n odd). In particular −1 if n odd and 1 if n even. Note

A(γ′(0)) = P−1(dfp(γ
′(0)))

(2.177)
= P−1(γ′(ℓ)) use Claim 1

= γ′(0)

so γ′(0) is an eigenvector with eigenvalue 1.

A(γ′(0)) = γ′(0) (2.178)

(b) Let W be the orthogonal complement of Rγ′(0) in TpM , i.e.

TpM = Rγ′(0)⊕W

Consider
B := A|W :W →W ∼= Rn−1 B ∈ O(n− 1) det(B) = (−1)n

Recall that if C ∈ O(m) and 1 is not an eigenvalue, then det(C) = (−1)m. So if C ∈ O(m) s.t.
det(C) = (−1)m+1, then 1 is an eigenvalue (this is essentially applying Lemma 2.9.2).

Thus our B has to have 1 as an eigenvalue. Now let v ∈ W be the associated eigenvector and take
|v| = 1

Av = Bv = v (2.179)

(c) Now Let V (t) be the parallel transport of v along γ(t). Then since the parallel transport doesn’t
change the norms, and since v ∈W (the orthogonal complement of Rγ′(0))

⟨v, γ′(0)⟩ = 0 ⟨v, v⟩ = 1

Then using parallel transport

⟨V (t), γ′(t)⟩ = 0 ⟨V (t), V (t)⟩ = 1

Thus

(P−1 ◦ dfp)(V (0)) = (P−1 ◦ dfp)(v)
= Av

(2.179)
= v = V (0)

In particular
dfp(v) = dfp(V (0)) = P (V (0)) = V (ℓ) (2.180)

4. We build a variational field

h : (−ε, ε)× [0, ℓ] →M

(s, t) 7→ h(s, t) := expγ(t)(sV (t))

In particular each
s 7→ h(s, t)

is a geodesic. Let

α(s) := h(s, 0) = expp(sv)

β(s) := h(s, ℓ)
(2.180)
= expf(p)(s dfp(v))

These are themselves geodesics. As

β(0) = f(p) β′(0)
(2.180)
= V (ℓ) = dfp(V (0))

In fact we conclude here that
β = f ◦ α (2.181)
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Now we consider a curve for fixed s. For fixed s ∈ (−ε, ε), consider

hs : [0, ℓ] →M

a smooth curve from α(s) to β(s). Now the energy for hs writes

E(s) =

ˆ ℓ

0

|∂h
∂t

(s, t)|2dt
Cauchy Schwarz

≥ 1

ℓ

(ˆ ℓ

0

|∂h
∂t

(s, t)|dt

)2

=
1

ℓ
L(hs)

2

(2.181)

≥ 1

ℓ
d(α(s), f ◦ α(s))2

(2.176)

≥ 1

ℓ
d(p, f(p))2 = ℓ = E(0)

5. Since the original p and f(p) have shortest distance, all variations get longer. Here is where we’ll get our
contradiction. We use positive curvature to push off the curve along a parallel field, then necessarily it
has decreasing energy. For negative curvature, pushing off the geodesic increases energy.

Now to make this rigorous. Back to our setup: Since we have γ as a geodesic,

⟨V (t), γ′(t)⟩ = 0 ∀ t

Thus E′(0) = 0 as in Proposition 2.9.3. And because

E(s) ≥ E(0) ∀ s

E(0) must be a local minimum, so E′′(0) ≥ 0.

But we have the second variation formula (2.171)

1

2
E′′(0) = −

ˆ ℓ

0

⟨
�
�
�D2V

dt2︸ ︷︷ ︸
V parallel

+R(γ′, V )γ′, V ⟩dt+
((((((((((((((((((

⟨D
ds

∂h

∂s
(0, ℓ), γ′(ℓ)⟩ − ⟨D

ds

∂h

∂s
(0, 0), γ′(0)⟩︸ ︷︷ ︸

because s 7→ h(s, t) is geodesic

+
(((((((((((((((

⟨DV
dt

(ℓ), V (ℓ)⟩ − ⟨DV
dt

(0), V (0)⟩︸ ︷︷ ︸
DV
dt ≡ 0 since V is parallel

= −
ˆ ℓ

0

⟨R(γ′, V )γ′, V ⟩dt

Since γ′, V has length 1, γ′ ⊥ V , we know {V (t), γ′(t)} span the π(s) 2-plane, whose sectional curvature
is strictly negative

1

2
E′′(0) = −

ˆ ℓ

0

⟨R(γ′, V )γ′, V ⟩dt = −
ˆ ℓ

0

K(π(t))dt < 0

Thus we have a contradiction.

Synge Theorem

Corollary 2.9.2 (Synge [dC92] Corollary 9.3.10). Let (Mn, g) be compact with positive sectional curvature

1. if M orientable, n even, then π1(M) = 1, i.e. M is simply connected

2. if n odd, then M is orientable.

Proof. 1. For universal cover
π : M̃ →M

M̃ is complete with K ≥ c > 0 (because M is compact). Then by Myers Theorem 2.9.1 M̃ is compact.
We want to show M = M̃ . If not, choose φ ̸= id,

φ : M̃ → M̃

a covering transformation, i.e., π ◦φ = π (so φ has no fixed points). Then φ is an isomertry of M̃ . By M
orientable, φ preserves orientation. But this contradicts to Weinstein Theorem 2.9.3.

2. If M is not orientable, there exists orientation double cover

M̃ →M

now ϕ : M̃ → M̃ is orientation reversing without fixed points, so this is contradiction to Weinstein 2.9.3.

Examples for Weinstein Theorem 2.9.3 RPn = Sn/{antipodal} is orientable iff n is odd.
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