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Chapter 1

Smooth Manifolds

1.1 Topological Manifolds

We begin by introducing manifolds. First recall that a topological space (M, T) is a set M with T a collection
of subsets of M, which we call open sets, s.t.

1. o, McT
2. arbitrary unions of elements in T belong to 7
3. finite intersection of elements in 7 belong to T .

Definition 1.1.1 (Topological Manifold; [Leel2] Chapter 1, Liu 2024). A topological manifold M of dimension
n is a non-empty topological space that is Hausdorff and second countable, s.t. for any p € M, there exists
open set U C M containing p and a homeomorphism ¢ from U to open subset of R™ (continuous bijection with

continuous inverse)
p:UCM—¢U)CR"

g+ é(q) = (v1(q), -+, znlq))

The pair (U, ¢) is a coordinate chart around p. The continuous maps z; : U — R are local coordinates on U.

To check if M is a topological space, of course we need to specify its topology so that we can choose the
open set U and homeomorphism ¢. What are some immediate examples of Topological Manifolds?

Examples of Topological Manifolds
1. Graphs of Continuous Functions ([Leel2] Example 1.3). Let U C R™ be open and
f:UCR" — RF be continuous function
The graph of f is defined as
Graph(f) = {(z, f(x)) € R* x R* | 2 € U}
We equip Graph(f) € R™ x R with subspace topology, where R™ x R* is equipped with the product

topology. Subspace topology composed with finite product topology preserves 2nd countability and 75.

Consider the coordinate map
m:R* xR¥ - R
(z,y) =«

and its restriction
¢ = T|Grapn(s) : Graph(f) = U CR"

(@, f(@)) =
(a) Since the product topology R™ x R¥ makes 7 continuous, our Graph(f) with subspace topology
preserves continuity of ¢.

(b) That ¢ is a restriction of coordinate map ensures surjectivity of ¢. That f is a function ensures
injectivity of ¢. Thus ¢ is bijection.
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(¢) One define the inverse
¢~ U CR™ — Graph(f) C R" x R*

x> (x, f(2))

¢~ is continuous because its restriction to each coordinate is continuous, i.e., let 7; denote restriction
to ith coordinate
7 0 ¢~ = identity, Mo t=f

Thus (Graph(f),¢) is a global coordinate chart. Graph(f) is homeomorphic to U, and Graph(f) is a
topological manifold of dimension n.

2. Sphere ([Leel2] Example 1.4). Let n > 1. Define

n+1
§"i={z e R™ | fo| = (D af)7 =1}
=1

We equip S™ C R**! with subspace topology, hence inherits 2nd countability and Tb.
Fori=1,--- ,n+ 1, consider the neighborhoods

Ut :={zxeS"|z; >0} U - ={reS"|x; <0}
For each ¢ consider the maps
@f:{xeR”“ | || < 1, xi:O}%Uii
x= (21, ,2i—1,0,2i41, -  Tpy1) = (X1, o1, £V 1 — |22 ®ig1, 0 s Tpg1)

(a) ¢ are well-defined, and continuous because each coordinate is a continuous function.

(b) (pii are bijective. Injectivity is trivial due to matching coordinates. On the other hand, for any
Yy E Uii C S* C R™L write

y= (y17"' sYi—1,Yir Yit1, ayn-i-l)

Taking out

Ui = (Y1, 3 ¥%i-1,0,¥it1, 5 Ynt1)
necessarily yields
2=

ilP =P -y =1-yl <1 < y; #0

Thus g; € {z € R"™! | |2| < 1, x; = 0}. For y; > (<)0, noticing
V1= [7il* =y
yields cpf are surjective.
(c) As above, the inverse maps are well-defined
of = ()1 U 5 {z e R"™ | |z] <1, 2, =0} TR x {z; =0} = R"
(yb T 7yn+1) =y = (yh s Yi-1, ani+17 e ,ynJrl)
gbf are continuous because each coordinate is a continuous function (notice constant is continuous).

Thus S” is equipped with coordinate charts {(UX, ¢F)}"H!. Since each {z € R**! | |z| < 1, x; = 0} is

identified as subset of R™, S™ is a topological manifold of dimension n.

3. Product Manifolds ([Lec12] Example 1.8). Let My, - - - , M}, be topological manifolds of dimension nq, - - - , ng.
Then the product space is defined as

k
HMi::{(xh'"axk)'xieMia Z:1a7k}

i=1

We equip Hle M; with the product topology, hence inherits 2nd countability and 75.

For each point (21, - ,2%) € Hle M;, one may pick a coordinate chart (U;, ¢;) around z; for M;. We
define the product map
k k
P1 X X P (H UiaTUpl‘OdUCt) - (H ¢1’(Ui)77:zb(U)product)
i=1 i=1

(1, ) = (O1(y1), - dr ()
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(a) By definition of product topology, and characterisation using coordinate maps, the product map is
continuous.

(b) Using each ¢; is bijection, the product map remains bijection.

(¢) Define the inverse

k k
(¢1 X X (/bk)_l : (H ¢1<Ul)77:;5(U) product) — (H UiaTUproduct)

: (1o o) o (67 ).+ 0 (1)

Note
(1 x - x )t =07 X x gyt

remains a product map of continuous functions, hence the inverse is continuous.

Thus Hle M; is equipped with coordinate charts {(U; X -+ X Ug,¢1 X --- X ¢)} around each = =
(z1,--+ ,x). Since each

k
i=1

the product manifold Hle M; is a topological manifold of dimension ny + - - - ny.

Consequently, the n-torus as the n-product of S* ([Leel2] Example 1.9)
T :=S!' x ... xS
is a topological manifold of dimension n.
4. Real Projective Space ([Leel2] Example 1.5). Let n > 1. Define
P.(R) = RP" := {¢ C R""! | £ is 1-dim vector subspace}
(a) One has a natural bijection between RR™ with the following collections of equivalence classes
R\ {0})/ ~

where
r~y RN\ {0} <= I AR\ {0} s.t. y= A\

To equip a topology on the quotient space RP"™ = (R"*1\ {0})/ ~, consider the canonical surjection
m R\ {0} = (R {0})/ ~
T = (21, Tnt1) = () = [T1, 0 Tyt

and we declare the quotient topology on RP" induced by the surjection .

(b) Equivalently, consider another collection of equivalence classes
S*/ ~
where in the case the relation is defined as
r~y eSSt <<= y=—x
One may equivalently equip a topology on RP" = S™/ ~ by considering the canonical surjection
7:8" =>S"/ ~
x= (21, Tpy1) = T(T) =21, , Tpy1]
and declaring the quotient topology on RP™ as induced by 7.

The two definitions induce the same topology on RP" = (R"*!\ {0})/ ~= S"/ ~. Now we check
compactness and Hausdorff.

(a) Since S™ is compact and 7|, is continuous, RP™ = S"/ ~ remains compact.

(b) Take any [z] # [y] € S"/ ~, and consider the four points +x, +y. Using S” is Hausdorff, one may
take disjoint open sets U, V on S™ s.t.

UU-U)N(VU-V)=0

Then after projection 7w(U) and (V') are disjoint open sets covering « and y. Hence Hausdorff.
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Finally let’s see RP™ is a topological space. For ¢ =1, -+ ,n+ 1 define
U i={[z1,  ,Zngp1] ERP" | (z1, -+ ,2py1) € R*TIN {0}, 2; # 0} (1.1)
Via the quotient topology U; are indeed open sets. Define fori =1,--- ;n+1
o; : U; CRP" —» R"

x Tic1 T x (1.2)
[xlv"'axn+l]’_><17"'v ! 17 Z+17"'7 n+1>

X; x; x; X
(a) ¢; are well-defined using U;, and ¢; are continuous because one can identify
©i = ¢iom: w1 (U;) CR"\ {0} = R"

€ Ti—1 Ti41 Tn+1
(-Tla"'a'rn+1)’_> Ty ) s Ty
Z; T L L

Indeed ¢; are continuous, so using characterisation property of quotient map one conclude ¢; are
continuous.

(b) ¢, are injective because assuming

(ﬂ?l L Tl T xn+1)(y1 RO 7= NS TE R TRE R
z; TR T B yi’ Y Y T
yields

"y

x]:—lyj V=1, ,n+1

Yi

which is to say
T~y

Thus ¢; is indeed bijection onto its range.
(c) Define its inverse as
¢; " ¢i(U;) CR™ — U; C RP"
(Wi, yn) = [y e, L yis 5 Yl
Consider function fori=1,--- ,n+1
5 : R™ — R™™1\ {0}
W5 5 Un) = (W, Y1 Ly 5 Un)

which is indeed continuous. Then identifying
¢; ' =mos;

as composition of continuous functions yields continuity of ¢, ! In fact, one has the following diagram
foreachi=1,--- ;n+1

R\ {0} 2 mH(U;)

! [

RP" = (R™1\ {0})/~ 2 i ——— ¢i(U;) CR”
¢

Thus RP" is equipped with coordinate charts {(U;, ¢;) ?:4-11 which are local homeomorphisms to subsets
of R™. RP" is therefore a topological manifold of dimension .

1.2 Smooth Structure

Now one need to put structure indicating ‘smoothness’ on the manifold.

Definition 1.2.1 (Smooth Structure; [Lecl2] Chapter 1, Liu 2024). Let M be a topological manifold of dimen-
sionn. Let k € N or oo.
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1. An atlas of a topological manifold M is a collection of charts that covers the whole manifold

@ = {(Ua, da)taca s.1. UU =M

and that the transition functions for any two charts (Uy, o), (Ug, ¢g)

(j)aogb[;l 2 pp(UaNUB) CR™ = ¢ (U, NUg) CR™ (13)
(xla"'axn)’_)(yla"'7yn) .
are homeomorphisms.

2. A C* atlas is an atlas whose transition functions are C* diffeomorphisms, i.e., for any two charts (U, ¢o),
(Ug, ¢g), the transition functions ¢q o qbgl (1.3) is C*, bijective, and admits a C* inverse ¢p o ¢ .

3. Two C* atlas ® = {(Un, ba) }aca and ¥ = {(V3,95)}sen are equivalent if

dPUVY = {(Ua; ¢a); (Vﬁvwﬂ)}OLE.AﬁGB

is again a C* atlas. An equivalence class of some C* atlas is called a C* differentiable structure.

4. A topological manifold of dimension n equipped with a C* differentiable structure is called a C* manifold
of dimension n.

Remark 1.2.1. To show whether two given charts admits a C* transition function in between, it suffices to

check
1. ooy is CF
2. ¢ o qﬁgl is injective (hence taking the range yields bijection)

3. g 0 ¢§1 has non-singular Jacobian at each point, i.e.,

a((ba © QSgl)i

Vx€¢3(UaﬂU3), | det( Ery
J

)(@)| # 0

Hence by Inverse Function Theorem, the inverse defines C* function.

Checking the above gives a C* atlas {(Us, da)}aca. One may consider its equivalence class, which gives us a
C* differentiable structure. Alternatively, given our C* atlas ®, one may consider taking the unique mazimal
C* atlas containing ® (not properly contained in any larger C* atlas). Such mazimal C* atlas is in fact the
equivalence class of ® ([Leel?2] Proposition 1.17).

Examples of Smooth Manifolds

1. For M C*-manifold of dimension m, U C M open. ® := {(U,, ¢o) | @ € I} some C*-atlas of M. Then
Sy = {(Ua NU, ¢aly nv) | @ €1, UsNU # @} is CF-atlas for U. So U is a C*-manifold of dimension
m.

2. Real Projective Space ([L.ee12] Example 1.33). Recall one has constructed open charts {(U;, ¢;)}74! (1.1),
(1.2) for RP™. Since ¢; are homeomorphism, the compositions over (assume 1 <i < j <n+1)

¢; 0 (;5]_1 : (JSj(Ui N Uj) CR" — Qﬁz(UZ n U]) CR"”

(xlv"’ al'n) — ¢z([x17 »xjfl,]-vxj,"' axn]) (14)
o (.’L’l Ti—1 Ti4+1 Tj—1 1 €5 In
=(—--, , R Sy e —

is indeed homeomorphism. Alternatively from the explicit expression (1.4), ¢; o qﬁj_l is indeed C'*° over

¢;(U; N Uj) since x; # 0. Bijection follows from both as homeomorphisms, while smooth inverse follows
merely by switching the roles of ¢, and ¢;. Thus (RP”, ®) where & = {(UZ-,@)}?:ll with (1.1), (1.2),
defines a C'*° manifold of dimension n.
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3. Finite Dimensional Vector Spaces ([Leel2] Example 1.24). Let V be any finite n-dimensional vector space,
any norm on V determines a topology (independent of choice of norm). Each ordered basis {e, - ,e,}
for V' defines a basis linear isomorphism

E:R"—=V
T = (xlu"' ,Tn) '—>Z$i€¢
i=1

For any topology on V, E is a homeomorphism. Thus (V, E~1) is a chart. For any other basis linear
isomorphism E w.r.t. basis {€1,--- ,&,}, note there is an invertible matrix A = a;; s.t.

j=1
Thus the transition map between two charts is given by

E'oE:R*" 5 R"
n
z =) air)i<i<n
=1

which is given by

n

n n n
E .’f?jéj = €T;€; = E ZT; E aijéj
j=1 i=1 i=1 =1

Thus E~! o E is an invertible map and hence a diffeomorphism. The collection of all such charts defines
a smooth structure on V.

1.3 Differentiable Maps

C* Differentiable/ Smooth Map

Definition 1.3.1 (C* maps). Let M be C* manifold of dimension m and N a C* manifold of dimension n.
Let 1 <k <l <oo. A continuous map f: M — N is called C*-differentiable if for any p € M, there exists
a chart (U,¢) for M around p and (V,v) for N around f(p) s.t. f(U) CV, and g:=1o fop~t is C*.
M " pev L v o N
ook
R™ B pU) —L— (V) " R”
When k = oo, C* maps are called smooth maps.

Well-definedness. Indeed if § := 1) o f o ¢~ is another composition for (U, $) chart of M around p and (V1))
chart of N around f(p) then

g=@Woy HoWofog o(pod )= (o )ogo(podt)

remains C*. This is because transition functions are C* diffeomorphisms and g is C*. Hence Definition 1.3.1
works for any charts, and f as C* map is well-defined. O

Example 1.3.1 (Projection for RP™). Recall
7 R"M\ {0} — P,(R)
p=(p1, - Puy1) = [p1s o Py
We prove  is C'°° map.

Proof. For any p € R"™1\ {0}, recall U; and ¢; as in (1.1) and (1.2). 7(p) € P,(R), so there exists some i s.t.
7(p) € U;. Hence p € 7= 1(U;).

R\ {0} B per i (U) "> U " P.(R)

lid l@

R Y ) —L— R Y R
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g:i=¢;omoid ! : 7 HU;) c R* 1\ {0} — R” s.t.

Z1 Ti—1 Tit1 $n+1)

g(x17"'7$n+1)::(;i7"'7 z; ) T y Ty 7

is a C'™° map. O

Diffeomorphism
Definition 1.3.2 (Diffeomorphism). M, N C* manifold. f: M — N continuous. dim M =m, dim N = n.
o [ is C™ diffeomorphism if f is a homeomorphism, and f, f~' are C™ maps. In particular, m = n.

o Forpe M, f is a local diffeomorphism (C*) at p if there exist a open neighborhood U of p in M and V
of f(p) in N s.t. f|,:U =V is a C®-diffeomorphism. In particular, m = n.

1.4 Submersion/ Immersion/ Embedding

Submersion/Immersion

Definition 1.4.1 (Submersion/Immersion in R™). Let f = (f1,---,fn) : U € R™ — R™ be C¥-map for
1<k<oo, and U CR™ open.

We call f a submersion (resp. immersion) at x = (z1,- -+ ,xy) € U if the ‘differential’
ofr l‘) of1 l‘)
df, == gﬁ %”}"T'; :R™ — R"” is surjective (resp. injective)

We call f a submersion (resp. immersion) if f is a submersion (resp. immersion) at every x € U.
Note if [ is a submersion (resp. immersion) at some point x € U, then n < m (resp. n > m)

Example 1.4.1 (Canonical Examples). 1. For m > n, the projection
m:R™ = R"
($17"' axm) — 71—(1'13"' 7xm) = (xla'"' 73377,)
is the canonical submersion. Here dm, = 7w : R™ — R"™ for any x € R™.

2. Form <n,
i:R™ —>R"
(.131,"' ,J}m)'—>i($1,"' ,Z‘m) = (.1317"' 7xma07"' ’0)

is the canonical immersion. Here di, =1 :R™ — R" for any x € R™.

Definition 1.4.2 (Submersion/Immersion). Let M and N be C*°-manifold of dimension m, n. Let f : M — N
be a C*° map.

We call f: M — N a submersion(immersion) at p € M if there exists (U, ¢) chart for M around p and
(V,) chart for N around f(p) s.t.

e f(U)CV and

e g:=1vofop ! the C® map is a submersion (resp. immersion) at ¢(p), which implies n < m (resp.
n>m).
M peu —L L fpev N

Js [

R™ 5" 6(p) € 9(U) —— w(V) E" R"
We call f a submersion (resp. immersion) if f is a submersion (resp. immersion) at any point p € M.
Well-definedness. §= (pop" ) o (o fogp ) o(pod )= (hoyy ) ogo(pop ') and so
d%(p) = d(zﬁ o wil)g((b(p)) o (dg)g(p)y 0 d(¢p o q?)*l){z;(p) is surjective (resp. injective)
for (U, ¢) another chart of M around p and (V) another chart of N around f(p) s.t. f(U) C V. O

Proposition 1.4.1 (Rank Theorem). Let M be C*°-manifold of dimension m and N C*°-manifold of dimension
n.
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o If f is a submersion (resp. immersion) at p € M (so m >n (m < n)), then there exists charts (U, ¢) for
M around p and (V,v) for N around f(p) s.t.

p(p)=0€R™  ¥(f(p)) =0€R"
and
g=vofop l:p(U)CR™ = (V) CR" is the canoncial submersion (resp. immersion)
i.e.
9(5517"' 7xm) = (-Tla"' ,(En) (Tesp' g(xh'" ,il'm) = ('Tlv"' a‘rm707"' 70))
o If f is both a submersion and an immersion at p, i.e., dgg : R™ — R™=™ is a linear isomorphism, then f
is a local diffeomorphism at p.
Smooth Embeddings

Definition 1.4.3 (C*° Embedding). Let f : M — N be C* map between C*°-manifolds, where dimension
M = m, dimension N =n. We say f is a smooth embedding if

e f is a smooth immersion at any point p € M (implies m <n) and

o f: M — f(M) C N is a homeomorphism (bijection onto its range, and has continuous inverse) w.r.t. the
subspace topology.

Heuristically, we call f(M) a C* submanifold of N of dimension m.
Example 1.4.2. f:R — R? for f(t) := (z(t), y(t)), f'(t) = (2'(t), ¥'(t)), then

df, : R — R? s.t. dfi(v) :

I
VRS
< 8
—~ =
~ T~
S—
~_

<

f is immersion at t iff f'(t) # (0,0). For example

o f(t)=(t,1%), f'(t) = (1,2t) is a immersion, and in fact, C>°-embedding since f is a homeomorphism (in
particular, bijective) from R onto f(R).

e f(t) = (cost,sint) then f'(t) = (—sint,cost) so f(R) =S. This is immersion but not embedding because
f s not injective.

o f(t)=(t3—4t, t2 —4) then f'(t) = (3t —4,2t). f is a immersion but not an embedding because f is not
injective at (0,0). Note both t = —2 and t = 2 correspond to f(—2) = f(2) = (0,0).

o f(t)= (3, t?), f'(t) = (3t%, 2t). This is not immersion at t = 0. But f(R) is homeomorphic to R.
Example 1.4.3 (counter-example for injective immersion but not embedding). f : (—3,0) — R? smooth

0,-t—2) —-3<t<-1
f(t) = -1<t< =t
(—t,—sin(7)) =L <t<0

This is not an embedding because f(—3,0) C R? is not a topological manifold. In particular, f=' is not
continuous at the point (0,0), hence that [ needs to be homeomorphism fails.

1.5 Submanifolds

Submanifold In a more direct manner, one define submanifold by directly viewing M as subset of N.

Definition 1.5.1 (Submanifold). Let N be C*° manifold of dimension n, M subset of N.
We call M a C* submanifold of N of dimension m < n if

e for any p € M, there exists chart (U, ¢) for N around p s.t. ¢(p) =0 € R™ and
* $(UNM) =¢U)N(ER™ x{0}).

M st o peUnM —4 s peU e N

J((blUﬁle J{dj

R™ "5 g(U)N(R™ x {0}) —— é(p) =0 ¢(U) E" R"



CHAPTER 1. SMOOTH MANIFOLDS 9

Well-definedness. For any p € M, there exists local charts (U,, ¢,) for N around p s.t. ¢p(p) = 0 € R™
Moreover, ¢,(U, N M) = ¢,(U,) N (R™ x {0}). One wish to define an Atlas on M. Indeed, let &y :=

{(Up NnM, ¢p|UpmM) |pe M} Since U, are open in N, M C N, so w.r.t. the subspace topology, U, N M are

open neighborhoods of p in M. Moreover,
¢p(Up N M) = ép(Up) N (R™ x {0}) C (R™ x {0}) =R™

are open w.r.t. subspace topology. Hence gbp|Upm u are local homeomorphisms to subsets of R™, equipping M

with topological m-manifold structure. That M = M NN = Upe v M NU, and transition functions inherits
C* w.r.t. subspace topology make M a m-dim C*° manifold. O

Alternatively, one may define as follows.

Definition 1.5.2 (Embedded Submanifold). Let N be C* manifold. An embedded submanifold M C N is a
subset that is a manifold in the subspace topology, endowed with a smooth structure s.t. the inclusion map

M — N

18 a smooth embedding.
Let’s justify the equivalence between definitions for submanifolds.

Proposition 1.5.1 ([Leel2] Proposition 5.2). Let M, N be C*° manifold, and f : M — N be smooth embedding.
Then w.r.t. the subspace topology, f(M) is a topological manifold, and there is a unique smooth structure
making it into an embedded submanifold of N s.t. f is a diffeomorphism onto its image.

Proof. Let {(Ua, ¢a)}a be C* atlas on M. Define an atlas on f(M) via {f(Uq), da © f ' }a. This is indeed a
smooth structure on f(M) since

daoflo (ppo f’l)*1 = ¢ © qﬁgl are diffeomorphisms
Now we check f(M) is embedded submanifold of N, i.e., f(M) < N is smooth embedding. Indeed, since the
inclusion is a composition of diffeomorphism and a smooth embedding.
fon s ML N
O
Preimage Theorem Now we discuss tool to construct a smooth submanifold using preimage of a regular
value.
Remark 1.5.1. An immediate observation says preimage of singletons are closed subsets.

e A topological manifold M may not be a Hausdor(f (Tz) space (though we require so...). But this is always
a Ty space, i.e., for any p, ¢ € M s.t. p # q, there exists U, V open subsets of M s.t. p € U but p ¢ U
and q € V but p ¢ V. This is equivalent to saying for any p € M, {p} the singleton is closed in M.

e Hence for any f: M — N continuous map between topological manifolds, for any q € N, f~(q) C M is
in fact closed.

Definition 1.5.3 (Critical Value & Regular Value). Let M, N smooth manifolds, and f : M — N smooth
map.

o We say p € M is a critical point of f if f is not a submersion at p.
e g € N is a critical value of f is there exists p € M critical point of f s.t. p € f~1(q).

e ¢ € N is a regular value of f if q is not a critical value of f. In other words, for any p € f~1(q), f is a
submersion at p.

In particular, if f~1(q) is empty, then ¢ € N is reqular value of f.
The following Theorem constructs smooth submanifolds.

Theorem 1.5.1 (Preimage Theorem). Let M, N be smooth manifolds, and f: M — N smooth map. Suppose
q € N is a regular value of f, and suppose f~1(q) is not empty (hence dim(M) =m > dim(N) = n).
Then f=1(q) is a closed smooth submanifold of M of dimension m —n > 0.

Let’s see some examples.
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Example 1.5.1 (Spheres as Submanifold). Let f: R"™ — R s.t. f(21, -+ ,Tnq1) =25+ 22 . [ is O
map, and df, : R - R
dfw = (2.’1}1, e 72xn+1)

the only critical point is 0 € R™*! and the only critical value is 0 € R. Regular values are R\ {0}. By Preimage
Theorem, for any a > 0

fHa) = {(z1, - ,xny1) € R fo =a} C R"" = §"(Va)

K2

is a C°°-submanifold of dimension n. S™(1) = S C R*"*! jis a C>° submanifold of dimension n. If a = 0,
F71(0) = 0 is just single point. If a <0, f~1(0) = @.

Example 1.5.2 (Orthogonal Group as Submanifold). O(n) := {A € M, (R) | AAT = I,, n x n identity} C

M, (R) = R™ where the latter is linear isomorphism. The subset O(n) C M,(R) is a C> submanifold of M, (R)
. . n(n—1)
of dimension ———".
n(nt1)

Proof. Define f : M,(A) = R” — S,(R) 2 R“ 2 where S, (R) are real n x n symmetric matrices. Define
f(A) = AAT — I, so O(n) = f71(0). Now if B = f(A), bi; = oh_i @ikag; — ;5. So fis C° map. It remains

n(n+1)

to show that 0 is a regular value of the map f. For any A € M,,(R), dfa : R 5 R™z

dia(B) = lim JAFT P = JA) _ ), (AT RB)AT+RED) — I = (AAT ~ 1)

= BAT + ABT 1.
h—0 h h—0 h * (1.5)

Claim: for any A € f=1(0) = O(n), dfa is surjective, i.e., for any C' € S, (R), there exists B € M, (R) s.t.
C = dfa(B) = BAT + ABT. Indeed
C =dfa(B) = BAT + AB" = BAT + (BA™)"

1 1
= LetBAT=§C — B:§CA

so B=3CA € M,(R) gives dfa(B) = 3CAAT + AJATC = C. Thus we conclude that O(n) is submanifold of

M,(R) C R™ of dimension n? — % = @ O

dimension n?. (M, (C) = C" = R%z).

1.6 Orientation

Definition 1.6.1 (Orientation). Let M be C* manifold of dimension n.
We say M is orientable if there exists a C*-atlas ® = {(Un, 0 ) tacr on M s.t. for any U, NUp # @,

¢p0 byt 0a(Ua NUz) CR™ = ¢5(Uy NUs) CR”
is C* diffeomorphism, and for any x € ¢o(Us NUp),

det(d(és 0 65 ")2) > 0 (L6)

Note for a diffeomorphism, indeed d(¢g o ¢;1). € GL(n,R) := {A € M, (R) | det(A) # 0}. The point is that
orientability requires a sign on the determinant on any overlapping charts.
Note we only require there exists one such Atlas.

e If M is orientable, an orientation ® on M is a choice of C*-altas satisfying (1.6).
o if both ® and U on M satisfy (1.6), we say they define the same orientation if ® U still satisfies (1.6).

Proposition 1.6.1. If M is a complex manifold of complex dimension n, then M is an orientable C*° manifold
of real dimension 2n.

Proof. One compute
gjo¢; ' ¢i(UiNU;) CC* — ¢;(U;NU;) € C"

its differential is
d(¢; 007 Vs g 1 C* = C*  C-linear map
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In general, for L a C-linear map, one has realization over the reals, i.e.

x+iy e C" %L(x—i—iy)e@”

| |

(v,y) € R?® LN Lg(x,y) € R??
This is done via the following: for the L, C-linear map, there exists C € M, (C) s.t.
z+iy — C(z +iy)
Now assume C' of the form C = A +iB where A, B € M,,(R). Then

C(z +1iy) = (A+iB)(x +iy) = (Ax — By) + i(Bz + Ay)

m - {g _AB} m

}) = |det(C)|%. So L being linear isomorphism implies det( [A

Therefore Ly is realized via

-B
A

-B

where det( [A A

}) > 0. Hence

det(d(¢j © d; )yy e ) >0
O

Example 1.6.1. P,(C) is orientable. P, (R) is orientable iff n is odd. For ezample Pi(R) =2 S! so orientable,
but Py(R) is not.

1.7 Tangent Space and Differential

Tangent Space

Definition 1.7.1 (Tangent Space). Let M be C* manifold of dimension n, k > 1. For any fived p € M, define
the set
T,M = {(U, ¢,u) | (U, ¢) is a C* chart around p, u € R"}/ ~,

where for p fized, we define the equivalence relation
(U, ¢,u) ~p (V,9h,0) == d(vh o™ )y (u) =v
1. Fiz (U, ¢) chart around p, define the map

HU@’p :R" — TpM

wes [U,6,4 (L)

This is bijection.

2. We use this 0y 4 to equip T, M with the structure of a vector space over R. This structure is well-defined
because diagram commutes.

R’I’L

atwos ™), |
0

R® 28 T M

Ou,e,p

3. The diagram is equivalent to saying
d(y o ¢_1)|¢(p) = e‘ﬁlw °0v,6.p (1.8)

We call T,M tangent space to M at p. A tangent vector to M at p is an element in T,M.
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Differential

Definition 1.7.2 (Differential). Let M, N be C* manifolds of dimension m, n. Let f : M — N be a C* map.
We define its differential at p € M as the linear map

dfy : TyM — Ty N

s.t. for any (U,¢) C* chart around p and (V,) C* chart around f(p), if one denote g = 1o fo ¢~ as the
local representation, df, denotes the composition

dfyp = Oy 1) © d9o(p) © O TpM = Ty N
[Ua ¢7 U] = [‘/7 d)7 dg¢(p) (u)]

The following diagram for the differential commutes

Mo peu—L v ¥ N T,M Ty Ty N
Lb iw 0u,6,p Ov,y,f(p)
R™ 5" 6(p) € 6(U) —— (V) K" R R 0, e

One has immediate observations
1. fis a submersion (resp. immersion) at p if df, : T,M — Ty, N is surjective (resp. injective).

2. Chain Rule for manifolds. If f : My — M and g : My — M3 are C* maps between C* manifolds, where
k > 1. Then

° gof:M1—>M3iSCk
e For any p € Ml, dfp : Tle — Tf(p)MQ, dgf(p) : Tf(p)Mg — Tg(f(p))Mg, one has

d(go flp=dgsp)odfy: TyMi — Tyo () Ms

Tangent Space for Submanifolds constructed via Preimage Theorem Let i: M — N inclusion map
be smooth embedding so M is a embedded submanifold, i.e., for any p € M

diy : T,M — T,N is injective

Thus one regard T, M as linear subspace of T, IV.

More generally, let M, N be C'*° manifolds of dimension m and n. Let f: M — N be C* map, and ¢ € N
be a regular value s.t. S = f~!(q) is non-empty. By our Preimage Theorem, we know that S C M is a closed
smooth submanifold of dimension m — n.

Now for any p € S,

T,S = ker(df, : T,M =ZR™ — Tt yN = R") (1.9)

In other words, there is a short exact sequence of real vector spaces
0—=T,8 = TyM = Ty N — 0

Hence if a manifold is constructed via Preimage Theorem, we can compute its tangent spaces.
Let’s make use of (1.9) to compute explicitly tangent space of some submanifolds.

Example 1.7.1. For any p € R", we have linear isomorphism T,R™ = R" given by (1.7)

—1 . n n
Ogn 1ap : TR® = R

[R™,id, u] — u

Example 1.7.2 (T7,,S™). Consider
[R5 R
n+1

(T1, " Tpg1) fo
i=1

f is C* map, 1 is regular value of f. Thus S™ := f~1(1) is a C> submanifold of R"*! of dimension n.
For any x € R™" df,(v) = 2z -v for any v € T,R" L. Thus for any x € S™, using (1.9)

T,S™ == {v € T,R™™ | df,(v) =0} = {v e R"™ | - v = 0} C T,R' T = RI*™

where the linear isomorphism is viewed via Ogi+n 5q 5 (1.7).
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Example 1.7.3 (T4O(n)). Consider

n(n+1)
2

fiM,(R)=R" — 5, (R) =R
A AAT

f is C* map, I, is a reqular value of f. Thus O(n) = f~1(I,) is a C> submanifold of M, (R) of dimension
2 _ n(n+l) _ n(n-1) )

2 2
Now for any A € O(n), using (1.9)
TAO(n) ={B € M,(R) | dfa(B) =0} C TaM,(R) =2 M,(R)
where = is done via Oy, (r),id,4 (1.7). Then recalling dfa(B) = BAT + ABT (1.5)

n

TAO(n) = {B € M,(R) | BAT + ABT =0}
In particular at identity, this is

T;, O(n) = {B € M,(R) | B+ BT =0} skew symmetric matrices

1.8 Tangent Bundle

Construction of Tangent Bundle Given C* manifold M of dimension n where k € N. We will construct
the tangent bundle TM of M as a C*~! manifold of dimension 2n.

1. Set. The tangent bundle of M is
TM ={(p,v) |[pe Mjve T,M}= | | T,M
peM

Define the projection as
m:TM — M

(p,v) = p
7 is a surjective map.
2. Topology. For any (U, ¢) O chart of M, define
¢: 7 Y (U)CTM — ¢(U) x R* C R*"
(p,v) = (0(p), 0%, , ([U, 6, ]))
where we recall (1.7). Such ¢ is a bijection.
Now take any C* atlas ® = {(Ua, ¢a) | @ € I} on M. Define the surjective map

F: Uqﬁa(Ua)xR"g]R"xR”—)TM
acl

(z,u) — ((15;1 (z), eru(i)u,d)(:l(;I;) (w))

We equip T'M with the topology induced by the surjective map F'. Thus the quotient map F' is continuous
by definition.

3. Topological Manifold. TM is a topological 2n-manifold with Atlas
& = {(771(Ua), da) | a € I} (1.10)

where

$o 7 (Us) S TM — ¢o(Us) x R* C R
(p7v) = (¢(p)305i,¢mp([Ua7d)aav]))

and the following diagram commutes

™ 5" (pv)en (U, == peU, " M

b

R2n Op_jn ¢a(Ua) x R™ &) d)a(Uoz) Oﬁn R™

Here ~
Tean = $a 0T 0 95 1 o (Us) x R CR*™ — ¢, (Uy) C R™

(¢a(p),u) = da(p)

is the canonical submersion onto the first n coordinates.
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4. C*~1 manifold. We wish to compute transition functions.

For any U open set of M, one may identify

W U)=TU = | | T,U
peU

So given two charts (Uy, ¢o), (Ugs, ¢g) for M, we have two corresponding charts (TU,, qga), (TUg, (ZSB) for
TM.

Now notice ~ _
¢o¢(ﬂ-_1(Uo¢) N W_l(UB)) = ¢0¢(7T_1(U0¢ n UB)) = ¢0¢(Ua N UB) x R™

Thus for any U, NUg # @
bp oot da(Ux NUs) x R* CR®™ = ¢5(U, NUs) x R™
-1 -1
(z,u) — ((bﬁ ° Qg (z), oUﬁ’ii)ﬁy(ﬁEl(fb) © HUQ,¢Q,¢;1(QC)(U’)) (1.11)
= (¢po o' (2), d(dgody")a(u))

where the last identification uses diagram (1.8).

Since ¢g o ¢t is CF in & € ¢o(Uy NUg) while d(¢p 0 ¢51), in C*~1in u € R™, our ¢g o ¢ are CF1
maps in (z,u) € ¢po(Uy NU) x R™.

Thus ® is a C*~! atlas on TM. (T'M, ®) is a C*~' manifold of dimension 2n.
One has two immediate observations

1. Our surjective map
m:TM — M

(p,v) —p
is Ck—1 map due to T = qbgl O Mean © q@a as composition with C*=1 charts. For k > 2, 7 is a submersion.

2. TM is an orientable C*~! manifold of dimension 2n, even though M might not be.

Proof. Compute

det(d(d © 95 )z) = det(d(p © $51)a)? 2 0

Tangent Map
Definition 1.8.1. Let M, N be C* manifolds and f : M — N be C* map. Then define its tangent map as

df : TM — TN
(s v) = (f(p), dfp(v))

One has immediate observations. Let f : M — N is C* map between C* manifolds where k > 1.
1. df : TM — TN is a C*~! map between C*~! manifolds. For k > 2, d(df) : T(TM) — T(TN) is defined.

2. If f is a submersion (resp. immersion), then df is a submersion (resp. immersion). If f is submersion
(resp. immersion) at some point p € M, then df is a submersion (resp. immersion) at (p,v) for any
veT,M.

3. If N is smooth manifold of dimension n and M <— N smooth submanifold of dimension m < n. Then
TM ={(p,v) |l pe M,veT,M} CTN ={(p,v) | pe N,veT,N}

TM is C*° submanifold for TN of dimension 2m.
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Examples of Tangent Bundles

Example 1.8.1 (T'S™). For chart
id: S" — R**!
T

the corresponding chart writes

id: TS™ C TR — TR*H = R*H x R H!

(z,v) = (2,v)
One has

TS® — {(LC,’U) €R1+n XR1+" | reStye ngn}
:{(x,v)eR1+”xR1+"|x-x:1, z-v=0}

TS™ is C*° submanifold of dimension 2n.
Example 1.8.2 (TO(n)).
TO(n) = {(A,B) € M,(R) x M,(R) | AAT =1I,,, BAT + ABT =0} C TM,,(R) = M,(R) x M, (R)

TO(n) is C*° submanifold of dimension n(n —1).

1.9 Vector Bundle

Definition for Vector Bundle Given C* manifold M of dimension n where & € N. We will define a C*
(¢ < k) real vector bundle of rank r over M with total space E and base M

m:BE =M
as E a C* manifold of dimension r 4+ n, and 7 a surjective C* map, s.t.
1. Local Trivialization. There exists an open cover {U,} of M and a family of C* diffeomorphisms {h,}
ho :m HUy) CE - Uy xR C M x R” (1.12)

s.t. the diagram commutes

Uy xR CM xR 2 U, c M
where pr; is the projection onto the first coordinates

pri: U, xRTCM xR U, CM
(p,v) = p

2. Transition Functions. For any U, N Ug # @& open subsets of M, and the local trivializations
he 7Y Uy) CE — Uy x R”, hg:m t(Ug) CE — Us xR"
The transition function takes the form
hgoh ' : (UsNUs) x R" — (U, NUg) x R”
(p, ) = (P, 98a(p)(v))
where gg, is a C* map s.t.

9pa : Ua NU3 C M — GL(r,R) = {A € M,(R) | det(A) # 0}

. . : , (1.13)
P = 9sa(P) = (98a(D))i; a linear isomorphism between R
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Following the definition, for any x € M one define the fiber of E at x as
E, =1 ()

Now for x € U,, and h,, as the local trivialization (1.12),

pr
halp, : Bo = (e} xRT 2 R" Vael, (1.14)

is a bijection. Here pry denotes projection onto the second coordinate. One may thus define a vector space
structure on E, using h,. Moreover, using the linear isomorphism (1.13), E, is defined independent of local
trivializations, and thus the linear structure is well-defined.

Therefore, set-wise, the vector bundle writes

E:|_|Ez

xeM

Vector Bundle Isomorphism

Definition 1.9.1. Let 7 : E — M and wp : F — M be two C¢ vector bundles over the same C* manifold
of dimension n. A C* vector bundle isomorphism from 7 : E — M to tp : F — M is a C* diffeomorphism

h:E — F s.t. the diagram commutes
E
WEJ/ X

M — F

and for any x € M
h\EI B, — F, 1s linear isomorphism of vector spaces

Two C* vector bundles are isomorphic if there exists such a C* isomorphism.

Examples of Vector Bundles
Example 1.9.1 (Product Vector Bundle). Let M be C* manifold of dimension n. Then E = M x R with
pri: E=MxR — M
(p,v) = p
defines the product vector bundle.

Example 1.9.2 (Trivial Vector Bundle). We say a C* vector bundle © : E — M is trivial vector bundle of
rank 7 if it is isomorphic to the product vector bundle pry : M x R" — M. In other words, there exists C*
diffeomorphism h : E — M x R" s.t.

1. the diagram commutes
E
wl X‘
M 57— M xR"

2. for any x € E, the restriction of h to each fiber E, is a linear isomorphism
hlg, + Ex CE— {z} xR"

In a word, w: E — M is trivial vector bundle if there exists only one global trivialization h : E — M x R".

Example 1.9.3 (Tangent Bundle). Let M be a C* manifold where k > 1 equipped with Atlas {(Uw, ¢a)}acr-
Then w: TM — M is a C*~1 vector bundle over M of rank n = dim M.
Recall we’ve constructed the 2n dimensional C*~1 manifold

™ = | | T,M
peM

wit Atlas (1.10) S {(TU, é )}
= oy Pa)Jael

and transition functions (1.11)
$p 0 95 (x,u) = (dg 0 65 (), d(¢p © b5 V) (u)
To check w: TM — M is the vector bundle
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1. Local Trivialization. Define
heo : 7 N U,) CTM — Uy x R* C M x R"
(P, Uas barul) = (pu= 05", ([Uas ba> u]))

Indeed the diagram commutes since
pry o ha((p7 [Uom ¢a;u])) =PpP= 71'(pa [era ¢ouu])

2. Transition Functions. Compute
hﬁohgl s (Ua NUg) x R® — (U, NUg) x R™
(s w) = (0,05} 4, © O 60 (1))
= (p,d(d5 © 93 ") g () (1))

Then indeed
9pa(p) = d(¢ © ¢5 " )pu(p) € GL(n,R)

1.10 Section
CY(M, E) Section Let M be a C* manifold of dimension n. Let £ < k. We denote
C*(M) := {C* functions f : M — R}

Definition 1.10.1 (Sections). Let M be a C* manifold of dimension n. Let 7w : E — M be a C* vector bundle
over M of rank r.
We call s : M — E a C* section of  if it is a C* map s.t.

mos=id: M — M

i.e.
s(v) € B, =71 '(x) VYeeM

We denote
C*(M,E) := {C* sections s : M — E}

Lemma 1.10.1. CY(M, E) is a C*(M)-module.
Proof. For any f € C*(M) and s € C*(M, E), one define

fs: M — FE
x— f(x)s(x)

Since s(z) € E, where the fiber is equipped with linear structure over R, fs € C*(M, E). O

Basis construction for E, via local trivialization Let 7 : E — M be C? vector bundle of rank r. Take
open set U, C M and
ho : T HUy) CE = Uy xR C M xR

How do we use such local trivialization h, to define a basis for the vector space E, for each z € U,? Take
{e1,---, e} as standard basis of R". Define

Sai:Us CM =7 YU, CE

1.15
T h;l(x,el-) ( )

We claim {s, (%) }1<i<, is a basis for E, for any = € U,.
Proof. For any = € U,, recall (1.14)
pra o hgyl g, Bz — R" defines a linear isomorphism

We show {sqi(2)}1<i<r spans E,. For any v € E,, there exists w € R” s.t.

pra © halp, (v) = pra((z, w)) = w
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Now write w in the standard basis Y ;_, w'e;. Compute
T T (1 1r) T
halp, (O wisa (@) = 3w halpy, (sai(@) 2 3 wi(, e;)
i=1 i=1 i=1
T s
pra o halp. (Z w'sq,i(z)) = Zwlei =w
i=1

i=1

Thus using h,, is linear isomorphism
E, )
-
v = E W'Sqi(x)
i=1
T

We show {s4,;(z)}1<i<, is linearly independent. Assume 0 = Y|, w's, ;(z), then using above computations
and that linear isomorphism maps 0 to 0

(2,0) = halg, (3 w'sas(a)) = 3wz, )

s
i
0= E w'e;
i=1

Using {e;} is standard basis, w; = 0 for any i. O

Trivial Vector Bundle iff Sections as Global Basis

Theorem 1.10.1. Let M be C* manifold of dimension n. Let w: E — M be C* vector bundle of rank r.
Then w: E — M s trivial iff there exists C* sections {siti<i<r s.t.

{si(x) hr<i<r is basis for B, VeeM

Proof. (=) If w is trivial, then it has a global trivialization h. Take such h and define s; via (1.15).
(<= If there are C* sections {s;}1<i<, s.t. {si(x)} are basis for E,, define

¢ MxR - E

(z,v) — Zvisi(m) €E,
i=1
To check 7 : E — M is trivial, one claim such ¢ is a C* vector bundle isomorphism from the product bundle
pri: M xR" — M to m: E— M. Using Definition 1.9.1, one need to check

1. The diagram commutes
M x R"

prll x

Me—"F
Indeed, for any (z,v) € M x R", using y.,_, v's;(z) € E, = 7 !(x)
r .
mog(z,v) = (D v'si(z)) = = pri(z,v)
i=1
2. For any x € M

¢|{w}er Az} xR = E,
(z,v) —~ Zvisi(:c)
i=1

This indeed defines a linear isomorphism.

3. It suffices to check that ¢ is C* diffeomorphism. Since 7 : E — M is a C* vector bundle, there exists open
cover {U,} of M and local trivializations {h,} s.t. @ = pr; o h, diagram commutes. It suffices to check
that

hoo¢:Uy xR" = Uy x R”
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defines a C* diffeomorphism. But what is this map? For any i € {1,--- ,r}, since both h, and s; are C*
maps, the composition remains a C* map, thus

haoos; : Uy CM — Uy xR”
ah‘(l')
x— (x, )

api(x)

for certain {a;;}1<j<r C C*(Us). Now using hy|p_ defines linear isomorphism

he 0o d(z,v) = ha(z visi(z)) = Zviha o s;(x)

L (@ (S v
S| e =eaem
= ari(x) Y i1 viari(x)

where A(x) defines the matrix
A(z) = (aij(#))1<ij<r

Since {s;(z)}1<i<, are basis of E,, under linear isomorphism pry o ha|E, E, - R"

au(m)
pra o halp (si(z)) = : vV1i<i<r are basis for R"

ari(x)

Since the matrix A consists of n columns of a set of basis, A is invertible (A € GL(r,R)). Consequently
ha © ¢ defines C* diffeomorphism.

O

1.11  Derivation on Cj(M)

CH(M) Germs Let M be a C* manifold of dimension n. Let k € NU {oo}.
Definition 1.11.1 (Germs). For any p € M, define
C;f(M) = {(f: U —=R) | U open neighborhood of p in M, f € C¥(U)}/ ~,
where the equivalence relation is defined via
(f:U=R)~p(9:V = R)
iff there exists an open neighborhood W around p s.t.
wcacunvy, flw = glw

Elements of C’Z’f(M) are called germs of C* functions at p. When the open neighborhood doesn’t matter, one
may denote the equivalence class as

[flp=1f:U—R]
Lemma 1.11.1. C{;(M) is equipped with an R-algebra structure.

Proof. Define ring addition and multiplication as

[f:U—=Rl+[g: VR :=[f+g:UNV = R]
[f:U—=R]-[g: V=R :=[fg:UNV = R|

Define scalar multiplication for R-vector space structure as

cf :U—>Rl:=[cf:U—R]
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Ring Homomorphism for C;j(M) For p € M and (U, ¢) a C* chart for M around p s.t. ¢(p) = 0, the map

@y : Cl(M) — CH(R™)
[f:V =R =[flyay : UNV =Rl [fog 1 p(UNV) = R

defines a ring isomorphism.
The map
®y 1 CF(M) — CF(M)

(f:M—->R)—[f: M —R]

is a surjective ring homomorphism, but not injective.

Proof of Surjectivity. Given [f : V — R] € CF(M), there exists 3 € C*(V) with supp(8) C V s.t.
(B:V->R)A(1: M —=R)

Hence
[f: V2RI =[8f:V—=R]

and Bf can be extended to M due to Hausdorff topology on M.

DpM Derivation on C¥(M)
Definition 1.11.2 (Derivation). A Derivation on ij (M) is a R-linear map

. vk

§:Cp(M) =R
s.t. the Leibniz Rule is satisfied, i.e.,
5([f1p - l9lp) = 0(1f1p)g(p) + f(p)é([glp)
Lemma 1.11.2. The set of derivations on CS(M) has vector space structure.
Proof. For any c1, co € R and 61,64 € C}’;(M), one may define
€101 + c209 : Cg(M) —R
[f1p = c10([f]p) + c26([f]p)

To check this remains a derivation, for any [f], and [g],

(€101 4 c202)([flp - [9lp)

= 0151([f]p : [g]p) + 0252(“]17 : [g}p)

= c161([f]p)g(p) + c1f(p)d1([glp) + c202([f1p)g(p) + c2.f (p)02([g]p)
= (101 + c202)([f1p)g(p) + f(p)(c161 + c202)([g]p)

Example 1.11.1. k> 1.

ai,; (0): C§(R") = R
/U =B 2 1(0)

Then %(O) s a deriwation for any 1 < i <n.
Consequently, for any a; € R,

Zai%(o):Cé“(R")%R
[f:U = R]— Zai£f(0)

is a derivation.

Lemma 1.11.3. Let k € NU {co}.
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o If§: CE(R) — R is a derivation and c is a constant, then &([c],) = 0.

Proof. Since ¢ is R-linear

But

e § is a derivation on CJ(R) < § =0.

Proof. Using ¢ as derivation is R-linear, for [f]y € CJ(R), since

§([flo) = o([f — f(0)]o)
It suffices to assume f(0) = 0. Using decomposition
f=f=f. =0
it suffices to assume f > 0 and f(0) = 0. Now define g := v/f, so

5([flo) = &([glo - [g)o) = 4([gl0)g(0) + 9(0)d([glo) = O

Lemma 1.11.4. If§ is a derivation on C}(R™), then

0= 25([%]0)%(0) (1.16)

To do so fix z € R™, define g(t) := f(tz) so that ¢'(t) = > i, xlaa (tz) Then

F(@) = F(0) = 9(1) = 9(0) = / t)di = Zl‘z/ 5; !

Define h;(z) = [ 2L (tz)dt so that [h; : U — R] € C}(R") with

Loy 8f(
0 8% 8%1 )

hi(0) =

(0) dt =

Consequently

8([flo) = &( Za ([wihilo ch ilo)h )+in(0) 25 8%

O

Dy,M = T,M Linear Isomorphism Let M be C"° manifold of dimension n. Let p € M. We denote D, M
as the vector space of Derivations on Cp°(M).
Define (U, ¢) a C* chart for M around p, whose coordinates we write

¢(p):O€Rn’ (b:(xla"' 71‘”)6000(U;Rn)
We define a derivation on Cp°(M) as

0
8581'

(p) : CX(M) — R
(1.17)

[f:V >R~ (foo™1)(0)

0 _
G (P ) (0) = 5
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Lemma 1.11.5. {Bim,;(p)}lﬁiﬁn forms a basis for D,M. Thus

N O
D,M = @Rax' (p) (1.18)
i=1 v

Proof. Using ring isomorphism and (1.16), one see that {%(p)}lgign spans D, M via

5= o(lail,) 50 (1.19)

To see linear independence, assume
n
0 .
0 = zzg - alaixl(p) m DpM

Then acting on the germs [z;], € C;°(M) gives

OZZai%(%‘Oaﬁ NO) =) aidij=a; V¥
i=1 v i=1

Now one may define a linear isomorphism between vector spaces via

& : T,M — D,M

- 0
i=1 v

1.12 Derivation on C*(M)

X(M) Smooth Vector Field

Definition 1.12.1 (Smooth Vector Field). A smooth vector field on a C*° manifold M is X € C>°(M,TM),
i.e., a smooth section of the tangent bundle w : TM — M. In particular,

X(p) e T,M VpeM
We denote
X(M) = C=(M,TM)
D(M) Derivation on C*(M)
Definition 1.12.2 (Derivation on C*°(M)). Let M be C* manifold. A derivation on M is an R-linear map
§:C%(M) = C®(M)
s.t. the Leibniz Rule holds

5(fg) = 0(f)g + fo(g)
Let D(M) be set of all derivations C*°(M) — C*(M).

Lemma 1.12.1. The set of derivations D(M) has C*°(M)-module structure.
Proof. If 81, 2 € D(M), ¢1 c2 € C°(M), then
€101 + 209 : C°(M) — C*(M)
[ o (f) + e26(f)
is also a derivation. O

For any p € M, there is a localizing R-linear map as follows.
D(M)— D,M
d—d(p)

where
d(p) : CSO(M) —-R

[f: M — R = (5f)(p)

One also define
Op C’;O(M) — OEO(M)

[f:M—->R—[f: M—R]
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D(M) = X(M) Isomorphism as C*°(M)-module Let M be C'*° manifold of dim n.
Let (U, ¢) be C* chart with ¢ = (z1,--- ,2,) € R”. We define smooth vector field on U as
0

T

:UCM—TU=7"*U)CTM
(1.20)

9 (p) e DM =T M

—
p 83:1»

where a%i(p) is defined via (1.17). % as C'*° vector fields on U implies by definition that 8%1' € C=(U,TU).

In view of (1.18), one has isomorphism as free C°°(M)-module

0
89@

X(U) =P

In view of (1.19), for any X : U — TU continuous section, there are a; € C(U) continuous functions s.t. for
any p € U with local chart (U, ¢ = (z1,- -+ ,Zn))

X(p) = Z ai(p)a%i(p)

X € CHU,TU) is CF vector field iff a; € CF(U).

Lx Lie Derivative on C* (M)

Definition 1.12.3 (Lie Derivative). Let M be C°°(M) manifold of dimension n. Define an assignment

X(M) — DM
(M) = D(M) o)
X — Lx
where Lx known as the Lie Derivative of X, is a derivation
Lx :C®(M)— C*(M
f—=Xf
ERA
Xf:M—R

p= X(@)([f]p)
Usually one denote X (p)([f]p) = X (p)f.

Proof that X f € C*°(M). One use local coordinates to check this is C*° function. Let (U, ¢ = (z*,...,2")) be
a chart. On U we can write

X = Zai ai with a' € C>(U).

Then for p € U,

which is smooth in p since a’ and the partial derivatives of f o ¢~! are smooth. Hence X f € C°°(M). O

In fact, the assignment via Lie Derivative (1.21) is the C*°(M)-module isomorphism between smooth vector
fields and derivations on C'*°(M).

Lemma 1.12.2. (1.21) X(M) = D(M) is an isomorphism as C*(M)-module

Proof. We have surjectivity. Given any 6 € D(M), define

X:M—>TM
p+—d(p) € D,M =T,M

One use local coordinates to check that X is C°.
For injectivity, if X # 0, there exists p € M s.t. X(p) # 0. Then there exists [f], € C;°(M) s.t.

X(p)([flp) # 0 implying Lx f # 0. O
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1.13 Lie Bracket

Lie Bracket
Definition 1.13.1 (Lie Bracket). For X, Y € X(M) = D(M), define

[X,Y]: C°(M) — C°°(M)

f—=XYf-YXf (1.23)
Notice
1. [X,Y] is a R-linear map.
2. [X,Y] satisfies the Leibniz rule
(X, Y](fg) = (X, Y]f)g + f([X,Y]g)
so [X,Y] € D(M) = X(M) defines a derivation.
More explicitly, for (U, ¢ = (21, ,2,)) C° chart on M, one may write on U
X:zn:aiai, Yzijbji for a;, b; € C*(U)
=1 z; = Oz,
So . .
b; aj
[X,Y] = EJ: <§;aingi - big;) a(zj
Lie Algebra over R Define assignment
[ X (M) x X(M) — X(M)
(X,Y)~ [X,Y]
Notice
1. [, -] is R-linear in both X, Y, but not C°*°-linear
[c1X1 4+ 2 X2, Y] = c1[X1,Y] + o[ X2, Y]
2. [X,Y] = —[Y, X]
3. Jacobi Identity.
[X,Y],Z]1+ (Y, 2], X]|+[[Z2,X],Y] =0 (1.24)

with these above, (X(M), [, -]) is a Lie algebra over R.

1.14 Differential

Pullback of C*(N)

Definition 1.14.1 (Pullback of C*(N)). Let F': M — N be C*-map between C* manifolds, and let £ < k be a
positive integer. Then the map F induces the pullback

F*:CY(N) = CY(M
(N) = C*(M) 2s)
fr—= foF
Definition 1.14.2 (Local pull back of C’f;(p)(N)). For a point p € M, we get a map F; local pullback s.t.

Fy 2 Chgy(N) = Cp(M)
[f: V=Rl [foF:FV)—=R]
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Differential as Map Between Derivations
Lemma 1.14.1. Let F : M — N be a smooth map between smooth manifolds. For each p € M, the differential

de : TpM = DpM — TF(p)N = DF(p)N
X s dF,(X)

is given by the map

dFy(X) : O3, (N) = R

B B (1.26)
[f:VoR = X(Ff:F (V)= R)=X(foF:F*V)—=R])
Note here we denote X € T,M = D, M.

Proof. Pass to local coordinates. Assume M C R™ open subset and N C R™ open subset. p = 0 € R™ and
F(p) =0 € R™. Then one write

F(x):(yl(x), 7yn($)) VreR™

For any tangent vector X € ToR™, X =", aia%i(())

X)z_Z_jl (Z gy ) 3y, O € V) (1.27)

To compute explicitly

LHS = dF,(X)([f] () Z Z

RHS = X (] i 83:

which is equal by chain rule. O

Differential as map between curve velocity

Definition 1.14.3 (smooth curve). Let M be smooth manifold. A smooth curve in M is a smooth map
v:(a,b) > M
for —co <a < b< .

For any ¢ € (a,b), let 7/(t) or ‘flt (t) denote the tangent vector

0
(5, (1) € oy M
Example 1.14.1. If M = R" then the smooth map

v:(a,b) > M
t— (ml(t)v' o amn(t))

where z; : (a,b) = R are C* functions on (a,b). Then

V() = (@ (), @ () = D ai(t) oz, 1)

Lemma 1.14.2. Let M be a smooth manifold and ~ : (—e,e) — M be a smooth curve. Let v(0) = p. Then
~'(0) is a derivation at p s.t.

A O)([flp) = 2 (0)(1f 07lo)

Usually we denote this as

d

7' (0)f = @, (fon)

Proof. This is special case of dFy,(X)([f]rp)) = X([F*flp)- O
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Notice the above only depends on how f changes along v C M. In particular, this means the tangent
derivative is an intrinsic object of the manifold.

be

k=

*ﬂfﬂov"r D(L(/Vd/"ts Chr /a r/wg/'(/ (

Ccuv A ]ﬂmwl;...f o(ujim.( > 9N

/w'% N«u
& hs  quad:
o fuor wofi, e Sy
oﬁ-J-«. an ol R"
B 7(4 Theuvevbided o U

<r7\,f )0(1:\ - ,;_ig’ <°?S)(/S7 c U’f(/((S))'i(,S‘
I ,

S S~
O(LFU‘A »J) an l--w
»j (‘wsu a’,nb th
ww ¥ €M

Figure 1.1: Tangent is Intrinsic

Remark 1.14.1. One may alternatively define the tangent space T,M as collection of all such
7' (0) : C(M)—R
Under this definition, dFy, : T,M — Tp N of a smooth map F': M — N at p € M is defined by

de : TpM — Tp(p)N

+1(0) > (F07)'(0) (1.28)

1.15 Integral Curves

Integral Curve

Definition 1.15.1 (Integral Curves). Let X € X(M) be a smooth vector field on a smooth manifold M. Let
v:I — M be a smooth curve. We say that v is a integral curve of X if

V()= X(4(t) Vtel

Example 1.15.1. M = R" and v(t) = (x1(t), - ,z,(t)) for z; : I — R smooth functions on I. A smooth
vector field on R™ is of the form

X(a) = (@r(o) -+ anl)) = i) 5
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where a; are smooth functions s.t. a; : R™ — R.
Therefore X can be viewed as a smooth map from R™ — R™. ~ is an integral curve of X is equivalent to the
solution to the system of ODFEs

dxr i
dt

(t) = a;j(x1(t), -, zn(t)) Vi=1,--,n

Local Existence and Uniqueness of Integral Curves

Theorem 1.15.1 (Local Existence and Uniqueness of Integral Curves). Let M be a smooth manifold and
X e X(M).

(i) For any p € M there is an open interval I, C R containing 0 and an integral curve
Opilp =M

of X s.t.
¢p(0) =p

and I, is a mazimal interval for such ¢p.

(i) Moreover, this integral curve is unique in the following sense. If v : I' — M is integral curve of the vector
field X on I' s.t. v(0) = p, then the interval I' C I, and the curve 7 is the restriction

Y= ¢p|1'

(iii) Existence of Local Flow. For any p € M, there is

— an open neighborhood U of p in M
— an open interval I of 0 in R

— a smooth map, known as local flow

o:IxU—->M
(t,q) = o(t, q)
. 26(t.) = X(6(t.4)
ot V(tq)elxU 1.29
{ (0,9) =¢ (t:4) (1.29)
Proof. Assume M = R"™ and p = 0 then the proof is a theorem in ODE. O

Example 1.15.2. M =R" and p = (a1, ,a,) € R™. Suppose X is the identity vector field, i.e
X(z)== Vao=(xy, - ,z, €R"

Then 4 o 0
{ 2:(0) = a; Vi=1--n

hence x; = a;et. We conclude that the integral curves are straight lines emanating the origin. We also calculate
the local flow
¢:RxR" —R"

(t, 1, 2p) = (z1€", - z0eh)
or in short, ¢(t,x) = e'x.
Example 1.15.3. M = {z € R" | |z| < 1}, and X (z) = z is identity vector field. If p=a = (a1, ,a,) then
¢p: I, = R
trsela

where
I, = (—o0, —log a|)
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Example 1.15.4. Given flow
¢ : R x R? - R?

cos(t) —sin(t)\ (=
(&, (z,)) = <sin(t) cos(t) Y
To find the corresponding vector field, use

9 5(0.9) = X(6(0.0)) = X(q)

L0096 -()

Lemma 1.15.1. For M C* manifold, X,Y € X(M) with [X,Y] =0, let p € M, and suppose ¢X o ¢¥ (p) and
o o ¢X(p) are defined for (s,t) € I x J with I,.J open intervals containing 0, then one has

¢ 0 ¢y (p) = &) °d3 (p) V(s,t)elxJ

So

X((e) = o0 o) = (0 )

Hence X (z,y) = —ya% + :ra%.

Global Existence Let M be C° manifold. Denote
¢ :U—> M
q+— é(t,q)

This tells us where the point in M gets mapped after flowing a certain time ¢.

Lemma 1.15.2. Let X be smooth vector field on a smooth manifold M s.t. the support of X is compact, where

supp(X) :={p € M | X(p) # 0}

Then there exists a unique smooth map ¢ : R x M — M s.t.

{%m@=xwmm

9(0,9) =q
In other words, we have a global flow
¢ M — M

which exists for all times t € R.

Proof. 1t suffices to prove existence. Let K = supp(X). First step, look at V"= M \ K open, X(g) = 0 for any
q € V. Then define
o RxV M

(t.q) —q
Then ¢ is smooth and
{%mm=o=xw=xwmm
#(0,q) =q

Step 2, given p € K, there exists open neighborhood U, of p in M and €, > 0 s.t. there is a C°° map
Yp i (—ep, €p) X Up = M

a local flow which satisfies o
{C’ﬁp(t Q) = X(wp(t Q))
¥p(0,9) = ¢
Moreover, if p1, p2 € K and Up,, NU,, # &, then

1/1p1|(_5,5)x(U,,anp2) = z/Jpz|(—s,a)x(UplmUp2)

where ¢ := min{e,,,e,,} > 0. So we obtain a smooth map (¢, q) defined on (—¢,¢) x (Up, U U,,) Since
K is compact, K C UpeK U, hence there are finitely many pq,--- ,pny € K s.t. K C Uivzl Up,. Let € :=
min{e,,, -+ ,&py t > 0and U := Ulj\il U,, we obtain a smooth map

Y (—e,e)xU—M
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s.t.

Step 3, again by uniqueness
Ol coxwry=¢:RxV =M and  ¢:(-ee)xU—=M

We also have U UV = M so we obtain
¢:(—e,e) x M - M

satisfying assumptions. Step 4, for any t € R, there exists n € N with [t| < ne, we define ¢(t,q) =
d(L,p(L,-- ,o(£,q)) ) Then ¢ : R x M — M satisfy the assumptions. O

n’ n’

1.16 Lie Derivative

Lx Lie Derivative on X(M) Recall X(M) is C*°-module. Also recall (1.22).
Definition 1.16.1 (Lie Derivative on smooth vector fields). Let M be C*°(M) manifold. Define

Lx : X(M) — X(M)

Y — [X,Y] (1.30)
where [X,Y] denotes the Lie Bracket (1.23).
Notice
1. Leibniz Rule holds
Lx(fY)=(Lxf)Y + fLxY Y feC®(M) VY cX(M) (1.31)

Proof. Recall LxY = [X,Y] and Lxf = X(f). To show two vector fields are equal, it suffices to check
they act the same on every g € C°(M). Fix g € C*°(M). Then

= X ((fY)(9)) — (/Y)(X(9))

= X(fY(9) - Y (X(9)
(HY(9)+fX(Y(9) - FY(X(9)

=X(f)Y(9) + fIX,Y](g)

2. Recall Lie Derivative on C*° (M) is C°°(M)-linear in
Lix(9) = fLx(g) VYV f,g€C®(M), VXeX(M)
But in general Lyx(Y) # fLxY since
Lix(Y) = fLxY =Y(f)X
Proof. For any g € C>(M)

Lix(Y)(g9) = [fX,Y](g) = fX(Y(9)) — Y (fX(9))
= fX(Y(9) —Y(f)X(9) — fY(X(9))
= fIX,Y](9) - Y () X(g9)
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Pullback and Pushforward of X(M) Let M, N be C*° manifolds.
Definition 1.16.2. Let F': M — N be C*° diffeomorphism. Define the pushforward

F, : X(M) — X(N)

X = FX
where
F,X:N—TN
- (1.32)
p = dFp1p)(X(F7'(p) € TrpN
Define pullback
F* = (F71), : X(N) — X(M)
Y — F*Y
so that
F*Y: M —TM
(1.33)

P dFpe, (Y(F(p))) € T,M

Remark that in this definition, F' being diffeomorphism is essential.

Lx Lie Derivative as the Derivative under Pullback of Local Flow Let M be smooth manifold,
X € X(M). Take p € M and U open neighborhood of p in M.
Recall definitions for pullback of C'°*°(M) function (1.25) and pullback of X(M) smooth vector field (1.33).

Proposition 1.16.1 (Lie Derivative using Flow). Let ¢y : U — M smooth be flow of X at p fort € (—¢,¢),
e>0.
Then

1. For [f: M — R] = [f], € C;°(M), pick a representative f € C(M), then

d

(LxD)0) = X)) = | (@i0) (1.34)
2. For V open neighborhood of p, for any Y € (V)
(L)) = X0 = G| @)
- 4|, e = ) = (0 ((9-10)) w5

Note the equivalence in (1.35) is given by the fact

1Y = —(p-1)+Y = —¢;Y
Before the proof one need a Lemma.

Lemma 1.16.1. If
h:(=0,0) xU — R

(t,q) = h(t,q)

is C* map for U C M open, § > 0, and suppose that h(0,q) = 0. Then there exists C*™ map g : (—9,0)xU — R
ERA
h(t,q) = tg(t, q)

Proof. Fix t, q. Let u(s) := h(st,q). Then Lu(s) = t%h(st,q) with

h(t, q) = h(t.q) — h(0,q) = u(1) — u(0) = / Lu(s)ds =1 / < h(st,q)ds = tg(t.q)

where ¢(t,q) = fol a%h(st,q) ds. Here g is C* map. Notice g(0,q) = 01 %h(O,q) ds = %h((),q). O
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Proof of Proposition 1.16.1. For f € Cp°(M),
d e d
@, (@) = - tzof(¢t(p))
= L1 (fos)
Cdt|,_, v

= ¢,(0)f = X(p)f
= X (¢p(t)). Now for the

since ¢, (t) = ¢1(p) for ¢, : (—¢,€) — M integral curves of X s.t. ¢,(0) = p and ¢, (t)

second item, claim that
4 @) = XYW VT e RO

dt],—g
To see this, let
h(t,q) = fo¢(q) — f(q)
Here h : (—=6,0) x V — R is C* with h(0,q) = 0. By lemma 1.16.1, there exists C*> g : (=4,d) x V — R s.t.
h(t,q) = tg(t,q). For fixed t € (=6,0), g+ : V — R smooth with g:(q) := g(¢,q). So
fodla) = fla) +h(t,q) = (f +tg)(a)

Also note 5 p
wlo) = 0.0 = G| Fools) =X
from first item. Hence using Lemma 1.14.1
(@Y )(P)(f) = (ddt)p_, (o) (Y (0-(P)))f = Y (6—¢(P))(f © ¢¢)
=Y(0-+(p)(f +19:) = Y(o—4(p))f + Y (¢-1(p))(1gs)

L WP 6e) + Y (D)o = — XY S +Y ()X f

d
ai|,_ Y o-oDFes) = 5

= _[X7 Y](p)f

1.17 Frobenius Theorem
Subbundle
Definition 1.17.1 (subbundle). Let 7 : E — M be C* vector bundle of rank r over a C° manifold M.
Let F — E be embedded smooth submanifold. We say
Mg F— M

is a C*° subbundle of rank k < r if for any p € M, there exists open neighborhood U of p in M and a local

trivialization
h:n Y (U) = UxR" C* diffeomorphism

s.t. diagram commutes
Y U)CE

hl \
UxRTCMxR 2 UcCcM
(1.36)

and
R(FNa~ Y (U)) =U x (R¥ x {0})  for R¥ x {0} c R"

Recall for any x € U, E, 2 R" via (1.14)
1 pra
hly : By =7 (z) = {z} xR" = R"

For F' a subbundle,
F,=FNE,

are vector subspaces of F, of dimension k£ < r, with the inherited linear structure.
Given 7 : E — M smooth vector bundle of rank r over C*° manifold M, for any x € M, with F, C FE,
linear subspaces of dimension k < r, one may define C*° subbundle of rank k as the disjoint union

F=||FRcE=|]|E
reM xeM
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Proposition 1.17.1. F is a C* subbundle of E of rank k iff for any p € M, there exists open neighborhood
U of pin M and C°° sections
{51, s} S CX(U;n~(U) = Ely)

s.t. foranyqe U
{51(q), - sk(q)} forms a basis for F, YqgeU

Example 1.17.1. Let
E={(t,v)|£€ P,(R), v €} C P,(R) x R*!

Now
pr1: E C P,(R) x R"™! — P, (R)

(byv) =L

is a smooth subbundle of rank 1 of the product vector bundle.

Distribution Let M be C'™° manifold of dimension n.
Definition 1.17.2 (distribution). A C*° distribution of dimension k <n on M is a collection
{Fp CT,M [ p e M}
where F,, are k-dimensional subspaces of T,M s.t.
F=||FcrM=||T,M
peEM peEM
is a C*° subbundle of TM of rank k.
One has an equivalent definition for smooth distribution using Prop 1.17.1.

Lemma 1.17.1. The collection
{Fp, CT,M |pe M}

of k-dimensional subspaces of T,M is a smooth distribution iff for any p € M, there exists open neighborhood
Uofpin M and X1, -+ , Xy € X(U) s.t. for any q €U

k
F, = BRXi(q)
i=1
Given a smooth subbundle F — M of 7 : TM — M, and denoting C*° (M, F') as space of smooth sections
of the subbundle F' — M. Notice
C®(M,F) CC®(M, TM) =%(M)

is C'°°(M)-submodule.

Involutive and Completely Integrable Let F' be C* distribution of dimension k on a C'*° manifold M of
dimension n.

Definition 1.17.3 (Involutive). We say F is involutive if C°>°(M, F) is a Lie subalgebra of (X(M),[, -]), i.e.
[X,Y] € C®(M,F), VY X,YeC=M,F)
Definition 1.17.4 (Completely Integrable). F is completely integrable if for any p € M, there exists (U, @)
C-chart for M around p with coordinates ¢ = (x1,--- ,zp) s.t.
k

o
F,=PR—(q) VqeU

s
i=1 Oz

Complete Integrability is equivalent to saying for any p € M, there is a k-dimensional submanifold S C M
s.t. p € S and for any ¢ € S, the subspace 1,5 = F,.

Example 1.17.2. o for dimF = dim M, then F, = T,M for any p € M, here F is involutive and
completely integrable.

o Fordim F =1, F is involutive and completely integrable.

e For U C R? open, there exists dim = 2 distributions not involutive and not completely integrable.
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Frobenius Theorem

Theorem 1.17.1 (Frobenius Theorem). A C* distribution F on a C* manifold is completely integrable if
and only if it is involutive.

Proof. Let k:=rank F <n =dim M =rank T M.
(=) If F completely integrable, for any X, Y € C™(M, F), for any p € M, there exists (U, ¢) C* chart

for M around p s.t. for any ¢ € U
k
0
F,= R
q @ 81'1' (q)

OnU, X = ZZ 1alax and Y = Z Jﬁm S0

k k
[X,Y]:Z( gb b-aaj>a:>[X,Y}eC°°(M,F)

! a.’L'Z &rj

(<= ) Let F involutive. As a distribution, since F' is smooth subbundle of T M, for any p € M, there exists
open neighborhood U of p in M and X3,--- , Xy € X(U) s.t

k
Fy = @in(q) VgeU

For any p € M, there exists (U, ¢) ¢ = (x1, -+ ,2,) so X; = ZJ 1(1”a for a;; € C*(U),i=1,--- ,k. For
any p € U, consider
ayp - Qin

(9) of rank &

ak1 -+ Qkn
By permuting zq,--- , x, if necessary, we may assume the minor matrix
ain - Qg
det | = ... 1 |(p)#0
agr gk

Due to smoothness of a;;, by shrinking U if necessary, we may assume

air o Qig
det | : ... 1 |(@#0 VqeU
ag1 Ak
aii a1k
Let Ac= | ¢ .. 1 |s0A= (aij)” .U — GL(r,R) and A~! =: (a”)” 1 : U — GL(r,R) are
ax1 gk

smooth. Using A='A = I}, we write

k .
Zamagj = 5U
=1
Fori=1,---,k, define

k
' :Zainj e X(U) forany qe U

Hence for any ¢ € U, F, = EBLI RE‘(g). Using X; =, Cli[aiu

Za” (Zaﬂ ) Zég—Jr Zwax

l=k+1

l=k+1
A 0 - .0 0 - ;0
El Ej — T 7 J_~
- [ ’ ] [8931 +é:§_1 7£a$g7 ﬁxj +é§~_1’7£ 81[]
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For any ¢ € U

Et, EJ R—(q) =G
[ m@i—l 3xm !

where dimGy, = n — k. Now G is completely integrable distribution of dimension n — %k on U. Since F' is
involutive with E* € C*(U, F|), for any ¢ € U

[E', E7)(q) € F, = @REl
But as vector spaces F; N G4 = {0}, so

(B, E"](q) = 0

Conclusion: If F' is an involutive C'*° distribution of dimension k& on M, then for any peM, there exists smooth
chart (U, ¢) for ¢ = (x1,--- ,x,) of pin M and E*,- EkEX(U)st E =2 +Zz k+17£azg

k
[E',E]=0 and VqeU F,=EPRE(q)

The strategy is to construct new coordinates (t1,--- ,t,) on U' C U s.t. E* = % fori=1,---,kon U’. One

want to apply Lemma 1.15.1. To do so, we may assume ¢(p) = 0 € R™. Define for V open neighborhood of
0eR"

bV CR" 5 M
1 2 k
(t1a7tn)'_>¢tE1 o¢t€ O"'O(thk o¢_1(07"'707tk+17"'atn)
Then ¢ is a C° map. But for each ¢ € {1,--- ,k} one in fact has
Y(ty, - ty) = ¢t,.,l (Y(tr, - tim1,0,t400, - 1))

For fixed t1,--- ,t;_1,ti11, - ,t. Integral curve of E* are

’}/(S) = 'l/)(tl,--- 7ti,1,8,ti+17"' ,tn) Wlth ’7(0) = 1[)(1517"' ,tifl,o,ti+17"' ,tn)
Thus for v : VCR” - M

d¢t<%>=g—§f(f1,-~-7tn>=Ei<w<t1,~--,tn>> W=t ) €V

Att=0,
B Eilp)1<i<k
dwO(ati)_{ai(p)k+1§i§n

Hence dipg : TyV =2 R™ — T, M is a linear isomorphism. There exists open neighborhood V' of 0 in V' C R", U’
of pin M U’ CU s.t.
Ply V= U

is a C*> diffeomorphism. Then define ¢ := (¢|y,)~' : U — V' C R" with E* = Ti on U’ C U, where

¢ = (tr,- s tn). O

1.18 Operations on Vector Bundles

Recall operations on vector spaces. V, W finite dimensional vector spaces of dimension 7, s. Then
e VV* dual vector space is of dimension r
e V@ W direct sum dimension 7 + s
e V ® W tensor product dimension of rs

e V¥ =V ®...®V k-tensor product of V, dimension of r¥.

A*V Wedge product, dimension (7).
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Let g : B — M and 7p : FF — M be C* vector bundles of rank r, s over a C'°° manifold M. Let the fibers
be denoted as E, := wgl(p) =R" and Fj := wgl(p) = R® for any p € M, i.e.,

mp:E=||E,—-M and ap:F=||F—-M
peEM peEM

Since each E,, F}, has structure of a vector space, one may perform the above vector space operations to fibers
and define the following bundles at the set level.

o B =],y E; where E} := (E,)".
e EGF :=||,c\(E®F), where (E® F), := E, ® F),.
e EQF :=||,cy(E®F), where (E® F), := E, ® F,.

E®F = | o (E®F), where (E®F), := ESF.

peM

AE = UpeM(AkE)p where (AFE), :== AFE,.

1.18.1 Dual Bundle

Let mg : E — M be C'*° vector bundles of rank r over a C'°° manifold M.

e Asaset, let E* := || ), Ep.

e As a map, let
TR cE*— M

Ep — {p}
One wish to construct g« : E* — M a smooth vector bundle of rank r.

First recall the local trivializations and smooth frame on E. Since ng : E — M is vector bundle of
rank r, there exists {U, | @ € I'} open cover of M and local trivializations

RE 7' (Uy) CE = U, x R”

e

C*> diffeomorphisms s.t. mp = pry o hZ. For any x € U,, hf|E : B, = 75" (z) — {2} x R” are linear
isomorphisms. One shall notice that

e hE are local trivialization iff
e hZ are isomorphisms from ng(Ua) to the product vector bundle of rank r over U, iff

e There exists C™ frame eq,, - ,eq, Where e,, € C®(Uy, 75 (Uy)). In particular, for any z € U,,
{eq,; (x)}7_; are defined as

a; :Us CM — 71" (Uy) CE
L (1.37)
T = (ha)7 (x,ei)

where ¢; = (0,---,1,---0) are standard basis in R". Notice the inverse of local trivializations can be
recovered by the smooth frame

(REY™1 Uy x R™ — 751 (U,)

(x,v) = (z, Z Vi€a, (T))
i=1

Then recall the smooth transition functions for E. On U, N Ug, one has smooth frames {eq, (z)}I_;
defined by hZ and {eg, (z)}"_; defined by hg . Due to definition of vector bundle, one has the linear isomorphisms
in R"

(50 (@) j=1 € C*(Ua N Up; GL(r,R))

s.t.
eaj() = Z e3i () g ()i (1.38)

or in short
€a = €95a
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with notation e = [ea,, - ,€a,] and eg = [eg,,--- ,ep,]. The gf, corresponds to the transition functions
h o (hE)™': (UaNUg) x R” = (Uy NUg) x R

via the following
hﬁ o (hE) 2%6%
Z% Zeﬂ 2)ga(2)i)
Z Zngﬁa ij)es, ()

i=1 j=1
= (2, gpa(2)V)

So the transition functions hj o (hf)~! are given by

hi o (hE) ™ (z,v) = (z, g, ()v)
Now one wish to define the smooth structure on the set F*.

(i) For Smooth Frame, define
e Ua = mpl(Ua) = | | B CE°
zeUy
s.t. for any = € U, with eq, (z) € Ey, €}, (v) € (E*), 1= (E;)*, we have

(en, (1), eq; () = 0i (1.39)
ie., {e} (x)}j_, is a dual basis for the dual space E; w.r.t. {eq,(2)};_; as basis of E,.

(ii) For Local trivializations, define

hE  rpl(UL) C B = Uy x RT
. vy
(&Zviezi () = (z,o=1] 1 |)
i=1 o,

bijection. We use this bijection to equip WE}(UQ) with topology and a smooth structure s.t. the map hg
is C* diffeomorphism. Then 7! (U,) is a C* manifold of dimension n + r where n = dim M. Indeed
mg- = pry o hE™ for any z € U, and EX = R".

(iii) Smooth Transition Functions. On U, N Ug # @, recall

ea] Z e, ( gﬁa ;€ By
Then by our definition of e} (1.39)
(ef, (), €q, (x Z SikGFa(@)kj = gha )k
= ep, (@ Zgﬂa e, ()

- Zeal gBa ))T
= Zeal gaﬁ

= (gga)7 :ga[ﬂ = (gﬁa)
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Now
gBE; = ((95)") " : Ua NUs = GL(1,R) is C*° map
The transition map
hE" o (hg*)_l Uy NUs x R" = Uy N Us x R
is given by

* * _1 *
BE o (hE) (w0) = (2,05 )v) = (2, (95) " (@)0)
while its inverse is given by
* * _1 * —
RE o (RET) (@,0) = (w 9fn(@)v) = (2 (950 ) " (@)v)
The above smooth structure gives
g BY— M
a C'*> vector bundle of rank 7.
Other Operations Similarly, for {e4, }{_; C* frame of E|;, = 7' (Uy) and {fa,;}i=1 C frame of F|;; =
lel(Ua)
o {ea, }io1 U{fa,}i=; is O frame of (E @ F)|y, .
o {ea, @ fa; |1 <i<r, 1 <5< s}is O frame of (E® F)y .

° {eail/\-'-/\eaik [1<idp <+ <ig <r}is C* frame of (AkE)|U for k <.

1.19 Tensor Bundles

1.19.1 Basics on Tensors
Let Vi,---, Vi be vector spaces of dimension n. A map
T:Vix---xVp,—=R
(Ulv"’ ,Uk) — T(’Ul,"' 7'Uk)
is multi-linear if it is linear as a function of each variable separately while holding the other fixed, i.e.
T(’Uh"' , QV; +a’v£7... 7Uk) = (J,T(Ul,--- Vi, 7Uk) +a/T(U1,-~- ,Ug,"' 7Uk:)

Definition 1.19.1. Given a finite-dimensional vector space V. A covariant k-tensor on V is a multi-linear
map T € TP (V)
T:Vx---xV >R
—_———

k times

(U17"' 7”16) HT(Ulv"' 7Uk)

A contravariant k-tensor on V is a multi-linear map T € TF(V)

T:V*x.---xV*=R
—_————
k times

(alv"' ,ak) = T(ala"' 7ak)
A mized tensor T € T (V) of type (r,s), also called a r-contravariant, s-covariant tensor, is a multi-linear map

T: V% xV*xXVx---xV =R

r times s times

(ala"' y QX y U1y 0t ,'Us) HT(ala"' s Ak, U1y - 71)8)

The rank of a tensor is the total number of arguments it takes.
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Tensor Product There is a natural product, called the tensor product, linking various tensor spaces over V.

Definition 1.19.2. Let S € T/ (V) and T € T} (V), then the tensor product S®@ T € T;_ték(V) is defined as

ST : V% ---xV*xVx---xV-=3R

r+ k times s + £ times

(alv"' 7a7’+kvvly"' >Us+e) — S(Oll,"' y Olpy U1yt 0t ,'US)T(CET+17"' 7a7’+kvvs+17"' 7US+€)

Given {e;} a basis for V, and {e'} its dual basis in V*, we may define a ‘basis’ tensor that acts on basis
elements via

ei1 ®"'®e’i7~ ®ej1 ®.®6]9 (ekl’... 7ek7"e£1’... 76£s) = 5511 --.6;‘;'6@11 ...5??
Thus the vector space T7 (V') has dimension n"** with the basis

. ) Ji ... Js
{en® @6, ®e® - ®e }1§i1,--~,i,,§n

12510 s Zn
We can write any tensor T' € T7 (V') in components
T= E T, ren, @ ®e€, Qe @~ Qe
1<iy,,i-<n
1<j1,-,ds<n
where the coefficients are

L1, 5l o '3 %
jlj"'jjz T T(e Yo se "€y aejs)

Tensor Contraction Let V be a vector space of dimension n. Recall T € TI(V) = V" @ V*®* is a
(r, s)-tensor, in particular

T:V*%x-- - xV*xVx---xV-=3R

r times s times
(a17"' sy Olpy U1yt 0t 71)8) ’_>T(a17"' y Oy Uy 00t 7’[}5)
For any index a € {1,--- ,r}, b€ {1,---, s} we define Tensor Contraction (trace) as the unique linear map s.t.
b . pr r—1
tra . Ts (V) - Ts—l (V)
T trbT
where
T Vo x xV*xVx--xV =R
r — 1 times s — 1 times
n
}:T i
(ala L, Qp1, U1, 7U5—1) — (ah 0 —1,€,Qgy Qe 1, U1, 0, Up—1, 64, Up,y * * avs—l)
i=1

(1.40)
with {e;} a basis of V and {e’} its dual basis in V*. This definition is independent of the choice of basis, and
hence is well-defined.

Taking the trace lowers the rank of the tensor by 2
In particular, if T' € T7 (V') has coefficients

T= >, Tljen® @0 @ 0c
1<iy, - ,ir<n
1<j1,-,js<n

w.r.t. {e;} basis for V and {e’} dual basis in V*, where

L1yt i1, ot . )
g =T et ey, eg,)
Then its contraction tr87T has coefficients
. n
b\l yta—1ytay sbe L1y yba 1,1l
(tr‘lT)jl,-u,jb,l,j'b,---,js - Cljjl;“'yjb—lv"”a"'aje (1.41)
m=1

Notice the base example for contraction identifies
V x V*=T}HV) = End(V)
where
trj: VeV =THV) =R

Y ®a— aY) (1.42)
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1.19.2 Definitions

T*M Cotangent Bundle

Definition 1.19.3 (Cotangent Bundle). Let M be C*° manifold with dimension n. Let p € M
e A cotangent vector at p € M is a vector in TyM = (T, M)*.
o T7M 1s the cotangent vector space at p.
o T*M :=(TM)* =||

e M Ty M a C* wvector bundle of rank n is the cotangent bundle.

C>(M,TI(M)) Smooth (r,s)-Tensors

Definition 1.19.4. Let M be C*° manifold with dimension n. Consider the C'°° vector bundle over M of rank
nr+s

T (M) := (TM)®" @ (T*M)**
A C® (r,s)-tensor is a smooth section of TT (M), i.e.
{Space of smooth (r,s)-tensors on M} := C(M, T (M))
One has the useful Tensor Characterisation Lemma.
Lemma 1.19.1 ([Leel2] Lemma 12.24). A map

T o (T*M)®" x TM®* — O (M)
(ala"' 7a7“aX17"‘ 7Xs) HT(ala"' 7aTaX1a"' ;Xs)

is induced by a smooth (r, s)-tensor iff it is multi-linear over C*°(M).
Q% (M) Smooth (0, s)-Forms
Definition 1.19.5. Let M be C*° manifold with dimension n. Consider the C'°° vector bundle over M of rank
(1), AST*M.

A C° s-form on M is a C* section of A*T*M.

{Space of smooth s-forms on M} = Q°(M) := C>*(M,N°*T*M)

Notice NST*M C TO(M) = (T*M)®s.

One has some first remarks.
Remark 1.19.1. Given smooth manifold M.

o fe C™(M) is (0,0)-tensor.

C®(M) = C>®(M,R) = C>®(M,TYM) = Q°(M)

o X € X(M) is (1,0)-tensor.
X(M) =C>®(M, TM) = C®(M, T, M)

o 1-form are exactly (0,1)-tensors.

QYM) = C>®°(M, T*M) = C>(M,T) M)

e s-forms are examples of (0, s)-tensors.

Q5 (M) C C>(M,T°M)

Example 1.19.1 (Differential of a smooth function df as a 1-form). Let M be a smooth manifold and (U, ¢) a
smooth chart with coordinates ¢ = (x1,...,2Tn).
For f € C>*(U), the differential defines a map df

df U — T* M|y

1 df, (1.43)
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where each dfy € Ty M s the covector
dfy : TyM — Ty R =R

v o)
Thus df € QY(U) is a smooth (0,1)-tensor field (a 1-form).
Moreover, the pairing (df, %> defines a smooth mapping for each i =1,--- ,n via
0 af
(df, %> oz :U—=R
0 0 (1 17) d(fogp™) b
ars (], ) = 5] (1) B2 AL i)

Tensors in Local Coordinates We pass to local coordinates. Let (U, ¢) be C* chart for M with ¢ =
(21, ,xp) for z; € C=(U).
Differentials of coordinate functions {dz;}. dz; € Q'(U)
dr; U C M — T"M]|,
where
(dl’z)p : TpM — T¢(p)R ~ R
is linear map defined s.t.
0 0x;
d = (Sl = et
()G (0) 1= 8 = 5
where {8%]_} is C° frame of TM|,; = TU. Hence {dx;} is the C*° dual frame of T*M|,; = T*U.
Differentials of f € C>°(U). For any f € C°°(U) one writes

af = Z d ;€ QYD) (1.44)

More generally, on U, C* vector fields as (1, 0)-tensors are
S
3 ! 63%

where a* € C*°(U), and C*° 1 -forms as (0, 1)-tensors are

Z aidzi

where a’ € C*°(U).
C* (r, s)-tensors.
Q1,0 0
> A @
) ) Jis s 8:62‘1 axl
1<y, ,in<n
1251, s Zn

for a7 z € C*®°(U). And C* s-form is

J15°
> Ajy yooe g gy Ao Ndj,

1<gi,,ds<n

®dr;, ® - ® du;, (1.45)

r

with convection dx1 A dzo = dx1 ® dxe — dxo ® dx;.

1.19.3 Pullback and Pushforward of Tensor Bundles

Pullback Dual Map Let M, N be smooth manifolds.

Definition 1.19.6. Let ¢ : M — N be C*° map. Recall its differential (1.26) writes
dop : TyM — Ty N

Define its Pullback Dual Map
Y = de,(Y)

where
dgi);(Y) T,M —- R

(1.46)
X =Y odgy(X) =Y(ddp(X))
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Pullback of (0, s)-tensor Let M, N be smooth manifolds.
Definition 1.19.7. Let ¢ : M — N be C* map. Define pull back of (0, s)-tensors under ¢ as
¢* : C°(N, T°N) — C>(M, T° M)
T+ ¢*T

where
¢*T: M — TOM
prr (97T, € (TBM)p = (T*M)?S

s.t.
(¢*T)p : TpM®S — R

(vh T ,'Us) = T¢(p)(d¢P(Ul)a T 7d¢P(US))
Or equivalently, one simply define in view of (1.46)
(¢*T)(p) = (de},)**(T(6(p))) (1.47)

Pullback of (0,s)-forms Let M, N be smooth manifolds. Let ¢ : M — N be C* map. Consider the
pullback of (0, s)-forms
6" 1 QX (N) C C®(N,TON) — Q*(M) C C*(M, T0M)

a— Pfa
where
o*a: M — AN°T*M
P (¢ a),
s.t.

(p*a)p : A°T,M — R
(Uh T 705) = a¢(p)(d¢}7(vl)7 T 7d¢P(U5))

In particular, the pullback of (0,1)-tensor (equivalently 1-forms) are, for any a € Q}(N), Y € X(N),
for any pe M

(1.48)

(p*a)p : T,M - R
V= Qg(py (dp(v))

If f e C®(N)=Q%N), df € Q'(N) as in Example 1.19.1. The question is, how does df behave under
pullbacks?
One has commutative lemma for on Q!(V).

Lemma 1.19.2.

(1.49)

¢*(df) = d(¢*f) € Q'(M) (1.50)
Proof. For any p € M

(1.47) (1.46)

(6°df)(p) "2 o (dfsip) "2 dfgipy 0 Ay = d(f 0 8)p "2 d(67 )

Let’s see the formula for coordinate changes.

Lemma 1.19.3. Let ¢ : M — N be smooth, with (x1, - ,x,) coordinates for U C M and (y1, - ,Yn)
coordinates for p(U) C V. Then

Now for open set V' C N with coordinates (y1,- - ,y,) in R™, one has local coordinates expression

df = B dy; V
=1 ’

Denoting (z1,- -+ ,z,) as local coordinates on U one has pullback
. — J(fo¢)
d(¢™f) = Z oz, d;

i=1

"0 "0 "L Oy
6 = (5L 0 )0 () = (5 06) | 30 glan; | =
i=1 Yi i=1 Yi j=1 x] j

—~ df . Oy
(? & o) a%) da
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If more generally take any 1-form over N with smooth frame {dy;}? ; in local coordinates, one has

n

dylzz dz; € QY(M)

So for the local coordinate representation,

n

¢* (Y aidy:) = (a;0¢) ¢"dy; € Q'(M)
=1

i=1
for a; € C>(N).
Lemma 1.19.4. For M; A M> EN M3
(9o f)" = fg": C(M3, T (Ms)) — O (My, T](My))
One also has commutative lemma for wedge product.

Lemma 1.19.5. Let o, 8 be a 1-forms on a manifold N, and let ¢ : M — N be smooth. Then
¢ (anp)=(¢"a) A (¢"B).
Proof. Fix p € M and vy,v2 € T, M. By definition of pullback of a 2-form,
(0" (@A B)), (v1,v2) = (a A B)y(p) (ddp(v1), ddp(v2)).
Since a, 8 are 1-forms, the wedge product is given by
(A B)g(wi, w2) = ag(wr)By(w2) — ag(w2)By(wr) (¢ € N, wi,wz € TyN).
Applying this with ¢ = ¢(p) and w; = d¢,(v;), we obtain

(@ A B)op) (ddp(v1), ddp(v2)) = gy (ddp(v1)) Bo) (ddp(v2)) — agp) (ddp(v2)) By (ddp(v1))
(0" a)p(v1) (7 B)p(v2) — (" )p(v2) (97 B)p(v1)
= ((¢7a) A (¢7B)),(v1,02)

Example 1.19.2. Let
¢ :(0,00) x R — R?

(r,0) — (rcos(0),rsin(d))
We’d like to compute ¢p*dx, ¢*dy and ¢*(dx A dy). First of all, what is ¢*(x) and ¢*(y)? Here
z:R* 5 R
(z,y) =@
y:R? >R
(z,y) =y

Thus
¢*(x) =wo¢:(0,00) xR =R

(r,0) — rcos(6)
5W) =yoe: (0,00 xR 5 R
(r,0) — rsin(d)
Furthermore, in view of (1.44)
1. ¢*(dx) = d(¢*x) = d(r cos(8)) = cos(0)dr — rsin(6)db.
2. ¢*(dy) = d(¢*y) = d(rsin(0)) = sin(0)dr + r cos(8)db.
3. ¢*(dz A dy) = d(¢*x) A d(¢*y) = rcos?(8)dr A df + rsin?(0)dr A dO = rdr A d6.
We may also compute
¢ (—ydz + xdy) = —rsin(0)(cos(0)dr — rsin(0)d0) + r cos(0)(sin(0)dr + r cos(6)db)
=r2df
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Pullback of (r, s)-tensor under smooth diffeomorphism Let M, N be smooth manifolds with the same
dimension. Let F : M — N be C* diffeomorphism with inverse F~!: N — M.

Definition 1.19.8 (Pullback of (r, s)-tensor under C° diffeomorphism). We define the Pullback of (r, s)-tensor,
that takes (r,s)-tensor T on N to F*T, a (r,s)-tensor on M. Let
F*: C®(N,T'N) — C>(M, T M)
T— F*T
where
F*T:M —T'M
p— (F*T)(p) € (TY M), = T,M®" @ Ty M®*
is defined via
(F*T)(p) : T:M®" @ T,M®* — R
(a1, -y, vn, o) = T(F(P)((AF; ) (on), -+ (dF, ) (), dFy (v), -+, dEFy(vs))

Here (dF;")* are the pullback dual map for F~1 as in (1.46).
Or equivalently

(F*T)(p) = (dF, )™ @ ((dF,)") ™" (T(F(p)))

Note T(F(p)) € (TTN) () = (T N)®" & (T N) .
One can check F*T : M — TIM is a C*° section using local coordinates.

Definition 1.19.9 (Pushforward of (r, s)-tensor under C*° diffeomorphism). Define pushforward

F. = (F~Y)" : C(M, T M) — C%(N,T] N)
T— F.T

where
F,T:N—>TIN
p (F.T)(p) € (ITN), = T,N®" & T;N®*
is defined via

(F.T)(p) : T;N®" @ T,N® - R
(0417 T, Qg U, 7“8) = T(F_l(p))((de)*(a1)7 T (de)*(aT)ﬂ de_l(Ul)ﬂ e 7de_1(US))

Lemma 1.19.6. For M, EN Mo £ Ms C*° diffeomorphism.
(GoF)"=G*o F*
Example 1.19.3. Let M = {(r,0) | r >0, |0| < 5} and

F:M — R?
(r,0) — (rcos(8),rsin(d))

Consider the pullback of tensor field A = Z—lzdy ®dy by F

O PR S rsin 7sin
F A - 7"2 COS2(9) d( (9)) ® d( (9))

= m(sinw)dr + 7 cos(0)df) ® (sin()dr + r cos(0)db)
_ tan?(0)

S dr@dr+ (dr @ df + df ® dr) + df ® dO

tan(6)

1.19.4 Lie Derivative of Tensors

We discuss Lie Derivative Lx on (r, s)-tensors for X € X(M) where M is a C°° manifold.

We want to define
Lx :C®(M,T:M) — C®(M,TI M)

T*—)LXT
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extending (0,0)-tensors (1.22)
Lx :C®(M)— C™®(M)
f=XT
Xf:M—>R
p—= X(@)([flp)

and extending (1, 0)-tensors (1.30)
Lyx : X(M) — X(M)
Y 5 [X,Y]
[X,Y]:C®(M) — C>®(M)
Fs XYf-YXf

Lx Lie Derivative on Q!'(M) We want to define Lx : Q'(M) — Q*(M) (0, 1)-tensors by requiring that it
is R-linear and satisfies the following Leibnitz rule: For any
a Q' (M) e C®(M,TP(M)) and Y e€X(M)=C>®(M,Ty(M))
Note a(Y') € C*°(M) takes the form
aY): M =R
p+ a(p)(Y(p))

To satisfy the Leibniz Rule, one needs

Lx(Oé(Y)) = (LXa)(Y) + Oé(LXy)

(Lxa)(Y) = LX( (Y)) —a(LxY)

X(aY)) — o([X,Y])

Definition 1.19.10 (Lie Derivative on Q(M)). The only way to define Lx is as following

Lx : QY(M) — Q' (M) (1.51)
a— Lxa '

st Lxa: X(M) — C®(M)

Y = X(a(Y)) - o([X,Y])

Using tensor product
Lx(S®T)=(LxS)@T+S® (LxT)

this extends to tensors of any type.

Lie Derivative as the Derivative under Pullback of Local Flow Given X € X(M) we want to define
LxT where T is (r, s)-tensor on M, using the local flow of X.
For any p € M, there exists open neighborhood U of p in M, ¢ > 0 and a local flow defined for any t € (—¢,¢)

6 US M

q— o(t,q)
where the flow ¢ is the smooth map defined via (1.29)
{gtas(t,q) = X(¢(t,q) (t.q) € (—e,e) x U
$(0,9) = q (0,9)
Define
(¢77T) (p) (1.52)

(EXT> (p) := dt|,_

where the flow gives smooth map
(—e,e) = (TE M), = (T,M)*" @ (T, M)**
t = (¢;T)(p)

We've already checked the equivalence for (0,0) and (1,0) tensors as in (1.34) and (1.35).
Claim: LxT = LxT for any T tensor on M of any type (r, s). It suffices to check that
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(a) For any a € QY(M) and Y € X(M)
(Lxa)(Y) = X(aY)) — a([X,Y])
(b) Leibniz Rule applies to Tensor product structure
Lx(S®T)=(LxS)®@T+S® (LxT)

To do so, one use local flow
{ o7 (a(Y)) = ¢} (a)p7 (Y)
Pi((S®T)) = ¢ (S) ® 7 (T)

and take derivative % to determine uniquely.

=0
Lemma 1.19.7. For w € QF(M), 7 € QY(M) and X € X(M)
Lx(wAT)=(Lxw)ANT+wA(LxT)
Lemma 1.19.8. Forw € QF(M), f € C®(M) and X € X(M)
Lx(fw) = Lx(f)w+ f(Lxw) = (X flw + fLxw
Lemma 1.19.9 (Leibnitz Rule for Lie Derivative). For any w € Q*(M), X € X(M) and Y1,--- , Y, € X(M)

Lx(w(Y1, -+, Y) = (Lxw)(Y1,+,Ya) + Y w1, -+, Yoy, [X,Yi], Yiga, -+, Y2)
=1

1.19.5 d Exterior Derivative on (M)
Let Lx : Q5(M) — Q*(M) be the Lie Derivative on s-forms.

Definition 1.19.11 (Exterior Derivative on forms). The exterior derivative is R-linear

d: Q5 (M) — QT (M)

o= do (1.53)
that satisfies
(a) On Q°(M)
d:C®(M)=Q°(M)— Q' (M)
[ df
d sends f to its differential df (1.43), i.e,
df : M — T*M
p = dfy
s.t.
df, : T,M — R
v = v([f]p)
(b) For any f € Q°(M) we have df € Q*(M) and moreover
d(df) =0
(c) For a € Q"(M) and B € Q°(M)
dlanp)=danp+(-1)"ands (1.54)

Exterior Derivative in Local Coordinates In local coordinates, let (U,¢) be C* chart on M. For
ae€Q*(M),onU

a= Z Ujy e oAy A Ndag,

1<g1, s <n
for aj, ... ;, € C*°(U). Then we compute

doo=d Z ajlf..,jsdle /\"'/\dlL’jS

1<g1, s <n

= Z daj17...7js /\CZI]‘1 /\"'/\dl‘js

1<g1,,4s<n

" da;, ...
J1, " 5)s . .
g E Oy dry Ndxj, Ao Ndxy,

1<g1, 5 js<n k=1
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Properties for Exterior Derivative
Proposition 1.19.1. Let d be the exterior derivative.
(i) ddw =0 for any w € Q°(M).
(i) For F: M — N C* map, for any w € Q°(N)
d(F*w) = F*(dw) € Q*TH(M)
It is the nature of d that it commutes with pullbacks do F* = F*od

(i1i) For X € X(M) and w € Q(M)
d(Lxw) = Lx(dw) € Q1 (M)

so d commutes with Lie derivatives do Lx = Lx od
(iv) For o € Q*(M) and Xo--- X5 € X(M)

S

(do)(Xo--- X)) = Z(_l)ixi (a(Xo,--~ X, 7)(3)) + Z (-1)Ha ([XianLXOa"' JXiyo, X,

i=0 0<i<j<s

or in short, for « € QY (M), X, Y € X(M)
(do)(X,Y)=XaY) - Ya(X) — a([X,Y]) (1.55)

Proof for Prop 1.19.1 (iv) QY(M) case. By linearity in R, it suffices to assume o = fdg where f, g € C>(U)
for U open set on M.

(d )( (df Ndg)(X,Y) =df(X)dg(Y) — dg(X)df(Y) = (Xf)Yg— (Xg)Yf
X((fdg)(Y)) = X(f)dg(Y) + fX(dg(Y)) = (Xf)Yg+ fX(Yg)
Y(fdg(X)) =Y fXg+ fY(Xg)

fdg(XY —YX) = fXYg— fYXg

Y) =
(Y)
Ya(X)

a([X, Y1)

Example 1.19.4. o Let f € C(R?), then

O o+ 2 gy 4 9L g

df{) Oy 0z

o Let a = Adx + Bdy + Cdz for A, B, C € C*(R3). Then

da=dANdx+dBANdy+dC Ndz

(gAd + gAdy—k gAdz) Adx + (8de+ a—de+ 68de> ANdy + (wdaz+ @d + acdz) Adz
Y z z

or dy ox y YT,
0A

0A 0B 0B oC oC
= —a—dx/\dy+—dzAdx+—dm/\dy— —dyANdz — —dz ANdx + —dy Ndz
Y

0z ox 0z ox dy
oB 0A oC 0B 0A 0C

o Let a = Cdx Ndy + Ady A dz + Bdz Adx for A, B, C € C*(R3)
da=dCANdxNdy+dANdyNdz+ dB ANdz A dx

= OdzAda:/\dy+8—Adac/\dy/\dz+6£
0z ox dy

0A 0B 0C

dy Ndz A dz

Since d*> = 0, this is to say for any f € C°(M), carl(Vf) =0, and for any X € X(R?), div(curl(X)) = 0.
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1.19.6 iy Interior Derivative on Q*(M)
Let X € X(M).

Definition 1.19.12 (Interior Derivative on forms). Define interior derivative

ix : QF(M) — Q*~1(M)

a—ixo
by satisfying the following
(a) ixf =0 for any f € C>®°(M) = Q°(M).

(b) ForYi, - ,Y,_; € X(M)
(ZXO‘)(YM 7)/8—1) = a(Xvifla"' 7}/8—1)

Proposition 1.19.2. Let ix denote interior derivative
(i) ix oixw =0 for any w € Q°(M)

(i) a € Q" (M), 8 € Q5(M)
ix(aNB)=ixaAB+ (-1)"aNixf

(iii) Cartan’s formula.
doix +ixod=Lx

Lemma 1.19.10. For any w € Q°(M), X, Y € X(M)

Lx(iyw) — iy(LXoJ) = i[X’y]w

1.20 F'-related

47

(1.56)

Definition 1.20.1 (F-related smooth vector fields). Let F' : M % N between smooth manifolds M and N.

X eX(M),Y € X(N).
We say X and Y are F-related if for any p € M

dFy(X(p)) = Y(F(p))

Lemma 1.20.1 (Characterisation for F-related). Given F : M EiN N, and X € X(M), Y € X(N)

e X andY are F-related iff
X(Ff)=F(Y(f) V[feC=N)
Recall definition of pullback of smooth functions (1.25).

o If F is diffeomorphism, then X and Y are F-related iff
Y =FX

Recall pushforward of smooth vector fields (1.32).

Lemma 1.20.2 (F-related preserves Lie-Bracket). For F: M N where X1, Xo e X(M

and X;, Y; are F-related. Then [X1,X3] and [Y1,Ya] are F-related.
Proof. Let f € C*(N)

(X1, Xo](F* f) = X1 (Xo(F™ f)) — Xo (X2 (F* f))
X1 (F*(Ya(f))) — X2(F*(Y1(£)))
= F*(Y1(Ya(f))) — F*(Ya(Y1(f))) = F*[Y1, Y2](f)

Corollary 1.20.1. F: M % N is smooth diffeomorphism, hence pushforward under F

F, : X(M) = X(N)
X FX

defines X and F,X as F-related vector fields. Thus
Fu[X1, Xo] = [FL Xy, F. X5

) and Y1, Ya € X(

N)
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1.21 Connections on Vector Bundles

Connections on C* Vector Bundles Let M be a C* manifold. Let 7 : E — M be a C* vector bundle
of rank r over M.

Definition 1.21.1 (Connection on E). A connection on E is a R-linear map

V : X(M) x C=(M, E) — C*(M, E)

(X,s) — Vxs (1.57)
s.1.

1. Vxs is C°(M)-linear in X, i.e. for any f,g € C*(M), for any X, Y € X(M)

Vixtgvs = fVxs+gVys (1.58)
2. For any fired X € X(M), the map
Vx:C®(M,E)— C*(M,E)
s— Vxs
satisfies the Leibniz Rule, i.e.

Vx(fs)=X(f)s+ fVxs V feC®(M), seC®(M,E) (1.59)

Notice the above requirements make sense, since both X(M) and C*°(M, E) are C*°(M)-modules.

Affine Connection on C* manifold Let M be a C°° manifold.

Definition 1.21.2 (Affine Connection). An affine connection is a connection on the tangent bundle 7 : TM —
M.
In other words, it is a R-linear map

V: X(M) x X(M) = X(M)

1.60
(X,Y)— VxY (1.60)
s.1.
1. VxY is C°(M)-linear in X, i.e., for any f,g € C®°(M) and X, Y € X(M)
Vix4gvZ = fIVxZ+gVyZ
2. For any fired X € X(M), the map
Vx : X(M) — X(M)
Y —» VxY
satisfies the Leibniz rule, i.e.
x(fY)=X(f)Y + fVxY VfeC®M),YeX(M) (1.61)

Affine Connection in Local Coordinates Immediately one can write down in local coordinates. Let

X:Z;X o Y = Zwax]

then
V¥ = VXI ( jaij) - Xiva?c‘ (Yjaaxj) | - a@izj 537] X YjvaT 8?63'
= X”?;Z aij + X le“f]a
(Xlaa}: + X' Yﬂ“’“) aik

where the Christoffel symbols are to be defined in (1.66).
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QOP(M,E) E-valued p-form
Lemma 1.21.1. Let E and F be C* vector bundles on a C°° manifold M, and let
¢:C*°(M,E)— C>*(M,F)
be C*°(M)-linear, i.e. for f € C>°(M) and s € C*°(M, E)
o(fs) = fo(s)
Then ¢ € C*°(M,E*® F).

Proof. On U C M open, let {eq, - ,e.}, {f1,---, fs} be C* frame of E|;, and F|;, respectively. Then in local
coordinates

gi)(ei) = Zaijfj for Qi € COO(U)
j=1

we can thus rewrite

6= aije; @ f;

i=1 j=1
for {ef,---,ef} C> frame of E*|, dual to (e1,--- ,ey). O

We introduce the following notation. Let M be C'°° manifold of dimension n, and let 7 : E — M be a vector
bundle of rank r.

Definition 1.21.3 (E-valued p-forms). We define the space of E-valued p-forms
QP(M,E) :=C*(M,A’T*"M ® E) (1.62)
In particular we check the standard cases
1. Q°M,E) = C>(M, E)
2. QY(M,E) =C>®(M, T*M ® E)
3. For E =TM this recovers Q°(M,TM) = C®°(M,TM) = X(M) and Q*(M,TM) = C>®(M, T*M QTM).
Interpretation of Vs € Q'(M, E) Now one may interpret Vs for any s € C°(M, E) = Q°(M, E).

Vs : X(M) = C*(M,TM) — C(M, E)

(1.63)
X — VXS
Thanks to (1.58), Vs is C°°(M)-linear in X. Immediately notice Lemma 1.21.1 is applicable, so we view

Vs € C°(M,T*M @ E) = Q' (M, E)

Interpretation of V € Q'(M,End(FE)) Let M be C* manifold and 7 : E — M be C* vector bundle of
rank  over M. One may give an alternative definition of V.

Definition 1.21.4 (Connection on E). A connection on E is a R-linear map

.0 1
vV Q' (M, Ei : gS(M7 E) (1.64)
where Vs is given in (1.63), s.t. Leibniz rule holds

V(fs)=df @ s+ fVs YV feC®(M), s€ C*(M,E) (1.65)
Well-definedness. Recall in general, for any o € QP (M) = C° (M, APT*M) and s € C*° (M, E)
a®se (M, E)=C®(MANT*M® E)
Hence for f € C*°(M), df € QY(M) = C>°(M,T*M), and so

df @ s € C*(M,T*M ® E) = Q'(M, E)
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We make the following remark.

Remark 1.21.1 (QY(M,End(E))). Given E as C™ wvector bundle over M. Let F = T*M ® E. Then any
C>™(M)-linear map
¢:C®(M,E)=Q°(M,E) — C®(M,T*M @ E) = Q*(M, E)

can be viewed as
p€C®(M,E*® (T*M @ E)) = C®(M,T*M @ End(E)) = Q'(M,End(E))
via Lemma 1.21.1.
In particular, the connection on E is such an object because of definition (1.58),

V€ QYM,End(E)) = C®°(M,E* @ T*M @ E)

A(F) Space of connections on E In fact, the difference of any two connections remains such an element.

Lemma 1.21.2 (V; — Vg € QY(M,End(FE))). If Vo and V1 are two connections on the same vector bundle
m:FE — M, then

Vi —Vo:QM,E)=C>®(M,E) = Q' (M,E)=C>(M,T*M @ E)
s+ Vis — Vs

is C*°(M)-linear.
Therefore, this corresponds to a section of

E*@T"MQFE =T"M ® End(E)
according to Lemma 1.21.1, i.e.,
Vi~V € C®(M,T*M @ End(E)) = Q' (M, End(E))
Proof. Tt suffices to check C*°(M)-linearity. For any f € C*°(M) and s € C*(M, E)
(V1= Vo)(fs) = Vi(fs) = Vo(fs)

= (df ® s+ fV1s) — (df @ s + fVps)
= f(Vis = Vos) = f(V1—Vy)s

O

Definition 1.21.5 (A(E) Space of Connections on Vector Bundle). Denote A(E) as the set of connections on
E.
Then A(E) is an affine space associated to the vector space Q'(M,End(E)).

Indeed, for any Vo € A(E), ¢ € Q(M,End(FE))
(Vo +¢) : Q°(M, E) — O'(M, E)
so Vo + ¢ € A(E). Note Q'(M,End(E)) is oo-dimensional if dim M > 0 and rankE > 0.

1.21.1 Connection on C* Vector Bundle in Local Coordinates

Let m: E — M be C®° vector bundle of rank r over C'* manifold M of dimension n.
We write our connection on E (1.64)

V:QM,E) — QY (M, E)
s+— Vs

in local coordinates.
We setup our local coordinate. Suppose (U, ¢) with coordinates ¢ = (z1,- - ,x,) is a C* chart for M
such that E|; := 7~ 1(U) is trivial. Then

h:n ' (U)=E|, CE—-UxR CMxR"

is local trivialization. We have {eq,--- ,e,} C C>®(U, E|,) as a C* frame of 7|, : E|, — U. Recall the frames
e; are constructed via (1.37)
ej:UCM—nY(U)CE

x> b2, é5)
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where é; = (0,---,1,---,0) are the standard basis in R".
For any s € C*°(U, E|;), one may write the smooth section

,
s = Zakek e C™(U, E|;)
k=1

in local coordinates for a* € C>(U).

Christoffel Symbol and Connection 1-form We have {BL oo ’m } as C* frame of TM|, =TU. To
let V act on s, we first discuss what V is acting on e;. In fact, on U we define the Christoffel Symbols

It e C>(U)

via

V o ej= ZFfjek € C™(U, E|;) (1.66)

oz
k=1
In other words, the Christoffel symbols are coordinate components for the section V S0 € w.r.t. the smooth

frame {ey} itself.
We further define connection 1-forms
wf e QY(U)

s.t.
Vej =Y wh@e (1.67)

holds. Notice this uses only trivialization of E|;, (but not trivialization of T*M|,). This also used the
observation that the element Ve; is an E-valued one-form on U, i.e.

Ve; € QUU, E|;) = C*(U,T*U ® E|;)

Now plugging (1.66) into above (1.67) we may identify

Thus we obtain the connection 1-forms in local coordinates

n

=Y Thdz; € Q'(U)=C>U,T*V) (1.68)
Plugging back into (1.67) we have explicit form in both Christoffel Symbols and connection 1-forms.

Zw ®ek—ZZF dx; ® ey,

k=11i=1

Vs in Local Coordinates In this paragraph, we write smooth connection s = e, s, in coordinates, and study
how V acts on s. In particular, we wish to compute the explicit formula for (Vs), where Vs, = €4,(Vs)q.
We setup our transition functions. Take open cover {U, | @ € I} of the base M and

he : 7 (Uy) = Uy x R”

local trivializations.
Define the frames for j =1, --- ,r

where é; are standard basis for R”. Now eq,,- -+ ,€q, are C* frames of E|, .
o
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For any U, NUp # @, recall one has (1.13)

9sa  Ua NUs S GL(r,R)
T g8a(T)
s.t. the following holds
ea; (7) = ep,(7)gpa(T)i
Using ggo we defined transition functions
hgohy': (UaNUg) NR" — (U, NUg) x R
(2,v) = (2, gga(x)v)

We setup s = e,5,. Since s € C°(M, E) is a section, on U, we have local coordinates representation
T
5= Z shea, = €aSa for sl e C®(Uy) (1.69)
j=1
where we denote by

€a = [eala e aea,,.]y Sq = : S COO(UO”RT)

Now s € C°(M, E) is a C* section iff s, € C*°(U,, R") and the sections transit via gga

S3 = gBaSa
on U, NUg. Note on U, NUg
S = €aSa = €39paSa = €BSp
We setup Ve, = eqw,. Now suppose that we’re given a connection V on E. On U, we define connection
1-form (wa)? e QY(U,) for j,k=1,--- ,r asin (1.67) by

r

Veaj = Z(WQ)§ @ eqy (Woz)f € Ql(Ua) (1.70)
k=1
So
(wa)% (Wa)y
Vea = [Vea,, s Vea,] = eawa where Wy 1= col (Ua, gl(r,R) = M, (R))
(wa )] (Wa)r

where gl(r,R) is the Lie algebra of GL(r, R).
We setup Vs, = e4(Vs)y. On U,, we similarly define

(Vs)a
(V) = . c QY (U,,R")

(Vs),

by
Vs=3 (Vs}, ®eq; € Q' (U, Elyy,) = CF(Ua, T"Ua ® Ely,,) (1.71)
j=1
for (Vs)l € QY (U,) = C®(Uy, T*Uy). So
Vs =eq(Vs)a

We compute (Vs), = dsq + waSa. By Leibniz Rule, we may unpack the definition

Jj=1 j=1
(1.70) U,
= sta@)eajJrZZsfl(wa)j ® €ay
j=1 j=1k=1
s T
= Z (ds]a + Z(wa)ksa> ® €q,
j=1 k=1

<

(1.71) Z(V’S)g‘ ® eq; equating with the original definition
j=1
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Hence
(Vs)a 54 (Wa)1 (@a)r\ [54
(Vs)a=| =+ |=d|:|+| + ... | = dsa + Wasa
(Vs)a e (wa)] (Wa)r/ \5a
Or in short hand notation
Vs uﬁg) V(eoésoé) (1£5) Veasa + eadSa (120) eaWaSa + eadsa = €q (dSa + Wasa)

Combining with Vs = ¢,(Vs), we obtain
(V8)a = dsa + waSa (1.72)

Transitions Now we discuss how V transits between two intersecting coordinate charts.
One may ask: On U, N Ug, how are w, and wg related? On U, N Ug, we align both representations, and
using (1.69)

Veg = egwg = €qgasws
VBB =V (eagaﬁ) = Veagaﬁ + eadgaﬁ = eqWafap + eocdgaﬂ

for gag € C°(Us NUp, gl(r)) , dgap € Q' (Us N Ug, gl(r)) and wg € Q' (Ug, gl(r)).
Hence

JapWs = Wafaps + dgaﬂ € Ql(Ua’g[(r))

Rewriting yields

Wp = go3Wadap + 9uzd9as (1.73)
Hence that

V:Q'(M,E) — QY (M, E)

is connection on F iff for any w € Q1 (U,, gl(r)) it satisfies (1.73)

WE = gopWabap + Gopddges  on  UsNUpg

1.21.2 Pullback Section and Pullback Vector Bundle

1.21.2.1 F*FE Pullback Vector Bundle

Let F': M — N be a C'° map between C'*° manifolds M and N. Let
m:E— N

be a C'*° vector bundle of rank r over N.
One wish to define the pullback vector bundle

7 F*E— M (1.74)
as a C'* vector bundle of rank r over M.

Set. As a set let

F*E:= | | Ery)
peEM

where Ep(,) = R" are fibers of the original bundle 7 : E — N at the point F'(p) € N.

F*E —— F
i
In other words, in view of the set structure of disjoint union
F'E:={(z,(y,v)) e M X E | F(z)=y=mn(y,v)} CM x E
for any x € M, y € N and v € E,. In particular
(F'E)y = Epzy ={(z,e) e M x E | F(x) = m(e)} = R"

We define our surjective map as
T F*E— M
(z,e) »
F*FE is a C*° submanifold of M x E.
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Pullback Sections Let w: E — N be C vector bundle of rank r over a C* manifold N. Let F': M — N
be smooth map.

Definition 1.21.6 (Pullback Sections). Let s € C*°(N, E) be smooth section of E. We define F*s € C*°(M,F*E)

via
F*s: M - F*E

) (1.75)
p s(F(p)) € Epp) = (F'E),
One hence view
F*:C*®(N,E)=Q°N,E) - C*(M,F*E) = Q°(M, F*E) (1.76)
s+ F*s ’
One would like to equip F*E with vector bundle structure s.t. the diagram commutes
F*FE —— E
F*ST ST
ML N
In principle F*s € C*°(M, F*E) are smooth sections of F*E.
Local Trivializations . To define local trivialization, we first defined smooth functions (1.75) and then

recover the trivializations via acting on the frames.
Let {U, | @ € I} be open cover of N with

he : 7Y (Uy) = Uy x RT
as local trivializations of 7 : E|;, — U,. Let {eq,, " €q,} be C* frame of E|;; , defined via (1.37)

€a; 1 Ua = 1 (Uy) = Ely.
Y= hat(y,65)

where é; are the standard basis for R".
Then using F : M — N is C'*° map,
{F'(Us) | € T}

is open cover of M. We want to define

he : 7 YF~YU,)) = F71(U,) x R"

as local trivialization of the vector bundle 7 : F*E — M.
We wish to have {F*eq,, -, F*eq, } defined as pullback sections, i.e., C* frame for F*E|F,1(UQ). Recall

from (1.75) they’re defined via
Freq, : F7'(Us) C M — F*E

T eq, (F()) (1.77)
To do so, we want to match (1.37)
ho'(2,85) = (Frea,)(x) = eq, (F(x)) (1.78)
Hence we instead define the inverse of local trivializations
ht: F7HUL) xR" = 7 Y F Y (U,) C M x E
(1.79)

R

(:]C,’U) = |z, UJ(F*eotj)(x)

j=1

Requiring ﬁ;l to be diffeomorphisms onto its range gives a valid definition for local trivializations.
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Transition Functions On U,NUg, for e, = eggga where e, = [€a,," ", €qa,] are smooth frames C>°(Ua, El;; ),
consider (1.38)

9k, UanUs S GL(r,R)
> gha(2)
Note for F~1(U,)NF~1(Ug) = F~ (U, NUg), one would like to define transition functions for the diagram

to commute

M 5" PN U, NUg)

F g, =gk, oF
F

E
95a

N B U,nU;s —2— CGL(r,R)
and
Freq=[F*eq,, -+, Freq,] = FregF*gf,

Thus one take N
Gha' =F*gh, : F'(Ua) N F~H(Up) € M — GL(r,R) (1.80)
z = (gfa 0 F)(2)
Notice s € C*°(N, E) iff upon writing s = ey s, for

1
[

sa=| 1| €C®(UasR")

S

T
SOC

they transit via sg = ggasa on U, NUg. Hence we make sense of F*s € C*°(M, F*E) (1.76) via

F*sl

(F*s)a =F*sq=| : | €C®F '(U.),R")
F*sl,
1.21.2.2 Pushforward and Pullback as C>*(M, F*TN)
Now we consider the special case £ = T'N. Then the pullback tangent bundle writes
7: F*TN - M
We consider the space of connections on the C* vector bundle F*TN, i.e. C*(M,F*TN).
Pushforward and Pullback as section of Pullback Tangent Bundle Let F': M — N smooth map.
Note a key difference here is that we do not require F to be a diffeomorphism. Compare with (1.32) and (1.33).

Definition 1.21.7 (Pushforward and Pullback of Vector Field into Section of Pullback Tangent Bundle). Let
F: M — N smooth map. Define the pushforward

F, : X(M) — C>®(M, F*TN)
X X

as smooth section of pullback tangent bundle where

F.X:M— F*'TN

. (1.81)
p dF,(X(p)) € Trp)N = (F"T'N),
Also, we have pull-back as particular example of Definition 1.21.6
F*:X(N)— C*(M,F*TN)
Y — F*Y
where
F*Y : M — F*TN

(1.82)

p Y(F(p)) € TppyN = (F*TN),
If moreover X € X(M) and Y € X(N) are F-related as in Definition 1.20.1 then

F.X = F*Y € C®(M, F*TN)
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1.21.2.3 (C*(M,F*E) Smooth Sections along F

C*(M,F*TN) Smooth Vector Field along F In particular, we study elements in C*°(M, F*TN), i.e.,
sections of pullback Tangent Bundle. This is extremely important concept as it captures how vector fields
behave under smooth map F'.

Definition 1.21.8 (C*° vector field along F'). Let F': M — N be smooth map between C*° manifold.
A C wector field along F is a C*° map

VM —TN

. (1.83)
prV(p) € TNpyy = (F*TN),

We may view V' as a C* section of F*TN, i.e., V€ C®°(M,F*TN).

M

Fl X

N +——TN
C>*(M,F*E) Smooth Section along F More generally, for smooth vector bundle 7 : E — N, we study
elements in C*°(M, F*E).
Definition 1.21.9 (C° section along F'). Let F': M — N be smooth map between C*° manifold. Let

n:E—> N

be C° wvector bundle of rank r on N.
A C® section of m: E — N along F is a C* map

V:M—FE
p—=V(p) € Eppy = (F'E),

We may view V' as a C* section of F*E — M, i.e., V € C*(M,F*E).

N

N +—FE

1.21.3 Pullback Connection
F*V Pullback Connection Let F': M — N be C* map between C'* manifolds. Let
m:E—+ N
be C*° vector bundle, and on it a connection (1.64)
V:QN,E) = QY(N,E)
s— Vs

Definition 1.21.10 (Pullback Connection). There exists a unique connection on & : F*E — M called the
pullback connection s.t. for any s € C*°(N, E)

F*V:Q°(M,F*E) — QY (M,F*E) = C*°(M,T*M @ F*E)
F*sw— (F*V)F*s

where
(F*V)F*s: X(M) — C®(M,F*E) = Q°(M, F*E)

X s (F*V)x F*s
the last item is defined as
(F*V)xF*s: M — F*E
p = (Var,(x@)s) (F(p)) € (F*E), = Ep,)
Thus
(F9)x(F5)) (0) = (Var, cxy) (FG) ¥ p€ M, ¥ X € X(M), Vs € CX(N,B)  (L84)
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F* Pullback E-valued p-forms Recall we've defined pullback as in Definition 1.21.6
F*:Q°%N,E) = C®(N,E) = Q"(M,F*E) = C*(M, F*E)

s+— F*s

via (1.75), (1.76).
We may extend the definition
F*:QP(N,E) —» QP(M,F*E)

as R-linear map s.t.

F*: QP(N,E) = C®°(N,A’T*N ® E) — QP(M, F*E) = C>°(M, A\’ T*M ® F*E)

a®s— (F*a) ® (F*s) (1.85)
Well-definedness. This is well-defined. Recall pullback of (0, p)-forms (1.48) s.t.
F*: QP(N) — QP(M)
a— o
and pullback of E-valued sections (1.76). O

F*(Vs) Pullback Connection Thus for any s € QY(NV, E), so that Vs € Q}(N, E), the object F*(Vs) €
QY (M, F*E) is understood via
F*(Vs) : X(M) = C=(M,TM) — C®(M, F*E)
X — F*(VS)X
where
F*(Vs)x : M — F*E
P (Var,(x@w)s) (F(p) € (F*E), = Ep(,)

In particular, (1.84) can thus be viewed as the

F*(Vs) = (F*V)(F*s) € Q"(M,F*E) (1.86)

Pullback Connection in Local Coordinates Given M a C° manifold of dimension n. Let 7 : E — M be
a C* vector bundle of rank r over M.
For {U, | @ € I} as open cover of N, the local trivializations

RE 7Y (U,) — Uy x R”

[

corresponds to {eq,, -, €q, } a C frame of EJ .

On U,

Vea, = Z(wf’v)f ® ea, v (wE’V)? € QN (U,) U, C N open

a
k=1

where wZV € QL (U,, gl(r,R)) are connection 1-forms (1.70) associated with V on U,
On U, NUsg, recall (1.73)

B,V 1 E, _
wy = (gmg) " wh Vgl + (9l5) " dgls (1.87)
for transition functions gfﬁ onm:E— N
g3 1 UaNUz — GL(r,R)

Now, for {F~1(U,) | a € I} open cover of M, we have F*e,,, - , F*e,, C™ frame of F*E|p-1(y,,)- Using
(1.85)

(F*V)(Fea,) "2 F*(Vea,)

1.70 " .
PP (@B ea,)
k=1

(185) Z(F*wf’v)f ® F*eq,
k=1
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Now we denote
WEBIY = BT € 01 (F UL, ol )
On F~1(U,) N F~1(Ug), F* acting on (1.87) yields

F*E,F*V _ ( F*E\—1 F*E,F*V F*E F*EN—1,43 F*E
wB - (goc,@ ) Wa gaB +(ga6 ) dga,ﬁ

Hence . )
{wh PFYVY C QY (FH(Ua), 0l(r,R))
defines a connection F*V on 7 : F*E — M.

1.22 Covariant Derivative

% Covariant Derivative Let 7: E — M be a C* vector bundle over a C'* manifold M.
We equip on E a connection (1.64)
V:Q'(M,E) — QY (M, E)
s+ Vs
or equivalently (1.57)
V:X(M)x C®(M,E)— C*(M,E)
(X,s) — Vxs
Definition 1.22.1 (Covariant Derivative). For any C* curve
c:ICR—-M
t— c(t)
recall the pullback section (1.75)
C(I,c*E) = {C*sections of E along ¢: I — M}
Define the covariant derivative along c as the pullback connection (1.84) under ¢ evaluated at % e xX(I)
D

2O, E) = C®(I, " E
g PO LEE) = OB (1.88)

5 (C*V)%S
Definition 1.22.2 (Covariant Derivative for Affine Connection). In particular if pick E = TM tangent bundle
so that C*°(M,E) = C*(M,TM) = X(M), and
V:iX(M)xX(M)— X(M)
(X,Y)— VyxY

is an affine connection as in Definition 1.21.2.
Then one obtain Covariant Derivative for Affine Connection

% :C®(I,TM) — C(I,c"'TM)
DV N
Lemma 1.22.1. Leibniz rule holds
D df Ds o o .

Proof. WLOG assume s = c*e;(t) = e;(c(t)) where e; € C°(N, E). Now extend f along ¢ to f defined on N
s.t. locally

Then

= ——ce;(t) + f(t)(c*V) o c*e;(t)

at
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1.22.1 Covariant Derivative in Local Coordinates

Let M be C*° manifold of dimension n and 7 : E — M be C* vector bundle of rank r. Let (U, ¢) be a C°

chart with coordinates ¢ = (x1,--- ,x,). We have 8‘2 S ,% smooth frame of TM|, = TU and ey, --¢, a

C® frame of E|;. Then the connectlon 1-form (1. 67) and Christoffel symbol (1.66) writes

T n T
Ve; = wa Rer = ZZFfjdm@ek

i=1 k=1

Zfljek for Ffj € C*(U)

Curve Velocity in Local Coordinates. If £ = T'M and r = n, then e¢; = %. We have the curve c in
local coordinates as
poc(t) = (x1(t), -+, wn(t))
and the diagram commutes
I—— M
[Lppen [Lppen

r—5u
N
.

Now what about the curve velocity in local coordinates? Via chain rule, this is

dxl
(Ohe *TM 1.90
g ) (elt)) € CX(I', T M) (1.90)
and for each fixed ¢t € I, this is tangent vector

n

0 d:L‘Z
(dex)(5p) = dt =2 i o(t)) € TeyM

i=1

Pullback section in Local Coordinates. For s € C°(I,c*E), we have
= Zsj(t)ej Zs] (c*ej)( (1.91)
j=1

Covariant Derivative in Local Coordinates. Now we write, using Leibniz Rule (1.89)

Ds, (188, , (1.91) , , - i *
T 0= @V as "= @V | DS
j=1
(1.89) ds] .
= dt Y+ Y (V) ) 2 (c"¢;)
j=1 J=1

We wish to understand the last term on the RHS.
. (1.84)
(V) a(c"e;) =" Vige,y2)ei(c(t)) = Veowe;(c(t))

(1.90) (1.58) w— da;
Vi, B ) e;(e(t) "= ) a (va%(c(t»ej(C(t)))

i=1 dt :
=1

=
Il

D

H(OTE (e(0))er(e(t)

(1.66) o= o d;
— dt

=1 k=1

Hence for s = 377, s/ (t)ej(c(t)) (1.91) we have formula for covariant derivative for Connection in

local coordinates

FE FRUR B RETADE

k=1 i=1j=1

()s7(t) | ex(c()) (1.92)
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Covariant Derivative for Affine Connection in Local Coordinates. In particular, if we have affine
connection V, then
Vit
Z 3% (t)

is a C'*° vector field along ¢: I — M, and we have expression

n k n i ‘
=3 | 0 X ot GOV ) 5o (1.99)
=1

1.22.2 Parallel Transport

Parallel Section Let M be C'°° manifold of dimension n, 7 : E — M a C* vector bundle of rank r, and V
a connection on F.

Definition 1.22.3. Let V € C®(I,c*E), i.e. a C™ section of E along c. We say V is parallel w.r.t. V if

bV

= tel
dtOVG

Existence and Uniqueness of Parallel Section

Proposition 1.22.1 ([dC92] Proposition 2.6). Let ¢ : I M be C® curve. Given any to € I and any
v € Eg1) 2 R" fiber of E over c(to).
Then there exists a unique parallel section V' of E along ¢ s.t. V(tp) = v.

Proof. WLOG assume c¢: I — U C M open with ¢ = (z1,--- ,z,) and ¢(U) C R™ open, i.e., (U, ¢) is C* chart
for M. Recall E|; is trivialized iff there exists e1,--- , e, C° frame of E|;. We thus have on U

V%Gj = fojek
For (poc)(t) = (x1(t), - ,xn(t)) and /() = 1, Li(t) 6?“ (¢(t)) and hence
V(t) =Y VI(t)es(e(t)
j=1
Using (1.92), the condition ZY = 0 holds iff

dvk z":z dml P00 kel....r

=1 j=1

For v = 25:1 v’e;(c(to)) € Eety) we have initial conditions V (tg) = v iff
VE(tg) = oF k=1,---,r

Thus we have 1st order ODE. Directly Apply Existence and Uniqueness theorem. O

Parallel Transport
Definition 1.22.4 (Parallel Transport). Define for any t € I

Pyt t Ecto) = Ee)

v="V(ty) = V(t) (1.94)

where V€ C(I,c*E) is the unique C* section of E along ¢ s.t.

DV

=7 9

dt
and V (tg) = v.

P,y .+ is the parallel transport along ¢ (defined by (E,v)).
Example 1.22.1. In particular, let E = TM, and V be affine connection on M. Then we define parallel
transport along c: I — M C*° curve, for any to,t1 € I,
Pc,to,h : Tc(to)M — Tc(tl)M

This is a linear isomorphism.
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1.23 Curvature on Smooth Vector Bundles

Let m: E — M be C®° vector bundle of rank r over a C'°° manifold M of dimension n.
Let (1.57)
V:X(M)xC®(M,E) — C>*(M,E)

(X,s) —» Vxs

be smooth connection on FE.

Fy Curvature

Definition 1.23.1 (Curvature). A curvature on E is a R-linear map

Fo : X(M) x X(M) x C®(M, E) — C*=(M, E)

(1.95)
(X, Y, S) — Fv(X,Y)S =VxVys—VyVxs— V[ny]s
One may check that
1. Fy is anti-symmetric in X(M) x X(M), i.e.
Fy(X,)Y)=-Fy(Y, X) VX, Y € X(M) (1.96)
Proof. Using Vx is C°°(M)-linear in X, and [X,Y] = —[Y, X]
Fy(X,Y)(s) =VxVys—VyVxs— V[X,y]s =—(VyVxs—VxVys)+ V[Y7X]S
= —Fy (Y, X)s
O
2. Fy is C°°(M)-linear in all three arguments X(M) x X(M) x C*(M, E), i.e.
Fe(FX,Y)(s) = fFe (X, Y)(s) (1.97)
Fo(X,Y)(fs) = fFo(X,Y)(s) (1.98)

for any X, Y € X(M), for any s € C>°(M, E) and for any f € C>(M).
Proof. Since Fg(X,Y) = —Fy(Y, X) it suffices to show (1.97) and (1.98). We compute

Fy(fX,Y)(s) =VixVys —VyVixs —Vixy)s
= fVxVys = Vy(fVxs) = Vixy_y(x)s
= fVxVys =Y (f)Vxs = fVyVxs = Vixy_v(H)x—frxs
= fVxVys— fVyVxs =Y (f)Vxs— Vyixy-v()xs

— fFo(X,Y)(s)-Y ()Y Vs
and

Fo(X,Y)(fs) = VxVy(fs) = VyVx(fs) = Vixy)(fs)

(1.59)

=" Vx(Y(f)s+ fVys) = Vy(X(f)s+ fVxs) = (XY (f) =Y X(f)s — fVixys
— X(Y(f)s + YLHTTs + XUHFTs + [V Vys — ¥ (X())s= XLHTTs-YLf¥x5 — [Vy Vs
— (XY () = YX(f)s — [Vixp)s

= (X )T + fVxVys — fVy Vxs—(IXHHTTT5 — [V xy)s
= [F9(X,Y)(s)
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Interpretation of Iy € Q%(M,End(E)) Since for any fixed X, Y € X(M)

Fy(X,Y):C*(M,E) - C*(M,E)
s Fy(X,Y)(s)

and is C°°(M)-linear in C*°(M, E) (1.98). From Lemma 1.21.1 we understand the above via
Fy(X,Y)e C®(M,E* ® F) = C*(M,End(E))
Thus, using twice (1.97) and again Lemma 1.21.1, we know
Fg e C*(M, T*"M ® T*M ® End(E))

Furthermore, using that Fy is anti-symmetric (1.96) we in fact have

Fy € 0%(M, (A*T*M) @ End(E)) "2” 02(M, End(E)) (1.99)

1.24 Metric on Smooth Vector Bundles
Let M be C*° manifold of dimension n. Let 7 : E — M be a C'*™ vector field of rank r.
Definition 1.24.1 (Metric on E). A metric on E is a C* section

h e C*(M,Sym*E*)

such that for any p € M
h(p) : E, x E, > R

(u,v) — hy(u,v)
defines an inner product on E,.
Connection Compatible with Metric
Definition 1.24.2. We say a connection V on E

V:X(M)x C®(M,E)— C>*(M,E)
(X,s) —» Vxs

is compatible with the metric h if
X(h(s,t)) =h(Vxs,t)+ h(s,Vxt) VXeX(M), s,t e C®(M,E) (1.100)

where h(s,t) € C°(M).

Compatibility implies Anti-Self adjointness of Curvature

Proposition 1.24.1 (Anti-Self adjoint). Let V be a connection on E — M compatible with a metric h.
Then for any X, Y € X(M), the curvature Fy(X,Y) € C*°(M,End(E)) is anti-self adjoint.

h(Fg(X,Y)s, t) = —h(Fy(X,Y)t,s) Vs, te C®(ME) (1.101)
Proof. We compute using metric A admits inner product structure
h(Fy(X,Y)s, t) + h(Fy(X,Y)t,s) = M(Fy(X,Y)(s + 1), (s + 1)) — h(Fv(X,Y)s,s) — h(Fv(X,Y)t,t)
It suffices to show that
h(Fv(X,Y)s,s) =0 VX, Y eX(M) VseC®(ME)
so the RHS vanishes. Indeed
h(Fy(X,Y)s,s) = h(VxVys,s) — h(VyVxs,s) — h(Vix ys,5)
CL X h(Vys,s) — h(Vys, Vxs) — Yh(Vys, s) + h(Vys, Vys) - %[X, Yh(s, s)

(1.100) 1

2XYh(S,8) - %YXh(S,S) - %[X, Y]h(s,s) =0
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1.25 Covariant Derivative on Tensors

1.25.1 Connection and Covariant Derivative on Tensors
Consider the Affine Connection V on a C'°° manifold M.

V:iX(M)xX(M)— X(M)

(X,Y)— VyxY
By fixing X € X(M), this defines a R-linear operator between X(M) = C°°(M, Ty M) to itself, that satisfies
the Leibniz rule via (1.61)
Vx : C®(M,Tg M) — C>®(M, Ty M)
Y — VXY

The above generalizes to tensor bundles.

Vx Connection on C*(M,T; M)
Proposition 1.25.1. Vx admits a unique extension to any (r, s)-tensors

Vx 1 C°(M,TI M) — C>(M,T" M)

T T (1.102)
s.t.
1. Vx is R-linear
2. Vx commutes with any ¢ contraction as in (1.40)
Vx(c(S)) =¢(VxS) VSeC®(M,TI M) (1.103)
3. Vx satisfies the Leibniz Rule
Vx(S®T)=VxSQ@T+SeVxT VS, TeC®(MTIM) (1.104)

Proof. Because of Leibniz Rule extension (1.104), it suffices to define Vx on C*° (M) the (0,0)-tensors and V x
on QY(M) the (0, 1)-tensors.
Let X € X(M) be fixed. We define Vx acting on C*°(M) as the Lie Derivative (1.22)
Vx :C®(M) — C*(M)
f=X(f)

To see V x satisfies the desired properties, we check Leibniz Rule with Y € X(M). But this is the requirement
for Leibniz Rule of Affine Connections (1.61)

(1.105)

V() "X (DY + fVxY
=Vx(f)Y + fVxY
We define Vx acting on Q!(M)
Vx: QY M) — QY(M)
a— Vxa

where
Vxa:X(M) = C*(M)

Y o X(a(Y)) — a(VxY)

To see Vx satisfies the desired properties, we check that its commutes with contraction

(1.106)

(1.42)

Vx(e(Y © o)) Vx(aY))

"2 X(a(v)

L9 (7 ca)(Y) + a(VxY)

(= (Y @Vxa)+c¢(VxY ®a)
=c(Y®Vxa+VxY ®a) contraction is linear

LY (VY @)
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It is good to compare with Lie Derivative
(Lxa)(Y) = X(a(Y)) — a(LxY)

One has Leibniz Rule formula for any T as (0, s)-tensor, for any Y7,---,Y,. € X(M)
(VXT)(Ylv e 7YS) = VX(T(Ylu e 7}/8)) - ZT(YI7 }/2; e 7}/1;717 VXS/“ }/i+17 e 7YS) (1107)
i=1

Again, compare with Lie Derivative as in Lemma 1.19.9

S

(LxT)(Y1,-++,Ya) = Lx(T(Y1,--+,Ys)) = > T(Y1,Ya, -+, Vi1, Lx Y3, Vi, -+, Vo)
=1

V Covariant Derivative on C*°(M,T7M) Let M be C* manifold. Let V be an affine connection on M
viewed via (1.64)

V:QYM,TM)=C>®(M, Ty M) = X(M) — Q' (M, E) = C°°(M, T} M)
Y= VY
One may generalize this as well to general (r, s)-tensors.
Definition 1.25.1 (Covariant Derivative of (r, s)-tensor). Define
V:C®(M,T{ M) — C>*(M,T;, M)
T— VT

where
VT :X(M) X - xX(M) = C®(M, T4 M)

s+ 1 times (1108)
<X17 7XS+1)’_> (VXS+1T>(X17"' 7XS)
where Vx_,, T is defined as in (1.102) that satisfies (i) - (i) in Proposition 1.25.1.

1.25.2 VT in Local Coordinates

Consider an affine V connection on a C* manifold M with a C* chart (U, ¢), and coordinates ¢ = (x1,- -+ , ).
From (1.66)
0 0
o =) Th—
oz, ij B oxy,

for I‘fj e C=(U).

(0,1)-tensor V% dz;j in Local Coordinates In general (0, 1)-tensor in cotangent bundle a € Q' (M) takes

the form
- 0
o= ;:1 a;dz;, a; = oz(axi)

Recall from definition 1.102 that
V.o :QYM)— QY M)

EER

i

da?j — V%dl‘j
dz; in local coordinates take the form

0
Voo duy =3 ((Vaz. dr;) <M)) da

i i
k

Then V o

a

i

Let’s compute what the coefficients are. One has

d | (1106) O 4 0 4 0
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SO

o daj = Zr day, (1.109)

We write in short for e; = %, el = dx; that

Veej=Tker Vel =-Te (1.110)

(r,s)-tensor V., T in Local Coordinates For general (r, s)-tensors T' we write in local coordinates
T:T;;: “’;'"6“ @ Qe ReN®---®elt
where _ ‘
Tl =T(e e e, ej,) € C(U)

v e
Now VT € C*(M,T], M) is (r, s + 1)-tensor, so we write in local coordinates

VT = (VT)ZI i €i, R--R €, ® eJl R 6.75 ® e]s+1

S Js+1
Denote
v o (yryiie (W99 g i (1.111)
Jis ,Js, Jis ,Jﬁ,k Ck= /g1, s :
We want to express
7:17'”7i’7‘
Ji, s dssk

in terms of T;ll’ ’;: and Ffj using Leibniz rule for Covariant Derivative (1.104).
We compute

Ve, T = Vek( T Jb(i“®"'®€ir®ejl®"'®€js)

(1.34) ek (T“’ ,'L:r) e, Qe ® ejl R ® ejs

“Js
T;;: . ,zrell ‘®e, , Ve, @ Cing1 @+ ® (eJl R R 6]5)
E T“’ - ﬂ; e, ® Qe )® R ®el1 ® Vkejﬁ Qe Q... els
Then we switch in Vie;, = Fﬁiaeg and Vjels = —F‘;‘Zeé as in (1.110) so
. ia—l,eﬂla+17"'ir _ Y/ il,“',ir . . j1 js
VekT - (ek(T ) + F TJ17 s Fkvale,"' J—1,4,Jp41,5 :js) €, ® Qe ®e" Q Qe
Hence we have formula
S
7:17 o ,11- 11, i ,74- 7117 o 77104 1;‘6 7fa+17 U _ ¥ il,"' ,iT
T3 i = e300 + ZF D Tk T dsine i (1.112)
¢,8

where e, = %.

1.26 Pullback of a Vector Bundle and Connection Revisited

In this section we discuss the very confusing facts about pullbacks of vector bundle and connection. This follows
the short yet enlightening notes of Deane Yang.

Pullback Vector Bundle Consider M a C° manifold of dimension m, N a C* manifold of dimension n.

Consider a smooth map
F:M—N

Let m: E — N be a C™ vector bundle of rank r over N. We define the pullback bundle F*E (1.74) as
1. Fiber at each x € M is (F*E), = Ep(y)-
2. Given any local frame {e;}1<;<, of N,
{e; 0 F}i<i<r
gives a local frame of F*E (1.77). In particular, any section s € C°° (M, F*E) can be written locally as
s(a) = a*(x)er(F(2))

k are smooth functions defined on M.

where a

In other words, the space of smooth sections of F*E, C*(M, F*FE), is the C*°(M)-module generated by the
space of smooth sections of E pulled-back by F'.


https://cims.nyu.edu/~yangd/papers/PullbackConnection.pdf
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Pushforward of Vector Field Let ¢ = {x1,--- ,x,,} be coordinates on M, and the corresponding coordinate
vector fields as {%}Kz‘ﬁm- Let ¥ = {y1,- - ,yn} be coordinates on N, and the corresponding coordinate vector

fields as {B%i}lﬁiﬁn'
Now in local coordinates

(’(/}OFO(ZS_l)(xl,--- ,l’m) = (yl(m17"' 7.’17m),"' ayn(‘rh'" axm))

We ask, what is Fi (52 -) for 1 <4 <m? First of all, in view of (1.81), we know F (22
thus

) € C*°(M,F*TN),

d - o .0
— E J
F*(axi) F*(axi) dy, °F

Now we make sense as in (1.90). By definition, and as in (1.27)

0 0y
F, = dF( J 1.113
(8xi) 8331 Z ox; 8y] ( )
More generally, for X =Y | aiaizi
Zal ZdFal o) ;ai;%i@w
Notice in particular, for any 1 <i, k <mand 1 <j<n
0 J . 0 Oy; J 0Oy 0 g
—F, J— 2 7] _ I F.(—)
oxy, (8£C2) oxy Ox;  Ox; Oz, Ox; (3.’Ek)

Pullback of Connection Let V be connection on 7 : E — N. Let {e;}1<i<n be local frame of N. Then
given any vector field Y € X(N), Vye; € C*(N, E).
We define a pullback connection D = F*V on F*E as follows (1.84). For any X € X(M)

Dx(ejo F) = (F*V)x(ejo F) = (Vp,(x)¢j) o F € CF(M, F*E)

Now given a smooth section of F*FE
n
f = Z a;€ej o F
j=1

Let’s see how D acts on f. Via Leibniz Rule, for any X € X(M)

Zajej oF)

M:

(X(aj)ej o F 4+ a;Dx(ej o F))

j=1

(X(aj)ej o F +a;(Vr,(x)e;) o F) (1.114)

-

j=1

Pullback of Curvature Given a pullback section

f= Zajej oF
j=1

Let 1 < p, ¢ < m and consider
Do (Do f)

=D o ZaieJOF—Fa](VF(a)e]) oF

Ay o €5 ol
k=1 Dxg oyy OF J)

n
(1.113) Oa;
= Do | L gy eieFr el
=

dyp, Oy,

n 2, . n ) 2
= < 0a; ejoFJraajDa(ejoF)JrZ<<aajayk+a Oy >(Vaej)oF+a]Zyk ((Vaq)oF)))
k=1
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And the computation goes on

2%a; Oa; 0y,
= Bay00, 7 O T ap, 0, Vo) O F

da; Ay, Pyp, Ayx; Oy
* (( ta (Vogea) o Ftaig, bay (Ve (Vo)) o F

Oz, Oz, 7 Oxpouz, Buk
We use [sz’ 8%] =0 and [W’ %] = 0 to obtain

D%(Dif) —D%(D%f)

=0 g (Y, (Vo)) o7 = (Vg (V,5,)) )

19z, O,
_ Ok Oye o 0
— Y Oz, &ch Ay’ Ay, g ot

—fe (R Pl £

where we denote Ry as our curvature.
Therefore the pullback curvature is defined as

(PR g 5 () = s o o)) 1= s (PG ) FaG) )

Thus for general X, Y € X(M) and f € C°(M, F*TN) we define
(F*Rv)(X,Y)(f) := Dx(Dy f) = Dy (Dx f) = Dy,x1f = By (F.(X), F(Y))(f)

67

(1.115)
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Riemannian Geometry

2.1 Riemannian Metric

Let M be C°° manifold of dimension n.

Definition 2.1.1 (Riemannian Metric). A Riemannian Metric on M is a C* (0,2)-tensor on M, which we
denote as g € C°(M,TIM)
g: M — TYM = (T*M)®?

prg(p) = 9gp

where
gp : TyM x T,M — R

(vi,v2) = gp(vlvv2)

defines an inner product on T,M, i.e.

(a) Bilinear
Gp(Av1 4 p2, v3) = Agp(v1,v3) + pgp(ve,v3)
Gp(v3, Av1 + pve) = Agp(vs, v1) + pgp(vs, va) VApeR

(b) Symmetric
gp(v1,v2) = gp(v2,v1) Vv, vg € T,M

(¢) Positive-Definite
gp(v,v) >0 Vov#0

We call the pair (M, g) a Riemannian Manifold.

Sometimes we write
g(p)(ua U) = gp(“: U) = <u7 U>p

Symmetric Tensor Let dim M = n. Then the tensor bundle splits into symmetric tensor bundle (of rank

"("TH)) and anti-symmetric tensor bundle (of rank %)

TIM = Sym*T*M @ A*T*M
defined for any p € M as
(Sym*T™*M),, := {symmetric bilinear forms on T, M}
(A*T*M),, := {anti-symmetric bilinear forms on 7, M}

Thus we notice a Riemannian metric g € C°° (M, Sym>T* M).

Local Coordinates In local coordinates, let (U, ¢) be a C* chart for M with ¢ = (21, ,2,). Define

de: © da; + do; ® das
dode; = 2% xﬂ;r T ® T ooy, Sym? T* M)

so {dv;dz; |1 <i<j<n}is O™ frame of Sym* T* M|, = Sym®T*U. On the other hand, note

dv; A dz; == dv; ® dzj — dv; @ dv; € C°(U,A* T*M|,;)

68
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so {dz; Ndxj |1 <i<j<n}is C™ frame of A> T*M|;. Also denote for simplicity
dx? = dx;dx; = dr; Q dx;
Therefore on U, the Riemannian metric g has representation in local coordinates
9= Zgijdl'i Qdzj = Zgijdl'idxj 9ij = Yji
ij ij
where the coefficients as smooth functions on U are given by

05 0) = 0y G 0). 5 ) = (5 50

go Euclidean Metric and Spherical Coordinates Consider the Euclidean metric on M = R™

- 1 i=3j
go =) dui =2 gidvidz;, g =0y = {0 ; #j-
i=1 ij

One may alternatively consider the Spherical Coordinates in R™. For n = 2 with
(x,y) = (rcos(9), rsin(h))
one may write
go = dx® 4 dy* = (cos(#)dr — rsin(0)df)* + (sin(@)dr + r cos(0)dd)* = dr® + r?d6?
For n = 3 with

(x,y,2) = (psin(¢@) cos(8), psin(¢) sin(f), p cos(¢))
for p> 0, 6 € (0,27) and ¢ € (0,7), one may write

go = da? + dy? + dz*
= (sin(¢) cos(0)dp — psin(0) sin(¢)df + p cos(¢) cos(0)dp)?
+ (sin(¢) sin(8)dp + p cos(f) sin(¢p)db + p cos(¢p) sin(8)de)?
+ (cos(¢)dp — psin(¢)de)?
= dp® + p*d¢” + p* sin® (¢)db”
Definition 2.1.2 (Orthonormal Frame). Let (M,g) be Riemannian manifold of dim M = n. An orthonormal
frame on U C M is a collection {e;}1<i<n C X(U) s.t. {e;(p)h1<i<n are basis for T,M and

gp(ei(p),e;(p)) = d;j VpeU, i,j=1,---,n (2.1)

Now for Euclidean metric, {%}Kign defines an orthonormal smooth frame of TIR™. How about spherical
coordinates? For n = 2

o 10 )
5 g R\

as orthonormal basis. For n = 3, one has

o 10 19 ,
% 96 psm@os  UCF

as orthonormal basis.

2.1.1 Isometry and Pullback Metrc

Isometry

Definition 2.1.3. Let (M,g), (N, h) be Riemannian manifolds. A smooth diffeomorphism f: M — N is an
isometry if
Gp(u,v) = hyp)(dfp(u), dfy(v)) VpeM, u,veT,M (2.2)

A smooth map f: M — N is called a local isometry at p € M if there is a neighborhood U C M of p s.t.
f:U— f(U)

is a diffeomorphism satisfying (2.2).
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f*g Pullback of Riemannian Metric Let (IV,g) Riemannian manifold, and f : M — N a C* map from
C* manifold M to N.
Question: Given the metric on N, how to equip a metric on M?

Proposition 2.1.1 ([dC92] Example 2.5). Let f: M — N be a smooth immersion, i.e.,
dfp : TpM — Tf(p)N

is injective for any p € M.
Then the pullback (1.47)
frg: M — T9M
p= (f"9)p
(f g)p: TyM xT,M - R

(u,v) = gy (dfyp(u), dfp(v))

defines a metric on M. In particular,
[ (M, f*g) = (N, g)

becomes an isometric immersion. We regard (M, f*g) as an isometrically immersed submanifold of (N, g).

Proof. We want to check (f*g), defines an inner product at each p € M. Symmetry is trivial. Bilinearity is
preserved under linear isomorphism. To ensure (f*g), is positive-definite, if for v € T, M

95 ) (dfp(v), dfp(v)) = 0
Then that g is a metric ensures df,(v) = 0. Now v = 0 iff df,, is injective iff f is an immersion. O
Example 2.1.1. If (M, g) is Riemannian manifold and M' C M is embedded C*° submanifold, so
it M — M
p—=p

inclusion map is C*° embedding (in particular, smooth immersion).
Thus (M',i*g) is a Riemannian submanifold. For anyp € M' C M,

(i*9)(p) : T,M’ x T,M’ >R
is the restriction of g(p) : TyM x T,M — R.
Recall the Preimage Theorem 1.5.1. For
h: M™F — N*
smooth map with ¢ € N a regular value, i.e.
dhy : TyM — Ty N

is surjective for all p € h=1(q). Then h=!(¢) € M is a closed smooth submanifold of M of dimension n > 0.
Now if (M™*+*, g) is a Riemannian Manifold, one may put a metric on

(h™'(q),i*g)

as induced by the inclusion map.

gf;ﬁ’“) Canonical Metric Recall the Sphere is defined via

n+1
Sn(T) = {(331, s ,.Z‘n+1) S Rn+1 | Zx? = ’1“2} - Rn+1
i=1
Denote i, : S*(r) — R"*! the inclusion map. Then the pullback metric, known as the canonical metric of
S™(r), is
goa") =irgo = ir(da} + - - dal )
For n = 3, the spherical coordinates on R? is
go = dp* + p*dd” + p* sin®(¢)d6*
One has )
Goui?) = i%go = r*(d¢? +sin’(¢)d0%) ¥ (¢,0)
with local coordinates on U C S?(r) open.
Now i, : (S”(T),giy)) — (R™*1 go) is an isometric embedding.
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Isometry in (R”,g9) Take A € GL(n,R). The corresponding linear isomorphism

La:R"—R"
Z1

r=| 1 | = Ax
T

gives a C* diffeomorphism. For the Euclidean metric go = >, dz?, one ask, when is L4 an isometry between
(R™, go)? i.e., when is L* go = go?.
Note for A = (ai;), (Az); = >_; a;;z;. We compute the pullbacks

Lyxz; =x;0La = (Ax); E @i T

(1.50)
Wdry =" d(Lyx;) = E a;jdx;

Lig0 = LZ(Z dz?) = Z(aijda:j)(aikdxk) = Z (Z aijaik> dx;dxy,

i=1 i5.k J k=1 \i=1

Z ATA p dxjdry,

7,k=1

So LYgo = go iff ATA=T, iff A€ O(n).
Now for b € R™, define translation
T, : R" — R"
r—x+b

Here Ty x; = x; + b;, T} dz; = dx; and thus T} go = go.
We conclude the following.

Theorem 2.1.1. f: (R",go) — (R™, go) is an isometry iff
flx)=Az+b A€ O(n), beR"

i.e., f is a rigid motion.

Observe that, for A € O(n + 1), since L4 : (R"*1,gg) — (R"1 gg) is an isometry and L4 (S") = S", one
may conclude
La: (Snagcan) — (Snagcan)

is an isometry. In other words for the canonical metric gean = i*go
L*Agcan = Jcan
Theorem 2.1.2. f: (S™, gean) — (S™, Gean) s an isometry iff

f:S"—§s"
T — Az

for some A€ O(n+1).

Product Metric

Definition 2.1.4 (Product Metric). Let (Mi,g1), (M2, g2) be Riemannian manifolds and consider the Carter-
stan Product My x Ms equipped with the product smooth structure.
Denote the natural projections as

7T12M1XM24)M1 7T25M1XM24)M2
(p,q) = p (p:a) = q

Define
g1 X g2 = Tig1 + maga s My x My — (T*(M; x My))®?

(P1,12) = (91 X 92) (p1.p2)
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s.t.
(91 X 92)(p1.p2) * Ttpr.pa) (M1 X M) X T, ) (M1 % Mp) = R

(s uz), (v1,02)) > (90 (i, 00) + (g2 (1 v0) )

Or equivalently

<u7v>(1717172) = (g1 % gQ)(Pl,Pz)(u’U)
= (91)p, ((d71) (py o) (W), (A1) (py o) (V) + (92) o ((d702) (1 o) (), (dT02) (1) (V)
= <d7T1"LL,d7T1"U>p1+<d7T2-'LL,d7T2~’U>p2 V(pl,pg) X My X M, U,UET(pMPQ)(Ml XMQ)

Consider for example

f:R—S"={(z,y) € R? |x2+y2:1}IQR2
t — (cos(t), sin(t))
So .
F*Gean = 11" (d2® + dy?) = (d(cos(t)))* + (d(sin(t)))* = (= sin(t)dt)* + (cos(t)dt)? = dt?

And thus
£ (R,dt?) — (S, gean)

t — (cos(t), sin(t))

is a local isometry, and in fact a covering map.
Now let’s consider n products of the above, i.e. the flat n-torus.

£: (R, go Zdt%-i-"'—i—dti) N (Tn =S' x - X S, gean X -+ chan) c (R2n790)
(t1,-+- ,tn) — (cos(ty), sin(t1), - -, cos(tn), sin(ty))

Now f is a local isometry.

2.1.2 Volume, Length and Distance
Volume

Definition 2.1.5 (Volume Form). Let M be C°° manifold of dimension n. A volume form on M is a nowhere-
vanishing smooth n-form

veQ' (M)=C®(M,A"T*M), v(p) #0 VpeM
One has equivalence criterion for existence of volume form.
Theorem 2.1.3. Let M be C*° manifold. Then the following are equivalent
1. There exists a volume form v on M.
2. A" T*M is trivial.

8. M 1is orientable.

Existence of Volume Form implies Orientability (1) implies (3). Suppose v € Q"(M) is a volume
form on M. We may choose C* atlas {(Uy, ¢o) | @ € I'} with coordinates ¢, = (¢, -+ ,z%), s.t. on U,

rrn
vV =andzy A Adxh aq € C*(Uy) o >0
Now on the intersections with any other chart U, N Ug with transition functions

(bﬁ O(b(:l : (ba(Ua mU,B) CR" — (bﬂ(Ua ﬂU/@)

(28, 22) = (@B (@, 22), 2l (@, 1))

v takes the form
u:algdx’f/\n-/\da?g =aqdzy N Ny

Notice
B B
I B8 _ 8551 8x
dxy N+ Ndx, = E pp dz§ | A A 830: x5
J1 J1 Jn In

81’?
ax?

det(d(¢p o gb;l)) = det( )
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So that
agdz A Ndaf = agdet(d(gp o ¢gt))das A--- A dz®
= andxT A--- Ndxy

det(d(¢5 0 651)) = -2 > 0

(03

And therefore M is orientable.

Construction of Volume Form from the Metric

Proposition 2.1.2 (Orientable implies Existence of compatible volume form). Suppose (M, g) is an oriented

Riemannian manifold.
Then there exists a unique volume form v € Q™(M) where n = dim M which is compatible with g and the

orientation. In fact, in local coordinates

ve(p) = y/det(gij)(dx1 A -+ Adzy,)(p)

For any p € M, using one has the metric g, let (e, -- ,e,) be an ordered orthonormal basis of (T, M, (-,-)p)
where (e;, e;)p, = 0;; is the inner product defined by g(p). In particular

(ej.€5)p = g(p)(ei, €5) = i
Let {(Ua, ¢a) | @ € I} be the atlas defining the given orientation. For p € U,, one has coordinates

¢DA = (x?v e ,IE%)
We say (e1,-- ,en) is compatible with the orientation if
6=yl ), A=(ag)  det(d) >0
= J ax.(]x ’ J

Given compatibility, one has
(daf A - Ndap)p (e1, -+, e,) = det(dzi(e;)) = det(A) > 0

Now let (e, ,e;,) be ordered basis of Ty M dual to (e, -- ,en), i.e.

gp)=> e ®e;
=1

Then
v(p)=eiA---Ney, € N"T)M
iff v(p)(e1,---,en) = 1 for any ordered orthonormal basis (e1,--- ,e,) of (I,M,(-,-),) compatible with the
orientation.

Proof of 2.1.2. Let (U, ¢) be C* chart on M that gives the orientation by local coordinates ¢ = (z1,- - ,p).
On U, the metric takes the form g;; = Zij gijda;dxj for g;; = g;: € C*°(U). Now for any p € U, let (e1,--- ,ep)
be the orthonormal basis of T,M compatible with the orientation.

One define
v(p) = €i Ao el

as above.

Notice

a n
7 (p) = > bije;  B=(bj) € GL(n,R)  det(B) >0
7 =1
One first compute using that (e, --- ,e,) gives an orthonormal basis

040) = (G 0). 5 (0)

= (> birer, Y bicer)
p ¢
= bibjedke
k0

= bubjr = (BB,
k
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Now we evaluate v(p) via the definition

V(p)(aixl(p)a e a%(p)) - V(p) Zbljela T 7anjen

= det(B)v(p)(e1, - ,en) = det(B)
so that using det(g;;(p)) = det(BBT) = (det B)?
v(p) = det(B)(dxy A - -+ ANdxy,)

= \/det(gij)(dzs A+ A day)(p)

Now on U with g = 3", j gijdzr;dx;, one has defined volume form

v =4/det(g;j)dz1 A+ Adzy,

We write vy = v.

Volume Vol(R)

74

Definition 2.1.6 (Volume). Now let R C M be an open connected subset whose closure is compact. Suppose
R is contained in U open neighborhood with coordinates ¢ = (x1,--- ,2,). We define the volume Vol(R) of R

by the integral in R™

Vol(R) := / \/det(g;;)dxy - - - dxy,
o(R) ’

Note the expression is well-defined. Indeed, if R is contained in another coordinate neighborhood V with

parametrization ¢ = (y1,--- ,y,) that is compatible with the orientation, and denote
0 0
hij(p) = hp(5—(p), 5 —(p
1) =yl 0), 50 0)
Then

Vaetg) () = V) (5 () =)

ﬂwxmm£@ww£y»
— det(221), [aet (i) (o)

8yj

det(gyy)dar - -~ dan = / det (i )y - - dyn
/J»(R) Vet ) Jdet(hy),

Example 2.1.2. Consider S*(r) = r2(d¢? + sin®(¢)d6?) with (¢,6) = (x1,22). Here

2
(102 = (o) = deto) =t

So v = y/det(g)dp A df = r?sin(¢)dop A df. Hence

so that

27 g
Vol(S?(r), gfzg)) = / / r? sin ¢ dodd = 4mr?
o Jo

Length A Riemannian Metric can be used to calculate the lengths of curves.

Definition 2.1.7 (Length). For (M,g) Riemannian manifold, let v : [a,b] = M be a C* curve for —oo < a <

b < 0o. Notice for any t € (a,b), v'(t) € Ty M.
We define the length of the curve v on the segment [a,b] as

b b
G0)= [ Wold= [ oo On0d
Y )l gvey) = /7 E)s Y (E))ey = Va(r) (Y (£), ¥ (1))

where

(2.5)
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Recall f: (M, g) — (N, h) is isometric immersion if for any p € M,

(v1,v2)p = (dfp(v1), dfp(”2)>f(p)

Here the former inner product is defined by g(p), while and the latter is defined by h(f(p)).
Then for any 7 : [a,b] = M a C* curve, f o~ :[a,b] = N is also C* curve. Moreover

ly(y) =Ln(for)

Example 2.1.3. Consider the upper half plane
H={(z,y) e R* | y > 0}

Consider go = dx* + dy* Euclidean metric and h = dﬁ%dyz the hyperbolic metric.
Consider the two curves

" ¢ [wo, m1] — H Yo : [yo,y1] — H
t = (t,90) t = (zo,t)
with curve velocity
0 0
HO = 5-0) %0 = 5 (al0)
Then
0] o 0 0
go(z,y) (aax + ba—y, 3 + day> ac + bd
0 o 0 0 ac+ bd

%wn=/|%@Mﬁ= dt = 21 — 20

Zo Zo

Y1 Y1
%wa=/|ﬁwmm=/ dt = y1 — o
Y

0
o1 dt 1 — X0
) = [ S =m0
Zxo yO yO

Y1 dt
tira) = [ 5 = loswn) ~ log(un) = log(2)
Yo Yo

Let A > 0. Define rescaling
or:H—H

(z,y) = (Az, Ay)
Compute the pullback of go
o*r = A\x
¢*dr = Adx
$390 = 93 (da® + dy?) = N*(da® + dy*) = N go
Lo (Px 07) = Mgy (7)

On the other hand

=h

. . ((dz? + dy? MNda? + N2 dy?
¢)\h = (ZS)\ < y2 ) - )\2y2

Hence for any A >0, ¢y : (H,h) — (H, h) is an isometry.
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Distance More generally if 7 : [a,b] — [a,b] is a piecewise C°° curve s.t. 7 : [a,b] — M is continuous. i.e., let
a=ty <t <--<tp_1 <tp=>bwe have

’Y|[ti7ti+1] € C([ti, tiy1], M) i=0,---,k

Then +/(t]) and 9/(¢; ) exist. One may define the piecewise curve length

k tit1
ln) =3 / I (8)], dt
=0 i

Definition 2.1.8 (Distance). Let (M, g) be a connected Riemannian manifold.
Then for any p, ¢ € M, there exists v : [0,1] = M piecewise C* curve s.t.

We define the distance between p, q determined by g to be
dg(p,q) :=inf{ly(t) | v :[0,1] — M piecewise smooth with v(0) = p, v(1) = ¢} € [0, 00)

Then

* dy(p,q) = dy(q,p)

* dy(p,p) =0

® dy(p,q) +dy(q,m) = dy(p, 7).
In fact, if M is Hausdorff, then dy(p,q) = 0 implies that p = g. In that case (M,d,) is a metric space.

We examine the notorious example.
Example 2.1.4 (Bugged-eyed Line). Let

M = (R x {0,1}) / ((,0) ~ (x,1) except for z = 0)

Consider the Euclidean metric dz? on R. Define © : R x {0,1} — M as the projection. Then there erists a
unique metric g on M s.t. ©*g = dx?.
Now [0,0] # [0, 1] in M, whereas d4([0,0],[0,1]) = 0.

We notice isometry preserves length.

Lemma 2.1.1. If f: (M1, q1) — (Ma, g2) is an isometry, then

dg, (f(p), f(@)) =dg,(pyq) Vg€ M

Proposition 2.1.3. For z, y € R™ with gy = da? + - - - + da?

dgo(z,y) = |z —y| =

Proof. dg,(x,2) = 0. Suppose x # y, let d = |z — y| > 0. Then there exists A € O(n) s.t. upon rotation,
A(x —y) = (d,0,---,0). Then since translation by y is an isometry and that rotation by O(n) is isometry

dgo(x’y) = dgo(x - y,O) = dgo(A(z - y),O) - dgo((daoa T 70)30)
:dgo((o"" ’O)v(d707"' 70))

It remains to show that dg, ((0,---,0),(d,0,---,0)) = d. Consider smooth curve
v:0,1] 5 R
L (xl(t)’ e 7xn(t)>

s.t.
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Then

W= [ (Ol dt = / AR Rt / )] de
1

2/‘ﬂayu:d—o:d
0
= égo (FYO)

where o(t) = (dt,0,---,0), so v(0) =0 and v(1) = (d,0,--- ,0).
In fact if ¢ : (R™, go) — (R™, go) is any isometry, then

6(x) = o(y)| = [z =y

7
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2.2 Riemannian Connection

Let (M, g) be a Riemannian Manifold of dimension n. Consider the tangent bundle. Recall Affine Connection

as in Definition 1.21.2.
V:iX(M)xX(M)— X(M)

(X,Y) = VyxY
2.2.1 Symmetry and Compatibility with the Metric
Symmetric Affine Connection

Definition 2.2.1 (Symmetric affine connection). An affine connection V on a smooth manifold M is symmetric
if for any X, Y € X(M)
VxY - VyX =[X,Y]

Symmetric Affine Connection in Local Coordinates. Recall asin (1.66) with e; = 8%7" The Christoffel
symbols are defined as .

dz,; afI,'J b1 R 8:Ek;
Now that V is symmetric implies
0 0 g 0
\Y -V =z, =
5% oz, 2 ox; [833, 33:]]

Thus expanding the LHS gives

Hence that V is symmetric is equivalent to saying
k k
Iy =17 (2.6)

Notice the above has nothing to do with the metric g.

Compatibility with the Metric

Definition 2.2.2 (Compatible with metric). An affine connection V on a Riemannian manifold (M,g) is
compatible with the Riemannian metric g if for any X, Y, Z € X(M) we have

Z(9(X,Y)) =g(VzX,Y) + g(X,VzY) (2.7)
where g(X,Y) € C®(M). In fact, compatibility with the metric in equivalent to
Vzg=0 YV Z e X(M) (2.8)

Proposition 2.2.1 (Equivalence with Compatibility with Metric; [dC92] Proposition 3.2). Let % be defined
along ¢ : I — M smooth curve by an affine connection V on M, which is compatible with a Riemannian metric
g on M.

For V, W smooth vector fields along ¢ : I — M, i.e., V, W € C®(I,c*TM), the metric inner product writes

(V,W)(#) = (g(e() (V(£), W(t))
where (V,W) € C*(I). Then we have

L wvwyn = (2 wy 4 v 20 (29)
In fact
(i) V is compatible with g iff (2.9) holds.
(i) In particular, V is compatible with g implies whenever V, W are parallel, we have
(V,W) = constant (2.10)

The converse holds as well.
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Proof. Choose orthonormal basis {Py(to),- -, Pa(to)} of Tery)M for tg € I. Using Proposition 1.22.1, one may
extend the vectors P;(to) along c via parallel transport. Assume (2.10) holds, then

{Pi(t), -, P.(t)} is an orthonormal basis of T,;) M for any t € I

Therefore one may write

V= Z’l}zPZ

where v?, w® are differentiable functions on I. It follows that

DV _§~ad,
dt & dt

DW _ J~du' ),
dt = dt "

This is because using the Leibniz rule (1.89) and that P; are parallel
DV D ; dv? . DP:
= (Yvn) =Y 5n =
dt dt(zi:v ) zi:dt T

Therefore

O

Symmetry and Compatibility under Pullback Let M be smooth manifold of dimension n and (N, h) be
Riemannian manifold of dimension m. Let F': M =3 (N, h). Recall its pushforward (1.81) is defined via

F,:X(M)— C*(M,F*TN)
X—FrX

where
F.X:M— F*TN

p > dF,(X(p)) € TppyN = (F*TN),
Let V be affine connection on N. Denote D := F*V
D:X(M)— C>®(M,F*TN)
X— Dx

as the pullback connection on M in F*TN as in (1.84).
We first need to study what are the objects

Dx(FY) = (F*V)x(FY) VX,Y €X(M)

or for Y € X(M)
D(E.Y) = (F*V)(E.Y) € C®(M,T*M ® F*TN) = Q' (M, F*TN)

Proposition 2.2.2. Under the above setting.
(i) If V is symmetric , then
Dx(F.Y) - Dy(F.X) = F*Vx(FY) - F*'Vy(F.X)=F.(X,Y]) VX, YeX(M)  (211)
(i1) If V is compatible with the Riemannian metric h then
X(V,W) = (DxV,W)+ (V,DxW) VXeX(M), VW VeC®MFTN) (2.12)
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Proof. Let ¢ : U — R™ be a chart on M with coordinates (z1,...,z,) and let (V| (y1,...,¥m)) be a chart on N

with F(U) C V. Write
0

n a n
X:;aia—xi, Y:;biaxi.

For each i, for any p € U (in analog with (1.90))

(o ) 0 = ar )Zgi’; - (F(D).

Yj

On the other hand, for any V' € C°°(M, F*TN) we write in local coordinates (in analog with (1.91))

)= ivj@)a ZW (7o) w

Hence, using Y = 3, b; 22 35; € X(M), so F.Y € C°°(M, F*TN), one write

EY(0) =Y ) P () )

Therefore the coordinate components are

(YY) = 3 0i0) 520 = ¥ (35 0 ).

Now let T'¥ . be the Christoffel symbols of V in the (yi,...,ym) chart, i.e.

0 0
Vaw ayr Z br o ay

k=1

Then by the defining property of pullback connection (1.84) for any X =", ai%,

DxV =3 [ X9 + S0 Th(F() X(ge o F) VT | 2 (F(p).
k=1

l,r=1 ayk

(Here X (yo 0 F) =Y, a; 52 (ye o F).)
Symmetry. Apply (2.15) to V = F,Y. Using (2.14), we have (F.Y)* = Y (y o F), hence

“ d
Dx(F.Y)=>_ | X(Y(yxo F)) Z Tk (F)X(yoo F)Y (y, 0 F) | —(F).
k=1 L,r=1 8yk
Similarly,
= d
Dy(F.X)=)Y" (Y( yr o F)) Z L} (F)Y (yeo F) X (yr oF)) o > (F).
k=1 L,r=1

Subtract (2.17) from (2.16):

Dx(F,Y) — Dy (F.X) =i( Y(yroF)) =Y (X(yx o F))
k=1

3 TP [X (0 F)Y (0 F) = Y (30 F)X (3 0 F)] )

L,r=1

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

If V is symmetric, then I'5. = I'¥,, so the I'-term vanishes because the bracketed factor is antisymmetric in

(¢,7). Therefore,

O (F)=F.(X.Y)),

Dx(F.Y D FX = XY F
x (F.Y) — Dy ( ’; 1(yx © >)8yk
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because F,([X,Y]) has components ([X,Y](yr o F))j, in the a frame. This proves (2.11).

Compatibility. Let h be a Riemannian metric on N with local components hy,(y) in (y1,...,Ym):
g 0
P55 ) = her(y):
ayk ayr k?“(y)

The induced (pullback) inner product on F*T'N is
(V,W)(p) = hir(F(p)) VE(p) W™ (p)  (Einstein summation).
Differentiate:
X(V,W) = X (hir (F) VFWT)
= X (hper(F)) VEW" + hier (F) X(VFYW" + hir (F) VFE X (W), (2.18)

Next compute (DxV, W) + (V, DxW) using (2.15):
(DxV,W) = g (F) (DxV)* W
= hyr (F) (X(V’“) + T8 5(F) X (yo o F) VB> W, (2.19)
(V, DXxW) = hy,(F) VF (DxW)"
= e (F) VE (X (W) 4+ T (F) X (yo 0 F) W), (2.20)

Adding (2.19) and (2.20) gives
(DxV,W) 4+ (V,DxW) = hpr(F) X(VF)Y W™ + hy, (F) VE X (W)
+ X (g © F) (hag (FYT 5 (F) VAW - g (F)Th (F) VAP, (2.21)
So (2.12) will follow if we show the remaining terms match:
X (i (F) VEW™ = X (yo 0 F) (hor(F)L5,(F) VEW™ + o ()5, (F) VEW™).
But X (hgr(F)) = X(ya 0o F) Oahir(F) by the chain rule, hence it suffices to use the coordinate form of Vi = 0:
Oohir = hspTop + hpsL3,.. (2.22)
Substituting (2.22) into (2.18) shows that (2.18) equals (2.21), i.e
X(V,W) = (DxV, W)+ (V,DxW),
which is (2.12). O

Symmetry and Compatibility as V acting on (0,2)-tensors

Lemma 2.2.1. Let V be affine connection on a smooth manifold M. Then V is symmetric iff for any f €
C>(M), the (0,2)-tensor Vdf is symmetric, i.e.

(Vdf)(X,Y) = (Vdf)(Y,X) VX, Y eXx(M) (2.23)
Proof. Using (1.106), since df € Q'(M) for any f € C>(M), for any X, Y € X(M), using Definition (1.108)
(Vdf)(Y. X) = Vxdf (V) = X(df (V) — df (VxY)
Y2V X () - (VaY)()
Now assume V is symmetric.

(Vdf)(Y, X) = X(Y () = (VxY)(f) = XY () = (Vy X)(f) = [V, X](f))

= X(Y(f) = XY () +Y (X)) = (VyX)(f)
=Y(X(f) = (V¥ X)(f) = (Vdf)(X,Y)

On the other hand assume (Vdf)(Y,X) = (Vdf)(X,Y). Then

0= (Vd) (Y, X) = (Vdf)(X,Y) = (X(Y(f)) = (VxY)(f) = (Y (X(F)) = (V¥ X)(f))
= [X,Y](f) + Vy X(f) - VxY(f) V[feC¥(M)
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Lemma 2.2.2. Let (M, g) be Riemannian manifold with V an affine connection. Then V is compatible with g

iff
Vg=0
as an answer to (2.8).
Proof. For any X, Y, Z € X(M)
(1.108)
(Vg)(X,Y,2) (Vz9)(X,Y)

1.104 2.7
LY Z(9(X,Y)) - 9(V2X,Y) — g(X,V2v) &
Vg=20

2.2.2 Levi-Civita Connction

Levi-Civita Connection

Theorem 2.2.1 (Levi-Civita). Let (M, g) be a Riemannian manifold. Then there exists a unique affine con-
nection V on M which is symmetric and compatible with the metric g.
Such connection is called the Levi-Civita Connection.

Proof. Assume such connection exists. Let’s show uniqueness. Take any X, Y, Z € X(M), if we have compati-
bility with the metric g, then

X(9(Y,2)) =9(VxY,Z)+g(Y,VxZ)
Z,X)=9(VyvZ, X)+¢g(Z,VyX)
X,Y))=g(VzX,Y)+g(X,VzY)

Now add up first two and subtract the third, using g is symmetric tensor, and then using V is symmetric
affine connection

X(g(Y,2))+Y(9(Z, X)) - Z(9(X.Y)) =g(VxY + Vy X, Z) + g(Y,VxZ - VzX) + g(X,VyZ - VzY)
= 2g(VyX, Z) +g(Z, VXY — VYX) +g(K VXZ — VzX) + g(X, VyZ — VZY)
= 29(VYX7 Z)+9(Z, [X7 Y]) +g(Y, [X7 Z]) + g(X, [Y> Z])

Then

9(Vy X, Z) = 5 (X(g(Y, 2)) + Y (9(Z, X)) = Z(9(X, Y)) = g(Y, [X, Z]) = g(X, [V, Z]) = 9(Z,[X, Y]))

N |

This uniquely determines Vy X for any X, Y € X(M).
Now for Existence, we define Vy X as above and check that V is symmetric and compatible with the
Riemannian metric g. O

Here we record our usual expression for Levi-Civita Connection.

1
g(vXY> Z) = 5 (X(g(Y, Z)) + Y(g(ZvX)) - Z(g(Xa Y)) - g(}/v [Xa ZD - g(Xa [Ya Z]) + g(Za [X’ Y])) (224)
Levi-Civita in Local Coordinates Let Y = &c , X = 5= and Z = W as in (2.24). Then making use of
(1.66) with e; = % so that
Vo a% er For (2.25)
One write
LHS of (2.24) = g(V ii)— (nrl Zr
=9 %8xj’8xk _ge 9z, 3x i 9tk
1/ 0 o 0 0 o 0 6‘ o 0 0 0 0
RHS of (220) = 5 (005 50 + 500G 5) — ot ) = 95 0) = (G 0) = a(5=.0))

1
=3 (Gik,j + 9rji — Gij k)
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where g;; 1 = (89%}:. Hence matching both sides gives
1 n
¢ tk
Iy =3 > 9" (Giky + Grsi — i) (2.26)
k=1

where (g% (x)) := (ger(z)) ™t is understood as the inverse matrix. The matrix is invertible because

g2
glj =9 81‘1" 8l‘j

is symmetric, positive definite.

Christoffel Symbol Examples for Levi-Civita
Example 2.2.1. Consider the flat metric (R",g = dx} + ---dz?) where g;; = ;5. Then g;j, = 0 with
9] 0

Ff = Oa \Y - 07 Ve—r =

7 81}]’

0 ¥ =
Oz4 8xj

0

Then for ¢c: I — R™ smooth curve with c(t) = (x1(t), - ,2,(t)), and any C vector field along c

Plugging in (1.92) we see

Thus V is parallel % = 0 iff all coordinate components vanish dstj(t) =0.

Example 2.2.2. Consider (S?, gean = d¢* + sin?(¢)db#?). For spherical coordinates 6 € (0,27) and ¢ € (0, 7).
(z,y,z) = (sin(¢) cos(0), sin(¢) sin(8), cos(¢))

And (z1,22) = (¢, 0).

Metric, its Inverse and the derivatives. We have

(9i5) = <(1) sing((b))

10
(g”)< 1 )
0 =@

Thus gij = 0 for any i # j and g** = . In particular goo 1 = 2sin(¢) cos(¢) and gij = 0 otherwise.
J Jkk ) Js

Inverting gives

Compute Christoffel Symbols Ffj. Using (2.26) we compute

Fh = F%l :F%2 :Fél :F§2 =0

2
1 1 0
2 — = 2k n _ - - Y
1275 ; (9 (91k.2 + gra1 912,k)) 2022 8@5922
19 9 cos(¢) 2
_19 - - T
5 9 0BEIN7(9)) = T = cot(9) =T,
Tl = 261040 - go1) = — 22 (sin?(6)) = — sin(6) cos(@)
2= 5 22,1 200
Compute V%a%j. Using (2.25) we derive relations
g ., 0 5 O
V%% Fn% + Fn%
0 0 1 0 5 0
V%% :V%% :F1287¢+F12%
0 . 0 5 O
V%@ Fz2% + FQQ%
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Thus
Va%a% Fh; +F§1§9 -0
Va%% - V%% = F%z(% + Fﬂ% Cot(qb)%
V%% = F%z% + F%Q% sin(¢) COS(@%

Compute connection 1-forms w;-“. With our Christoffel Symbols, we use local coordinates (1.68)

n

k_ k
w; = Z Fijdxi
i=1
to read off wi =0, wW? = cot(P)dh, wi = —sin(¢) cos(¢)dd and w3 = cot(¢p)de. The connection 1-form writes

wi wg) 0 —sin(¢) cos(¢)do 1
(w% w%) B (cot<¢)d9 cot(¢)do ) T slZR)

Compute Va%j, Hence for (1.67) with e; = 8%7

we have
0 0 0 0
V% —d¢®V%%+d9®V%% = (COt((ﬁ)dQ)@%
0 0 0 0 . 0
V% =dp® Va%@ +do® V%% = (cot(¢)dg) ® i sin(6) cos(0)df @ 90

Connection one-form for Orthonormal Frame We can use the Orthonormal frame (2.1) to compute
connection one-form for S2.
0 1 0

{87¢’ sin(¢) 00
Using Leibniz rule (1.61)

Vi=V.e =V
dxq o
Vo=V o =V
By 26
S
1= 55
)
2= sin(¢) 00
0
Vier = V%% =0
B 1 9\ asy cos(¢) 9 1 0
Vier=Vy (sin(d)) ae) = T an(9) 00 sim(g) V#500 "
0 0
Vaer = V%% = cot(gb)% = cos(¢)es
B 1 90\ asy 1 o 1 o E _
Vaey = Vo Sn(@) 89) sin(gb)v%% = sin(¢)( sin(¢) cos(¢) 8(;5) = —cos(¢)er

Ve :dq’>®va%el +d9®V%el =df @ Vaey = cos(¢)df ® es
Ves = dop ®@ Viea + df @ Vaea = — cos(¢)df & e;

One has

[Ver, Ves] = [e1, €3] <COSO( 5 _C%S(¢)) i
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and so our connection one-form @ writes

(Z% Zé) = (COS&,)dg _Coso((b)d‘g) e QL(U, 50(2))

Proposition 2.2.3. In general if e1,--- ,e, are local orthonormal frame (2.1) of TM|,; = TU, and V is
an affine connection compatible with the Riemannian metric, then

wj = —wi
and w € QY (U, s0(n)).
Proof. Since e; are orthonormal, (e;,e;) = d;;. Thus

0= d<€i7 6j> = (Ve,-, 6]'> + <€7;, V6j>
But Ve; = Y _, wF ® ey, so plugging in yields

_ ., J i
O—wi—i—wj
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2.3 Geodesics

Let (M, g) be a Riemannian manifold of dimension n.
Definition 2.3.1 (Geodesic). Letv: I CR — M be C* curve. We say v is geodesic at ty € I if

de

dt 7t (to) 0e T’Y(to)M

where % = W*V% is the covariant derivative defined by the pullback of Levi-Civita connection on (M, g) under
v itself.
We say ~v is geodesic if
D, d d
(v, D
dt > dt @ dt
In other words, geodesics are curves whose curve velocity are parallel w.r.t. the covariant derivative along
itself (via Levi-Civita Connection). In particular, the size of curve velocity remains constant.

Lemma 2.3.1. Ify:I — M is a geodesic in a Riemannian manifold (M, g) then

= 12 = Jat0 ). 2 1) = constans

Proof. Using % defined by Levi-civita connection, which is compatible with the metric, (2.9)

dydy dy Dy dy iy Dy
dt'dt’dt’  dt dt’ dt dt’dt dt’
O]
Geodesic in Local Coordinates and Local Existence and Uniqueness Let (U, ¢) for ¢ = (z1, -+ ,2n)
be C'°° chart on M. On U we have
N
3% Oz, B - 7 Oxy,

where (2.26)
1
Ffj =3 ZQM (9ik,j + Grjsi — Gijk)
k

WLOG assume
v:I—=U 4R
Then in view of local coordinates representation (1.90) and (1.91), for any V € C*°(I,~v*TM)

pory(t) = (z1(t), - (t))
dxy,
_ZE a?k v(t))
%

V() = Y VED 2 (D)
k=1 Tk
1.92) k n z; ]
P03 [ To0+ 3 th @) 20V | 5-60)

dy
V(t)=9'(t) = —
() =~(t)=
By matching coefficients we have V¥(t) = dj—t’“ (). Thus the equations for covariant derivative in local coordinates
write
D dy dxi dx;
7720 7‘7:0 vk:1~ 2.27
adat dt2+z Tat " (2.27)

4,j=1
This is a system of 2nd order ODEs in x;(t),- - ,2,(t). Denote

dx i
dt

(t)

yi(t) ==
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Then they satisfy

d{Ek o
dt Yk
- Z L35 o vyiy;
ij=1
This is a system of 1st order ODE in x1(t), - ,z,(t) and y1(¢), - ,yn(t). Hence there exists unique solution
if given initial data a;,b; € R
zi(to) = a
d.l?i
i(tg) = b; = t
yi(to) 5 (o)

or in other words
'V(to) = ¢_1(a1’ T 7(1”) =p

(to) = > b ()

i=1

Theorem 2.3.1 (Existence and Uniqueness Theory for Geodesic). Let (M, g) be a Riemannian manifold. Given
anyp € M andv € T,M

e There exists a geodesicy: I — M s.t. 0 € I, v(0) = p and ~'(0) = v.
o If 8:1I' = M is a geodesic s.t. B(0) =p, §'(0) = v then we must have
I'Cl, B=p
Examples for Geodesic
Example 2.3.1. Let (R", go = dz? + ---dx?) be flat metric. Then
Gij = 0ij Ffj =0

Hence using (2.27)

D, dQIk
—v'(t) =0 <= =0
ar? at?

so for
v:I—R"

te (2a(t), - s en(t))
Given any a € R™ and b € T,R™ 2 R"™ the unique geodesic (t) with v(0) = a and +'(0) = b writes

vt)=a+bt teR
Example 2.3.2. Consider canoncial metric (S™, gecan). Given p € S" and v € T,S™. Recall
(p’ ’U) eTS" C TRnJrl ~ Rn+1 % RnJrl

for |p| =1 and (p,v) = 0. The unique geodesic y(t) (unit-speed great circle through p with initial velocity v) in
(S™, gean) is given by

B P ifv=20
V(1) = {cos(vt)p +sin(fvt)pr v #0 (2.29)
2.3.1 Geodesic Field and Geodesic Flow
For ~y : I — M smooth curve in M and V a C'* vector field along =, the tuple
y: I —>TM
7 (2.30)

t(y(1), V(1))

defines a smooth curve in T'M s.t. the diagram commutes

™ —— M
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We prescribe initial data v(0) = p and 7/(0) = v for (p,v) € TM. Now ~ is a geodesic in (M, g), i.e.,

D d
Z20=0
didi

iff v(t) and V (¢) satisfy

2.3.1.1 Geodesic Field
Now for any (p,v) € TM, define G(p,v) € T, (T M) as follows.

Definition 2.3.2 (Geodesic Field). Take any (p,v) € TM. Let v : (—e,e) — M be the unique geodesic in

(M, g) s.t. v(0) =p, v'(0) =v. Let 7 denote the lifted curve (2.30)
y:i(—e,e) > TM
Ees (10,7 (1)
Now we define the geodesic field as
G:TM — T(TM)
(p,v) = 7(0) € Ts(0)(TM) = T(y,0) (T'M)
where 7y is the unique geodesic in (M, g) with v(0) = p, v/ (0) = v.

In the following we make sense of the definition (2.31).

Well-definedness of Geodesic Field G € X(TM) Let (U,¢) with coordinates ¢ = (z1,-

chart for M.
We first lift coordinate chart into 7M. We lift the chart to TM via (7~ (U), ¢)
¢:m YU) CTM — ¢(U) x R® C R*"
(p,’U) — (331"" Ty YLy 7yn)

where p € U and {y;} denotes the components w.r.t. basis fixed by {a%}
v= z":%i(p) e T,M
i ’

In particular, gz~5 is related to ¢ via

o(p,v) = (¢(p), Y1, 1 Yn)
Also note

¢oy(t) = (z1(t), - ,an(t))
implies

¢o :Y(t) = (xl(t)’ T ,.Tn(t),y1(t), T ’yn(t))

Geodesic Field in Local Coordinates. Hence writing into equations

n

GG B2 Dy 020§ By O gy 3 ey O 5

dt £ dt O, dﬁ Oy
(2.28) " dx; O . 3 " " e 9
23 OG0 S T3 G0

On 7~ 1(U) we have

9 .98 9 90
85817 ’8xn’8y1’ ’8,%

n 9 n i . 9
G:kz::lykaixkf Z (500 (9317"',1?7,,))31193‘87%

i,5,k=1

as C* frame of T(T M), -1 -
Hence

(2.31)

-+ ,x,) be C*™

(2.32)

Since all coefficients are smooth functions over 7=1(U), this justifies that G is indeed a C vector field on TM.
Notice that the geodesic field G is unique using 7 is a unique solution of the system of differential equations.
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2.3.1.2 Geodesic Flow

Given our Geodesic Field G as in (2.31). For any (p,v) € TM, using Theorem 1.15.1, there exists § > 0 and an
open neighborhood TU of (p,v) in TM s.t. a flow ¢ (1.29) exists

61 (=6,0) x TU S TM
(t,q,w) = ¢(t, q,w)
s.t.

2.6(t,q,w) = G(¢(t, ¢, w)) B
{8 (0, ¢,w) = (g, w) v (t,q,w) € (=6,6) x TU (2.33)

Such ¢ is called a Geodesic Flow.

Recover Geodesic via Geodesic Flow Using the geodesic flow, one may construct geodesics in M using
any initial data in the neighborhood U of (p,v). This is the same procedure as recovering the integral curve
from the flow.

Denote 7 as the projection for our tangent bundle

m:TM — M
(p,v) = p
Let ¢ be our geodesic flow (2.33). Then define
yi=mo¢d:(—0,0)xU - M

(2.34)
(t,q,w) = m(o(t, g, w))
Now for fixed (¢, w) e Y CTM s.t. ¢ € M and w € T,M, from y we may recover the geodesic
w:(—=0,0) > M
Yagw : (=6,9) (2.35)

t=(t g, w)
with 7,.,(0) = ¢ as initial position and ~; ,,(0) = w as initial velocity.

In fact v and ¢ are related via

8(1..0) = (60,0, 9 (Ep0)) Y (1pv) € (<6.0) x U

Abuse of notation, sometimes we call v as in (2.34) also as geodesics.

Local Existence and Uniqueness of Geodesic under Geodesic Flow Fix p € M. It is in fact able to
choose the neighborhood U C TM in (2.34)(as the domain of definition for geodesic flow) in the form

Uye, ={(qv) eTM | qgeV, veT,M, |v] <ei} (2.36)
where V is an open neighborhood of p € M. This controls the size of velocity within &;.
Proposition 2.3.1 ([dC92] Proposition 3.2.5). Given p € M, there exists

1. an open set VC M s.t. peV
2. an open interval (—6,0) C R around 0
3. a parameter €1 > 0
and a C™ mapping as in (2.34)
y=mo¢:(—0,0) xUye - M (2.37)
(t,q,v) = (L, q,v)

s.t. the restriction as in (2.35)
Vg 1 (=6,0) > M

t =t q,v)
is the unique geodesic of M, which att = 0 passes through q with velocity v, for each (q,v) € Uy, as in (2.36).

Proposition 2.3.2. If (M, g) is compact Riemannin manifold. Then the geodesic flow ¢ and geodesic vy is
globally defined on R x T'M.

¢ RxTM —TM
viRxTM — M
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Examples of Geodesic Field and Geodesic Flow

Example 2.3.3. Consider (R",g = dx? + ---dx2) flat metric. We know Ffj = 0. One identify TR™ = R?" so

the geodesic field writes
G:TR" =R*" — T(TR")

- 0
(z,y) = Z ykaixk
k=1
Solving ODEs give the geodesic flow
¢:RxTR" - TR"
(t,z,y) = (z +ty,y)
along with nearby geodesics (2.34) in R™
v:RxTR" — R"
(t,2,y) = = +ty
Example 2.3.4. Consider (S™, gean). We have v geodesics
v:RxTS" —S"
T ify=20
t — . ;
ty) {cos<|y|t>x+sm<|y|t>g ify #0

For geodesic flows, making use of

ot q,w) = (v(t, g, w), 2 (1, q,w))

ot
S0 |%(t,q,w)| = |wl|, we have
¢:R x TS" = TS"
t . . ;
(t,z,y) — {(Cos(y|t):r +sin(|y[t) 77, —sin(|y[t)[ylz + cos(|ylt)y) if y #0

Geodesic Flow preserves the sphere bundle
Spo)(TM) =A{(p,v) € TM | |v] =}

with r > 0. The geodesic field G(p,v) is tangent to S|, (T M).

2.3.2 Exponential Map

Homogeneity of Geodesic Proposition 2.3.1 asserts that for |v| < &1, the geodesic (¢, ¢, v) exists in an
interval (—4,4) and is unique.

In fact it is possible to increase the velocity of a geodesic, by decreasing its interval of definition,
and vice versa. This is known as homogeneity.

Lemma 2.3.2 ([dC92] Lemma 3.2.6). Given p € M, let v be as in (2.37). In particular
v:(=0,0) xUye, - M
(t,q,v) = (t q,0)

defines the geodesic
Vg (—0,0) = M

t = (t,q,v)
Then for any a > 0,
d 9
w:(—,—)—=>M
Ya, ( a a)
t = ~(t, q,av)
is defined on the interval (—g, g) and
d 9
’Yq,av(t) = ’Y(ta q, (11]) = ’y(atv q, ’U) = ’yq,v(at) v (t» q, v) € (_aa a) X uV,El (238)

In particular, the domain of definition for ~ can be modified from (—6,08) x Uy.., to (=2, g) X UV qe; -

a
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Proof. Fix (¢,v) € Uy,,. Define a curve

h:(—é,é)%M
a’a

t— ~(at,q,v)
so that h(0) = ¢ and 4%(0) = av. Since h/(t) = av'(at,q,v),

D dh

D dh )
dt dt

)= Vimh'(t) = aQVWI(at’q’vﬂ’(at, q,v) =0 Vie(——,-)

a a

using that ~ is geodesic. Thus h is a geodesic over (—é é), passing through ¢ with velocity av at the instant

a’a

t = 0. By uniqueness of geodesics Proposition 2.3.1 (or in fact Theorem 2.3.1)

h(t) = y(at,q,v) = (t,q,av)
O

Extending Interval of Definition Uniformly Large Leveraging homogeneity, one is able to make the
interval of existence for the geodesic uniformly large in a neighborhood of p.

Proposition 2.3.3 ([dC92] Proposition 3.2.7). For any p € M, there exists
1. an open set VC M s.t. peV
2. a number e >0

and a C* mapping as in (2.34)

v:(=2,2) xUye - M (2.30)
(t,q,w) — ~(t,q,w) '

where
Uye ={(qw) eTM |qgeV, weT,M, |w|<e} (2.40)

s.t. the restriction as in (2.35)
Yo ¢ (—2,2) = M

t— y(t,q,w)
is the unique geodesic of M, which att = 0 passes through q with velocity w, for any (q,w) € U.

Proof. The geodesic v defined in Proposition 2.3.1 exists for |t| < § and |v| < €1. By homogeneity Lemma 2.3.2,
one modify the domain from
(=9,0) x Uy, to (—2,2) x Uy s,

so (t, g, %“) is defined for t € (—2,2), (q,v) € Uy,,. Choosing € < %sl, we obtain that the geodesic (¢, ¢, w)
is defined for || < 2 and |w| < €. O

Via a similar approach, one could make the curve velocity 1 by homogeneity

v
7(13 q’U) - V(ana m)

Exponential Map Proposition 2.3.3 permits us to introduce the concept of exponential map.

Definition 2.3.3 (Exponential Map). Let p € M. There exists Uy (2.40) and v (2.39) as in Proposition 2.3.3.
We define the exponential map on Uy, as

exp:Uye CTM — M

v 2.41
(q7’l}) H7(17Q7v) :’Y(|U|7va) ( )
One may also consider its restriction to an open subset of the tangent space T, M.
exp, : B:(0) CT,M — M
0 B0 ST, VgeV (2.42)

v — exp(q,v) = v(1, ¢,v)
It follows that both exp, exp, are smooth functions, and that
exp,(0) = ¢

Geometrically, exp,(v) is the point of M obtained by going out the length equal to [v], starting
from ¢, along a geodesic which passes through ¢ with velocity ﬁ
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Exponential Map as Diffeomorphism
Proposition 2.3.4 ([dC92] Proposition 3.2.9). For any q € M, there exists an € > 0 s.t. (2.42)
exp, : B-(0) CTyM — M
v = exp(q,v) = 7(1,4,v)
is a diffeomorphism of B:(0) onto an open subset of M.
Proof. We want to compute the differential of exp, at the origin.
(dexpy)o : To(TeM) = TyM — T,M

Once it’s a linear isomorphism, by Inverse Function Theorem we can conclude that exp, is a local diffeomorphism.
To do so, we adopt the definition of differential (1.28) as mapping between curve velocity. For ¢ € M, and
for any v € T,M with |v] < ¢ (here ¢ is as in Uy (2.40)) fixed, consider the curve ¢(t) = tv with ¢/(0) = v.

c:(—=2,2) > T,M
t—tv

Now exp,, as a smooth map between T, M and M composed with the curve c gives

exp,(tv) : (=2,2) = M
t = expgy(tv) = (1, ¢, tv)

whose curve velocity is computed via

d 0
7 i equ(tv) =5 v(1,q,tv)],_q

=V
t=0

0
- %7(t7 q, U)
Now

(dexp,)o(v) = (dexp,)olc(0) exp,(tv) = v (2.43)

dt |,

which is to say, the differential of exp, at the origin 0 is the identity map. This is indeed linear isomorphism
between two tangent spaces. Hence exp, : B.(0) — M is a local diffeomorphism at the origin 0, i.e., there exists
€ > 0 sufficiently small s.t.

exp, : B:(0) € TyM — exp,(B:(0)) € M

is a diffeomorphism. O
Examples for Exponential Map
Example 2.3.5. For M = R", the exponential maps are the translations
exp, : T,R" — R"
V= p+v

Example 2.3.6. For M =S", recall (2.29)

Do) = {con(ulp Lsin(lo) 070

This is diffeomorphism of Br(0) onto S™ \ {—p}.

2.3.3 Gauss Lemma

We first define some preliminaries.
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Piecewise Smooth curve
Definition 2.3.4. A piecewise smooth curve is

c:la,)) CR— M
t— c(t)

s.t. there exists a partition a =ty < t1 < --- < tp_1 < tx = b where the restriction are smooth curve

¢ [tistita]
We say c joins points c(a) and c¢(b). ¢(t;) is called a vertex of ¢, and the angle formed by lin}r d(t), lim c(t)
t—t; t—t;
is called the vertex angle at c(t;).

One may extend idea of parallel transport to piecewise smooth curves. Given Vo € T.) M, for t € [t;, 1;11],
one may extend Vj to obtain a parallel field V (¢) for ¢ € [t;,t;41]. Now taking V (¢;) and V(¢;41) as new initial
values, one extend V(¢) in a similar manner to [t;_1,%;y2].

Parametrized Surface Let A C R? be connected open subset. A parametrized surface in M is a smooth
function
s:ACR? > M

(u,v) = s(u,v)
Let (u,v) be global coordinates on R?, then {2, 2} € X(A).
A wector field V' along s is a smooth mapping s.t. V(q) € TyqM for any q € A, as in Definition (1.83). We
denote 25, 95 ¢ 0°(A, s*TM) as the pullback vector fields of -2, -2 along the parametrized surface s

du’ v du’ v
os .o 0
gs .0 0
so that for any (u,v) € A
Jds ds .
%(U,’U), %(’U,, U) S Ts(u,v)M = (S TM)(U7’L))

For V an affine connection on M, we denote D := s*V as the pullback connection (1.84). Denote % =D

D.—p 2 the covariant derivative as in Definition (1.88).

a
i

dv
D * *
T C®(A,s"TM) = C*(A,s*TM)
DV
Vi 20
~ du

One may understand %(u7 vg) as the covariant derivative along the curve
u > s(u,vg)

of the restriction of V' to this curve. This defines Z¥ (u,v) for any (u,v) € A.

Lemma 2.3.3 ([dC92] Lemma 3.3.4). If V is a symmetric affine connection on M, then

D 9s D 0Os
Proof. Using (2.11)
D ods D 0os 0 0
2 Dss,— —Dos—
dvOou duOv %5 ou Er ov
* . 0
=s Va%s*%—s V%s*%

co(122) =0

Or we directly prove by hand. Let (U, ¢) be C* chart around point of s(A) with coordinates

¢os(u,v) = (21(u,v), - 2n(u,v))
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Then

%(%)(u’ v) = dv <zl: %(Ua v) oz, (S(va))>
21'1‘ €T
5 (G g, oo + Grwn g (g )

8 xz 6 8xi
> (ava ) g )+ G0V oy (50,0

N ; (avau (u7 U) 8,’L‘i (S(u’ U)) + Z au (U, U) av (U, U)V% axi (S(uy U))

where we’ve used essentially (1.90)

Now using that V is symmetric thus

one conclude

O

Gauss Lemma In what follows we identify the tangent space to T, M at v € T, M with T}, M itself, and write
T,M = T,(T,M).

Lemma 2.3.4 ([dC92] Lemma 3.3.5). Let (M, g) be Riemannian manifold. Let p € M, and v € T,M so that
exp,(v) as in (2.42) is defined.
Then
<(dexpp)y(v)7 (d expp)v(w))cxpp(v) = (v,w), VweT,M=T,(T,M) (2.45)

Guws lwms — pe M. sl
w S oW
(hergp, o Merpyt 7 ' ‘“7

G

V/ W VpeEM. EXFF ﬂ“(ﬂotlﬁl 1swdr1
v 0eBw) st Upt® swu»'jwl

R
u;::o?»\/ doun ™ - - cm
\'!\ (_M\M\Q, asn LSOM*X n @fpll’v) '
9
ey

Figure 2.1: Gauss Lemma
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Proof. Define for 4, ¢ > 0 sufficiently small.

fi(—ee)x(=6,14+0) > M
(5,1) = exp, (t(v + sw))
For any s € (—¢,¢) define f
fs : (_5,1+5) — M
t e f(s,t) = exp,(t(v + sw))

Here f, is geodesic with initial position f4(0) = p and initial velocity f.(0) = v + sw. Now using f is geodesic

Dof D _
aa(s,t) = %fs(t) =0 (2.46)
Also
H 2{ (s.1), %(s,t» = (2. £0) "= (£200), £2(0))

= (v+ sw,v + sw)

= (v,v) + 2s(v, w) + % (w, w) (2.47)

We differentiate

f(t,s) = exp,(t(v + sw))

0
a{( ) = (d epr)t(U+5w) (U —+ S’U))

0
aif(t’ s) = (dexp,) (vt sw)(tw)

of
ot —(t,0) = (dexp,)tw(v)

0
a—J;(t, 0)= (dexpp)tv(tw)
Thus to recover LHS of (2.45), we care about

g{(l 0) = (dexpp)v(v), %(1,0) = (dexp,)o(w)

We differentiate using compatibility with the Riemannian metric g , and that metric is symmetric (2.44)

Q<ﬁ ﬁx s) (2.9) <2g %> <ﬁ Bg> (2.46) <g 2%>
ot'ot’ 9s’ 77 Ndt ot s ot’dtos’ — ‘ot’dtos
(2.44) <g 2%>
ot’ ds ot
(2.9) 10 ,0f of (2.47) 10 9
S (o, Sy C2D 22 ((0,0) + 25(0,0) + 2w, w)

= (v,w) + sluf?
o of of
515 5 )(t.0) = (v, )

Thus upon integration

1 1
G0 5.0 - (0. Lo = [ 2E Fieoa= [wwa=ww

Conclude by noticing

L 0,00, 2 (1,0)) = ((dexp, ) (o), (dexp, )u(w))
0.0, % 0,09 = 0
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Normal(Geodesic) Ball If exp, is a diffeomorphism of a neighborhood V' of the origin in 7),M, then
U=exp,V
is called a normal neighborhood of p. For B.(0) whose closure lies in V, we call

exp, B:(0) = B:(p)

the normal ball or geodesic ball with center p and radius € > 0.
By Gauss Lemma (2.45), the boundary of a normal ball is a hypersurface (submanifold of codimension 1)
in M orthogonal to the geodesics that start from p. We denote the boundary as

Se(p) == 0B.(p) = exp,(9B(0))

and we call it the normal sphere or geodesic sphere at p. The geodesics in B.(p) that begin at p are referred to
as radial geodesics.

Lemma 2.3.5. S.(p) is orthogonal to the geodesics that start from p.
Proof. Fix v € 0B.(0) C T, M and set q := exp,(v) € 9B.(p). Consider the radial geodesic

Y(t) i=expy(tv), (1) =g,
so that
7'(1) = (dexp,)y(v) € T, M.
To describe T, (0B:(p)), let v(s) C 0B.(0) be any smooth curve with v(0) = v, and define

a(s) = exp,(v(s)) € 9Bc(p),  (0) =g

By the chain rule,
a/(0) = (dexp, )y (v'(0)) € T;(9B:(p))-

2

Since |v(s)| = ¢, differentiating |v(s)|? = 2 at s = 0 gives

d

T ds

o v(s),v(s)) = 2(v,v'(0)), hence (v,v’(0)) = 0.

Now apply Gauss Lemma (2.45) at v
(dexp,)u(v), (desp,)uw),, )= (vw)y Vo€ TM.
Taking w = v/(0) yields
(7/(1),0/(0))q = ((dexp,)u(v), (dexp,)s(v'(0)), = (v,v'(0)), = 0.
Since vectors a’(0) span T, (0B.(p)), we conclude

V(1) L Ty(9B:(p))-

Thus dBc(p) is orthogonal to the geodesics issuing from p. O

2.3.4 Minimizing Properties of Geodesics

Geodesics Locally Minimize Arclength Recall Arc-length ¢ is defined via (2.5)
Definition 2.3.5 (Minimizing Geodesic). A segment of the geodesic
v :la,b) = M

is called minimizing if
£(vy) < L(e)

for any ¢ piecewise smooth curve joining y(a) to v(b).

Recall the length is defined via (2.5).
Let (M, g) be Riemannian manifold.
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Proposition 2.3.5 ([dC92] Proposition 3.3.6). For anyp € M, let U be a normal neighborhood of p in M, and
Bs(p) C U be a geodesic ball of radius 6 > 0.
Let
7 :[0,1] = Bs(p)

be a geodesic segment s.t.
v0)=p, A(1)=q#p
Now for any c: [0,1] = M piecewise smooth curve in M joining v(0) = ¢(0) = p to v(1) = ¢(1) = g,
£(vy) < L(e)

and if equality holds, ([0, 1]) = ¢([0, 1]).

Geadin' s aclly wmmiv m@oiw

Wem’ U"SJL" ﬁ(,..bo“‘- ok n‘,‘d‘)ﬂ‘

)« e
= ) g (;-))° CW‘O)

U | (wM) g  cel)= “fr,\l’”“)
l’ bit)
( J \JT,/FM ()= ) lar) wit)= -T;f.-“)
,1,,.&» | @2 — T P — |
’ ’ (::, «uP‘.wm)e “l?um vy e nde (,m[.«;'.t: ThL W =
d d C vt A reb)vid))
FW) - (defo), 0, , |
y 2r)v(d) (- vt vt
618 %4;‘7: \r'd)]“ (uk*{;?]ki.;h\)ﬁ _@uﬁ,l"&’tn))-t— ) r_i__——_-_f
!

FACUN (J”h)\t\)w:“' (Ju("ﬂw;w"“7. ;=" W) ih 20 3

> =
Guus - V'd)ze 2 i),

. 2
\omma () LAV 4 2 ¥ vid) (o' & \17) v _
1 menifis Y 4 ,7,:.:_4 oo

= 1 | .
(s o o ol e o) depin? | T TG
-Q,f C,) ,\L Jdﬂ&b 2 j, o ewd = l\,o’ : a(;) N c,{...g’)._ ‘-("‘:’.7)

Figure 2.2: Geodesics Locally Minimize Arc-length

Proof. For the geodesic segment ~, if denote
7'(0) = vy € T,M
we know
V() = exp,(tvo),  v(1) =g =exp,(vo),  €(y) = |vol
WLOG, we conduct the following simplifications.

e Assume ¢([0,1]) C Bs(p). Otherwise consider the smallest t; € [0,1] s.t. ¢(t1) € 0Bs(p) and show that
£(c) 2 Uclg4y) =6 > £(7).

e Assume c(t) # p for any ¢ > 0. Otherwise consider the largest t> € (0,1) s.t. c(t2) = p. Consider cl,
and show £(c) > £(cly, 1) = €(7).

Define
b:[0,1] = Bs(0) C T,M

t expzjl(c(t))
so b(t) is piecewise smooth curve in T, M. In particular c(t) = exp,,(b(t)). By our assumption, b(t) # 0 for ¢ > 0.
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Thus in the following we may decompose b(t) = |b(¢)] IZEBI Let r(t) = |b(t)| so

r. [O, 1] — RZO

is piecewise C*°. We have r(t) > 0 for any ¢ > 0.
For t > 0, also define
b(t)
v(t) i= —+
[b(t)]

so v : (0,1] — T, M is piecewise C*°. Hence using Compatibility with the metric
(v(t),v() =1 = (v(t),v'(t)) =0
Then for 0 <t <1
c(t) = exp,(b(t)) = exp, (r(t)v(t))
2160 = (dexpy o (' (8o (t) + r(8)v' (1)

|5 et )12 = {(dexp,) e (' (H)o(t) + (00 (1), (dexpy)ryo (' (E)v(t) + ()0 (1))
= (r'(t))*((d exp, ) r(tyo(e) (V(1)), (dexp,)r(yoie) (v(E)))
+2r(t)r" (t)((dexp,, ) r(tyo() (V(1)), (d XDy r(yu(e) (V' (1))
(

+ (r(1))*((d exp,) 1oty (V' (1)), (dexp,)r(yo(e) (V' (1))
(245)

r' ()2 (v(t),v(t)) 4+ 2r(E)r' (£) (v(t), v'(£)) + (r(£))?[(d expp) (e (V' ()P
()2 + (r(£))?|(d expy)r(tyoe) (V' ()]

Hence

'dfg)‘ = P (02 + (PP (dexpy ) yuin (0 (D)2 > (1) 2 #'(1)

/ /r’ Bt = r(1) — r(e)

for any € > 0. Note lim r(¢) = 0 so using (1) = |vg| = £(7y) yields

e—0

SO

t(c) = £(y)
Furthermore ¢(c) = £(vy) implies v'(¢t) = 0 and |r'(¢)| = r'(¢) > 0. Then

Vo

[vo

v(t) =

is constant unit vector. Now c is a monotonic reparametrization of

o(t) = epr(r(t)%) ) >0 r0)=0 (1) = |u|
where
v(t) = exp,(tvg)  c(0)=7(0)=p  ¢(1) =7(1) = exp,(v0) = ¢
Hence



CHAPTER 2. RIEMANNIAN GEOMETRY 99
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Figure 2.3: Geodesic ball on S™

Totally Normal Neighborhoods Let (M, g) be Riemannian.

Definition 2.3.6. We say W C M is a totally normal neighborhood of p if for each g € W, W is also normal
neighborhood of q.

Theorem 2.3.2 ([dC92] Theorem 3.3.7). For any p € M, there exists a neighborhood W of p and a number
0>0 s.t.

for every q € W,
exp, : Bs(0) € TyM — exp,(Bs(0)) C W

s a diffeomorphism, that is , W is a normal neighborhood of each of its points.

As a consequence of Proposition 2.3.5, for any two points ¢q1,q2 € W, there exists a unique minimizing
geodesic 7y of length < § joining ¢; to ¢o.

Proposition 2.3.6 ([dC92] Corollary 3.3.9). If a piecewise smooth curve
v :la,b) = M

with parameter proportional to arc length, has length less or equal to the length of any other piecewise smooth
curve joining y(a) to v(b), then v is a geodesic.

2.3.5 Killing Vector Fields

Let (M,g) be a Riemannian manifold with metric g. Let X € X(M). Let p € M and U C M be open
neighborhood of p.
Denote the local flow (1.29) that is trajectory of X passing through g at t =0

p:(—g,e)xU—=>M

(t,q) — @(t,q) (2.48)

Definition 2.3.7 (Killing Vector Field). X € X(M) is called a Killing Vector Field if for each ty € (—¢,¢€), the

mapping
o(to,) : UCM— M

q > ¢(to,q)

is an isometry (2.2), i.e.
p(to,)"9=9  Vto€(—c,¢) (2.49)
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Killing Equation
Proposition 2.3.7 (Killing Equation). X € X(M) is a Killing vector field iff
(Vy X, Z)+(VzX,Y)=0 VY, ZeX(M) (2.50)

Proposition 2.3.8. Given Riemannian manifold (M,g). X € X(M) is Killing Field if the Lie-Derivative of
the metric g w.r.t. X vanishes
Lxg=0

Proof. Let Lxg = 0. Then

0="Lxg(Y,2)=X(9(Y,2)) —g(LxY,Z) —g(Y,Lx Z)
= X(Q(Yv Z)) - g([X7Y]7Z) - g(Y, [X7 Z])

Note for V Levi-Civita connection that is compatible with the metric
0=X(9(Y,2) —g(VxY,Z) — g(Y,VxZ) = Vxg(Y,Z)

and substitute using ‘symmetric’
VyZ —-VzY =Y, 7]

we conclude

O

Proposition 2.3.9 ([dC92] Exercise 5.8). Let X be a Killing vector field on a connected Riemannian Manifold
M. If there exists point q € M s.t.

X(g)=0 and  (VyX)(@)=0 VY(g)ET,M

Then X = 0 identically vanishes.
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2.4 Riemannian Curvature

2.4.1 Riemannian Curvature and Riemannain Curvaure Tensor
2.4.1.1 Ry Riemannian Curvature
Let m: TM — M be tangent bundle, thus we consider V as affine connection (1.60)

Vo X(M) x X(M) — X(M)
(X,Y) > VxY

Ry Riemannian Curvature Recall the definition for Curvature for Smooth vector bundles (1.95).

Definition 2.4.1 (Riemannian Curvature). A Riemannian curvature over M is a smooth curvature on TM,
that is, a R-linear map

Ry : X(M)x X(M) x X(M) — X(M)
(X,Y,2) o Ry (X,Y)(Z) i= —Fo(X,Y)(2) (2.51)
= VYVXZ - VXVyZ - V[Y,X]Z
One recall the defining properties
1. Ry is anti-symmetric in the first two arguments, i.e.
Ry(X,Y)=-Re(Y,X) VX, Yex(M) (2.52)
This follows from (1.96).
2. Ry is C*°(M)-linear in all three arguments X(M) x X(M) x X(M), i.e.
Re(fX,Y)(Z) = fRe (X, Y)(Z) (2.53)
Ry(X,Y)(fZ) = fRv(X,Y)(Z) (2.54)
for any X, Y, Z € X(M) and for any f € C°°(M). This follows from (1.97) and (1.98).
Interpretation of Ry as (1,3)-tensor As inherited from Fy, using C°°(M)-linearity and anti-symmetry

we know from (1.99)
Ry € C®(M,(A’T*M) ® End(TM)) = Q*(M,End(TM))

But on the other hand
Ry € C°°(M,(A*T*M) @ End(TM))

= C®(M,(A*T*M) 2 T*M @ TM)

CC®(M,(T*M)®* @ TM) = C™(M, Ty M)
First Bianchi Identity For symmetric affine connections, the First Bianchi Identity follows by Jacobi Identity
for Lie Bracket.
Proposition 2.4.1 (First Bianchi Identity). If V is a symmetric affine connection on M, i.e., (2.6)

VxY - VyX =[X,Y] VX, YeX(M)

Then
Rv(X,Y)Z+ Rv(Y,Z)X + Rvy(Z,X)Y =0 VX, Y, ZeX(M) (2.55)

Proof.
Ry(X,Y)Z + Ry(Y,Z)X + Ry(Z,X)Y = VyVxZ - VxVyZ - Viy.x)Z
+VzVyX = VyVzX - Vizy X
+VxVzY = VzVxY = Vx5V

Now using that the connection is symmetric, we group them via

VyVxZ —-VxVyZ+VzVy X —VyVzX +VxVzY - V,VxY
=Vy (VXZ — Vz)() + Vx (sz — Vyz) +Vy (VyX — ny)

0 9y (X, 2)) + VX ([Z,Y]) + V2 ([Y, X))
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Thus using connection is symmetric again, we reduce to

Ry(X,Y)Z + Ry(Y,Z)X + Rv(Z,X)Y = Vy[X, Z] + Vz[Y, X| + Vx[Z,Y] = Vix,z1Y = Vv, x1Z — Vizv X

(2.6) (1.24)

Y, [X, 21 + (2, [V, X)) + [X, [2, Y]] 0

where the last step follows from Jacobi Identity. O

2.4.1.2 R Riemannian Curvature Tensor

R Riemannian Curvature Tensor Now we define Riemannian Curvature Tensor using Riemannian Cur-
vature. Recall in the previous definition, we state nothing about the metric g.
In the following, let (M, g) be a Riemannian Manifold. Let V be the Levi-Civita Connection (2.24).

Definition 2.4.2 (Riemannian Curvature Tensor). A Riemannian Curvature Tensor over (M,g) with Levi-
Civita Connection V is a R-linear map

R:X(M)xX(M)xX(M)xX(M)— C>®(M)

(X,Y,Z,T)— g(Rv(X,Y)(2),T) (2.56)
One has a rich family of properties as inherited from the previous definitions.
C>(M)-linearity and R as (0,4)-tensor
Proposition 2.4.2 (C*(M)-linearity). For any f € C*(M)
fRIX,)Y,Z,T)=R(fX,Y,Z,T)=R(X,fY,Z,T) = R(X,Y, fZ,T) = R(X,Y, Z, fT) (2.57)

Proof. The first two equalities follows from (2.53), and the third eqaulity follows from (2.53). The last equality
follows from the fact that smooth sections are C°°(M)-modules and the metric is one such smooth section
(Lemma 1.10.1). O

Thus with C°°(M)-linearity in all 4 arguments, R € C°°(M,T{ M) via the characterisation Lemma 1.19.1.

First Bianchi Identity
Proposition 2.4.3 ([dC92] Proposition 4.2.5). For any X, Y, Z, T € X(M)
R(X,Y,Z.T) + R(Y,Z,X,T) + R(Z,X,Y,T) = 0 (2.58)
Proof. Using V is symmetric affine connection, one directly apply First Bianchi Identity (2.55)
R(X,Y,Z,T) + R(Y, 2, X,T) + R(Z, X,Y,T) = g(Ry(X,Y)(2),T) + g(Rv (Y, 2)(X),T) + g(Rv (2, X)(Y),T)
@29 5(0,1) = 0

O
Symmetries and R € C* (M, Sym?(A*T*M))
Proposition 2.4.4 ([dC92] Proposition 4.2.5). For any X, Y, Z, T € X(M)
1. R is anti-symmetric in the first two coordinates
R(X,Y,Z,T)=-R(Y,X,Z,T) (2.59)
2. R is anti-symmetric in the last two coordinates
R(X,Y,Z,T)=-R(X,Y,T,2) (2.60)

3. R is symmetric in the first and last two sets of coordinates

R(X,Y,Z,T)=R(Z,T,X,Y) (2.61)
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Proof. (2.59) follows from (2.52).

R(X,Y.2,T) = g (Re(X.Y)(2).T) “2? g(~Re (Y, X)(2).T) = —g(Rv (Y, X)(2),T) = —R(Y, X, Z,T)

(2.60) follows from that V is compatible with the metric (1.101)

(1.101)

R(X,KZ, T) =49 (RV(X7 Y)(Z)vT) _g(RV(X7 Y)(T),Z) = _R(X? Y, T, Z)

We show (2.61) from First Bianchi Identity (2.58) by fixing each vector field

— R(X,Y,Z,T) + R(Y,Z, X,T) + R(Z, X, Y, T)
— R(Y, Z,T,X) + R(ZT,Y, X) + R(T,Y, Z, X)
= R(Z,T,X,Y)+R(T,X,Z,Y) + R(X,Z,T,Y)
— R(T,X,Y,Z) + R(X,Y,T,Z) + R(Y,T, X, Z)
Summing up and using (2.59), (2.60) to permute yields

0= RX¥ZT)+RY, ZXT) - R(X,ZY,T)
—R(V ZXT)-R(ZFXY)+ R(Y,T,X,2)
+ R(ZPBXY) + RIXCFY,Z) - R(X, Z,Y,T)
—RXFY Z)-RXYZT)+ RY,T,X,Z)
R(X,Z,Y,T)=R(Y,T, X, Z)
O

Now (2.59) and (2.60) together gives R € C°(M, (A*T*M)®(A>*T*M)). (2.61) gives R € C°°(M, Sym?(A2T*M)).

2.4.1.3 Ry and R in Local Coordinates

Let (U, ¢) be C* chart on M. Let (z1,---,2,) be local coordinates on U.
Let T be any (r, s)-tensor on M. Then locally on U, T takes the form (1.45)

ivye i O 0 i1y i 0o
r= Z T3 bz, O ® By, © 00 © - @ dz, for 5050 € C(U)
1<y, i <n -
1<j1,,ds<n

Our Riemannian metric g in local coordinate writes

9= gideidz;

i,J

where 5 5
gij ‘= 9(877 37) € C>=(U)

T Zj
Our Levi-Civita connection V acts locally via (1.66)

0 0
— =N Tk _Z
vaii aal‘j . Oz,

where the Christoffel Symbols take the form (2.26)

1 0
Ffj =3 ZQM (Gik,j + Grjyi — Gijk) 9eji = 67%95]'
k

Riemannian Curvature Ry in Local Coordinates Recall Ry € C°°(M,T{M). Thus on U, Ry takes the
form as (1, 3)-tensor

o
Ry = Z R?}kdwi ®dr; @dry @ —

i,,k,m 0T
where the components R}, € C*°(U) are defined by
o 0,0 0
Ro( 2 939 _N“pm 9 2.62
V(8xi7 an)afk ; ”kazm ( )
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We want to compute precisely what the components R}, are. To do so, we use definition (2.51) for the LHS

o 0 .0 0 0 0
Ba Bz B Vo o Oy Vo Vo omy ¥ e o) By

Ry/(

Now by computations using (1.66) and the Leibniz Rule

0 166)
V%vagi al‘k Zrlkaﬂj

Vi 21 5z~ 0

Hence we have local coordinate representations
0 0
T = a T — 2T+ > THI =Y T4y (2.63)
8:6] ox; 7 7

Riemannian Curvature Tensor R in Local Coordinates Let (U,¢) again be C* chart on M with
coordinates ¢ = (1, ,2,). The metric writes

9= gij dwidz;

ij

with I‘fj Christoffel symbols (2.26).
On U, since R € C*°(M,T{M) is (0,4)-tensor, one may write in local coordinates

Z R; jkedr; ® drj @ dey @ dxy

4,5,k =1
where the components are defined as
o o 0 0 0 | (2.56) o 0,0 0
Rzyk@ = R( amia &rj’ 8‘73197 637@) - g(RV(aQ?Z" 8xj)8xk’ al‘g)
(2.62) m 0 0 m o
= Q(Zm: Rijkﬂ, 873@) = ;Rijkgmz € C=(U) (2.64)

Moreover,
Rijre + Rjgie + Ryije =0

follows from (2.58), and
Rijre = —Rjire = —Rijor = Ry

follows from (2.59), (2.60) and (2.61).

Examples for Riemannian Curvature and Riemannian Curvature Tensor

Example 2.4.1. For dim M =1 then
R = Ryi11(dvy ® dry ® doy @ day)

But this immediately implies R1111 = 0 via Bianchi identity (2.58). Hence for dimM =1, R = Ry = 0.



CHAPTER 2. RIEMANNIAN GEOMETRY 105

2.4.2 Sectional Curvature
Given a vector space V', we denote by
|z Ayl = VI]zPy]> — (z, y)?

which represents the area of a two-dimensional parallelogram determined by the pair of vectors z, y € V.
In general, an inner product on a vector space V = R” induces an inner product on A2V as follows: If
{e1, -+ ,en} CV is an orthonormal basis of V| then

{eine; |1 <i<j<n}
is an orthonormal basis of A2V,
K(p,o) Sectional Curvature Let (M,g) be Riemannian manifold. Let V be the Levi-Civita connection.
Let R € C°(M,T?M) be the Riemannian curvature tensor.
Definition 2.4.3 (Sectional Curvature). Let p € M, and let o be a 2 dim subspace of T, M, i.e.,
o€ Gr(2,T,M)

Let x, y be any two linearly independent vectors of T, M.
We define the sectional curvature of o at point p to be
R(p)(z,y,2,y) R(p)(z,y,2,y)

Keo) ==~ @y — (@) (2.65)

Alternatively, one may define
K(p,o) := R(p)(e1, e2,e1,€2) (2.66)
where e1, es s an orthonormal basis of .

Well-definedness. We show that K (p, o) € R is well-defined independent of choice of vectors z, y, e1, es. Indeed,
given o C T,M a two-dimensional subspace, let e;, e; be orthonormal basis and z, y be any basis. Assume
{z,y} and {e1,e2} are related via

T = aey + besy

y = cey + des

For ad — bc # 0. Then we compute using linearity

R(p)(x,y,x,y) = R(p)(aey + bez, ce; + dea, aey + bea, cep + deg)
= a’c®Ri111 + abc® Ra111 + a*cdRia11 + abc® Rita1 + a®cdRij12 + abedRao11 + b%c? Roto1 + abed Roqia
+ abcdR1221 + a2d2R1212 + adeR1122 + b2CdR2221 + abd2R2212 + b2cdR2122 + abd2R1222 + b2d2R2222
= a202R1111 + (2ab62 + 2a2cd)R1211 + 2abcdR1129 + (Cl2d2 + b2c? — 2abcd)R1212
+ (=b%cd + abd?® — b*cd + abd®)Ri92o + b2d* Rogao
= (ad — bc)2R1212
where we’re using any component with two consecutive repeated indices in either the first set or second set has
to vanish, due to anti-symmetry. But
|z Ayl = |2Plyl* — (z,y)?
= (a® +b*)(* + d?) — (ac + bd)* = a*d® + b*c* — 2achd
= (ad — bc)?
O

Sectional Curvature K(o) completely determines Riemannian Curvature Tensor R We need an
algebraic fact.

Lemma 2.4.1 ([dC92] Lemma 4.3.3 Linear Algebra). Let V' be an inner product space over R with dimension
n.
Suppose that we have two maps v, € (V*)®*

r,r VxVxVxV-oR
(m7y7 Z’ t) H r('r’ y7 Z’ t)7 T/(x7y7 Z’ t)

R-linear in x,y, z,t and both satisfy
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(a) Bianchi identity
r(@,y, 2,t) +r(y, 2,2,t) +r(z,2,y,t) =0

(b) r € Sym?(A2V*), i.e.
T(:Ca Y, 2, t) = 7T(yv Z,z, t)
7”(.13, Y, z, t) = _T(l', Y, tv Z)
7”(2>ta557?/) = T($7y,2,t)
Now define
K, K':Gr(2,V) = R
r(y oy 1y ey
Ayl T e Ayl
where x, y € o are two linearly independent vectors (that generates o).
If for all 0 C'V two-dimensional subspaces, one has K (o) = K'(0), then r =1".

Proof. Let A =r — 1" € (V*)®* then A satisfies (a), (b) and
Az,y,z,y) =0 Va,yeV

(o d

We claim that
Az, y,z,t) =0 Va,y,zteV

Indeed for any x, y, z € V we have
2A(z,y, 2,y) = Az, y, 2,y) + Az, 9,2, )
= A(x—i—z,y,x—i—z,y) —A(Jc,y,a:,y) —A(z,y,z,y) =0

Hence
Ax,y,z,y) =0 Ve, y z€V

Now for any x,y,z,t € V
0

Az, y+t, 2,y +1t) — Alx,y, 2,y) — Az, t, 2, 1)
(z,y,2,t) + Az, t, z,y)
(
(

r,y,2,t) + Az, y,7,1)

A
A
A(z,y,2,t) — Ay, z, 2, t)

using Bianchi we have

0=A(z,y,2,t) + Ay, z,z,t) + A(z,2,y,t) = 3A(x,y, 2,t)

Thus one has the characterisation.

Theorem 2.4.1. The Riemannian curvature tensor R on a Riemannian manifold (M, g) is determined by its
sectional curvature K(p,o) for any p € M and for any o € Gr(2,T,M), i.e.

(R(X,Y,Z,T) | X, Y, Z, T € X(M)}

is determined completely by
{RIX,)Y, X,Y) | X, Y € X(M)}

Proof. Follows from the following lemma in linear algebra 2.4.1. O

Computation for R via Constant Sectional Curvature

Definition 2.4.4. We say (M, g) have constant sectional curvature K if for anyp € M for any o € Gr(2,T,M)

K(p,o) = Ky
Theorem 2.4.2 ([dC92] Lemma 4.3.4). (M, g) has constant sectional curvature iff

Proof. Define the RHS to be KoRo(X,Y, Z,T) then for any e;, e orthonormal vectors
Ro(e1,e2,e1,e2) = gler, ea)g(er, e2) — gler,ea)? =1-1-0° =1

Hence

satisfies (a) and (b) in Lemma 2.4.1. O
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Flat Riemannian Manifold

Definition 2.4.5 (Flat). We say a Riemannian manifold (M, g) is flat if it has constant sectional curvature
Ko = 0. This is equivalent to saying Riemannian curvature tensor R =0 due to Lemma 2.4.1.

Example 2.4.2. (R", gy = da? +---dz2) is flat since Ffj =0, and therefore Rfjk =0.

Sectional Curvature in Two Dimension Let Riemannian manifold (M, g) with dim M = 2. Let (U, ¢) be
C* chart on M and let (z1,22) be coordinates on U.
OnU

2
g = Z g”dz,dx] = glldl'% + 2g12dI1d$2 + gggdl‘g
i,j=1

We have Riemannian Curvature Tensor in local coordinates expressed as

2
R= Z Rijkgdxi ® dxj ® dzrp ® dxy
i,k f=1
= Ri212d21 ® dzs ® dr1 @ d2o + Ro112dTe ® dv1 @ d2q ® dxo + Ri221d21 ® d2o ® dzo ® dv1 + R2121d22 ® doy ® dve ® d2y
= Ri212(dzy ® dxg — dxg ® dzq) ® (dz1 @ dze — dze @ dq)
= R1212(d$1 AN dIEQ) X (dCC1 A d$2)

The only 2-dim subspace of T),M is itself. So sectional curvature

K:M—R
p— K(p, T,M)
writes 5 o o o
K = R(axl ) Oxg? Oxy? Bacz) _ R1212
oo A s | 911922 — 9t

Example 2.4.3 (Sectional Curvature for S? is 1). Consider (S?, gean = d¢? + sin® ¢d#?) for (¢,0) = (z1, x5).
Recall Example 2.2.2
g11 =1, g22 = sin® ¢ g12 =g21 =0

Where
0
0 0 0
7] . 0
V%% = —sin(¢) cos(qﬁ)a—q5
We want to compute
Ry210 Ri212

B g11922 — 9%2 Sin2(¢>)
Let’s compute by directly verifying by definition

o 9.0 0
R1212 - <R(87¢’ %)%a %>
—wove 2 v,v, 2 9,

1o}
= (V4 (cot(9) 2). )
1o} o 0
=—(- CSCQ@’)% + COt(¢)V8% 0’ %>
1o} o 0
=—(- CSCQ(d’)% + COtz((f’)%a %>
= (2 ) = g = sin(9)

Hence K = 1.



CHAPTER 2. RIEMANNIAN GEOMETRY 108

2.4.3 Ricci and Scalar Curvature

‘Certain combinations of sectional curvature appear with such frequency that they deserve special names’.

2.4.3.1 Ricci Curvature and Ricci Curvature Tensor

@ Trace of Riemannian Curvature z — Ry (p)(z,2)(y) Consider (M,g) Riemannian manifold. Let V
denote its Levi-Civita connection. Recall Riemannian Curvature Ry as in (2.51). We define Q, the trace, as
follows.

Definition 2.4.6. Tauke any p € M. Let {e;} be an orthonormal basis of T,M. Define for any x, y € T,M the
bilinear form on T,M as
Qp) : T,M xT,M - R

(,9) = tr (= Re(0)(2,2)(0)) = D_{(Re) ()2, 0) (1), ) (209

Lemma 2.4.2. Q(p) is symmetric bilinear form for any p, i.e.

Q(p)(z,y) =QMP)(y,z) Yz, yeT,M

Proof. We compute for {e;} an orthonormal basis of T, M

n n

Q(p)(x,y) = Z<(RV)P($7ei)(y)aei> = ZR(p)(xaeh:%ei)

(2.61) w—

20 S RO en ) = Qo) (5. 2)

i=1

Thus

Q: M — Sym*T*M (2:69)
p— Q(p) € SymZT;M ’

defines Q € C (M, Sym>T* M) as smooth symmetric (0, 2)-tensor.
Ric Ricci Curvature Tensor Let (M, g) be Riemannian manifold. Let @) be trace of its Riemannian curvature
tensor (2.69).
Definition 2.4.7 (Ricci Curvature Tensor). We define
Ric : M — Sym*T* M

1 - (2.70)

As inherited from Q, Ric € C*(M, Sym*T*M).
Ric, Ricci Curvature in direction x € T,M In particular, for any p € M, let © = 2, be a unit vector in
T, M. We take an orthonormal basis {z1,- -+, 2,1} of the hyperplane orthogonal in T,M w.r.t. = z,.
Definition 2.4.8 (Ricci Curvature). The Ricci Curvature in the direction x at p is defined via
Ric, : T,M — R
‘ 1= (2.71)
z = Ric(p)(z,2) = —— > ((Rv)(p)(z, 2)(x), 2i)

=1

2.4.3.2 Scalar Curvature

Q Self-adjoint Mapping induced by Q Let (M, g) be Riemannian manifold. Let @ be trace of its Rie-
mannian curvature tensor (2.69).
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Definition 2.4.9. For any p € M, define a linear mapping

Qp) : T,M — T,M

z = Qp)(x)
where _
Q) : T,M — R o)
y = (Qp)(x),y) = Qp)(z,y)
Lemma 2.4.3. Q(p) is self-adjoint operator for any p, i.e.
Q) (),y) = (@, Q)(y)  Va,yeT,M
Proof. Compute
(Qp)(),y) = Qp)(z,y) = QP)(y,2) = (QP)(y). 2) = (z,QP)(1))
O
Thus ~
QO:M—=TMeTM
~ (2.73)
p = Qp) € End(T,M) = T,M & T, M
defines Q € C>(M, T} M) as smooth (1,1)-tensor.
Trace of Q(p) We compute the trace of (2.72). Take an orthonormal basis {e;} of T,M. We compute
try(z = Q)(=)) = Y_ Q)€ e) "= Y Q)(erner)
i=1 i=1
Y (B D) e e (e )
i, j=1
P2 (= )Y Riep) (s en) 2 (0= 1)D 7 Ricy(es)
i=1 =1
S Scalar Curvature Let (M,g) be Riemannian manifold.
Definition 2.4.10 (Scalar Curvature). The Scalar Curvature is defined at each p € M wia
S:M—R
- 1
P e A = 2 Rl 21
1 n
= m i;1<(RV)(p)(€ivej)(ei):6j>
Thus
SeC®(M)

2.4.3.3 Ricci and Scalar Curvature in Local Coordinates

Let (M, g) be Riemannian manifold with dim M = 2. Let (U, ¢) be C*° chart on M with coordinates (x1,- -, x,)
on U. Let {e} be a local smooth orthonormal frame on U.
On U, our metric admits local expression

- o 9 N
9= Z gijdzid;, 9ij = 9(87%7 (’)Tc]) e C™(U)
ij=1

Now notice one has two frames on U, {%} and {ey}. How do they interact with each other? Assume

0 0
D = Zaikek T = Zaﬂez (2.75)
¢ k J ¢
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Then g;; in terms of coordinates in {e} writes
n
= () amer, Y _ajer) = amajeler,ed) = amajy
i ¢ ket k=1

gij = (aa")y;
(2.76)

gz’j _ (afTafl)ij

Since @ is a (0,2) symmetric tensor on U, locally

Q = i: Rijdxidxj

Trace ) in Local Coordinates

ij=1
where the components R;; € C*(U) are given by
0 (2 68) 0
Ri' = 77
’ Q(axl 6xj Z 836]- )
We need to understand the RHS.

Lemma 2.4.4 (Taking the Trace in Local Coordinates). For any x,y € T,M, and 5~ ( )s ai( ) e T,M

n n a 8 B

Qp)(x,y) =Y RD)(z,ei,y,ei) = > R(p)(x, 3, P 5 ()9 (p) (2.77)
i=1 i,j=1 7 J
Proof. We compute using (2.75)

n 9 9 y n .
Z R(p)(z, %(p%y, %(p))g (p) = Zazkek,%zaﬂ@e ZR(Z))(I,Bmy,@z) Z Aikg - je
i,j=1 v J k.l i,j=1

2% Z R(p)(z,ex,y,ee)(a’a™Ta™ )

n

(p)(x, €k, Y, 6@)(5}% = Z R(p)(ﬂ?, €k, Y, ek)
k=1

v
]

Zl
ZR(P)(%%,ZLGU(
k.0

)

%

Now one may compute using (2.77)

o 0 2 0 0
Ri‘ = a v 4o )~ R a. > a.. >
J Q(a.’m 8%) kz::1< V(axl ek)a(ﬂ] 6k>
8 (2 77) - 0 0 |
= R €y ——, € R(
Z k J k,eZ:1 8:1:1 3xk 8% 8:17@)9
= Z Rinjeg* (2.78)
ke
Ric in Local Coordinates Consider Ricci Curvature Tensor
1 n
Ric = m Z Rijd.’lﬁidl‘j
ij=1
The components write
) 1 1 (278 1 ")
Ric;j = m]{ij = zk: Rb, = — ;Rikﬂg (2.79)

Ric in Local Coordinates with Constant Sectional Curvature K. Let’s explain why we want a

normalization by ﬁ If (M, g) has constant sectional curvature Ky, then
.67
R(X,Y,2,T) "2 Ko(g(X, 2)g(Y.T) - g(X, T)g(Y. 2))
Rijke = Ko(9ikgje — 9ie9ik)
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Now

R, = Z Rijreg’* = Ko Z ik Z 9950 — Z gie Z kg’
JiL L J 4 J
= Ko <gik > 6 - Zgz[aﬁ)
¢ ¢

= Ko (gixn — gir) = (n — 1) Kogik

Hence Q@ = (n — 1)Kpg. The Ricci curvature tensor is simply a multiple of metric g via constant sectional
curvature

Ric = Kyg (2.80)
S Scalar Curvature in Local Coordinates Consider Scalar Curvature
1 .
S=- ZRlc(ei,ei)

n
=1

where {e;} is an orthonormal basis of T, M. Applying similar strategy (2.75) gives

0
(97 Z ng

Ric(e;, e;) 217) ZRic
i=1

Thus the Scalar Curvature writes

ZRICUQ ZRng Z Rzkg Y Z R”Mnggﬂ (2'81)

1,5,k i,5,k,¢

S in Local Coordinates with Constant Sectional Curvature Ky. When (M, g) has constant sectional
curvature Ky, directly using (2.80) gives

1 . - (2.80) 1 L.
= - Ric;;g” "= — Kogiig” = K 2.82
- E‘ icijg n/g‘ 09ij9 0 (2.82)

Examples

Example 2.4.4 (Two Dimension). For dim M = 2, one has formula

R = Ruu(dl’l A\ d.’EQ) X (dml A\ d.’EQ)

R
Ric = — 1212 59 = Kg
911922 — 912
R
g — 1212 K

911922 — 9%2

Proof. We carry out the calculation

1
S = 3 (R12129"' %% + Ro1129>' 9" + Ri2219"¢" + Ro1219%9"")
1
=5 (31212911922 - ]%1212921912 - 31212912921 + R1212922911)
Ri212

= Ri2129" g% — Ri212(¢"%)* = =K

g11922 — 9%2

2.4.4 Levi-Civita Covariant Derivative on Tensors

Let (M, g) be Riemannian manifold. Let R be (0,4) Riemannian Curvature Tensor. Let V denote the Levi-
Civita Connection.
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2.4.4.1 VR Covariant Derivative of Riemannian Curvature Tensor

From Covariant Derivative of (r, s)-tensors (1.108), we know VR defines a (0, 5)-tensor

VR : X(M) x X(M) x X(M) x X(M) x X(M) — C=(M)

(X,Y,Z,T,W)— (VwR)(X,Y, Z,T) (2.83)
where Vi R reads as in (1.102)
VwR:X(M) x X(M) x X(M) x X(M) — C™(M) (2.84)
(X,Y,Z,T) = (VwR)(X.,Y, Z,T)
that is R-linear, commutes with contractions (1.103) and satisfies Leibniz Rule (1.104).
Second Bianchi Identity
Proposition 2.4.5 (2nd Bianchi Identity). VR satisfies
VR(X,Y,Z,T,W)+ VR(X,Y,T,W,Z) + VR(X,Y,W,Z,T) =0 (2.85)

Locally Symmetric Spaces Let (M,g) be Riemannian manifold. Let V be the Levi-Civita connection on
M. Let R be Riemannian curvature tensor (2.56) of M.

Definition 2.4.11 (Locally Symmetric Space). We say M is locally symmetric space if
VR=0
Proposition 2.4.6. Let (M, g) be be Riemannian manifold.
1. Let M be locally symmetric space and let
v:[0,6) = M
be geodesic of M. Then for any X, Y, Z parallel vector fields along
R(X,Y)Z
is also a parallel vector field along ~y.
2. If M is locally symmetric, connected, and dim M = 2, then M has constant sectional curvature.

3. If M has constant sectional curvature, then M is locally symmetric space.

2.4.4.2 Gradient, Divergence, Hessian, Laplacian

Let (M, g) be Riemannian manifold with V Levi-Civita Connection.
Using that V is compatible with the metric g, we know

Gijik =0 Vi, gk (2.86)

and that V is symmetric, we get (2.23).
Let (U, ¢) be a C* chart for M, with coordinates ¢ = (x1, - ,x,). Denote

D) ,
i — y ) = dux;
e oz, e x;
They’re related under V via (1.110)
Ve,e5 = Ffjek Veiej = —P{kek

We recall notations from Local Coordinates for VI (1.111)

(1-28) (Ve T)i},'",ir
k

J150 s

Tilf”ai’r' . (VT)ily"'yir

Jio sk T J1sdssk
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Vf=df for f € C®(M) In particular, for f € C*°(M) = C>®(M,TYM), we denote

(1.105)

f;i:vei(f) ei(f):

dz;
What is the covariant derivative V f7 We check via (1.108)

Vf:x(M) = C®(M)
X = Vxf=X(f) =df(X)

so that
df (1é3) V= f_iei _ ﬂdxi
’ - o0x;
Notice the differential as df € Q'(M) agrees with Vf € Q'(M).
In particular one may compute
‘df‘Q = fily <€i7ej> = f;if;jgij (2.87)

gradf Gradient and its local coordinates We define the gradient operator

grad : C°(M) — X(M)
[ grad(f)

where grad(f) makes sense via pairing w.r.t. the metric g
g (gradf, X) i= Vx(f) = X()) = df(X) VX € X(M) (2.88)

In local coordinates

gradf = (gradf)’e;

We would like to compute the coefficients (gradf)i. Note

_of _

f;j = €j(f) T O df(ej) = <gradf, 6j> = Z(gradf)igij
J

?

Therefore the gradient in local coordinates are obtained by inverting the matrix g;;

. . 9f 9
gradf = Y (eradf)'e; = 3 fie = Y g9 2L 0 (289)
i i j J o

]

where ' N
fh=9"1

One may compare with the differential in local coordinates

. 0
df = fie" = Z 854 dz;

div(Y) Divergence and its local coordinates Recall for any Y € X(M), the map VY € C®(M, T} M) as
(1.63)
VY : X(M) — X(M)

X —=VxY

Now for any p € M, it defines a linear operator

(VY)(p) : T,M — T, M
v—= V,Y(p)

which takes the form of (1,1)-tensor. One is able to take its trace.

We define the divergence operator
div: X(M) — C(M)

Y — div(Y)

where
div(Y): M =R

p = div(Y)(p) == tr(v € T,M ~ V,Y(p) € T, M) (2.90)
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In local coordinates, we write 4
Y =Y'e;
Using
Y= e (V) + Iy Y"
as in (1.112), we also have in coordinates ‘ ‘
VY = Y; e; ®el

Therefore taking the trace (1.41) gives the Divergence in local coordinates

div(Y) = Vi = e;(Y?) + Ti,Y* = Z e Vit gjlr RY*® (2.91)
Lemma 2.4.5. GivenY € X(M) and divY as in (2.91)
1 0 ;
divy = —— — det(g)Y" 2.92
= Z 5. (Ve (292)
Proof. Using Jacobi’s Formula
0 _1 0g
= t
o, (det(9)) = det(g)tr(g " 5)
We look at
LB 1 . g
Zrik Z Zg” 9ij,k + 9kj,i gzk,] Z g 8$ gZJ 5 Zgwgkj,i - gﬂgjk7i
i=1 i=1 j=1 i,j=1 ij
1,0 1 1 0
== i —g) == det
”219 93 Strly axkg) 3 dot(g )amk( et(g))
10 1 0
log(det — o det = — det
= 5y 0B etlo)) = 5o loe(v/Aetly) =~ (Vietls)
Hence

Vdet(g) <
O
Hess(f) Hessian and its local coordinates Define the Hessian Operator
Hess : C(M) — C>(M, Ty M)
f+ Hess(f) := VVf =V2f =Vdf
where v 0% (1
H CX(M) x X — C*
ess(f) : B(M) x X(M) = C=(M) 209

(X,Y) = (Vdf)(X,Y)

Using that Levi-Civita Connection is symmetric, and that (2.23), we know Hess(f) is symmetric (0, 2)-tensor
Hess(f) € C*(M, Sym>T* M)

In particular

(1.108) (1.106)

Hess(f)(X.Y) = (Vd)(X.¥) "= (Vydf)(X)
" YX() ~ (VXS

O Xy (f) - (VxY)f
= Hess(f)(Y, X)

Y(df (X)) = df (Vy X)
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Define f.;; s.t.
VVf = Vdf = V(fae') que ® e

One may calculate Hessian in local coordinates as in (1.112)

Z or
e (f) Tk rk
f;U e](f,l) Fz]fk ax afL'J ij o,

Af Laplacian and its local coordinates Define the Laplacian Operator

A:C®(M)— C™®(M)
f = Af = div(gradf)

In local coordinates

Af = div(gradf) (2.89) div(f;iei)

= div(g” fje:) = f; = fazg”

For e; = ;2 we have Laplacian in local coordinates as in (1.112)

of
Af= Zg ’ <8x28x Z icJ 6mk>
i,

In particular for g;; = d;; we recover

Lemma 2.4.6. In local coordinates, for f € C*(M)

LS 2 g 2
Af= Aetg) 1-7]-221 Bz, ( det(g)gjaxj)

Proof. Using Af = div(gradf) where

L Of 0
ij J

plugging in (2.92) we have the result.
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2.5 Jacobi Fields

Let (M, g) be a Riemannian manifold. Consider any geodesic
v:[0,a] > M
Think of doing variations of the given geodesic
fi(—ee)x[0,a) = M
(s,t) = f(s,t) = fs(t)
where fy recovers our given geodesic
Jo(t) =~(t)
Let’s impose the condition that for any s € (—¢,¢)
fs:[0,a] = M
t— fs(t)
also gives a geodesic.

We're interested in: how will our given geodesic v vary to remain a geodesic under the given variation? In

other words, we would like to study
J:[0,a) > TM

af
t— g(o,t)

We would like to derive an equation for J € C°°([0, a],y*T M), which is a C*° vector field along the geodesic ~.

2.5.1 Jacobi Equation
2.5.1.1 Derivation for Jacobi Equation

Parametrized Surface Let A = (—¢,¢) x [0,a] € R? be connected. Recall we've defined a parametrized

surface in M
fi(—e¢6)x[0,a) CR* - M

(s,t) = f(s,t)

and for %, % smooth vector fields on A, we put
of _ ., 9, 9f . 0 so( 4 pr
so that for any (s,t) € A,
of

of .
Ds (Svt)v a(svt) S Tf(s,t)M = (f TM)(s,t)

Let V now be the Levi-Civita connection. Denote D = f*V the pullback connection on A, defined as (1.86)
and (1.81)
Dx(f.Y) = (f"V)x(f.Y)

which acts on f.Y via (1.114).

Hitting one Covariant Derivative. In view of (2.44), we’ve shown that

bof _Dof
ds Ot dt Os
using that the Levi-Civita Connection V is symmetric. In particular
Dof DoOf 0 0
EE - %g - D%f*(a) - D%f*(g)
R 9 R 9
="V filg) = Ve fl30)
o0 0

Hitting two Covariant Derivatives. On the other hand, we differentiate once more to see the curvature
term pops out. Recall the Riemannian curvature is defined via (2.51)

Ry(X,Y)(Z2)=VyVxZ -VxVyZ -V x)Z
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By definition of Ry«yv = f*Ry the pullback Riemannian Curvature (1.115)

. 0 0 DD, 0 0
A P e R X < IR AT
From the previous computation (2.98), the First covariant derivative commutes
D o
Also, note [%, %} = 0. Hence
of of . of D?df D DOof
Mo ot or = aros " dsator (299)

From now on we abuse of notation and write R = Ry.
(2.98) and (2.99) are true for any C*° map f: A — M.

Derivation of Jacobi Equation Now we impose our setup, in addition that f; is a geodesic for any
s € (—¢,¢), ie.

Dofs, Dof
- _ 7 t) = _
ior ator >0 Vse(mes)
In particular the second term in (2.99) vanishes. Hence we're left with two terms
D2 of of of of
- ZJ — YL = 2.1
dt? 9s R( ot’ 85> ot (2.100)
If set s =0, then since we’ve defined and required
of
t t
J(0)= 0.0
d of
"ty = —~(t t
(0= 220 = 20,1
Then (2.100) at s = 0 writes
2
/ /
—=J() + R(Y,J(t)y =0 YV te[0,al (2.101)

dt
This is the Jacobi Equation.

Definition 2.5.1 (Jacobi Field). A C*° wvector field J(t) along a geodesic
v:[0,a] = M

is called a Jacobi Field if it satisfies the Jacobi Equation (2.101).
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Figure 2.4: Jacobi Equation

2.5.1.2 Existence and Uniqueness of Jacobi Field

Proposition 2.5.1. Let
~v:[0,a] = M

be a geodesic s.t.
10)=p  Y(0)=veT,M
In other words, the geodesic
V(t) = exp,(tv)

1s determined by the exponential map.
Then

1. For any u, w € T,M, there exists a unique Jacobi Field J along v s.t.

J(0) = u, %J(O) = w

In other words, a Jacobi Field is determined by initial conditions J(0) and £ .J(0).
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2. If J(t) is a Jacobi Field along -y, then there exists variational field (2.103)
f:(—e,e)x[0,a] = M
(s,8) = f(s,t) = fu(t)
ERA
(a) for any s € (—e,€), fs:[0,a] = M is a geodesic.
(b) fo=n-
(c) ZL(0,t) = J(2).

119



CHAPTER 2. RIEMANNIAN GEOMETRY 120

Un g ress S Exsfemy,

v G e u W ShM
7 2! Jaw-'n" ][M J At e afled  lda

reaves o Vool .

LY e) M
{ (5.1) V= ftsn’b’)

sLo . ot T
’f(s_-l) 13 DMJ%]L vy se(—% %)

wh .«sysw _ "?;)s»f”'t): JL-E)

,/\( P C’ i) {) =2 M :
S Vo e, (5u)
@ ae‘alu'lt Olow s’ dineibioa,

ucaliel. Trane P ow sy
7 g‘\,(,;j,wrjtw WLS) J

.,‘(-]L f'fN' 5 n g drdea
o ﬁ“" W ET dindion,

’]EOS«‘[)‘: 6XF (t(\ﬂ&ﬁSMD))

—

Nes)
Q_,'_}‘.'!—h-.. ”l\’fs{) It Sbo‘“t sta i u‘t ’IIS]
e wilh wfer 8) o m .
- o) " ter- lgety 7T

. db/ 1ﬂ£5°)" eul e’f & e - g"fp) T
v d.,c, 44]{\75) _‘l 3,{[5{,) q(defrm));uuwsm) N o

_ ocw swts>) > Wis) =
S;.

Figure 2.5: Jacobi Field Variation

Proof. 1. To get an ODE out of (2.101) we need to take {es,--- ,e,} ONB of T,M. Then we think of parallel
transport. Let e1(t),- - , e, (t) be the parallel transport of ey, - - , e, along v(¢), i.e.

{Pa0

Hence {e;(t)}1<i<n forms an ONB of T4y M for every t € [0,a]. For any J(t) as C* vector fields along
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~(t), we can write .
T =Y filen)

for f; : [0,a] — R. Then J(t) is a Jacobi Field iff (2.101) is satisfied iff
> fBet) + FORE (8),e7/ () = 0
i=1

We're using the fact that e;(¢) are parallel transports.

Then we take inner product with e;(t) for each of these and selects

fit) + Zfi(t)R(’y/(t),ej(t),’y’(t),ej(t)) =0 Vji=1,---,n
Denote

Then we write

Hence we have 2
—f+Af =0
a "

where we apply Existence and Uniqueness of ODE.
2. Set u:=J(0) and w := £J(0). Let

Ai(—ee) > M
s+ A(s) := exp,(su)

Let v(s), w(s) be parallel transport along A(s). Define

fi(—ee)x[0,a] = M
(5,) = expy ) (H(v(s) + sw(s)))

We need to check

(a) For each s, fs is the unique geodesic that starts at fs(0) = A(s) and with
5(0) = v(s) + sw(s)

(b) fo(t) = expy (o) (1(v(0) + 0)) = exp,, (tv) = ~(?).
(c) J(t) = %(O7 t) is a Jacobi Field by our previous derivation. Check

J(0) = %(0,0) =XN(0)=u
D D of Dof
@J(O) = @g( ,0) = 55(070) =w(0) = w

where the second line follows from

0 A
& (5,0) = (dexpaolvls) + su(s)) "2 u(s) + su(s)
D of
d—a(s, 0) = w(s) both v(s) and w(s) are parallel transports
s

Since they have same initial conditions, we conclude by uniqueness.
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(2.103)
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Example of Jacobi Field

Example 2.5.1. In (R", go), the geodesics are
~y(t) =p+tv p,v € R"
Now our Jacobt Field writes
J(t) =u+tw YV u,weR"

and f writes
f(s,t) = p+ su+t(v+ sw)

for fized p,v,u,w. [ is in fact
f(S’ t) = epr-‘,—su (t(U + S’LU))

2.5.1.3 Properties of Jacobi Field
Jacobi Field with J(0) =0 In the special case u = 0, J(t) Jacobi field along ~(t) with
10)=p YO =v JO)=0 J0)=w

satisfies
Ms)=p  and  f(s,1) = exp, (Hu(s) + sw(s)))

Thus

a—f((), t) = (dexp,) s (tw) (2.104)

I = s

For ) fixed its easier to take derivatives.
In particular, |(dexp,),(w)| denotes intuitively the rate of spreading of the geodesic

t > exp,(tv(s))

which starts from p.

A 1T Ji= o (lmsdw ij\.-. {ias
b T ) M KM'/[! V=9 -0 T): C&fptwﬂ
with ';,G](,ﬂ

fxg_t)«, UFPC L (WS + Sum))

i WT"* J({) , .«,..c.mfhm
Ma C ( {@ + WS 3‘7[)
% {""'“ - M!’ (4

Ges) Svm))
Jo- 4] {m (J"Tr)t (tw)

Figure 2.6: Jacobi Field for J(0) = 0.
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(J,7')(t) as linear function

Lemma 2.5.1 ([dC92] Proposition 5.3.6). Let
v:[0,a] = M

be geodesic in M, J Jacobi field along v. Then (J,v')(t) is linear function in t

(7,7/)(0) = (70),7/O) + 1.4 ©0) () = 2 (0) (2.105)
Proof. Let
1) = (1,7)(0)
Py = (1A using Dy =0
£ = (A0 “EY (“R(, J),4) =0 by anti-symmetry of R
Hence f is a linear function in ¢. O

Corollary 2.5.1 ([dC92] Corollary 5.3.7). If (J,v')(t1) = (J,7")(t2) for t1, t2 € [0,qa], t1 # ta, then (J,7') does
not depend on t.
In particular if J(0) = J(a) =0, then

Decomposition of J into +' and t7/(¢t) Let v be geodesic in M. In fact 4" and t/(¢t) are examples of Jacobi
Fields along ~(t).
Indeed

2

. D
ﬁvl(t) +R(,9)y'=0  using %7/ =0
and

2
() = 2 (1)) =0

R(Y, ty')y =0

In particular given initial conditions we can explicitly write J using 7/ and ¢y’. For any J Jacobi field along
~ we have decomposition

v'(t)
17 (0)]2

Hence it suffices to consider Jacobi Fields normal w.r.t. ~/(¢).

J(t) = ((7(0),7(0)) + {1 (0),7'(0))) +J(t)  where (J5(1),7/(t)) =0 (2.106)

Corollary 2.5.2 ([dC92] Corollary 5.3.8). Suppose J(0) = 0. Then {J'(0),~7'(0)) =0 iff

Application for Jacobi Field induced by Killing vector field

Proposition 2.5.2 ([dC92] Exercise 5.8). Let
v:[0,a] = M
be a geodesic and let X be a Killing Vector field on M (2.49). Then
(a) The restriction X (y(s)) of X to v(s) is a Jacobi Field along .

(b) As a consequence of above, if M is connected and there exists p € M s.t.
X(p)=0 and VyX(p)=0 VY eT,M

Then X =0 on M.
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Proof. 1. We first show (a). Since X is a Killing Vector Field, its flow
pr:UCM—M q— o(t,q) = vi(q) Vite (—ee)
is a 1-parameter subgroup of isometries on (M, g) with ¢y = Id. The flow ¢; relates to X via
©1(q) is the trajectory of X passing through ¢ at ¢ =0 for any ¢ € U

or in other words using X as integral curve

(t,7(9) = T (6)
7(s) = ¢(0,7(s))

Since image of the geodesic v by a family of isometries remains a geodesic,

X(p(t7(5) = o

oe(s) = pe(v(s))  Vte(—¢,e)
are a 1-parameter family of geodesics on (M, g). Thus restriction of X to v is a variational field

d
X =2
() = 5| oo
of v by geodesics. Hence X (v(s)) is Jacobi Field along ~.

2. We prove (b). From (a) we know
J(s) := X (v(s)) Vs €[0,al

defines a Jacobi Field along . We first conduct a simple computation using Definition of pullback section

D * * *

TI() =7V £ (X)) =7V £ (17X (5))
=Vt X = VX

Notice assumptions imply

X(p)=0 = X(7(0)) = J(0) =0

and

D
VyX(p)=0 VY €T, oM = choosing Y =~'(0) VX = gJ(O) =0

Hence by Existence and Uniqueness Theorem,

is the unique Jacobi Field along . But now since M is connected, for any other point ¢ € M, there
exists smooth curve connecting p to q. Covering the curve by geodesic segments and applying previous
argument, one obtain

X(q)=0 VgeM

2.5.2 Jacobi Fields on Constant Sectional Curvature Manifolds

Let (M, g) be Riemannian manifold with constant sectional curvature K. Let
v:[0,a] > M

be a normalized geodesic, i.e., |y (t)| = 1.
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Derivation of Jacobi Field for Constant Sectional Curvature K Take a Jacobi field J along ~ that is
normal to 4/, in particular

(7.7/)(0) = (7(0),7/O) + {5 T(0),7/(0) =0 Ve

Let V be C* vector field along «. Then using an equivalent condition for constant sectional curvature and
Riemannian Curvature

(R(Y, J)Y, V) =R(y,J,7,V)

(2.67)
= K ANLV) = (D0 V))
= (KJ,V)
where the last step uses (7/,7') =1 and {7/, J) = 0.
Hence
R, J)Y =KJ
and our Jacobi Equation (2.101) writes
D2
—J+KJ=0 2.107
preRiny (2.107)

Solving Jacobi Equation for constant sectional curvature with Initial 2.J(0) Let w(t) be parallel
transport of w along 7(¢) with w(0) = w so

We look for solutions of the form
J@t)=fHwt)  f:[0,a] >R

Then equation (2.107) writes, given nontrivial initial condition £.7(0) = w

D2
—J+KJ=0
dt? +
J(0) =0
D
ZJ(0) =
770 =w

This is equivalent to system of equations on f
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Now this has unique solution. So the Jacobi field

J = fw

that we find this way is the unique solution of

2

D
D KT =0
az’ T



CHAPTER 2. RIEMANNIAN GEOMETRY 127

Solutions to system of equations in f and J are given by

sin(vVKt)
v - K>0

ft) = t K=0
sinh\(/gt) K<0
OED ity K >0
J(t) = tw(t) K=0 (2.108)
7Sinh\(/gt)w(t) K<0

Solving Jacobi Field for constant sectional curvature with Initial J(0) Similarly, if write

J(t) = f(t)u(t)

for u(t) the parallel transport of w along -, it takes initial conditions

D2
= KJ—
e J+KJ=0
J(0)=u
D
%J@) =0
Then this corresponds to
d2
Ef(t) + Kf(t)=0
f0)=1
f()y=0

Solutions write

cos(VKt) K >0

VK
£t) = 1 K=0
cosh(v/—Kt)
cos(VK
O Du(t) K >0
T(t) = u(t) K=0
COSh(l/;(Kt) U(t) K <0

In general, it’s a combination between these two solutions. What we did here is the orthogonal part in 2.106.

Geodesic Polar Coordinates We would like to define Geodesic Polar Coordinates on a manifold (M, g).

Sphere S? Take S? round sphere of radius 1. Take p = (0,0,1) to be north pole. Consider v € T,S?. The
exponential map sends

exp,, : Tp82 — §?
{circles of radius p centered at origin} + {(x,y,2) € R | 2? + y* = sin?(p), 2z = cos(p)}
Then let (p,8) be polar coordinates on 7,,S* = R?. By Gauss Lemma (2.45)
exp;(de + dy? + dz?) = dp* + sin? pdb?

1

Sphere S?(—) More generally, given K > 0, consider sphere of radius 7=

3

’ 1
g = low ) eR a9+ 28 = )
This has constant sectional curvature K. Let p = (0,0, \/%) and the exponential map
9, 1 )
exp,, : T,8*(—=) = §*(—=)

VK
) i K
{circles of radius p} — {(z,y,2) € R | 2% +¢* = Sl (\ﬁp)7 L= COS(\ﬁP)}

VK
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Let (p,#) be the polar coordinates on R? = T, SQ( L —), then

2
i K
exp;;(dcc2 +dy? + dz*) = dp* + (sm(\/\/[;p)> d9° (2.109)

Geodesic Polar Coordinates for Manifold with Constant Sectional Curvature.
In general, we want to define the geodesic polar coordinates on M as pullback metric g under the following

map
F:(0,0) x S"' = Bs(p) = {normal ball centered at p with radius § > 0} C M

(p,v) = exp, (pv)

We compute the differential, w.r.t. the basis vector {3%, w} for w € T,S" !

(AF ) (-

Bp )= (depr)pv('U)
(dF(p,0))(w

) = (dexp,) pu(pw) where w € T,S" ! = {w € R" | (w,v) = 0}
Then we can describe what the differential map does.

n— a n—
dF (o) : T(p)((0,8) x S*71) = ]Ra—p O T,S" ! = Tr(pnyM

Recall special case u = 0 yields (2.104). Hence in fact (dF{,.))(w) is the Jacobi Field with formula (2.108)

(dF(p)(w) = (dexp,)pu(pw) = [ (p)w(pv)

In particular, we’ve used Gauss Lemma which says exponential map is isometry
((dexp,)v(v), (dexpy)y(v)) = (v,v) =1
(dexp,)o(v), (dexp,)(pw)) = (v, pw) = 0
Let (M, g) be our manifold with metric g. We thus define the geodesic polar coordinates on M as
o dp?® + = (r”)gf;fl K>0

F*g = (exp,)*g =dp” + [ (P)gomn = dp? + p*gorm K=0
dp® + sinh (' sinh (V=Kp) 08" fr

can
2.5.3 Taylor Expansion of g;; in Local Coordinates
Let (M, g) be Riemannian Manifold. Given an orthonormal frame, the metric takes the form
Gij = 0ij
Now using V is compatible with the metric (2.86) one get

agij _
6xk

Taylor Expansion in |J(t)|> We want to look at its Taylor Expansion. Take p € M Let
~v:[0,a] - M

be geodesic with

Let J(t) be Jacobi Field along v(t) with

Therefore in particular
A1) = expy(tv) (1) = (dexpy oo (tw)
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Proposition 2.5.3 (Taylor Expansion of |.J(¢)|? in Riemannian curvature).

|J(t)]* = (w, w)t* — éR(v,w,v,w)t4 - é(VvR)(v,w,v,w)t5 (2.110)
+ (425<R(v,w)v, R(v,w)v) — %(VUVUR)(U,U),”U, w)> t5 + o(t%) (2.111)
Proof. Let f(t) = (J(t),J(t)). Need to compute f*)(0) for 0 < k < 6.
f) =2(J'(t), J (1))
F1(t) = 2T (1), (1)) +2(J'(¢), J'(t)
FO) =200, J(1) +6(JD(t), J(1)
FO) =209 @), J(1) +8(JD(t), J' (1) + 6(J D (2), T2 (1))
FO@) = 2(JD (1), J(1)) + 107D (1), J' (1)) + 2072 (1), TP (1))
FO) = 2(79t), J(1)) +12(J (1), J' (1)) +30(J W (2), TP (1)) + 20(J ) (1), TSP (1))
We have J(0) =0, J'(0) = w. Notice we’re about to compute
DR TN) = V(RO T
= (Vo R)(, I + R I + RO, 5 + R T
= (V4 R)(,J)Y + R(, @J) using that v is geodesic

where the second line follows from
Vw(R(X,Y,Z,T))

(Vw(R(X,Y)2),T)

(VwR)(X,Y,Z,T)+ RVwX,Y,Z,T)+---+ R(X,Y,Z,VwT) N¥T
(VwR)(X,Y,Z,T)+ RVwX.,Y,Z,T) + -+ R(X,Y, Z,VT)

Vi (R(X,Y)Z,T)) — R(X,Y,Z,VwT) by definition

(VwR)(X,Y)Z,T) +(R(VwX,Y)Z,T) + (R(X,VwY)Z,T) + (R(X,Y)Vw Z,T)

Thus

—R(+,J)yY = J"(0) = —R(v,0)v=0
J<3 ~R'(Y,J)Y — R, J' )y = J®(0)=—R(v,w)v
JW = —R'(y,J)y —2R'(+/,J')Y = R(Y,J")y = JD(0) = —2(V,R)(v,w)v
JO) = —R"(y, J)y = 3R"(v, J' )y = 3R (v, J")Y — R(y,J")y = JO(0) = =3(V,V,R)(v,w)v + R(v, R(v, w)w)w

So
f(0)=0
f()=0
f7(0) = 2(w, w)
fP0)=0
F9(0) = 8(~R(v, w)v, w)
F®10) = 10(=2(V, R) (v, w)v, w)
£9(0) = 12(=3V,V,R(v, w)v + R(v, R(v,w)v)v, w) + 20(R(v, w)v, R(v, w)v)
= —36(V,V,R(v,w)v,w) + 32({R(v, w)v, R(v, w)v)
Then
1 1 4 1 5
flit)y= 52(10 w)t? — IS(R(v,w)v,w)t — a?O((VvR)(v,w)v,w)t
é (=36(V,V,R(v, w)v, w) + 32(R(v, w)v, R(v,w)v)) t® 4 o(t%)
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Corollary 2.5.3 (Taylor Expansion of |.J(¢)|? in Sectional Curvature). Take v, w orthonormal, i.e.
[v| = |w| =1 (v,w) =0
Let
o = Span(v, w)
Then fort >0

|J(t)]? =% — éK(a)t‘L + o(t*)

()] =t (1 - %K(o—)t2 + 0(t2)> Coo %K(o)t?’ +o(t®)  using (1+2)} =1+ %x to(?)  (2.112)

Taylor Expansion for the Metric g;; in Normal Coordinates Now write
J(t) = (dexp,) s (tw)
One has
f(t) = <J(t)» J(t» = <(depr)tv(tw)a (dexpp)tv(tw» = t2<(dexpp)tv(w)7 (dexpp)tv(w)>
Define
B(u,w) = <(dexpp)m(u), (dexpp)tv(fw)}
This is symmetric bilinear form on 7),M. Now the diagonal quadratic form is
Q(w) = ((dexpy) v (w), (dexpy )i (w))
By polarizing for u, w € T,M, i.e., by polarized identity

Blu,w) = 5 (Qu+w) ~ Q(u) ~ Q(w))

One has

((d epr)tv (u),(d epr)tv (w)) (2.1:11)

1 1
(u,w) — gR(v,w, v,u)t2 — E(VUR)(v,w, v,u)t3

2 1
+ <45<R(v,w)v, R(v,u)v) — 2O(VUVvR)(v,w,v,u)> tt 4+ o(th)
Now for |v| small. One can deduce via Taylor Expansion around 0
1 1
<(dexpp)1,(u)7 (dexpp)v(w)) = (u,w) — gR(v,w,v,u) — E(VUR)(v,w,v,u)

+ 2 (R(v,w)v, R(v,u)v) — %(VUVUR)(v,wwm) + o(|v]h)

45
Let {e1,--- ,en} as ONB basis for T,M. Consider normal ball Bs(p) C M and point ¢ € Bs(p). Then g is
viewed as endpoint of geodesic starting from p with velocity as linear combination of e;. In particular

q=exp, () wxex) € Bs(p)
k

where ), xrer € T, M, and x), are the normal coordinates associated to {e1,---ey}.
Then

0
Oz = (depr)Zk ek (61)
tlg
So
0 0
gij(l'h' o 7$n) = <£ ) axj > = <(depr)Ek mkek(ei)v (dexpp)zk Tkﬁk(ej)>
tlg q

Now apply with v = >, arer € T,M for |x)| small, and with u = e;, w = e;. We finally obtain using the
formula

1 1
9i(%) = dij — 3 > R(eisex, €5, e0)upas — 6 > Reimj kTewmi
ke £,m,k

1
§ : E 4
Rik[ijrsmxkxéxrxs - % REjri,mkaxrxmxk + O(|IZ’| )

L,k,r,s,m L,r,m,k

1 1
=0;5 — gRikjE(p)xkxé - 6Rz‘ka,m(17)93k$ﬂm
2 1
Z5Rik€m(p)Rjrsm(p)zkxﬁxrzs - %Rikjé,rs(p)xk‘rexrxs + O(|SC‘4)

L2
45

+
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Taylor Expansion for det(g;;) in Normal Coordinates Note
det gi; = exp(tr(log(gi;)))
One has
g9(x) = 1+ 9P (2) + ¢ (@) + ¢ (@) + o(|2[*)

1 . 1
logg(w) = ¢ (@) + ¢ () + 9V (@) = S(9®) +o(lal')  usinglog(1+1) =t — Jt* +o(t?)

2
Here
1 1 1
—5(9(2))2 = —591(@2)92) = BET) Z Riiom B sj TrToTrxs
k,l,r,s,m
1
= _TS Z Rik@ijrsmxkxfxrxs
k,l,r,s,m

Now take the trace, i.e., contracting (gives Ricci curvature)

1 1 1
tr IOg g(l’) = _g Z Rklxkxl - 6 Z Rém,kxﬂrmxk - % Z RckéchrsmxerZxr'rs
k4 L,m,k k,l,r,s,m,c
1
20 > Rirmrter,zmzy + o|x|)

£rm.k
Now lifting to exponential
=1y + L ollyf)
One has

1 1 1 1
det g(fU) =1- ngZ'TkIZ - ERZm,kxexmxk - 7Rck€chrsm,ku€$rxs - 7R€r,m,k1'€$rmm$€ - 7Rk€Rmrxkx€zmxr + 0(|I|4)

90 20 18

Applications of Taylor Expansion

Guassian Curvature in Polar Coordinates This is [1C92] Exercise 5.6.
Let M be Riemannian manifold of dimension 2 (identified as surface). Let Bs(p) be normal ball around
p € M and consider the parametrized surface

f(p,0) = exp,(pv(0)) VO<p<id —rT<f<m
for v(0) circle of radius 1 in T, M as parametrized by the central angle 6.

1. (p,0) are coordinates in an open subset U C M formed by the open ball minus the ray
U = By(p) \ {exp,(—pv(0)) | 0 < p < 3}
These coordinates are polar coordinates at p.
Proof. It suffices to prove that
f:(0,6) x (—m,7) € Bs(0) CR* - U C Bs(p) c M defines a smooth diffeomorphism

i.e., a bijection smooth map with smooth inverse.

(a) f as composition of smooth maps is indeed smooth in (p, #) on B;(0).

(b) f is injective since exp,, is injective on Bs(0) C R?, which follows that
exp, (p1v(01)) = exp,(p2v(02)) = p1v(01) = pav(f2) = p1 = p2, 01 =02 mod 27

Since both 6, 62 € (—m, 7) one has 01 = 0.
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(c) f is surjective follows from the definition of the geodesic ball Bs(p). By definition exp, : Bs(0) —
B;(p) is a diffeomorphism, hence for any

q € U = Bs(p) \ {exp,(—pv(0)) | 0 < p < 4}

There exists w € Bs(0) s.t.
exp,(w) = ¢

By injectivity of exp,, and excluding all possible points where pv(0) ranging from 0 < p < § can map
to, there must exists § %2 0 mod 27 and 0 < p < § s.t.

exp,(pv(0)) = q

But 6 has representative at (—m, 7).

(d) To show f is immersion, we need ker df(, g9y = {0} for any (p,0) € (0,0) x (—m,m) where
df(pjg) : T(pﬂ) ((0,5) X (771’,7‘()) = R2 — Tf(p,O)U = Rz

But using Chain rule

0
aif = d(exp,, o(pv(0)))(p,6) = (dexp,)pu(e) (v(F))
Plip.0)
0
8% = d(exp, o(pv(6))) (p.0) = (dexpy)pu(o) (P (6))
(p,9)

Yet v(#) and pv’(6) are orthogonal, hence they span R?. Under (d exp,,) pu(9) as isomorphism between

vector spaces
of
90 1(p.0)

Thus the differential df(, ¢) is injective, and hence f is immersion.

of
" 96

} indeed form a basis for T, U
(p,9)

(e) By Inverse Function Theorem, and using f is bijection, f~! inverse is defined everywhere on U and
is smooth.

O

2. The coefficients g;; of the Riemannian metric in polar coordinates are given by

gﬁ
0

Ji
Pp@P =1, gn =l

= 0, = —
gi12 g11 |8p

Proof. (a) Notice by setting p = 0, the initial radial velocity of our geodesic is one

of = (dexpp)o(v(e)) =v(f) = of

h'l - |=]v]=1
9P 1(0,0) 91 (0,0)

But a geodesic has constant speed. Hence in radial direction

of|  of )
m=(5~ 57| )=pkOF=1 Voec(-mmn)
0P l(p0) OPl(p0)
(b) Using Gauss Lemma
of of
m= (5T = (e, 00D (dexp,) i (' (0)
P1(p.0) (0.0)

= (v(0), pv'(6)) =0

Using that radial and angular velocity are orthogonal.
(¢) By definition
2= gl Tl ) =0
(p,9) (p,9)
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3. Along the geodesic f(p,0), we have

922)pp = —K(p)p+ R for some R where lim Rlp) =0 2.113
pp P p =0 p

and K (p) the sectional curvature of M at p.

Proof. For 8 = 0, we make the observation that

7]
Vi =1 S = ldexp) o (00 0)
(p,0)

=|J(p)| for Jacobi Field with J(0) = 0 and J'(0) = v'(0)
Then directly apply (2.112), for the plane spanned by v(0) and v'(0)
o = Span{v(0), v'(0)}
one obtain

T(p) = p— K@) +ol")

But dim M = 2, the only 2-dim subspace of T, M is itself, so K (o) = K (p) is indeed the sectional curvature
of M at p. Thus

(V922)pp = —K(p)p + 0(p)

O
4. In dimension 2, the sectional curvature coincides with the Gaussian Curvature.
lim 7( V922) o =—K(p)
p=0 \/G22
Proof.
(V922)00 _ _ —E(p)p+o(p)
V922 p— tK(0)p®+o(p?)
v 1
lim (922)00 = —K(p) + lim i o(l) = —K(p)
=0 \/g22 p=0 p— £ K(0)p3 + o(p?)
where for both limits, we compute using L’Hopital’s rule. O

Sectional Curvature for dim = 2

Corollary 2.5.4 ([dC92] Exercise 5.7.). Let M be Riemannian manifold of dimension 2. Let p € M and let
V. C T,M be a neighborhood of the origin where exp, is a diffeomorphism. Let S,.(0) C V be circle centered
at the origin. Let L, denote the length of the curve expp(Sr) in M. Then the sectional curvature at p € M 1is
given by
3 2mr — L,
K(p) = lim —————
(p) 7’1—1% s 73

Proof. Let Bs(p) be normal ball around p € M s.t. r <  and in the tangent space, Bs(0) C V. One parametrize
the surface exp,(Bs(0)) = Bs(p) using

f(p,0) = exp,(pv(0)) 0<p<d, —T<f<m
Notice f(r,0) therefore parametrizes the curve exp,(S,). In particular

0

@f(ﬁ 0)] =/ g22(r,0)

Hence the length L, is computed via
Lr = / \/922(7',9) d9

and since we’re working with polar coordinates so the metric is radially symmetric, one obtain

Lr = 271'\/ 922(7")



CHAPTER 2. RIEMANNIAN GEOMETRY 134

Now directly using (2.112)

32rr — L, 327 — 271/ g2a (1) _el= (r—sK(p)r* +o(r®))

T r3 T r3 r3
o(r?)
=K(p) +6=3
2mr — L,
L 22— Le _ K(p)

r—0 7T ’r‘3

2.5.4 Conjugate Points

We study relationship between singularities of the exponential map and Jacobi Fields. Conjugate points give
degeneracy of the geodesics.

Definition 2.5.2 (Conjugate Point). Given geodesic.
v:[0,a] > M
Let tg € (0,a]. The point y(tg) is conjugate to v(0) along ~y if there exists Jacobi Field J along 7 s.t.
1. J # 0 nontrivial.
2. J(0) = 0= J(to).

We call the multiplicity of the conjugate point y(to) as the mazimum number of such linearly independent
Jacobi fields, i.e.

Multiplicity (y (o)) := dim{J(¢) | Jacobi field along v(t) s.t. J(0) =0= J(to)} > 1

Definition 2.5.3 (Conjugate Locus). Given p € M, the set of first conjugate points to the point p, for all the
geodesics that start at p, is the conjugate locus of p which we denote C(p).

C(p) := {7v(to) | v(to) is the first conjugate point to p along ~, for all v geodesic s.t. v(0) = p}
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Figure 2.8: Jacobi Field Conjugate Points

Conjugate Points and singularities of the exponential map

Proposition 2.5.4 ([dC92] Proposition 5.3.5). Let

v:[0,a) = M
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be geodesic with ¥(0) = p and +'(0) = v, hence
A(t) = exp, (t0)
Then the point ¢ = y(to) for to € (0,a] is conjugate point to p = v(0) along v iff
to7'(0) = tov
is a critical point of exp,,, i.e., (dexp, ), is not surjective (has non-trivial kernel). Moreover
Multiplicity of q as a conjugate point of p = dimker((d exp,)tow)

Proof. Any Jacobi Field J(t) along v(¢) s.t. J(0) = 0 is of the form

J(0) = (dexp )i (tw)  w = 21(0)
Suppose tg # 0, then ¢ is conjugate to p iff J(tg) = 0 iff
(d expp)tov(tow) =0
But ¢y > 0, so this vanishes iff
(d expp)tov(w) =0 <= wEe ker((dexpp)tou)

Hence due to non-trivial kernel, {ov is a critical point for exp,, via definition. O

Multiplicity of Conjugate Point never exceeds n—1 Notice the multiplicity never exceeds n — 1. Recall
that if
v(t) = exp,(tv)
Then J(0) = 0 implies
J(t) = (dexp,)un(tw)

and (2.105)
(1,9)(#) = (J(0),7'(0)) + £(J'(0),7'(0))
Applying to t = t, yields
0 =0+ to(J'(0),7(0))
0= (J'(0),'(0))

so 2.J(0) is perpendicular to 4/(0).
Thus the space

D
J(t) € {J(t) | Jacobi Fields along ~(¢), J(0) = 0 and <£J(0)77/(0)> =0} =R"! (2.114)
since originally one has 2n initial conditions to determine J(t), and J(0) = 0 kills n while (w,v) = 0 kills 1,

we're left with n — 1.
In fact, if €1, -+ , e, are ONB of T, M

v _ (0
€1 = 7
[ |v(0)]
Let J;(t) be Jacobi Fields with
D .
Ji(0) =0 %Jl(O) =¢; ie{l,---,n}
and let J,4;(t) be Jacobi Field s.t.
D
Jn+i(0) = e;, ac}nﬂ(o) =0 ie {1, ,n}
So look at the space
D

{J(t) | Jacobi Fields J(0) =0 = <%J(0),7’(0)>} = Span{Jy(t), -, Jn(t)} = Multiplicity(vy(¢g)) <n —1
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Space of Jacobi Fields
Proposition 2.5.5 ([dC92] Proposition 5.3.9). Let

v:[0,a) = M

be geodesic. Let Vi € TyoyM and Vo € T, (oyM. If y(a) is not conjugate to v(0) along vy, there exists a unique
Jacobi Field J along v s.t.
J0)=Vi, J()=V

Corollary 2.5.5 ([dC92] Corollary 5.3.10). Let (M, g) be Riemannian manifold of dimension n. Let
v:[0,a] > M

be geodesic.
Denote as in (2.114)

J+ = {J(t) | Jacobi Fields J(0) =0, J'(0) L~/(0)} 2R}

Let {Jy,-++ ,Ju_1} be a basis of J+.
Assume y(t), t € (0,a] is not conjugate to v(0). Then {J1(t), -+, Jn—1(t)} is a basis for the orthogonal
complement of v'(t)
Oy c M

2.5.4.1 Conjugate Points and Sectional Curvature

If (M, g) has constant sectional curvature K. Then
{J(t) | Jacobi Fields J(0) = 0} = Span{ty'(t), fxea, frxes, -, fxken} = R"

where ,
_ ') ey e
o)) =

are ONB of T,,M and e; are parallel transported along (t).

The differential (dexp,)s, is singular exactly when there exits a non-zero Jacobi field with J(0) = J(1) = 0.
Now from the spanning set, t7'(¢) never vanishes for ¢ > 0. The transverse ones are fx(t)e;, so zero happens
exactly when fx(t) = 0.

€1

Negative Sectional Curvature gives C(p) = &

Proposition 2.5.6 ([AC92] Exercise 5.3). Let M be a Riemannian manifold with non-positive sectional curva-
ture. Then for any p € M, the conjugate locus C(p) = @ is empty.

Proof. Fix any p € M. Given a geodesic
v:[0,a] > M

s.t. v(0) = p. Assume there exists nontrivial Jacobi Field J s.t.

J(0)=J(a)=0
1. We first show that i D
—(—=J,Jy>0

One calculate using that the covariant derivative % corresponds to Levi-Civita Connection (hence com-
patible with the metric g), and the Jacobi Equation (2.101).

d D D? D _ D
$<£J7J>—<@J»J>+<£J7$J>
_ / , DD

Notice the first term is essentially sectional curvature in the plane spanned by +' and J with flipped sign
SO

—(R(Y, J()Y,J) = 0
due to our assumption on non-positive sectional curvature. The second term is always non-negative due
to inner product structure.
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2. But then D D
yields
D
—J,J)=0
(. )
3. Using compatible with the metric g again
d D
—(J, ) =2(—J,J)=0
STy =20 )
Thus
I[P = (L, J)(t) =0 Vtel0d
We’ve reached a contradiction that J is assumed to be non-trivial. O

Spheres as Positive Sectional Curvature On the other hand, for positive sectional curvature, there could
be conjugate points.
Let K > 0. Denote by

1
St —=
(%)
the round n-sphere of radius ﬁ (equivalently, constant sectional curvature K). Fix p € S"(%) and a

unit-speed geodesic

1
[0,7/VK] = S" <>
750, VR] 5" o
with v(0) = p. Let W (¢) be a parallel vector field along « such that W (t) L 4(t) and W(0) = w # 0. Then the
vector field (2.108)
sin(vVK t)

T = =W

is a (nontrivial) Jacobi field orthogonal to 4 and it satisfies

J(0) =0, J(\}%) - 0.

Hence 7(\/%) is conjugate to p along «y and the first conjugate time equals /v K. Moreover, for every unit

1

n
vector v € T,,S (\/F ,

™
ex —v | = —p,
b =) =0

C(p) = {-p}.

so the cut locus of p is the singleton

Negative Sectional Curvature Jacobi Field Formula

Proposition 2.5.7 ([dC92] Exercise 5.4). Let M be Riemannian manifold with constant negative sectional
curvature b < 0. Let
v:[0,4] = M

s.t. 7(0) = p be normalized geodesics, and let v € Ty M s.t.
(0,9(0)=0, =1
Then the Jacobi Field J along v as determined by
J(0)=0 J() =wv

is given by N 5
sinh(tv/—

where w(t) is the parallel transport along v of the vector

U —
w(0) = —%  ug = (dexp,) oy (V) € Tyo)yM = Tpyr(o) (Ty0) M)
|uo| 7'(0)



CHAPTER 2. RIEMANNIAN GEOMETRY 139

Proof. 1. Since M has constant negative curvature, using Proposition 2.5.6 we know ~y(¢) is not conjugate
point to v(0) along ~.

2. Using b is constant sectional curvature, our Jacobi Equation writes as in (2.107). Given initial data

Ti(0)=0  Jj(0) = w(0) = ‘Z—‘

According to solution (2.108) with b < 0, one has

nip) = SO,

as the unique solution. But notice J; is not the solution J we seek for.

3. Since J1(0) = 0, using (2.104) one may write J; as

J1(t) = (dexp.9)) ey (0) (tw(0))

In particular one may evaluate at t = £ and obtain

J1(l) = (d epr)f’y’(O)(éw(O)) = (depr)w(o) (gw

But making use of
Ug = (dexpp)z,yl/(o) (U) = (depr)e'y/(O) (Uo) =0

so via linearity
v

Ji(l) =0—
1(€) ol

4. Finally, notice both J;(£) and J(f) are expected to be in the direction of v € T’ ;)M. We define scaling

Tty = 20l = LM bl

so that

JO)=0 JW)=v

Indeed due to two boundary conditions, via Existence and Uniqueness of ODE solution

J=J

5. It suffices to argue one has the correct scaling that matches (2.115). Using

1= ol = 1910 = | O 0l gy SRR o
Hence
_ sinb(v=b) Juol o sinh(ty=D)
TO=—"= "= gmevn"?

2.5.4.2 Jacobi Fields and Conjugate Points on Locally Symmetric Spaces

This is [dC92] Exercise 5.5.
Let M be locally symmetric space as in Definition 2.4.11. Let

v:[0,00) = M
be a geodesic in M and let
10)=p, Y (0)=v

Define
K, :T,M - T,M

z = K,(z) = R(v,z)v
Then

1. K, is self-adjoint.
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Proof. For any x, y € T,M, using Symmetry of Riemannian Curvature Tensor (2.61)
(Ku(2),y) =(R(v,2)v,y) = R(v,z,v,y) = R(v,y,v,2)
= (R(v,y)v,z) = (Ku(y), ) = (z, Ku(y))

where the last equality follows by symmetric of metric. O
2. Choose an ONB {eq,--- ,e,} of T, M that diagonalizes K, i.e.
Ky(e;) =Xie;  YVi=1,---,n
We extend e; to Vector fields along « via Parallel Transport. Then (note A; does not depend on t)

K’Y’(t) (67; (t)) = /\iei (t) vt

Proof. Notice +'(t) is the parallel transport of 7/(0) = v along v. Since M is locally symmetric space,
given ¢;(t) parallel transport of e; along ~y

Ky(ei(t) = R(Y'(t),ei(t)y'(t) is also parallel transport along
Thus for any e;(t) where j # ¢, we take covariant derivative using V is Levi-Civita Connection

Uy (ea0), €5 (0) = (o oy (a0, 50+ (oo (ea(6), e (1)

O since both are parallel vector fields
(K@ (€i(t), €5 (1)) = (Ky(0)(€i(0)),€;(0)) = (Ky(ei), €5) = Aiei,ej) =0 Vit

Then due to choice of ONB basis
Ky (eit)) = Ceit) Vit

To determine constant

D D
g o lelt), eit)) = (5 Ky ei()), eilt)) + (Ko (ei(t)), Zpeilt)) = 0
(K (€i(t)), ei(t)) = (Ko(ei), €5) = Ai
C =X\
Thus
K (ei(t)) = Aiei(t) vt
O
3. Let
J(t) := Z x;(t)e; (t) Vit be Jacobi Field along
Then the Jacobi Equation is equivalent to the system of ODEs
2
Tt A@ =0 =1 n (2.116)

Proof. Recall (2.101) writes

D2
DRI+ RO, JON (0 =0 Vi€ 0,00)
So plugging in, using product rule and using Linearity of Riemannian Curvature Tensor in C*° (M)
D2
it )+ Z R(y Jei(t)y'(t) =0

Z 1) pilt) + Z zi ei(H)7' (1) = 0
> et g +sz vlei(®) =0
Z dt2 )+ Z x;(t)Aie;(t) =0

A
2

ar”
Using the fact that {e1(t), - ,e,(t)} are ONB frames parallel w.r.t. . O

zi(t) + Nzi(t) =0 Vi
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4. The conjugate points of p along v are given by

wk
v(ﬁ

Proof. Solving system of ODEs for (2.116) with

We wish to look for t; s.t.
f(tk) = (07 T 70)

(a) In the case A; > 0, the general solution
x;(t) = 4; sin(\//\:t) 24(0) = Ai\/):‘

To set x;(ty) = 0, and to keep A; # 0 we obtain

k
sin(v/Nitg) = 0 Vk:>tk:\/; VkeZ, k>0

Notice we omit k = 0 for the simple reason that it coincides with the origin of ~.

(b) In the case A; = 0, the general solution
r(t)=Cit  2,(0)=C;

Setting x;(tx) = 0 but keeping C; # 0 yields ¢ = 0, which we omit.

(¢) In the case \; < 0, the general solution
i(t) = Disinh(v/=N\it)  5(0) = Di/=\i
Setting x;(t;) = 0 but keeping D; # 0 yields
sinh(v/=Xtg) =0  Vk = £, =0
which we omit

Hence
wk

Ai

)

Y(tk) = (

are precisely the conjugate points of v(0) = p along 7.

) VkeZ, k>1, Vie{l,---,n}N{\ is a positive eigenvalue of K, }

141
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2.6 Isometric Immersion

In this section, we want to measure the way a manifold is immersed in another.
Let (M, g) and (M,g) be two Riemannian manifolds and V, V their respective Levi-Civita connections.

2.6.1 Isometric Immersion and the Tangential Part

Isometric Immersion Let’s recall the definition for isometric immersion (2.2) and pullback of Riemannian
metric under an immersion (2.3).

Definition 2.6.1 (Isometric Immersion).

s an isometric immersion if

1. f is an immersion, i.e., for any p € M,

dfp : TpM — Tf(p)M

18 injective
v = dfp(v) J
In particular, since both tangent spaces are finite-dimensional, df, defines an linear isomorphism.

2. f is an isometry, i.e.
9=y
which is to say (2.3)

gp(ua 'U) = (f*g)]ﬂ(ua 'U) = gf(p)(dfp(u)a dfp(v)) v u, v € TPM

If such f exists, then
n:=dimM <7 :=dim M

Let’s consider some example.
Example 2.6.1 ([1C92] Exercise 6.2). The map
x:R* » R?

(0.0) %(eosw), sin(6), cos(), sin(p))

is an immersion of R? into the unit sphere S*(1) C R*, whose image x(R?) equipped with the pullback metric is
a torus T? with sectional curvature 0 in the induced metric.

Proof. 1. We first show x defines an immersion.
1
Xg = % = E(— sin(#), cos(), 0, 0)
0x 1
X, = — = —(0,0, —sin(y), cos
® aw \/5( (90) (@))

Due to linear independence of x¢ and x,,, clearly dxg,, = (xg,X,) is injective for any (6, ¢) € R%. Hence
x defines an immersion.

2. We compute

|x(0, @)\2 = % (cos2(0) + sin2(9) + cosQ(go) + sin2(<p)) =1

hence x defines an immersion into the unit sphere S3(1) C R*. Notice indeed
1

) x5! (75) =T

B

x(R?) = Sl(ﬁ

is the two dimensional torus as a set.
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3. We compute the induced metric on (x(R?),x*gg) where (R*, go) is the Euclidean space.

(i 4y, O
de _Z Xd9+a’;d)

1 1 1 1
= (f\—& sin(0)d#)? + (\—ﬁ cos(0)d)? + (f\—@ sin(p)dp)? + (\—@ cos(p)dy)?

= d#* + dy? = Euclidean metric on R?

Hence x is in fact an isometric immersion.
4. Since we're in (x(R?),x*go) a Riemannian surface of dimension 2, the sectional curvature
Ri212
K = 5~
911922 — Ji2

But due to the fact that induced metric is flat, Ri212 = 0 hence sectional curvature is 0

K=0

First Fundamental Form Consider isometric immersion
f:(M,g) = (M,g)
For any p € M.

Definition 2.6.2 (First Fundamental Form). The 1st fundamental form is the form we have on the tangent
space of the manifold.
(Tva <‘v '>g)

where the pullback metric g(-,-) = (-, -)4 is defined by
9=1r"9
as an inner product space. In other words
I:T,M xT,M —R
(u,v) = grp) (dfp(u), dfp(v))

omitlL Immeds\on

Toomdtric Immersion % (M, Q)ﬁ(M %’ VY ‘1{? ‘gM‘f' \{u\,, & wedive %c?) () = 'g conp(u N):= a«{'@(l’{‘m 1{@\?) v :) €T\
due =T M
&v‘?")ﬂv e spit Thgh = MO R RN N T U LT ame bl - (ﬂ'\ AND) oy CC»? h::) :M)@m)

or x0T {vedok On Vs M;(.@)(w) @, TM) \m o th' .ml, (.ml o |3 %tlhw&w*)hw BokX) @ -\V T)(&f\n)—Wﬂ) G- L9 w?«n

BR) BN Q’»H "A 0

Bolod 4o 0:43 B OB{O0 e’ B spedi 5 el (Y i X ( Colnene)

Figure 2.9: Isometric Immersion

Orthogonal Part of Tangent Space (T,M)* We want to understand how f(M) can be understood as part
of M. Both its structure coming from g and from g, i.e., tangent part, that coincides due to isometry. What
plays an important role is the normal part, which is known as the second fundamental form.

Let

f:M" — m

be an isometric immersion. Then for each p € M, there exits a neighborhood U C M of p, s.t. f(U) C M is a
submanifold of M.

In other words, there exists a neighborhood U C M of f(p) and a diffeomorphsim

p:UCM—V CRY™

to an open subset V of R"*™ st. ¢ maps f(U) N U diffeomorphically onto an open set of a subspace of
R™ g Rn—&-m.

We identify U with f(U), and each v € T,M for q € U, with dfy(v) € Ty M.
_ Under these identifications, one may extend a local vector field defined on U C M to a local vector field on
U C M. Such extension is always possible if U is sufficiently small.
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Definition 2.6.3 ((T,M)™"). Now for eachp € M, one define the subspace (T,M)* C Ty, M as the orthogonal
complement o
Ty M =T, M & (T,M)~

where we identified T,M = df,(T,M).
Here L is orthogonal complement defined through Gy (,y. In particular

(T,M)* :={v € TypyM | g(f(p))(v,w) =0 ¥ w € df,(T,M)}
For any v € Tf(p)ﬁ, there exists unique decomposition
v=0v 4ot e T,M & (T,M)*

We call v” the tangential component of v and v the normal component of v.
Such decomposition is smooth in the sense that the mappings of TM into T'M

(p,v) = (p,v"),  (p,v) = (p,vh)
are smooth.
Normal Bundle N(f) Let
f:M" — et
be an isometric immersion.
Definition 2.6.4 (Normal Bundle). The normal bundle of an isometric immersion of f is
N(f) = || (mm)*
peEM

The vector bundle
N(f) > M

is of rank n+m —n =m.
Alternatively, the normal bundle is achieved via pullback and decomposing
f*TM =TM @ N(f)
Similarly
C®(M, f*TM) =C>(M, TM) & C>(M,N(f))
=X(M)®X(M)*

where we denote
X(M)*+ = C=(M,N(f))

Pushforward and Pullback Vector Fields Recall our old friend (1.81), (1.82).
For smooth map o
f:M—>M

We've defined o
fu i X(M) = C(M, f*TM)

X = (£X)(p) =dfp(X(p) VpeM

and . _
f i X(M) = C(M, f*TM)

Y= (fY)p):=Y(f(p) VpeM
Also recall f-related as in Definition 1.20.1

Definition 2.6.5 (f-related). X € X(M) is f-related to X € X(M) if
[X =X

In other words o
dfy(X(p)) = X(f(p)) VpeM (2.117)
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Tangential Part (V<Y (f(p)))”

Lemma 2.6.1. Suppose
[ (M,g) = (M,9)
18 an isometric 1mmersion.
Then for any X € X(M) f-related to X € X(V) andY € X(M) f-related to Y € X(V) where V.C M is any
open neighborhood of f(p)
dfy(VxY (p)) = (V<Y (f ()"

Recall we'’ve identified
dfp(VxY(p)) = VxY(p)

thus the tangential part essentially carries from the manifold M itself

VxY(p) = (VY ()"

2.6.2 Second Fundamental Form
But what is the normal part? It is not contained in previous information.

Second Fundamental Form B(X,Y)(p) = (VY (f(p)))t We want to define a bilinear capturing the
normal behavior.
Definition 2.6.6 (Bilinear Form B).

B:X(M) x X(M) — X(M)* - (2.118)
(X,Y) = BX,Y)(p) = (V=Y (f(0)" VYpeM

whenever X € X(M) f-related to X € X(V) and Y € X(M) f-related to Y € X(V) where V. C M is any open
neighborhood of f(p).

In particular

=Vx Y(f(p)) (V=Y (fp)"
= V=Y (f(p) = VxY(p)
Equivalently, if one define
D= f*V
as the pullback connection on f*T M.
Then one has equivalent definition for B(X,Y)
B(X,Y)(p) = (Dx [.Y)*(p)
= Dxf.Y(p) - (Dxf.Y)'(p) VX, Y € X(M) (2.119)

This justifies why B is well-defined. In particular, this also shows B is C°°(M)-linear in X.
In fact B is symmetric.

Proposition 2.6.1 (Symmetric Bilinear Form).

B(X,Y)=B(Y,X) VX,YexM)

Proof.
B(X,Y) - B(Y,X) = (Dx f.Y)" — (Dy f.X)"
= (Dx f.Y — Dy f.X)*
= (f:([X,Y]))"F =0
Since [X,Y] € X(M), then its orthogonal part is 0. O

Now since B is C*°(M)-linear in both X and Y. In fact
B € C®(M,Sym®T*M @ N(f))

Sometimes the ‘second fundamental form’ is used to designated the mapping B, which at each p € M gives
a symmetric bilinear mapping, taking values in (7,M)*.
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Second Fundamental Form of f along normal n One has 3 one-to-one correspondence of second funda-
mental forms for fixed n € (T, M)+

1. symmetric bilinear forms
H, :T,M xT,M — R

2. quadratic form
I, : T,M — R

3. Self adjoint operators
Sy(x) : T,M — T,M

One may define using one from another
I, (z) == Hy(z, x)
Hy(a,9) = 3 (I, +y) ~ Ty(a) ~ T (3)
(Sn(x),y)g = Hy(z,y) = (2,5, (y))g Va,yel,M

Let’s define them one by one.
Let

f:(M,g) — (M,g)
be an isometric immersion. Fix a vector on the orthogonal by Letting n € (T, M)+ = (N(f)),-

Definition 2.6.7 (Second Fundamental Form). For the symmetric bilinear form B as in (2.118) (or (2.119)),

one define
Hy,:T,M xT,M —- R

(2.120)
(ZL’, y) = Hﬁ(x7 y) = <B(.’£, y)a 77>§(f(p))
Alternatively one may define the quadratic form
I, : 7,M — R
x— Hy(z,x)
One may also define the operator
Sy TpyM — T,M
z = Sy(x)
s.t.
(Sn(x), Vgspy) = Hy(z,y)  YVa,yeT,M (2.121)

These are called the second fundamental form of f at p along 7.

One may write in general n € X(M)> .

Let
n+k

fo(M",g) = (M"",7)

be isometric immersion.

Given n € X(M)* normal fields w.r.t. N(f). Let S, be the operator associated to the second fundamental
form of f along n as in (2.121)

S+ X(M) = X(M)
X = S,(X)
s.t. Sy is viewed as a tensor of order 2
(Sy(X),Y)g=H,(X,Y) VX, Y eX(M) (2.122)
Note S, is self-adjoint is equivalent to the tensor H, being symmetric
Hy(X,Y) = Hy(Y, X)

which is indeed the case following Proposition 2.6.1.

Now one view
H, € C>(M,Sym*T* M)

and
S, € C¥(M, T"M @TM) =C>*(M,End(TM))
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Lemma 2.6.2 (Vv S, is self-adjoint). For any V € X(M)
VyS, : X(M) — X(M)
X — VVS,,(X)
1s self-adjoint

Proof. We differentiate the equation
<S77(X), Y> = (X, SU(Y)>

w.r.t. V € X(M) using that V is the Levi-Civita connection
(Vv (9,(X)), Y) +(5,(X), VvY) = (Vv X, 5,Y) + (X, Vv (5,(Y)))
Notice, again by Leibniz rule
Vv (8(X)) = (Vv Sy)(X) + 5, (Vv X)
Hence

(VySp)(X),Y) + (5 (Vv X),Y) 4+ (5,(X), Vv'Y) = (Vv X, 5,Y) + (X, (Vv 5y)(Y))) + (X, Sy (VvY))
(Vv 5,)(X),Y) = (X, (Vv Sy)(Y)))

Using the fact that S, is self-adjoint, applied to vector fields Vi X, Y, and ViV, X. O
oot s ye Hnie, ppclp” e e i
savmm e o By AR R Dep: AR T DI %“ "‘“’“’S“‘»‘iﬁ%'{””

&M,J&M,L {m T % P UEL'S EW) e y\\)()«,x), , E'lﬂ" T(,M-W\V-. E'L"(m‘: H ﬁm oy *é“ W "'31; 0
Linear Sod- A,A o\m‘{ww k¢ : )ﬁn):fgmgw &%Vb(x) {7=H ‘1}”) N <$m‘<;f3ﬂw::‘f“*“‘*“‘ & B wmedic oy Tt oy
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Figure 2.10: Second Fundamental Form

Explicit Expression of 5, We want to write all above. Denote D = v

H,(X,Y) = (B(X,Y),n) = (DxY — DxY",n) = (DxY,n)
= X<Y777> - <Y7DX77>
= —(Y, Dxn)
IL,(X) = Hy(X, X) = (DxX,n)
We incorporate this particularly important example as below.
Lemma 2.6.3 (Explicit Expression).
S,(X)=—(Dxn)T V¥V XeX(M), ne(T,M)* (2.123)
This is the tangent part of how n changes along X. We identify n as the local extension normal to M.
Proof.
(Sy(x),y) = Hy(z,y) = (B(z,y),n)
= ((DxY)*,n) = (DxY,n) since 7 is orthogonal already
=X{Y,n)) — (Y, Dxmn) now we use that D is compatible with the metric
=Y, (Dxn)") = —((Dxn)",vy) using Y € X(M) and 1 € (T, M)* so only tangential part is preserved

O
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Corollary 2.6.1 (Shape Operator). Let dim M = dim M + 1. Now there exists unique n s.t. ||| = 1. In this
case f(M) C M is called a hypersurface.

Then one has the shape operator
Sy(X) =—Dxn (2.124)

Proof.
(Dxn)™ = (Dxn,n)n

1
= §X(<n, n))n D is compatible with the metric

=0
O
Examples of 5,
Example 2.6.2 (S™). Consider
f: (8" gean) = (R, g)
For anyp € S™, p= (1, ,xn) salisfies Y xF = 1.
Consider inward unit normal on the sphere S™
n(p) = —p s.t. ne XSt (2.125)

In particular
n+1 a

np) == ' 5

i=1

In fact, for any p € S™
Sy(p) : Tp,S™ = T,S™

18 the identity.

Proof. We do computation in local coordinates. For any v € T),S™ s.t.

n+1

Sa )
v = a

P ox; »

using coordinates from the ambient manifold R"*!. What is then the shape operator? For V the Levi-Civita
connection on R"™! and D = f*V, we define 77 € X(R"!) s.t.

B n+1 ia
=3y

so  7p)=nlp) VpeS"

Thus
S,(p)(v) = —Dyn=—-V,7q where 7 is f-related to 7 defined in the full ambient space R™*! that restricts to n on S™

= .0
= Vs (25
/ P
= Zaiﬁ o xji
oz &vj
’ P
— 7 J\ () -
Za axl( ) Ox; T2 e vaii oxJ
ij p 7
.0 0 0
— v JYy — — ki — _ n+1
izja oz, (z7) o, where Vafi oai |, ;1—‘” o, 0 duetoT'=0on (R"™, go)
; 0 ;0
= i, — VN .
Za i Ox; Za Ox; v
ij J

Therefore

Hy(z,y) = (B(z,y),n) = (Sy(2),y) = (2,9) = gean(z,y) ¥z, y € X(S")
B(z,y) = (x,y)n
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One may compute normals for graphs.
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Figure 2.11: Normal for Graphs

2.6.3 Local Coordinates

Let —n+
foMr =M

be isometric immersion. Let M™ have local coordinates (x1, - - - , x,), while M have coordinates (Y1, ,Yn, - -

Let’s write our smooth map f in coordinates
f(mh T 7.’17n) = (f1($)> e ﬂfn+7n('r))

We denote coordinate vector fields as

81':8(11_, a:%, 1<i<n, 1<a<n+m
Thus
n+m
f*(at) = Z 87‘faaoc
a=1
The induced metric is given by
_ 0] 0 _ oF 85 _ an B
Gij = g(f*(%),f*(%)) =7 (0:/%0a,0;°05) = Gup0i f*O; f (2.126)
i J

) yner)'
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The smooth frame for f*TM is B L
{00 0 f}all CC®(M, f*TM)

The tangent frame along f is

{f+(0) Y 1<i<n = {0if“Dat1<icn © C(M, f.(TM)) = X(M)

Smooth Frame for Normal Bundle We would like to make sense of the frame for normal bundle, i.e.,
X(M)* = C=(M,N(f))
Recall
n € (T,M)* = Ty (M dfp(u) =0 VueT,M

Thus

Since we're working on f*T'M with frame {J, o f}217". We first assume for n of the form

Na = Mg (Da o f)
A local normal frame {n,}7; C C°(M,N(f)) are expected to satisfy

?(Uaa 77b) = 5(lb7 ?(naa f*(al)) =0 Vi= 17 e, N (2127)

Thus we solve for

0=g(n5(Ba o f),0:f° @5 f))
= (gaﬁ o f)ngalfﬂ
Now there are n linear equations with n + m unknowns 7S for o« = 1,--- ,n +m. Thus the solution space

would be m dimensional, which spans (T,M)> .
Define the n x (n + m) matrix to be

Aia(p) = (Gag 0 ))0if’

so that n® (we drop a) solve
n+m

S Aw@*(p) =0  Yi=1,---.n
a=1

Because f is immersion so dfj, has full rank n, A(p) has rank n, so
(T,M)* = ker(A(p))

and thus dim(7, M)+ = m.
Now we pick an orthonormal frame {7, }7", that satisfies (2.127).

a=

Coordinates for Second Fundamental Form B Recall B (2.118)
B:X(M) x X(M) — X(M)™*
(X,Y)~ DxY — (DxY)T

To understand the above in local coordinates, we need the pullback connection.
Now let D = f*V. For any V € C°(M, f*T M) the pullback connection is defined via

Do,V =V, 00V

where V is now a local extension of V to a vector field on M.
Thus for the section

V=V*0qo0f)
We compute

= 1.114 — — —
Do,V = Do, (V*(Ba 0 f)) "= 0V (@a 0 ) + V(T (0)0a) 0

= 0iV*(Dao )+ V*0,f°(V5,04) o f
= V¥ (Dyo f)+ VOO fPT, 0,0 f
= 0,V +V70;f°T%,) (Ba o f)
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In particular

Dy, (Dao f) = 0if* (T3, 0 f)(Dy 0 f)

Moreover
Do, (f+(0;)) = Do, (8;[“Da © f) = 0;0; f*Da 0 [ + 0;f*Do,(Da © f)
= 0,0, f* 0o 0 f + 0, f*0i f* (T, © [)(Dy0 f)
= (90,7 + 0,0, (T 0 ) @, 2 f)
Now

This is essentially what we want to decompose!
Do, (£:(85)) = Do, (f(9;))" + Do, (f(8;))*
The second part gives our desired

Bi; = B(9:,0;) = Do, (£.(0;)) "
The tangential part. Since the tangent part lies in C°° (M, f«(TM)) = X(M). We assume
Do, (f:(9;))" = T}; f.(0k)
How to find the coefficients Tg? We use orthogonal projection
9(Do, (f:(9))) = TESe(Ok) f«(0) =0 VL=1,---,n
Thus

(2.126)

G(Do, (£:(01)), £.(90)) = TEG(.(00), 1. (00)) “ 2 Thue
So inverting gives
T = g*g(Do, (£.(0;)), £(0e))  Vk=1,---,n
= " G((30,07 + 0,120 (T 0 1) By © 1), 005 0 1)
= g" 00 (0.0, + 0,/ (T 0 1)) Gy50 f
Hence
Do, (£ = (65 0uf* (0:0,8” + 0,408 (T} 0 ) G5 0 f ) £2(01)
= (900" (030,57 + 0,0 (T 0 1)) Gos 0 £ ) Do f

The normal part.
Now we can compute

Byj = B(0;,9;) = Do,(f<(8;))" = Da,(f(9;)) — Da, (£(9))"
in terms of frame {0, o f}.
But this is messy. In fact one does not need to compute the tangential part at alll Instead we write in
coordinates
B(0;,0;) = hi;na
for local frame of normal bundle as in (2.127), where
hi; = g(B(0%,0;);Ma)

= 9(Da,(f+(95)),na)

G((90,07 + 07017 (T} 0 1)) @5 0 f),ma)

On the other hand one has the form

e =n3 (050 f)
SO

hs = (00,87 + 0,170 (T 0 ) @, 0 ), 1i@s 0 )
= (0.0, + 020" (Who 0 ) miGrs 0 f
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2.6.4 Gauss-Codazzi-Ricci Equations

This section is about how the curvature splits into tangent and normal parts. Let
f:(M,g) = (M,g)
be an isometric immersion. In particular,

fe: X(M) — C®(M, f*TM)
X = fo(X)(p) = dfp(X(p)) VpeM
is an injective map.
From now on we identify X with f,X.

Denote the pullback connection as D := f*V. For any X, Y € X(M) and n € X(M)*, we look at the
quantities

DxY = (DxY)T + (DxY)*

=VxY + B(X,Y) (2.128)
Dxn = (Dxn)" + (Dxn)*
— - 8,(X) + (D) (2.129)

We denote V7 := (Dxn)*. From this, we interpret V+ as connection on the normal bundle N(f) — M.
This allows us to extend the definition of covariant derivative and connection on the normal bundle.

Covariant Derivative and Curvature on Normal Bundle In particular, we’re given connections
1. VonTM, T*M
2. and V*+ on N(f), N(f)*.

We obtain covariant derivative V acting on
(TM)®" ® (T*M)®* @ (N(f))** @ (N(f)")*™
In particular, we're interested in hitting the connection on
B(X,Y,n) = (B(X,Y),n)

which is an object
B € C°°(M,Sym*T*M @ N(f)*)

For any X € X(M), define using the compatibility condition (Leibniz Rule (1.104))

VxB:X(M)x X(M) x N(f) — C>®(M)
(Y»Zﬂ?) = X(B(K ZJ?)) - B(VXY72777) - B(Y7VXZa77) - B(Y>Z’V§(7])

In other words

(VxB)(Y, Z,n) := X(B(Y,Z,n)) — B(VxY,Zn) — B(Y,VxZ,n) —B(Y,Z,Vxn) VY, ZecX(M),neX(M)"
(2.130)

Similarly, for the curvature, we have

1. full curvature B o o -
R € Q*(M,End(TM)) curvature of V

2. and pullback curvature

f*R € Q*(M,End(f*TM)) curvature of f*V = D

3. and the exact curvature of the submanifold

R € Q*(M,End(TM)) curvature of V

4. and the curvature of the normal

Rt € Q*(M,End(N(f))) curvature of V+
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Figure 2.12: Gauss-Codazzi-Ricci

Gauss-Codazzi-Ricci Equations For R(X,Y,-,-) where X, Y € X(M) but with the last two variables free
1. In TM x TM (X(M) x X(M)) this gives Gauss Equation.
2. In TM x N(f) or N(f) x TM (X(M) x X*+(M)) this gives Codazzi Equation.
3. In N(f) x N(f) (X (M) x X*+(M)) this gives Ricci Equation.

Proposition 2.6.2 (Gauss Equation). Let X, Y, Z, T € X(M). We have Riemannian Curvature of the Ambient
Manifold.

Proposition 2.6.3 (Codazzi Equation). Forn € X(M)*
where
B(X,Y,n) == (B(X,Y),n)
Proposition 2.6.4 (Ricci Equation). Forn, £ € X(M)+
E(Xv Y,n,§) = <RJ_(X7 Y)n, &) + <[S77’ SE]X7 Y) (2.133)
where RY € Q2(M,End(N(f))) is the curvature of V+.
Proof of three equations (2.131), (2.132), (2.133). By Definition
R(X,Y,2,T) = (R(X,Y)Z,T)
R(X.Y, Z,n) = (R(X,Y)Z,n)
And
R(X,Y)Z =DyDxZ — DxDyZ + Dix y|Z
We want to write
DyDxZ = Dy(VxZ+ B(X,Z2))
= Dy(VxZ)+ Dy(B(X, 2))
— VyVxZ + BY,VxZ) + Dy (B(X, 7))
DxDyZ =VxVyZ+ B(X,VyZ) + Dx(B(Y, Z))
Dixy)Z =Vxy)Z+ B(X,Y], Z)
Now  R(X,Y)Z=VyVxZ+ B(Y,VxZ)+ Dy(B(X, Z))
—VxVyZ—-B(X,VyZ)— Dx(B(Y, Z2))
+Vixy1Z + B([X,Y],2)
=R(X,Y)Z+ (B(Y,VxZ)—-B(X,VvZ)+ B([X,Y],Z)) + Dy(B(X,Z)) — Dx(B(Y, Z))



CHAPTER 2. RIEMANNIAN GEOMETRY 154

so we take away

R(X,Y)Z = R(X,Y)Z + (B(Y,VxZ) — B(X,VyZ) + B([X,Y],Z)) + Dy(B(X, Z)) — Dx(B(Y, Z)) (2.134)

Gauss Equations.
Let’s prove Gauss Equation (2.131) first. We contract it with 7', something tangent

R(X,Y,2,T) *2Y

R(X,Y,Z,T)+ (B(Y,VxZ) - B TB(X,Y],2),T)
0 because B(-,-) € %(]VI)J‘
+ <DY(B(X7 Z))7T> - <DX(B(Y7 Z))7T>

=R(X,Y,Z,T)+0

+ Y%f7§?72?) _<B(sz)7DYT>_ X ) ) ) +<B(KZ)7DXT>

0 because B(-,-) € X(M)*+ 0 because B(-,-) € X(M)*
=R(X,Y,Z,T) - (B(X,2), DyT) + (B(Y, Z), DxT)
UEVROGY.2,T) — (B 2R ~(B(X, 2), B(Y T)) + (B 21 V5T +(B(Y, 2), B(X,T)
B(-,-) € x(M)* B(-,-) € x(M)*

- R(X7K27T) - <B(Xa Z)aB(YaT» + <B(sz)7B(X7T)>

Codazzi Equation.
Now let’s prove Codazzi (2.132). We contract it with 7

ROY,Zn) 2V (BXCHZT BV Z)0) — (BOX Yy 2),m) + (B(VxY = Yy X, Z),1)
~——
0 because R(X,Y)Z € X(M)
+ (Dy(B(X, 2)),n) — (Dx(B(Y, Z)),m)
+ (Dy (B(X, 2)),n) — (Dx(B(Y, Z)),n)
= (B, VxZ),n) +(B(VxY,Z),n) — (Dx(B(Y,Z)),n) we put together all the X derivatives
—(B(X,VyZ),n) — (B(VyX,Z),n) + (Dy(B(X, 2)),n) and the Y derivatives
— (B(Y,Vx2),1) + (B(VxY, 2),1) — (X({B(Y, Z),1)) — (B(Y Z), Dxn))  Leibniz
—(B(X,VyZ),n) — (B(VyX, Z),n) + (Y((B(X, Z),n)) — (B(X, Z), Dyn))
=Y (B(Y.Vx2).n) + (B(VxY, 2),m) = (X(B(Y, 2),m) — (B(Y. Z), Vi)
—(B(X,VyZ),n) —(B(VyX,Z),n) + ( (B(X, ) ) — (B(X,Z),Vyn))

—(VxB)(Y, Z,n) + (VyB)(X, Z,n) using definition of (2.130)

[ %)

2

Ricci Equation.
Finally for Ricci Equation (2.133), by definition

R(X,Y)n= DyDxn— DxDyn+ Dix ymn

We compute

(2.129)
Dxn (Dxn)" + (Dxn)* = —5,(X) + Vxn

(DyDxn)* = (Dy(—=5y(X) + VXU))

= —B(Y,5,(X)) + VyVxn
(DxDyn)*™ = —B(X,S,(Y)) + Vx Vyn
(Dixyyn)* = V[X v

Now we contract with & € X(M)+ so that

R(X,Y,n,8) = —(B(Y,5,(X)), &) + (V¥ Vxn, &) + (B(X, 5, (Y)),€) = (VxVyn,€) + (Vix y11, )
= (RH(X,Y)n,€) + (B(X, 5, (Y)), &) — (B(Y, 5,(X)),€)
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But Recall that

So here the terms

Therefore
R(X,Y,1,6) = R*(X,Y,1,€) + (Se(X), S,(Y))
= RH(X,Y,1,€) + (S, 0 5¢(X),Y)
= RH(X,Y,n,€) + ([Sy, Sl (X),Y)

— (Se(Y), Sp(X))
Y) — (Y, S¢ 0 5,(X)) using S is self-adjoint
Y

O

Sectional Curvature Gauss Formula As an immediate corollary, one may relate the Sectional Curvature
of M and M.

Corollary 2.6.2 (Gauss [dC92] Theorem 6.2.5). If X, Y are orthonormal, then the sectional curvature of
Span{X,Y}
K(X,Y) = R(X,Y,X,Y)

satisfies
K(X,Y) - K(X,Y)=—(B(X,X),B(Y,Y)) + |B(X,Y)|? (2.135)

In the case of a hypersurface
fM"— at

the Gauss formula (2.135) has simple expression. Let p € M and n € (T,M)*. Let {e1, -+ ,e,} be an
orthonormal basis of T}, M in which S, is diagonal, i.e.

Sn(ei):ZAiei Vi=1,---,n
i=1

where \; are the eigenvalues of S,,. Then using definition (2.121)
H(ei,ei)z)\i H(ei7ej):0 7]3&]

Therefore with X =e; and X = e; in (2.135) one obtain

K(ei,ej) — K(ej,ej) = M\
Example 2.6.3. Consider isometric immersion of the sphere
£ (8" gean) = (R™F1, go)
Recall (2.125) the unit inward normal
np)=-peX(S): =1

Then
B(X,Y) = (X,Y)n

On our tangent space we pick X, Y orthonormal. Using (2.135)
K(X.Y) = K(X,Y) = —(B(X,X), B(Y,Y)) + |B(X,Y)[?
K(X,)Y)=1

Hence the sectional curvature of S™ is 1.
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2.6.5 Principal Curvature
Consider the codimension 1 case, i.e., let
—n+1
[, g)— (")
be isometric immersion, f(M) C M the hypersurface.
Let p € M and n € (T,M)*, |n| = 1. Since

Sy TyM — T,M
is symmetric, by spectral decomposition, there exists an orthonormal basis of eigenvectors {e1, - ,en} of T,M
with real eigenvalues A1,--- , A\,, i.e.

Sy (es) = Aie; Vi=1,---,n

If M and M are both orientable and oriented, i.e. orientations chosen on M and M, then the vector 7 is
uniquely determined, if we require that both

1. {e1,--- ,en} is basis in the orientation of M

2. and {e1, - ,en,n} is basis in the orientation of M.

In this case, we say e; are principal directions and that
{Aihi<i<n

are principal curvatures of f.
The symmetric functions of A1, --- , A, are invariants of the immersion. Of particular interest are

1. Gauss-Kronecker Curvature of f
det(Sy,) = A1+ A

2. Mean curvature of f

H(p) =" —tr(Sy)n
1 n
= E : <Sn(ei)’ei>77
i=1
I I
= ZW% ei)n = Z Aif)
i=1 i=1
But we’re in codimension 1 so the average of principal curvatures recover the mean curvature. O

Principal Curvature in n = 2
Example 2.6.4 ([1C92] Remark 6.2.7). Consider two dimensional
f : (M27g) — (RdaQO)

surface in R3.
Then the sectional curvature
K =X\

Proof. Choose n € TpML. Notice
H(ey,e1) = (Blei,e1),n) = (Sn(er),e1) = (Mer,e1) = A\
(B(e1,e2),n) = (Sp(e1),e2) = Ar1{e1,e2) =0
and again since we’re in codimension 1
(B(e1,e1), Blea,e2)) = ({Ble1,e1),n)n, (B(ea, e2),nyn) = (Ain, Aan)
Thus the intrinsic sectional curvature is in fact recovered by the second fundamental form

K(p) = K(e1,e2) “Z” (Bler, e1), Ble, e2)) — [Bles, e3) 2

= <)\1n, )\2n> —-0= )\1)\2
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Now the product A\; Ay of the principal curvature coincides with Gaussian curvature of the surface. In this
case, the Gaussian Curvature coincides with the sectional curvature of the surface.
In short, for dim M = 2

Ricci = Sectional Curvature = Gaussian Curvature = product of Principal Curvature

This is the famous Theorem Egregium of Gauss: Gaussian Curvature of M? C R3 is invariant under
isometries.

2.6.6 Gauss Map
In general, if
M"™ < (Rn+17go)
and M™ is two-sided (oriented) hypersurface, then there exists a unit global normal vector N € X(M)*.
Then for any p € M
N(p) € (T,M)* C T,R"*! = R"*+!

and
N(p) e S" due to IN|=1

Definition 2.6.8 (Gauss Map). We define the unit global normal as

N:M—S"

P N(p) (2.136)
This is known as the Gauss Map (Gauss spherical mapping).
Of particular interest is its differential, known as the Weingarten Map.
ANy : TyM — Tn,)S™ =T, M
v dN, () = (VuN) () “ZY =S (v)
By identifying Ty (,)S"™ = T, M as both orthogonal to RN (p) in R+,
Second Fundamental form Hy in Local Coordinates For p = x(uy,- - ,u,) with coordinate chart

X(Ul,‘ .. ’un) — (xl(ul,. .. ’un)’ PN 7xn+1(u1’ N 7un))
We compute its differential

dx : T,V = TyyM C Ty R" = R
0 . ox _
8ui 6uz o

X

where

0 o 0x _ dui O axnﬂ)i’fazki
Ou;  Ou; Ou;’ | Ou; Ou; Pt Ou; Oxy,

Now we look at Gauss Map

V C R™ with coordinates (uq,--- , up)

x chartJ{ W‘;
peM N S”

The good thing about Gauss Map is that then we do computation for second fundamental form (2.120).
Write

using that Hy € C°°(M,Sym>T*M). Now the coefficients are

B a 9 s X e OX
hij = ( (%’T%)’N>_<(Va%auj) 7N>_<Vaii du;’

N)
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Notice in R**! with standard coordinates

ou; Ouj Oxy,
and 9
v =0
321‘ Oxy,
Thus
= x = (Lo 0\ & Pu 9
\% =V — | = — = =Xy
Bui ou; Bui <; Ou; Oxy, Z 8u18uj oxy, auiaui Xij
Therefore
- Oz), 0 0%y
hi: = (V = —(x:: N
i = { a7 <Xk: du; axk> Z Ou;0u, axk N} = {xij, N)
Weingarten Map in Coordinates Now what is dN, in local coordinates? Using dN,(v) = =Sy (v) we
get

dNp, : T,M — T,M
ox
8Ui
For if we're able to fully characterize —Sy ;) acting on a basis of T}, M, we fully characterize the Differential of
Gauss Map. But the latter is done via the computations for h;;.

a 0 0 0
871“’ %) - <SN(87U¢)’ Tuﬁ

X; =

—> *SN(p)(Xi)

{xij, N) = hij = Hn (
something we can compute
By aligning with equations j = 1,--- ,n one solve for SN(%). Repeat for ¢ = 1,--- ,n we one recover dN,, as
—SN(p) acting on the set {%}1§ign
Example: Catenoid Let S C R3 be the surface of revolution of y = cosh(z). Now, to do rotation we need
sine and cosine.
x(u,v) = (cos(u) cosh(v), sin(u) cosh(v), v)

Then using local coordinates

Xy = % = (—sin(u) cosh(v), cos(u) cosh(v), 0)
Xy = % = (cos(u) sinh(v), sin(u) sinh(v), 1)

This is basis for tangent space.
Let’s compute the first fundamental form g = x*go (the induced metric on S).

g = Edu® 4+ 2Fdudv + Gdv®
= (Xy, Xo ) du? + 2(Xy, X, Y dudv + (x,, %, ) dv?
= cosh?(v)du? + (sinh?(v) + 1)dv? = cosh?(v)(du? + dv?)

Next we compute the second fundamental form. In R3, normal vector is given by the cross product.

N Xu XXy (cos(u) cosh(v), sin(u) cosh(v), — sinh(v) cosh(v))
[ X x| \/cosh2 (v) + sinh?(v) cosh?(v)
_ (cos(u), sin(u), — sinh(v))
cosh(v)

The second fundamental form writes

Hy = edu® + 2fdudv + gdv?
= (Xyu, N)du? + 2(Xyy, N)dudv + (X, N)dv?
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Notice
=(x = (— cos(u) cosh(v)i — sin(u) cosh(v)j cos(u) »  sin(u) - sinh(v) ;.
e = (Xuu, V) = (= cos(u) cosh(v) (u) cosh(v)3, com(o)' * com(u)’ Cosh(v)/@
= —cos?(u) — sin®(u) = —1
_ _ . . - ] . » cos(u) - sin(u) - sinh(v) »
f = (xXuv, N) = (—sin(u) sinh(v)i + cos(u) sinh(v)7, cosh(v)Z + cosh(v)] " cosh(v) £ =0
= — 7 - cos(u) »  sin(u) - sinh(v) -
g = (Xyw, N) = (cos(u) cosh(v)i + sin(u) cosh(v)7, osh(v) i+ cosh(v)j ~ osh(v) k) =1

Thus the second fundamental form is
Hy = —du?® + dv?

Now to fully write down the differential of Gauss map, we need to determine the shape operator. Assume
for (recall we’ve identified % with %)
0 0 0

70 = %9 T

We first determine a by plugging into (here one needs the first fundamental form)

SN (

g 0 g, 0 0 g 0 9
e=—-1= HN(%; %) = ( N(a), %> = <a% +b%, %> = a cosh (U)
1
a= 2
cosh”(v)
Now determine b by
o o 0 0 8 B 8 3 0., 9
=0
Thus the Shape Operator acting on % is explicit
0 1 0
SN(z—)=———F5—7—
N(au cosh?(v) Ou
and thus 1
dN, u) = T 195, <du
(o) cosh2(v)X
Doing the same for % gives
1
dNp(xy) = —

— x,
cosh?(v) "

1 1 0
dN, = ———
P coshz(v) (0 —1)

Therefore

w.r.t. basis {X,, Xy}

2.6.7 Totally Geodesic
Let M be dimension n, M be dimension n + 1. Let

f:(M,g) — (M,7)
be an isometric immersion.

Definition 2.6.9 (Totally Geodesic). Let p € M. We say that f is geodesic at p if the second fundamental
form is O

S, =0 Vne(T,M)"*
or equivalently
H,=0 Vne(T,M)"*
or equivalently
B(p) : T,M x T,M — (T,M)* is zero map

The immersion f is totally geodesic if it is geodesic at any p € M.



CHAPTER 2. RIEMANNIAN GEOMETRY 160

Characterisation of Totally Geodesic

Proposition 2.6.5 ([dC92] Proposition 6.2.9). An isometric immersion
f:M—M
is geodesic at p € M iff every geodesic vy of M starting from p is a geodesic of M at p.

Proof. Let 4(0) = p, v'(0) = v. Let n € (T, M)+ and denote N as local extension. Let X be local extension of
~'(t) to a vector field on M.

Since
(X,Ny=0

we obtain at p
Hy(v,v) = (S(v),v) = =(Dx N, X) = —X(N-XT + (N, Dx X)

Now f is geodesic at p iff for all v € T;, M, the geodesic v of M that is tangent to v at p satisfies Dx X does not
have normal component. This is to say - remains a geodesic in M. O

We also record the version from class. They're just the same...

Proposition 2.6.6. Let o
f:(M,g) = (M,g)

be an isometric immersion. Then f is geodesic at p € M, i.e. the second fundamental form
B(z,y) =0 Va,yeT,M

iff for any
vi(—ee) > M geodesic ~v(0)=p
one has
&::foy:(—e,e)l)MLM is a geodesic on M
Proof. Assume f is geodesic at p € M. Suppose 7 is a geodesic in M, we want to prove v = f o is geodesic
in M. What is the covariant derivative of 7'?
D D
(=-7)(0) = (,7)(0) + B(v(0),7'(0))
dt dt
D
= (%7’)(0) =0 since v is geodesic in M
On the converse, it suffices to show that B(z,z) = 0 for any « € T, M. Let

(1) = exp, (L)

Then
(2)(1) =
Caw =0
Blz,2) = (24)(0) ~ (7')(0) =0

Recall (M,g) is Riemannian manifold of dimension 7 with p € M, then there exists ¢ > 0 s.t.
&p, : B.(0) c T,M — M

is a C'°° embedding. Now let
M :=&xp,(W N B.(0))

where W is a subspace of T,M of dimension n. Then M is a n-dim submanifold of M. This gives you a
canonical local n-dimensional submanifold through p whose tangent space at p is exactly the chosen plane W.

Corollary 2.6.3. If f : (M, g) — (M,q) is totally geodesic, i.e, f is geodesic for any p € M. Then
€Xpp = mP|VmTpM

where V is a neighborhood of origin of T,M on which exp,, is defined.
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Geometric Interpretation of Sectional Curvature Now one has a good geometric interpretation of sec-
tional curvature. Let M be Riemannian manifold and p € M. Let B C T, M be an open ball in 7),M on which
exp,, is a diffeomorphism.

Let 0 C T, M be a subspace of dimension 2. Then

exp,(cNB) =9

is a submanifold of dimension two of M passing through p.
S is the surface formed by ‘small’ geodesics that start from p and are tangent to o at p. By Proposition 2.6.5
S is geodesic at p. Hence the second fundamental forms of the inclusion

1:S—>M

vanish at p.
As a submanifold of M, S has an induced Riemannian metric whose Gaussian curvature at p will be denoted
as Kg. It follows from Guass Formula (2.135) that

Ks(p) = K(p,0)

In other words, the sectional curvature K (p,o) is the Gaussian curvature at p of a small surface formed by
geodesics of M that start from p and are tangent to o.

Transitivity of Totally geodesic

Proposition 2.6.7 ([1C92] Exercise 6.3). Let M be a Riemannian manifold and let N C K C M be submani-
folds of M. Suppose N is totally geodesic in K and that K is totally geodesic in M. Then N is totally geodesic
in M.

Proof. Since N and K are Riemannian submanifolds, consider f and g as isometric immersions
f g
N—K<—=M

We're given that f is totally geodesic in K and g is totally geodesic in M, and want to show g o f is totally
geodesic in M.

~

1. For any p € N, by identifying p 2 f(p) = g o f(p), we observe that the normal splits w.r.t. both K and
M

T,K = T,N & (T,N)%
T,M =T,K & (T,K)3;
=T,N & (T,N)3;
— (T,N)ir = (T,N)x © (T,K)w

Furthermore, for connection V on N, V on K and V on M, one can write bilinear forms

BE : X(N) x 2(N) — X(N)%

(X,Y) = BE(X,Y)(p) == (VY)(f(1) — dfp(VxY (p))
B X(K) % < ) = X(K)3

(X.Y) = BE(X.Y)(f(p) == (V=Y)(g0 (D) — dgpr (VY (£(p))
BN : X(N) % < ) = X(N) 3

(X,Y) = BN (X, Y)(go f(p) = (V=Y )(go f(p) — d(g° F)p(VxY ()
Now using f, g-related vector fields and Chain rule
dfp(VxY (p)) = (V<) (f(p))"
gy (V=Y (f(p) = Wf? (go f(p)"
d(go )p(VxY(p)) = dgyp)

= dg;) (VY (£(P)) = dgs ) (VY (f()")

= (V=)(go f0)" — dgsn) (VY (F(9)")
= (V=Y)(go f(0) = (V=Y)(go f(0)* — dgsen (V<Y (f(0))Y)
BY(X,Y)(go f(p) = BY(X,V)(f(p) + dgsm)(BE(X,Y)(p))
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2. Then since f is totally geodesic in K, BX(p) = 0, and since g is totally geodesic in M, BM(f(p)) =0
one conclude

)

By (go f(p)) =0
Hence by definition N is totally geodesic in M.

Totally Geodesic under Product

Proposition 2.6.8 ([1C92] Exercise 6.4). Let Ny C My and Ny C My be totally geodesic submanifolds of the
Riemannian manifolds My and My respectively. Then N1 X Ny is a totally geodesic submanifold of the product
My x My with the product metric.

Example 2.6.5 ([1C92] Exercise 6.5). The sectional curvature of the Riemannian manifold S*> x S? equipped
with the product metric, where S> C R? is the unit sphere, is non-negative.
Moreover, there exists a totally geodesic, flat torus T? embedded in S? x S2.

Proof. 1. Recall (S?, gean) is equipped with the round metric

6= (6,0) = d? + sin?(¢)d6?

Hence the product metric gproq on S? x S? writes

Gorod (D1, 61), (d2,02)) 1= g5 (61,61) © g5, (02, 62)
= d¢? + sin’(¢1)db? + do3 + sin® (oo )db>

Notice that

(a) When a 2-plane II is tangent to one common copy of S?, then K(II) = K(S?) = 1 equal to the
sectional curvature of the sphere, which we know to be 1.

(b) When a 2-plane II contains fixed tangent vectors from both factors of S, say X € T'S? x {p} and
Y € {p} x TS?, then X and Y are orthogonal, hence independent to each other due to the product
metric. Thus

R(X,Y,X,)Y)=0

and K(II) = 0.

2. Consider
T2 =SS! x §!

define embedding
T? — §% x §?
s T
(01, 62) — ((5791), (5302))
In view of Proposition 2.6.8, it suffices to prove

St ¢ §?

is totally geodesic. Philosophically this is true because S!, the great circle, is preserved by the geodesic
flow on S2. In particular, let (¢, ) denote coordinates on S? and let embedding be

foStess?

™

where ) )
grsound = d02 = f*grsound
Thus f is isometric immersion. But
B:X(S') x 2(SY) — x(sH*t
(X,Y) = B(X,Y)(p) = (V<Y (f(p)*
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and observe

But evaluating at ¢ = 7 yields

Hence

g 0
a0’ 90’
But this is the only chance for B to be non-zero, hence we obtain bilinear form B as a zero map, and f
is thus a totally geodesic in S2.

B(

O

2.6.8 Minimality and Mean Curvature

A much weaker notion than totally geodesic is minimality.
Let
foMm A"

be isometric immersion.

Definition 2.6.10 (Minimal). We say f is minimal if trace of the second fundamental form is 0
tr(S,) =0 Vne(T,M): VpeM
What is the trace of S,,7 Note
Sy TyM — T,M
If we take {e;}7_; an orthonormal basis of T, M then

n

w(8,) = Y (Sl er) “EV S Hyfewed) PEY Y (Blesen).n)

i=1 i=1
Note this is independent of basis chosen, hence well-defined.
Since minimality only requires such sum to be 0, this is indeed a weaker condition than requiring all second
fundamental form vanish.

2.6.8.1 Mean Curvature Vector

Definition 2.6.11 (Mean Curvature). We define the mean curvature vector
1 n
H(p) == E Blei,e;) € (T,M)* for {e;}_1 as orthonormal basis of T,M (2.138)
n
i=1

Thus H € C°(M,N(f)).

Immediately notice that f is minimal iff H = 0. L
On the other hand, choosing a local orthonormal frame {E;} of vectors in X(M)+ = C°°(M, f*TM), one
may write at p

B(‘Tay):ZHE7(xay)EJ Vl’,yGTpM, j:1,~~,m
J

Indeed

Note the normal vector given by

1 m
- Ztr(SEj)Ej
7j=1
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does not depend on the choice of frame F;. In fact

thr (Sg,)E %ZZ (ei,€:), Ej)E;

3

3\'—‘ SM—‘
HM
@

9 M
£°

\ @

S&

gq

Hence one has equivalent definitions for Mean Curvature vector

ZB (e €) = Zu« Sg,)E (2.139)

where {e;}, is orthonormal basis for T, M and {E;}7, is orthonormal basis for (17,M)*.

We use the word ‘minimal’ because such immersions minimize the volume in the induced metric, in the same
way that geodesics minimize arclength.

More precisely, if M C M is a minimal submanifold and D C M is a sufficiently domain of M with regular
boundary 9D, then the volume of D in the induced metric is less than or equal to the volume of any other
submanifold of M with the same boundary.

Example 2.6.6. Consider sphere
(Snv gcan) — (Rn+17 90)

Recall n(p) = —p, and
B(X,Y) =(X,Y)n
Then

n

H(p) = %Z@i,ei)n(p) = %Zn(p) =n(p) = —p
=1 i=1

the mean curvature vector of the sphere is also pointing inwards, the same as normal.

Mean Curvature for Codimension 1 If m = 1, then take 1 as the normal (whichever direction). Consider

parametrization
x:UCR" - R"!

(ula e ,U/n) = ($1<u17 e ;un); e 7‘r’ﬂ+1(u1) e ,U/n))
The second fundamental form takes the form (2.137)
H”] = Z hijduiduj
j
where

hij = <Sn(aiul)7 aauj> = <B(6’iu,7 aij)ﬂﬁ =(D » X*(aij)’n> = <Xij>77>

Now we compute the Mean Curvature via

It suffice to compute
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Mean Curvature for Level Set Let’s recall the definition for Hessian.

Definition 2.6.12 (Hessian). Let
f: M SR
be a differentiable function. Define the Hessian Hess(f) of f at p € M as the linear operator

Hess(f) : T,M — T,M

Y = (Hess(f))(Y) := Vygrad(f) VY e€T,M (2.140)
where V is the Riemannian connection of M.
Lemma 2.6.4 (Laplacian). The Laplacian Af is given by
Af = tr(Hess(f)) (2.141)
Proof. By definition
Af :=div(grad(f))
= tr(linear mapping Y (p) — Vygrad(f)(p) for any p € M)
= tr(Hess(f))
O
Lemma 2.6.5 (Hessian as symmetric bilinear form). For any X, Y € X(M)
(Hess(f)Y, X) = (Y, (Hess(f)X) (2.142)
Hence Hess(f) is self-adjoint, and determines a symmetric bilinear form on T,M for any p € M via
Hess(f)(X,Y) := ((Hess(f))X,Y) VX,YeT,M (2.143)

Proof.

((Hess(f))Y, X) = (Vygrad(f), X) = Y ((grad(f), X)) — (grad(f), Vy X)
=Y (X(f)) - (VyX)(f) using definition of grad(f) and Levi-Civita is compatible with metric

=Y, X](f)+ XY () — (VyX)(f) using definition of Lie Bracket
= (VxY)(f)+ XY (f)) using Levi-Civita is symmetric
= (grad(f), VxY) + X ((grad(f),Y))
= (Vxgrad(f),Y) = (Y, Vxgrad(f)) = (Y, (Hess(f))X)

O

Proposition 2.6.9 ([1C92] Exercise 6.11). Let ‘a’ be a regular value of f, i.e., for any p € f~Y(a), f is a
submersion at p. Let M™ C M be the hypersurface in M defined by

M:={peM| f(p)=a}=f""(a)

1. The mean curvature H of M C M is given by

_ il B4
nH = —d (7|gmd(f)‘) (2.144)

Proof. First of all, we claim grad(f) is normal to the level surface M. Let any p € M and v € T, M, since
f =a on M, the tangential derivatives all vanish

v(f) =0

Thus by definition of gradient (w.r.t. ambient metric g), for any X € X(M)

g(grad(f), X) = df (X) = X(f)

which vanishes for any X tangent to M at p. Thus grad(f) has to point in the normal direction.
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Take an Orthonormal frame Ey, --- , E, and our normal vector
grad(f)

E,1:=—"—==0
T Jgrad(f)]

in a neighborhood p of M in M. Recall H as in (2.139) and S, as in (2.121). Since codimension is 1, the
mean curvature is essentially a scalar

n

nH = tr(S,) = Z<S’7(Ei)’ Ei)g

=1

n
(2.123)
= _Z<(DEZ77)T7E1>§

=1

(2.124) <
=" =Y (D E)g

i=1

==Y (Ve By — (Von,n)g
=1

n+1

= - Z<vEﬂl7 El>
=1

(20 —divym using definition of divergence

grad(f) )

= IV (grad ()

where we used that (n,n) =1 so

n((m,m)) = 2(Vyn,n) =
O

2. Notice FEvery Embedded hypersurface M™ C M s locally the inverse image of a reqular value. Moreover,
the mean curvature H of such a hypersurface is given by

1
H=—~div(N
- iv(N)

where N is an appropriate local extension of the unit normal vector field on M™ C m

Proof. (a) Since M — M, there exists a smooth immersion

f:M—M
s.t. f(M) C M is homeomorphism w.r.t. subspace _topology. Or using the alternative definition, for
any g € M, there exists a neighborhood U of ¢ in M and a coordinate chart ¢ = (a1, ,2,41) On
U s.t.

PMNU) = ¢(M) N {zn1 = 0}

In other words
MNU={qeU]|x,1(q) =0}

It suffices to see 0 is a regular value for f = x,,,1. But for any p € M

_ 0
dfp : T,M — R dfy= o f+1

d$n+1

Then
of

axn+1

Hence dfj, is surjective for any p € M NU so 0 is a regular value for f = x,,41.

(b) For any g € M, there exists neighborhood U of ¢ in M and a € R s.t.

UNnM = f;'(a)
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for some smooth fir and a as its regular value. Applying (2.144), the mean curvature H of MNU C M

® erad( )
|g1"ad(fU)|

However one can extend the formula to neighborhood U in M because fy is submersion on U N M,
hence has non-vanishing gradient. By continuity of fi; one can extend smoothly to open neighborhood
in M. Now one can define a unit normal vector field N as the local extension s.t.

d _
= M vUCM local neighborhood s.t. Ny is well-defined

Y Jgrad(fo)]

nH = —div( )

2.6.8.2 Minimal Graph

This is taken from Lecture notes by Xin Zhou.
Consider a domain

Let
u:QCR"™ SR
be a smooth function with |[Vu| # 0. The graph of u is defined via
L ={(z,u(@)) |z = (21, ,2n1) € Q}
Denote the smooth embedding of 2 to R™ as
F:QCR" SR
z = (z,u(z))
Denote g = F*gg as the pullback metric of Euclidean metric in R™ on X,,. Then

(2 9y _9F OF, | Oudu
Now, 0wy’ ~ 0wy oy’ ~ "7 o, 0w,

i.e., as a matrix
g =1+ Vu(Vu)" (2.145)

Eigenvalues of g We extend g = g @ do? when necessary.
We observe that g as a matrix acting on Vu gives

gVu = (I + Vu(Vu)")Vu = Vu + Vu(Vu! Vu)
= Vu+ |Vu*Vu = (1 + |Vul*)Vu (2.146)

so that 1+ |Vu|? is an eigenvalue of g with eigenvector Vu.
Moreover, if v L Vu (i.e., in the tangential direction), then

gv = (I + Vu(Vu)")v = v+ Vu(Vulv) = v (2.147)

so {Vu<} is the (n — 1)-dimensional eigenspace for the eigenvalue 1.

Volume form and Area of X, Let dov = dx;---dx,—1 we have the volume form of ¥ as

dvol = /det(g)dz = \/1 + |Vu|2dx

Now we study the critical points of the area functional

Area(X,) = / V1+|Vu|?dz
Q

For any n € C§°(12), we consider the change of area under perturbations. If the graph ¥, is minimal, one must
have

g Area(Xy1¢y) =0 Ve s ()

t=0
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We compute

Area(Xy1ty) =

d
— / V1+|V(u+in)2ds
dt|,_, Ja

V(u+tn)- - Vn
S oEanE

/ div( Vu )
= - iV(————
Qn V14 [Vul?

We set this to 0 for any 7 € C5°(€2). In other words we recovered the minimal surface equation

dt|,_,

7/ Vu-Vn e
2 +v/1+|Vul|?

Vu

S S Y
\/1+|Vu|2)

Graphical Mean Curvature We're going to show that (in the not normalized version)

div(

Vu

V1+ \Vu|2)

H = div(

First calculate the inverse matrix of g;;. Since

9(Vu(Vu)") = (¢Vu)Vu”

L9 (1 4 |VuP)Vuva”

L (14 VuP) (g - 1)

g(1 4+ |Vul? = Vu(Vu)T) = (1 4+ |Vul?)T

iy _ Vu(Vu)T
iy — 1_ I —
(99) =9 14 |Vul?
Thus 5ud
ij 5. _diugit
97 =% 14 |Vul?
One may regard X, as the level set given by
h:R" >R
(xlv T 71'n) = Tn — u(xh T axn—l)
Hence the unit normal of Vu is given by
Vh 1
v= = —Vu,1
T TR
Thus if define
n—1
B B 0 9\
H =tr(S,)) = Z:ZI<SV(61)»€Z> = <SV(37931)’ 87%>
we notice that, writing D = F*V
0 0] g 0
<S'/(8xi)’ 8733]> = (axi’ach)’w
(2.119) 0 0 \r
=" (D —(D
< 0?% al‘j ( 321‘ 81‘]) ’V>
0
= <D82i 8753’ v)
Now
0 N L 0 0
Dail 63’;] =F V(’)il (F 873';]) = (Vg:; 8755]) oF = aljF

168

(2.148)
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Thus continuing by using the expression for unit normal

diju_ i
RV
(2.148) Oiju O;udju
# e (- 1)
8“‘1& &uaj u@iju

VI+ Va2 (1+]|Vul?)?

Notice that

div(—y g [0 -
V1+|Vul? \ VT [Vu?
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2.7 Global Differential Geometry

One of the interesting aspects of differential geometry is the interplay that exists between the local properties
and the global properties of a Riemannian manifold.

2.7.1 Complete Riemannian Manifold

We always assume M is Hausdorff.

Distance d

Definition 2.7.1 (Path-Connected). M is path-connected if for any p, g € M, there exists continuous
c:[0,1] = M s.t. c(0)=p c(l)y=g¢q

Lemma 2.7.1. If M is a connected topological manifold, then M is path connected.

Lemma 2.7.2. If M is a connected C* manifold, there exists a C* map
c:[0,1] = M s.t. c(0)=p ce(l)y=gq
We revisit our definition for distance.

Definition 2.7.2 (Distance). Let (M,g) be a connected Riemannian manifold. For every p, g € M, we define
the distance between p and q as infimum of the length of all curves connecting p and q

dg(p,q) :==1inf{l(c) | ¢:[0,1] = M piecewise smooth s.t. ¢(0)=p c(1) =q}
1. The set is non-empty due to M is connected. Hence dg4(p,q) > 0.

2. We fix the metric g and denote d(p,q).

(M, d) metric space
Proposition 2.7.1. (M,d) defines a metric space.

Proof. 1. Triangle Inequality. For any p, ¢, m € M.

d(p, q) + d(q,m) > d(p,m)

due to composition of curves.
2. d is symmetric trivially by reversing the curve parametrization.

3. d(p,q) > 0 due to nonempty set. It suffices to check d(p,q) =0 <= p = q. We need to check d(p,q) =0
implies p = q. We prove the contrapositive, i.e., for p # ¢, we want to show d(p,q) > 0. For this we need
to use our manifold M is Hausdorff. There exists an open neighborhood U of p € M s.t. ¢ ¢ U. There
exists r s.t. the normal ball

Br(p) U

But then d(p, q) > r because all points at distance < r from p are in B,.(p), otherwise ¢ € B,.(p).

Example 2.7.1. 1. OnR", d(x,y) = |z — y|.
2. Line with two origins. Let M = (R x {0,1}) / [(z,0) ~ (x,1) except for x = 0]. Then

d([z,0],[y,1]) =[x —y| Vaz,y#0
d([x,0],[0,1]) = |z|
d([0,0],]0,1]) =0

Hence we indeed need Hausdorff condition.
Also we remark the following.

1. If there exists a minimizing geodesic v between p and ¢, then

£(y) = d(p,q)
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2. The topology induced by d is the same as the original topology, i.e., the one with basis

{Br(p)|r>0,pe M}

3. Fix pg € M, then

q — d(po,q)
is continuous. In fact

|f(q) — f(p)| = ld(po, q) — d(po,p)| < |d(p,q)|

Then f is Lipschitz continuous.

Geodescially Complete

Definition 2.7.3 (Geodesically Complete). A Riemannian manifold (M, g) is geodesically complete if for any
peM,
exp,,(v) is defined for allv € T,M

i.e., all geodesics (t) are defined for all t € R.

2.7.2 Hopf-Rinow Theorem
Hopf-Rinow says (M, g) is geodesically complete iff (M, d) is complete metric space.
Theorem 2.7.1 (Hopf-Rinow). The following are (a) — (e) equivalent and all imply (f)

(a) exp,(v) is defined for all v € T,M at a particular point p € M.

(b) Closed and Bounded sets of (M,d) are compact.

(c) (M,d) is a complete metric space.

(d) (M, g) is geodesically complete, i.e., exp,(v) is defined for all v € TyM for any q € M.

(e) There exists a sequence of compact sets { Ky}

K, C Kni1 UK. =M

s.t. if ¢n & Ky ¥V 0 then d(p, gn) — 0.

(f) In the above cases, for any q € M fixed there exists minimizing geodesic v between any p € M and q, i.e.
t(y) = d(p,q)

Example 2.7.2 (Counter example for (f) does not imply (a)). Take B1(0) open ball in R™. (f) is satisfied.
But expy(v) is not defined for |v| > 1. In particular B1(0) is not complete.

2.7.2.1 Proof and Consequences of Hopf-Rinow
Proof of Hopf-Rinow

Proof of Theorem 2.7.1 (a) = (f). We want to find the initial velocity v € T,M s.t. |v| = 1 of the geodesic
~ where v(0) = p and v(1) = ¢. In this case we want

v(t) =expy(tv)  y(r)=q  forr=d(p,q)
There exists rg s.t. By, (p) is a normal ball at p.

1. Case one. If r < rg, and ¢ € B, (p), then there exists a minimizing geodesic connecting p and g.
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2. Case two. If r > rg. The idea is to construct the curve with initial velocity step by step. Consider the
map
f:M—R x> d(q,x)

which is continuous. There exists ¢ € Sy, (p) the sphere of the normal ball s.t.

o= min f(z
IESTO (p) ( )
Note zy may not be unique. In particular,
To = expp(rov) for some unit tangent vector v

Finally we can use the assumption that exp,, is defined for all v € T, M. So we define the curve

Y(t) == exp,(tv)

and I want to show that v(r) = ¢. To do so we use the continuity method. We define a set
A={se0,0] | d(v(s),q) = 7 — s}

If one can prove A is non-empty, closed and open, then since A is connected, we have A = [0,7]. In
particular we conclude r € A, and finally d(y(r),q) =r—r=0 = ~(r) =q.

e A is non-empty since s = 0 lies inside
d(v(0),q) = d(p,q) =r—0=r

e A is closed due to closed condition.

e We're left to prove A open. We show that if s € A, then there exists 6 > 0 s.t. s+ 6 € A. Since
s € A, one has

d(y(s),q) =7 —s

Consider the normal ball centered at v(s), of some radius J, which is between (0,7 — s). Now we
consider 2’ that minimizes the distance between the ball and ¢, i.e.

= min f(z)

z€Ss(7(s))
Then
r—s=d(y(s),q) = 5+ min{d(g,) | = € S5(v(s))}
=0 +d(g,2)
d(x',q) =r— (s+9)
Now by triangle inequality
s+d0>d(p,x’) >d(p,q) —d(g, ') =r—r+(s+6)=s5+9§

dp,z") =s+4
= ' =~v(s+9)

Thus
dy(s+0),q) =r—(s+0) = s+d€A

Proof of Theorem 2.7.1 (a) = (b). Let A C M closed and bounded. Then there exists 7 > 0 s.t.

Ac{z e M|d(z,p) <r}=B.(p) Cexp,(B-(0))

where the latter is indeed a compact set. Hence using A closed subset of a compact set and Hausdorff topology,
one knows that A is compact. O

Proof of Theorem 2.7.1 (b) = (c). Start with a Cauchy Sequence {z,}. Let A = {z,,} be closed and bounded.
Then A is compact, and there exists a subsequence z,, — po € M. Hence x,, — py since it’s Cauchy. O
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Proof of Theorem 2.7.1 (c) = (d). Let ¢ € M, we want to show that exp, is defined on T, M. Suppose for
contradiction that
v:(a,s80) = M

is a normalized geodesic, and is not defined for so. Then we prove that v can be extended to
v:(a,80+6) = M

How do we prove? Remember we assume Cauchy sequence converges. We take a sequence that converges to sg.
Let s, be an increasing sequence s.t. s, /* sg. Then since we have normalized geodesic

d(v(sn),Y(5m)) < |sn — sl

Since {s,} is Cauchy, v(s,) are Cauchy, and using our assumption, v(s,) — po in M. Then there exists § > 0
and a totally normal neighborhood V of pg s.t.

1. for any p;1, p2 € V, there is a minimizing geodesic between p; and ps

2. for every g €V,
exp, : Bas(0) CTy,M —V

is defined.

What is remarkable is that the J is uniform in ¢ € V. If v(s,) and v(s,) € V, then v coincides with the
minimizing geodesic between ~(s,) and v(s,,). Choose s, s.t. y(s,) € V and

so— 0 < s, < Sg
Then for the exponential map at v(s,), we again center a ball at (s, ) with radius 24, i.e.
€XPoy(s,) : Bas(0) =V
is defined. Hence 7(t) is defined for ¢ € (s, —26, s, +6). But s,,+20 > sg by our choice. Hence v is extended. O
Proof of Theorem 2.7.1 (d) = (a). Trivial. O

Proof of Theorem 2.7.1 (b) = (e). Let K, = B,(p). They satisfy (e). If ¢, ¢ K, for any n, then d(p, g,) >
n. O

Proof of Theorem 2.7.1 (e) = (b). Let A be a closed and bounded set. Then there exists n s.t. A C K,
hence A is compact. O

Corollaries and Examples of Hopf-Rinow We discuss certain examples and immediate consequences of
Hopf-Rinow.

Compact Manifolds are Complete

Corollary 2.7.1 ([dC92] Corollary 7.2.9). Any Riemannian metric on a compact manifold gives a complete
manifold.

Proof. Property (e) is always verified. O

Closed Submanifold of Complete Manifolds are Complete

Corollary 2.7.2. Let (M,g) be complete Riemannian manifold. Let N be a closed submanifold. Denote
i:N—>M as inclusion

Then
(N,i*g) is complete

Proof. By Theorem 2.7.1 property (b), we need to show closed and bounded sets of N are compact. Here closed
and bounded sets are w.r.t. the distance dy given by i*g. But

so any closed and bounded sets of N are also closed and bounded in M. So they're compact. O

Example 2.7.3. 1. S™, T™ are complete.
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2. (R™, go) is complete.

3. (B}(0),g0) is not complete.

Proof. Let
¢ :R" — B}
x
'_> —
V1t |z
Then the inverse writes
¢~ Bl - R"
Y
Yy ——
V1=ly?
The diffeomorphism (R™, ¢*gg) is not complete since the ball is not complete. O

Criterion for Completeness

Proposition 2.7.2 ([dC92] Exercise 7.7). Let M and M be Riemannian manifolds and let
f:M—-M be a diffeomorphism
Let M be complete, and assume there exists a constant ¢ > 0 s.1.
[v| > c|dfp(v)] VpeM vel,M
Then M is complete.

Proof. Let {p,} be a Cauchy sequence in M. By Hopf-Rinow 2.7.1 (c), it suffices to prove p,, converges. Notice
{f(pn)}n is a sequence in M, and since M is complete, if we're able to show {f(p,)}, is Cauchy, we have
convergence of f(p,) to some point ¢ € M. Indeed, for any p, € M, there exists totally normal neighborhood
V of p, s.t. for any p,, € V, there exists 7 a minimizing geodesic joining p,, and p,,, i.e.

y:[0,1] =M  A0)=p, (1) =pnm

One has
1
Ao (F(pa). f(pm)) < / 0y (7 (1))
1 1 , - 1
< [ Lola=Cuo)

1
=-d ns Pm
<A (s Pm)

But {p,} is Cauchy sequence in M, hence dus(pn,pm) — 050 {f(pn)} is a Cauchy sequence. Thus there exists
q € M s.t.

dﬁ(f(pn)a Q) —0
Now since f is a diffeomorphism, it has a smooth inverse, hence define p := f~!(¢) and by continuity
O
Non-extendible Notice any proper open subset of a complete manifold is not complete, i.e., for open em-

bedding
i:M—M (M) (M,g) open and proper

The manifold (M,i*g) is not complete.

Definition 2.7.4 (Extendible). Let M, M’ be connected. A Riemannian manifold (M, g) is extendible if there
exists an isometric open embedding

i:(M,g) = (M',g") i(M)CM

Remark 2.7.1. If M is compact then M 1is complete. If M is complete then M is non-extendible.
But both converses are not true.
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1. (R™, go) is complete but not compact

2. The map
exp : C — (C\ {0}, dz? + dy?)

z > ef
gives (C\ {0}, dx? + dy?) extendible. Hence this is incomplete. But then
(C,exp”(dz® + dy?))

is incomplete and inextendible.

2.7.2.2 Applications of Hopf-Rinow

Complete Non-compact manifold contains a Ray

Definition 2.7.5 (Ray). A geodesic v : [0,00) = M in a Riemannian manifold M is called a ray starting from
~(0) if it minimizes the distance between v(0) and y(s) for any s € (0,00).

Proposition 2.7.3 ([dC92] Exercise 7.6). Let M be complete and non-compact.
Then for any p € M, there exists a ray starting from p in M.

Proof. 1. Since M is geodesically complete, for any p € M, the exponential map exp,(v) is defined for all
v € T,M. Since M is non-compact, there exists a sequence of points ¢, € M s.t. d(p, ¢,) — .

2. Using (f) in Hopf-Rinow 2.7.1, for any ¢, € M one can pick a minimizing geodesic v,, between p and g,
s.t.

£(yn) = d(p, gn)

WLOG one may parametrize -, using arc-length, i.e.
MW(0)=p  m(dp ) = an

3. Now consider the family of tangent vectors {~,,(0)} C S,M C T, M where |, (0)| = 1 and S, M denotes the
unit sphere in 7, M. Since S, M is compact, one may extract a convergnt subsequence v,, (0) — v € S, M.
Again since M is geodesically complete, the geodesic

y:[0,00) > M 4(0)=p, A(0)=v
exists.

4. We claim that v is a ray. To see this, one needs to show v minimizes the distance between p and v(s) for
any s € (0,00). Now fix s, there exists k large enough s.t.

d(p, qn,,) > d(p,(s))

hence
U nrljo,s) = A0, Ynic () is length minimizing

Push k — oo, since both
T (0) =0 Y, () = (s)
By continuous dependence on initial conditions

d(ny (5);7(s)) = 0

Hence 'y|[0 5] is length minimizing.

Hyperbolic Plane In this paragraph we consider the upper half plane
H = {(z,y) eR* |y >0}

equipped with the Lobatchevski metric

1
9112922::(72 g2 =10

Recall the ‘Minimizing’ characterisation for geodesics.
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Proposition 2.7.4. If a piecewise differentiable curve v : [a,b] — M with parameter proportional to arc length
has length less or equal to any other piecewise differentiable curve joining y(a) and v(b), then v is a geodesic
m M.

Lemma 2.7.3 (Geodesics of H). Geodesics of H are either
1. Upper semi-circles
2. rays x = xq fory >0

Proof. 1. We claim the segment for a > 0
~:la,b] - H

— (0,1)

is the image of a geodesic. Indeed, for any arc c: [a,b] — H s.t.

c(t) = (z(t),y(t))  cla)=(0,a)  ¢(b) =(0,0)

b b
=[G [ G G

b
dy
—fdt Wy
/a| =)

One has

Hence v minimizes arc length for piecewise differentiable curves, and using Proposition 2.7.4, the image
of v is a geodesic.
2. The isometries of H are the Mobius Transforms

az+b
)_>
cz+d

z=x+1y ad —bc=1 (2.149)

and it transforms the Oy axis into upper semi-circles or rays x = x( for y > 0. Since isometries preserve
geodesics, these are geodesics. In fact they’re the only geodesics. Indeed, for any p € H, and any direction
in T, H, there passes either a semi-circle with center on the Oz axis or the circle degenerates to a ray
normal to Oz.

O
Proposition 2.7.5 ([dC92] Exercise 7.10). The Upper Half Plane H = R% with the Lobatchevski metric g
1

y2 g12 = 0

gi1 = g22 =

is complete

Proof. We want to make use of Hopf-Rinow 2.7.1 (a). We have to show the geodesic starting at the point
(0,1) € R% is well-defined for all v € T(OJ)R2+ for all time t. Since we require to exist for ¢ > 0 it suffices to
take |v| = 1.

1. If v = (0,1) the geodesic is

since from Proposition 2.7.4

3. If v = (sin(f), — cos(f)) we make the identification y = iy in the complex field. Then we claim

)
)

is the geodesic with origin i = (0,1) and initial velocity v = ¢ = (cos(), sin(#)).

sin(%)ie’ — cos(

v(t) =

0
2
cos(§)iet + sin(

NID|INID

(a) Asin (2.149) sin®(%) + cos?(4) = 1 so image of 7 is indeed a geodesic.
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(b) Compute

e
(c) Compute
Y (t) = - (Cos(g)iet1+ sin(3))? co( i g — os() + cos(;rile(tg )f;tin(g)
7O =~ @ : sin(Z))? cos g iin( ) - o) + ws(;r;:?):m@)
_ (Cos(g)iism(g))z (COS(Z)sin(g) +icos(g)2 - cos(g)sin(g) +isin(g)2>
~leos(B)i i sin(9))? —CjS@? + 2i siné)oos(%) + sin(3)?

B isin(f) — cos(d) - sin(6) + i cos () = sin(6) —icos(9)

Since all above ~(t) exists for all t > 0, exp g 1)(v) is defined for all v € T(g1)R%. Hence H = R is geodesically
complete, thus complete. O

Homogeneous Manifold

Definition 2.7.6. A Riemannian manifold M is homogeneous if for any p, g € M there exists an isometry of
M which takes p to q.

Proposition 2.7.6 ([dC92] Exercise 7.12). Any homogeneous manifold M is complete.

Proof. By Hopf-Rinow 2.7.1 it suffices to show M is geodesically complete. Suppose we have a unit speed
geodesic
c:la,l) = M s.t. it is not extendiable to t = 1

Now for any p € M, due to local existence of geodesic, there exists another geodesic ¢ starting at p and o > 0
small s.t.

E(Cg) >a>0
Let’s denote )

a l—-a
0 :=min{—,——} >0
e

Since M is homogenegous, for points p and ¢(1 — §), there exists an isometry of M that takes p to ¢(1 — ¢).
But isometry also preserves geodesics, hence our c¢o should be isometrically mapped to some geodesic of equal
length with starting point ¢(1 — J). But

) > a>20

hence
c:[1-6146)—-M is extended

But this contradicts with our assumption. Thus M is complete. O

2.7.3 Hadamard’s Theorem

Theorem 2.7.2 (Hadamard [dC92] Theorem 7.3.1). Let M be a complete Riemannian manifold with sectional
curvature
K(p,0) <0 VpeM, YV o CT,M two-dimensional subspace

Then for any p € M
exp, : T, M — M

18 a covering map.
If in addition we assume M 1is simply-connected, then M is diffeomorphic to R™ where n = dim M with

exp, : T,M — M

a diffeomorphism.
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2.7.3.1 Lemma one: Non-positive Sectional Curvature to exp, Local Diffeomorphism

This has been essentially shown in Proposition 2.5.6.

Pole p gives exp, local diffeomorphism Recall Conjugate Local
C(p) := {7(to) | 7(to) is the first conjugate point to p along ~, for all v geodesic s.t. y(0) = p}

In particular by varying 7'(0) = v € T,M, C(p) is achieved by conjugate points to p along v emanating in any
direction v.

Definition 2.7.7 (Pole). Let (M,g) be a complete Riemannian manifold. We say p is a pole if the conjugate
locus C(p) = @ is empty.

In particular, if p is a pole, for v geodesic emitting in any directions v € T,,M, i.e.

A(t) = exp, (tv)

There is no y(tg) conjugate point to p along v. Now using Proposition 2.5.4

(dexp,)to
is surjective for all ¢ > 0, for any direction v € T, M fixed. Thus
exp, : T, M — M

has no critical points.
In particular, at any v € T, M, exp, is a local diffeomorphism by the inverse function theorem. (Note
this is stronger than our result in Proposition 2.3.4)

Lemma One: Complete manifold with K(p,o) < 0 is pole everywhere

Lemma 2.7.4 ([dC92] Lemma 3.2). Let (M, g) be a complete Riemannian Manifold with K(p,o) < 0 for any
p€ M and o C T,M 2-plane.
Then for any p € M, p is a pole.

Proof. See Proposition 2.5.6. Compute (J, J)".
Let J be nontrivial Jacobi Field along a geodesic

~v:[0,00) > M

where v(0) = p and J(0) = 0. Notice here we’re using that (M, g) is complete via Theorem 2.7.1 so that the
geodesic exp,, is defined for all v € T}, M.
Then

(J, D) = 20T, 0 +2(J, J")
LV o0 Ty = 2R(Y, T)Y, )

CE) 91112 — 2K (v, )Y A2 >0 (2.150)
Therefore for any to > t;
(1, ) (t2) = (1, J)'(tr)
Since we assumed J is nontrivial, J'(0) # 0, but (J, J'}(0) = 0. Now for ¢ sufficiently small,

(J,J)(t) > (J, J)(0)
It follows that for all £t > 0
(L)) =T®] >0
thus ~(¢) is never conjugate to v(0) along ~. O

Remark 2.7.2. Notice Lemma 2.7.4 does not mean if there exists p € M s.t. K(p,0) <0 for any o C T,M
then it implies p is a pole. This is because in the proof step (2.150), one really need the sign on sectional
curvature along y(t) instead of just one point p = v(0).
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Example for poles in non-compact manifolds with positive sectional curvature Notice that poles
can exist in non-compact manifolds which have positive sectional curvature. The point p = (0,0,0) of the
paraboloid

S ={(r,y,2) e R®| 2 = 2* +¢*}

is a pole of S. On the other hand, notice the curvature is positive. ([dC92] Exercise 7.13)

2.7.3.2 Lemma Two: Covering Map

Lemma 2.7.5 ([dC92] Lemma 7.3.3). Let (M, g) be a complete Riemannian manifold, and let (N, h) be another
Riemannian manifold s.t. there exists
f+M—N

that is surjective and a local diffeomorphism.
Assume for any p € M, for any v € T,M, we have

o ()5 = o1l (2.151)

Then we have f is a covering map.

Path-Lifting Property determines Covering Map

Remark 2.7.3 (Path-lifting Property). Assume we have a path ¢:[0,1] = B. Let T : B — B be a continuous
surjective map, local homeomorphism. Let B be locally path connected and B be locally simply connected. If in
addition c satisfies the path lifting property s.t. the diagram commutes

B

Then T is a covering map.

Proof of Lemma Two

Proof of Lemma 2.7.5. By the above fact Remark 2.7.3, we only need to check that f satisfies the path lifting
property with B =M and B = N. Given
c:10,1] - N

We want to prove

(a) € can be defined. If ¢ is defined in some small interval then one can extend it. In particular if
c:[0,tg] = M 0<ty<1

s.t.
fotc=c

Then there exists a 6 > 0 s.t. € is defined on [0, tp + J] and also satisfies
fotc=c

(b) If ¢ is now defined in
61[0,t0)*>M 0<ty <1

s.t.
fot=c
Then ¢ can be extended to tg
C [O,to] — M
with
fot=c

In particular f(¢(to)) = c(to).
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Proof of (a). Since f is local diffeomorphism, there exists U open neighborhood of ¢(¢y) s.t.
flg :U = f(U) is a diffeomorphism

Then f(U) is an open neighborhood of ¢(tg) = f(¢(tp)). Then there exists § > 0 s.t. the image of (to — d,t0+0)
through ¢ is contained in U. For t € (tg — 0,to + ¢) define

e(t) = (fly) M el?))
since f is surjective.

Proof of (b)
In this why we need (2.151). Let {t,} be a sequence t,,11 > t, s.t. t, — to. Then for any m < n. Compute
the distance between ¢(¢,) and ¢(¢,,) because we want to show {¢(¢,)} is Cauchy.

pu
dﬁ(t) dt
t e

tn
dt — /
c(t) tm
de

dt < Clty, — tm| where C':= max|— ()]
() [0,1] dt

At (#{tn), (b)) < €T, ) = / '

(2.151) [tn
=
tm
/tn,
t

m

de
pr dt

<(t)

) 4f00)

dfz(t)(

d
Ec(t)

Now {¢(t,)} is Cauchy. Since M is complete, by Hopf-Rinow 2.7.1, ¢(¢,,) converges, so there exists r € M s.t.
(tn) = r

We define
r = ¢(to)

Tt suffices to check f(¢(tp)) = ¢(tp). But using continuity of f

f@(to)) = f(r) = f(lim €(t,)) = lim (foe)(tn) = lim c(tn) = c(to)

n—oo n—oo n— oo

2.7.3.3 Proof of Hadamard’s

Corollary 2.7.3 (Corollary of Lemma 2.7.5). Let (M, g) be a complete Riemannian manifold. Suppose p € M
is a pole. Then
exp, : T, M — M

is a covering map. In particular, if M is simply connected, then exp,, is a global diffeomorphism, and hence M
is diffeomorphic to R™.

Proof. Since p is a pole, exp,, : T,M — M is a local diffeomorphism. Since M is complete Riemannian Manifold,
by Hopf-Rinow 2.7.1 (f), there exists minimizing geodesic connecting any two points, thus

exp, : T, M — M is surjective
We define
g:=exp,g
to be a Riemannian metric on T, M. Then the exponential map
exp, : (T,M,g) — (M, g) is a local isometry
In particular
|dexp, )], = Iloll;

so (2.151) is satisfied.
Now we only need to check (T,M, §) is complete to apply Lemma 2.7.5.
By Hopf-Rinow 2.7.1 (d), we want to show that the exponential map of (T}, M, §) is defined everywhere.

VoveTy(T,M)=T,M y(t) := exp,(tv) VteR is a geodesic in M

and
F(t) == tv vteR is a geodesic in T, M
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One define
expy : To(TyM) — T,M

tv — expy(tv) := F(t) = tv

Thus
expy : To(TpM) =T,M — T, M

is the identity.
In particular exp, is defined everywhere at the point 0. By Hopf-Rinow 2.7.1 we know (7}, M, §) is complete.
Hence by Lemma 2.7.5, exp,, is a covering map. O

Proof of Theorem 2.7.2. Let (M, g) be complete Riemannian manifold with K(p,c) < 0. By Lemma 2.7.4 for
any p € M, p is a pole. By Corollary 2.7.3 we know

exp, : T, M — M

is a covering map. O
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2.8 Space of Constant Curvature

So far we have encountered two examples of Riemannian manifold with constant sectional curvature K, namely
Euclidean space R™ with K = 0, and the unit sphere S* C R*"t! with K = 1.

In this chapter we shall introduce the hyperbolic space H™ with sectional curvature —1. These are complete
and simply connected. The main theorem of this chapter is that these are essentially the only complete, simply
connected Riemannian manifolds with constant sectional curvature.

2.8.1 Theorem of Cartan on Determination of the Metric by Curvature

If two Riemannian manifolds have the same Riemannian curvature, then they have the same metric. How do
we compare two Riemannian manifolds of the same dimension?

Setup to Compare Manifolds of same dimension Let p € M and p € M with the same dimension. In
particular they both have tangent space T,M = T5M = R". Then one can cook up a mapping ¢ between the
tangent spaces ~
i:T,M — TsM
e; — z(el) = él
as a linear isometry, i.e., sends an orthonormal basis {e;} to an orthonormal basis {é;}.
Using Proposition 2.3.4 there exists r > 0 s.t.
exp, : B.(0) CT,M — B,(p) C M
v > exp,,(v)
exp; : Br(0) € T;M — B(p) ¢ M
v > exp;(v)

are diffeomorphisms.

Now we define -
: B, CM— B.(p)cM
[+ B:r(p) (P) v B (2.152)
q+ f(q) = eXpsoio(exp,)  (q)
f is a diffeomorphism.

T,M °5" B.(0) —— B,(0) “&" T;M
exp,, e%p,;
M 5" B.(p) —- B.(5) & M

For all ¢ € B,(0) there exists a unique initial velocity v € T,M s.t. ¢ can be reached via the normalized

geodesic
7(t) = exp,(tv)
S.t.
p = exp,(0) = ~(0), q = exp,(fv) =~(¢) ¢:=d(p,q)
Now let
Py T,M — T,M

be the parallel transport (1.94) along the geodesic (t) := exp,,(tv) from v(0) = p to y(£) = ¢.
Similarly let

Py pq) 1 TsM — Ty M

be the parallel transport along the geodesic 7(t) := exp;(t0) from 5(0) = p to
(0) = exp,(£0) = exp;(i o exp, ' (q)) = f(g)
Now for any ¢ € B.(p), define
(,Z5q : TqM — Tf(q)M

B . . (2.153)
U= ¢q(v) = Piz,f(q) 010 (Pp,q) (v)
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as an a linear isometry.
T,M —— T;M

Pp,ql lpﬁﬁf(Q)

TqM Tq> Tf(q)M

Finally denote by R and R the Riemannian curvature of M and M respectively.

Cartan’s Theorem

Theorem 2.8.1 (Cartan [1C92] Theorem 8.2.1). With the above notations, assume for all ¢ € B,(p), and for
all
z,y, v, u €TyM

the Riemannian curvature agrees
R(,y,v,u) = R(q(2), 64(4), 64(v), 6(w)

where ¢q = is as in (2.153).
Then f as in (2.152)

s an wsometry and

Proof of Cartan 2.8.1. We already know that f is a diffeomorphism. We really need to show that for all
q € B, (p) and for every w € T, M, the norm is preserved

(@)l ) = ol

Observe that
dfp = d(eXpz 0io (expp)*l) = dexp; oio d(expp)*1

(243) idy, 0o (idr) ™t =i

Remark that even though the identity is known, it doesn’t mean f is an isometry. We need to show norms are
the same. We do it through Jacobi fields. Those will allow us to use the hypothesis.
We may assume p # ¢ and w # 0. There exists unit vector v € T, M s.t.

qg=-exp,(tv) L=d(p,q)>0
There exists a unique wy € Ty, (T, M) = T, M such that

(dexp,)eo(wo) = %

This exists since if fv < r one can find the preimage due to dexp, is a linear isomorphism. Now let
v:10,0] = M be the geodesic s.t. ~(0) =p v(0) =q

Look at the Jacobi Field
J(t) := (dexpy, )t (two)

Then
J0)=0
J(0) = (dexp,)e, (Cwo) = Udexp, e (wo) = €5 = w
Now we write in coordinates. Let {eq,--- ,e,} be an orthonormal basis of T, M. We let
en i= v ='(0)
Let {e1(t), - ,en(t)} be the parallel transport along the geodesic . Then Jacobi Field has local coordinates

I =3 wea®)  weC=(0.0:M)
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Now here the Jacobi Equation is, upon contraction with e;(t)

n

+ X:R(en7 €j,en,€;)y; =0

j=1

d2y¢
dt?

J"O)+RE,J)Y =0 =

Now let

5:00,0) = M Fi=foxy be geodesic so that F(0) = f(p)=p F(€) = f(q)

Let {é1,--- ,&,} be ONB of Tz M, and {&,(t),--- ,&,(t)} be their parallel transport along 5. Hence

€i(t) = dq(ei(t))

Now we define

n

J(t) = Dy (J(t) = Zyi(t)éi(t)

i=1
But this is not in principle a Jacobi Field. Here we use our assumption that two Riemannian curvatures are
the same. Hence
d?y;
dt?

n

+ Z R(énv éja én7 é7)yj
j=1

n

d*y;
Z R(6n7 €j5€n, ei)yj

= a2

+

=0

Hence J(t) is Jacobi field with .J(0) = 0. What about its length?

Vi
= i(y(0)e;) = i(wo)
i=1
J(t) = (dexpy)i(v) (ti(wo))
J(€) = (dexpy)ei(w) © i © (Lwp)
= (de%py)i(v) 0 i 0 ((dexp,)e) " (w) using definition of wq

(e{(pﬁ o0i0 eXp;I)expp(év) (U})
(f)q(w)  using g = exp,(fv)

Thus
ldfa ()l = [[T@) | = 1@ =

Determination by Constant Sectional Curvature

Corollary 2.8.1. Let (M,g) and (M, g) be two Riemannian manifolds of dimension n, with the same constant
sectional curvature Ko. Let p € M and p € M. Let {e1,--- ,e,} be ONB of T,M and {é1,---,é,} ONB of
T; M.

Then there exists U open neighborhood of p in M and U open neighborhood of p in M and an isometry

f:U—=U

s.t.
fo)=p  dfple;) =&
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Proof. Notice via (2.67)
R(z,y,u,v) = Ko(g(z,u)g(y,v) — g(x,v)g(y, u))

Choose R
1: T, M — Tf(p)M i(ej) =€
and
f=exp,oio (ef(pf,)*l
Apply Cartan’s Theorem 2.8.1. O

2.8.2 Conformal Deformation of the Curvature
Let (M, g) be a Riemannian manifold.

Definition 2.8.1 (Conformal Deformation).
g=¢eyg
for some f € C*(M) smooth function on the manifold M.
This is known as a conformal change(deformation). Note we’re working on the same manifold with different
metrics given by the deformation.

2.8.2.1 Conformal Change in Connection

We denote V as Levi-Civita connection of g and V as Levi-Civita connection of §. Using the expression for
§(VxY,Z) (2.24) one may compute for VxY.

Proposition 2.8.1. Let g be a Riemannian metric on a manifold M and let § := e*f g where f € C®(M) be
its deformation.

Let V and V denote respectively the Levi-Civita connections on (M, g) and (M, g).

Then for any X, Y € X(M) one has

VxY =VxY + X()Y + Y (f)X — g(X,Y)grad(f) where g(grad(f),Y) :=df(Y) (2.154)

Proof. Let’s prove using local coordinates. Denote

Z FU 61’4

where
f‘fj = § Z glk’d + gk)j i glj k)
k=1
_1” ot ok 0 of 9 o 9 y
2 kZ:le g <8zj (e gir) + oz, (€™ gr;) e (€ gi5))
=5 > 2f <262f oz, ik t € fgzk 4T 2¢2f 2 igkj + €2fgkj,i _ 262f87mkgij B ezfgij,k
- of of of
ok ,
- 9. Ji o 9ki — 7 Yij T¢.
kZ:lg (8x_gzk + axigkj B 9ij | + T4
8f af
=T +0; 5 th
=T +oig,, D Z U@T
Now
@

Z F” axg

0 — [ 0 0 thg 0
o Vaiz 0 + ; (6 o, +6 Z 9ij 317k Oz

0 af o of 0 - of 0
v Jr7f . / ”ZZ o Of

72 8733 Oxj Ox;  Ox; 8733] - i Bz Oxy
oG, 0 000 000 0 0
=V o2, * 9u; 901 o 0, 9o axj)grad( f)
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Hence (2.154) is true for coordinate basis. In general let

n ) .

Y = Zbﬂax] b; € C*(U)

in local charts. We compute

~ ~ 0
VXY = sz a; 621 (Z bjaigjj)
J

ob; 0 7]
:Zai Z(@xz&vj bvf% 8:133)

- ab; 9 o of @ of 0 9 0
=D ij(axzaxﬁrbvauam T 5, o ”Jamiaa:j_bfg(axi’axj)grad(f)>

=Y a 0,00 L of o 0 0
_Zaz Z(vagi(bja,fj) jax]i? b v Or b]g(axi’(?xj)grad(f)>

i j i O

of 0 0 0
Z +Zb Z +Zai87xi;bjaij*g(zai%,;bjgj)grad(f)

=VxY + Y(f)X + X(f)Y - 9(X, Y)grad(f)

Scaling As immediate consequence one observe scaling.
Corollary 2.8.2. If f is a constant, then g = kg for k > 0 is constant times g. In this case
VxY =VxY
R(X,Y)Z =R(X,Y)Z
R(X,Y,Z,W) = kR(X, Y, Z, W)

K(X,Y) = EK(X, Y)
Ric(X,Y) = Ric(X,Y)
S = %S

Proof. The first two remain unchanged because Christoffel symbols are unchanged. The Riemannian curvature
tenor scales by k due to the formula (2.64). For sectional curvature, note

1
g(X,X)g(Y,Y) —g(X,Y)2

K(X,Y) = R(X,Y,X.,Y)

so that 1

K(X,Y)= SK(X.Y)
Ricci remains unchanged because % pops out upon taking trace (2.79). Scalar curvature has another % because
we're taking trace again (2.81). O
2.8.2.2 Riemannian Curvature Deformation
Kulkarni-Nomizu Product But what happens in general?

Definition 2.8.2 (Kulkarni-Nomizu Product). For S, T € C°°(M,Sym*T*M) symmetric (0,2)-tensors on M,
(SoT) gives a (0,4)-tensor on M. We define their Kulkarni-Nomizu Product as

(SoT)(X,Y,2,W) = S(X,Z)T(Y,W) + S(Y,W)T(X, Z) — S(X,W)T(Y, Z) — S(Y, Z)T(X,W)  (2.155)
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Moreover, the symmetries take the form

(SoT)X,Y,Z,W)=—(SoT)Y,X,Z,W) anti-symmetric in first two components
=—(SoT)(X,Y, W, Z) anti-symmetric in second two components

=(SoT)(Z,W,X,Y) symmetric w.r.t. the two sets of components

Thus S o T € C*(M, Sym® (A*T*M)).
Riemannian Curvature Deformation Let R denote curvature tensor of g and R denote curvature tensor
of g.

Lemma 2.8.1. If (M, g) has constant sectional curvature k, the Riemannian Curvature is determined via the
product

1
R= 3k9°9 (2.156)
Proof. Using (2.155)

(gog)(X,Y, Z, W) =g(X,Z)g(Y, W)+ g(Y,W)g(X, Z) — g(X,W)g(Y, Z) — g(Y, Z)g(X, W)
=29(X, 2)g(Y, W) = 29(X,W)g(Y, Z)

Thus recalling (2.67) gives
1
= 5rlgog)(X,Y, 2, W)

Proposition 2.8.2. Under conformal deformation § = e*f g, we have
- 1
R= 62f(R — (Hess(f))og+ (df @df)og — §\df\2g 0g) (2.157)

where

1. the Hessian writes (2.94), for f.;; the covariant derivative w.r.t. g,

Hess(f) = Z f;ijdl‘idl‘j

1,j=1

2. and (2.87)
df* =g it
,J

In the following we demonstrate examples from Hyperbolic Space that we study using (2.157) and (2.156).
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Figure 2.13: Hyperbolic Space Upper Half Space Constant Sectional Curvature —1

Example one: Hyperbolic Space Upper Half Space model
Definition 2.8.3 (Upper Half Hyperbolic Space). We take

and metric
A} -y

y2

g = =gy

where go = dy? + - - - dy? is the Buclidean metric.
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Here one may solve for f

We compute

dyn
df = d(—log(yn)) = ———
Yn
dyn ® dy,  dy?
f @df = ——F—=—=
vz Yn
1
df|* = —
4f] Y2

1
Hess(f) = — dyi
Y

n

Then we apply the formula (2.157)

- 1 1 dy? 11
RZQ(R—deyiogoﬁ-;;Ogo—290090)

yn n n 2y77,
1 1 1
= _i(ﬁg()) © (ﬁgo)
= —5909

Hence (H", §) has constant sectional curvature —1 using (2.156).

Example two: Hyperbolic Space Unit Disc model
Definition 2.8.4 (Unit Disk Hyperbolic Space). We take
D" :={(u1, - ,up) ER" | |u| <1}

and metric
4

9= ey e+ i) = o

One solve for f

go = du? + - + du?

4
2f _
C T a—japy
2
f_
e = ——=
(1—[aP)

f=1log2 —log(1 — |al]*)

We compute

—2ui 2’U,i
=T T
Zﬂfl Quidui
df = &= ——
=
du;u;du;du;
df @ df = —r-
rod =21 Ty
Alal?
df|> =
W= ey
f“ _ 2(5”(1 — |ﬁ|2) + 4’1,L1'Uj _ 2(2] 4uiuj
N (1 —af?)? L—1a>  (1—la*)?
du? 4% . uugdusdug
Hess(f) =2 2 du; 2y it !

1 —|al? (1 — Ja]*)?
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So we apply (2.157)

- du? 42- -’U/iujduiduj Au;u;du;du;
R: 2f R* 2 Z 7 2y () ? J _
‘ 1t Ay O“””§;<1—WPV>°%
2 —12
_2f > du; 2|4
=e (_21_ﬁ|zogo_(1_|ﬁ|2)2900g0
1 _, _,
= 2y (L P+ 1) g0 0 gy
2 2f
T oa—qappt P
1 2f 2f . 2 1 2f
:—5(6 "g0) © (€™ g0) using nge
1.
= *5909

Thus (D™, §) has constant sectional curvature —1.

Example Three One look at a non-hyperbolic example.
Given any positive constant K > 0, define a Riemannian metric gx on R™ by

4 Z?:l d‘rZQ

I T KaP)?
Then

1. (R™, gk ) has constant sectional curvature K.

Proof. Let f € C*°(M) s.t.
427:1 d.’l}% 2f
gK - (1 +K‘$|2)2 =€ gO

where gog denotes the flat metric. Hence

n
go = Z da
=1

e = 4
(1+ Klz[?)?
ef = 2z
1+ Klz|?

f=log2—1log(1l+ K|x|2)

We compute

T I Y K
1+ K|z|?

T AK?gxidrde;
df®df: Zz,]_l J J

1 4]a)?
Lo
2 (1 Ja ) *

(1 + K[a]?)?
4K?|z)?
=
1+ K[aP)
g 1+ KJa])? [+ K22 " 1+ KJa])?
2K S dx?  AK?Y) . miwjdyidr;
Hess(f) — _ Zz:l i Z J=1 J J

1+ Klx|? (14 K|z|?)?

190
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Now we apply (2.157) so that

n 2 AKPY . xizidridr m AK?gxidrd;
RK = e2f R — (—2KZ'L:1 dm" 217]71 ) ? ]>Og[) + (Z%]fl Kadv} 7 J
1+ Klz[? (1+ Klz|*)? (1+ Kz[?)?
2K d:r? 2K2|z|?
=e?f 2zt 5 %90 — | ‘2 590 © 9o
1+ Klz| (1+ K|z|?)
2 2f 20,12 21,12
= K+ K - K
(1+K‘.’E|2)2€ ( + |l‘| |l‘| )90090
1 4
= K e gy 0 go

2 (1+ Klzf?)?

1
= iK(€2f90) o (€* go)

1
= 5Kk o9k

Thus constant sectional curvature equals K > 0 from (2.156).
2. (R™, gk) is not complete.

Proof. Consider the radial path

~(t) == tv where v € R" and |v| =1 Vt>0

Fix any R > 0, we compute the length

£y

R
o) = [ fomso 0.7 0)
R
= | VG

:/R 42?:1”1'2 dt

0 (1+ Kt?)?

R
2

[

o 1+ Kt2

2
= e arctan(VK R)

Now
2w s

1. = —— = —
Rgnoog(vl[o,]?]) \/? 2 \/?

so we conclude the radial path has finite length. Thus consider the sequence
Ty 1= NV

we observe
d K (.17 x ) = dt
nym . 1 K 2

2 2
= Nice arctan(vVKm) — TR arctan(vV'Kn) — 0

1
N T+ K2]?

191

4K2|z|?

as n, m — oo hence z,, is a Cauchy sequence. However this sequence diverges in (R", go), and in particular,
since length of the radial path is finite, the sequence x,, does not converge to a point in (R", g ).

2.8.2.3 Ricci Curvature Deformation

Let Ric be Ricci Curvature of g and Ric be Ricci of §.

Proposition 2.8.3. Under conformal deformation §j = e*f g, we have

- - A
Ric = Ric + "2 (df @ df — Hes(f) ~ |df%g) — =L

O

(2.158)

)2 Jgo o go)
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Proof. Notice from definition of Ricci

0 0 0 0

B ~ (228) kel TS o Yy 2f kL 1 _ .
(n — DRic(X,Y) 7" R(X, azk,Y, 8£Eg) e “'g" R(X, 8:17k’y7 3xg) (2.159)
In general if S € C°°(M, Sym*T*M) then
0
g"(S e g)(X, 5 Y, 5 ) = S(X,Y)g™g(0k, 00) + 9SO, 0)g(X,Y) = g*'S(X, D)9 (Y, 00) — g**S(Y, )9 (X, )

=nS(X,Y) +tr(9)g(X,Y) - S(X,Y) - S(X,Y)
=(n—-2)S(X,Y) +tr(S)g(X,Y)  since g*g(Y, ;) = Y*
Therefore writing
R=e¢*(R+Uoy) WhereU:df®df—Hess(f)—%|df|29
One has
(n — 1)Ric = e 2/ g*e* (R(X, 0,,Y,0;) + (U 0 g)(X, 01, Y, 0))
= (n—DRic(X,Y) + (n— 2U(X,Y) + tr(U)g(X,Y)
= (n~ DRic(X,Y) + (n — 2)(df @ df — Hess(f) — 3|7 %g)(X,¥) + (i — AT — 2|df P)g(X, V)
notice

1
—i(n—2)+1—%:—n+2:2—n

Thus we have the formula (2.158). O

2.8.2.4 Scalar Curvature Deformation

Let S be Scalar Curvature of g and S be Scalar Curvature of §.

Proposition 2.8.4. Under conformal deformation § = e*f g, we have
~ -2 2
S=e2 (S ST - Af) (2.160)
n n

Proof. We write

5 (2.81) _porr _ . n—2 A
n8 P2 G Rl = e~2f gt (RICM + m(df ® df — Hess(f) — |df|*g)xe — - _flgkg)

-2
= (ns 4 B2 (AP - Af = nlafP) - A7)

= e 2nS — (n —2)|df|? — 2Af since —mn+2—n=—-2n+2
O

Yamabe Equation Notice this is Elliptic Problem if we want to give conditions on S. We further define for
n>3

g=ur2g
logu—n22f
= iQIOg(u)
2 d
df:n—Q%
4 dul?
P = g
2 uy
f;i_ani;
fus = 2 (u;z’jiu;ﬂ;&;j)
n—2\ u U
Agf_n22<AZu_|d;|2>
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Hence

=~ (2. 4 -2 4 22 2 A 2
g @160 4 (S_nn : |dul® 2 ( gu  |dul ))

n—2)2 u nn—2\ u u?

__4 4 Agu
— (5 ey )

We derived the Yamabe Equation
uns S — Su+
n

A= (2.161)

Yamabe Conjecture We denote scal = n(n —1)S = ¢**¢’*R;j,. Then

nt2 1 ~ 1 4
n—2 1— lu + —Azu=0
“ n(n — l)sca n(n_l)scau—I— n(n — 2) gt
4 - 1 ~ n
Lz)Agu — scalu + scalu=? =0 (2.162)
n—

Proposition 2.8.5 (Yamabe Conjecture). Let (M, g) be a compact Riemannian manifold of dimension n > 3.
Then there exists a metric g that is conformal to g, i.e.,

g=¢€yg for some f € C*°(M)
s.t. it has constant scalar curvature C = scal. In particular

4(n—1)

5 Agu—scalu—&—C’u%:O for C e R
n —

Remark 2.8.1. In n = 2, the uniformization theorem says that any compact manifold (M, g) is conformal to
one that is constant sectional curvature.

In the following we demonstrate a brief history of the proof for Yamabe Conjecture.
Consider the Einstein-Hilbert Action.
/ Rgydvol,
M

_ J Rydvol,
vol(M, g) =N

and the normalized Einstein-Hilbert Action

£(g)
so that

E(N%g) = &(9) YAeR
The critical points of Einstein-Hilbert Action are Einstein manifolds, i.e.
Ric(g) = Ag
We define the Yamabe Invariant
Y (M, g) :=inf{€(g) | g conformal to g} = inf{é‘(uﬁg) |ue C™®(M), u>0}

Theorem 2.8.2 (Aubin). For n = dim M

Y(M,g) <Y(S", gean)

One needs three theorems.

Theorem 2.8.3 (1976 Yamabe-Trudinger-Aubin). If Y (M, g) < Y(S™, gean) for n = dim M, then the Yamabe
Conjecture 2.8.5 holds.

Theorem 2.8.4 (Aubin). If (M,g) is of dimension > 6 and not locally conformally flat. Then Y (M,g) <
Y(Snvgcan) fo'r n =dim M.

Theorem 2.8.5 (1984 Schoen). If (M,g) has dimension 3,4,5 or (M,g) is locally conformally flat, then
Y(M,g) <Y(S", gean) unless (M, g) is conformal to (S™, gean)-

Combining above, the Yamabe Conjecture is proved.
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2.8.3 Hyperbolic Space (D", h)
Recall the Hyperbolic Space.

Definition 2.8.5 (Unit Disc Model). (D™, h)

h = 4 Z?:l duzz

D" i={ueR" | |u <1} =

Definition 2.8.6 (Upper Half Space Model). (H"™,g)

Z?:l din
Y2

H" ={y eR" |y, >0} g =

Completeness of (D", h) One needs the following lemma to show (D™, h) is complete.
Lemma 2.8.2. Let (M, g) be a Riemannian manifold and let o : M — M be an isometry. Denote

M :={xeM|o(z)=ux} as the set of fized points of o
Suppose M7 is non-empty and is a submanifold of M. Then MP? is a totally geodesic submanifold of M.
Proof. Since M? # @&, there exists p € M?. Due to local existence, for given v € T, M7, there exists € > 0 s.t.

v:[0,6) > M7 A(0)=p A(0)=v

is geodesic in M. Since o(z) = z, and using that o is an isometry

ooy(0)=0c(p)=p  (007)(0) =doy 07 (0) = doy(v) =v
and thus by uniqueness of geodeiscs, o fixes geodesics. Hence

goy=7y = yC M’

Thus 7 is a geodesic in M?. Hence any geodesic in M starting in p € M?, v € T,M? remains a geodesic in
M?. This is equivalent to say M7 is a totally geodesic submanifold of M using Proposition 2.6.5. O

Proposition 2.8.6. (D", h) is complete.

Proof. By Hopf-Rinow 2.7.1, it suffices to show that exp, is defined on the whole tangent space of T, D™. Note
n
h(0) =4 duf
i=1
Now we simplify it further by rotating. Given initial velocity at 0. For any v € Ty D™ unit length, there exists

A € 0O(n) s.t.

1
Av = (570, ~-,0) and A:D" — D" for A € O(n) is an isometry
It suffices to show that the geodesic v with v(0) = 0 and 7/(0) = (3,0,---,0) is defined for all times.
() = (1,0, ,0) is to say

0= 5|
Consider
oc:D" — D"
(uy, -, up) — (u1, —ug, —uz, -, —uy)
In other words o = diag(—1,1,1,---,1) € O(n) is an isometry of D™. Now the fixed points of o are

(D™ ={(u1,0,---,0) € D" |u; € [-1,1]}

Since Lemma 2.8.2 says (D™)? is a totally geodesic submanifold. We need to prove that the geodesic lives

forever. Denote
B:(-1,1) - D"

tis (8,0, ,0)
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This is a curve § with the same image as a geodesic.
2

B(t) = (1,0,---,0) |B@®)7 = a—py

To reparametrize it in arc length
1 1
> dt = log(1 +t) —log(1 —t)|l*

to , to 2 to
N R R A e

1+t0)
1—t

= log(

es(to) — Ltto
1—1tg
es(to) — 1

to = es(to) +1

st) _
ol tanh(%) - tanh(g)

- es(t) +1

Now
v:R— D"
s (£,0,--- ,0):(tanh(%),(),... ,0)

satisfies
70)=0  ~'(0)=(5

Hence the Disc Model is complete.

Geodesics in (D™, h) In general, the geodesic starting at 0 is given by
expg : TpD™ — D"
0

0
;%TM ~ {tanh(|a|;)
Now we want to find geodesics on H"™ where v(0) = p an

7= (&t) € R"1 x R we want to define

das(€,t) == (AE+b,1)
,0,9) and ¥ = (0,---,0,a,b). Now

(~I,, 0
7= 0 1

The fixed points are
(H")7 ={(0,---,0,a,b) € H"} = (H?,

=0
a0

~'(0) = v. We need reduction to 2-dim. For

|

Bl

[}

beR"! is an isometry

AeO(n—-1),

We may assume p = (0, - - -

dr? + dy2)
Y2

But for the H? the isometries are given by as in Lemma 2.7.3
PSL(2,R) U oPSL(2,R)

where
PSL(2,R) = {(‘C‘ 2) € My(R) | ad — be = 1} /{% (é ?)}
and
o:H? = H? (z,y) = (—z,y)

2.8.4 Space Form

Definition 2.8.7 (Space Form). A Space form is a connected complete Riemannian Manifold with constant

sectional curvature.
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Classification for Universal Cover of Complete Riemannian Manifold with Constant Sectional
Curvature

Theorem 2.8.6 ([C92] Theorem 8.4.1). Let (M™,g) be a Space Form of Dimension n. Let (M, ) be its
universal cover, i.e., (M, g) is simply connected, complete with constant sectional curvature.
Then (M, g) is isometric to (up to rescaling K2, = %Kg) one of the following

1. (H™, g) with K = —1
2. (R™, go) with K =0
3. (S™, gean) with K = 1.

Local Isometry on connected manifold is determined by pointwise information In the proof we will
need a lemma.

Lemma 2.8.3. Given two Riemannian Manifolds (M, g), (N,h) where M is connected, and f1, fa
f17 f2 : (Mag) — (N?h)

are smooth maps, and local isometires. Also assume there exists p € M s.t.

f1(p) = f2(p)
(df1)p = (df2)p : TyM — Ts ()N

Then f1 = fg.

Proof. Take the set
A={qe M| fi(q) = f2(q), (df1)q = (df2)q} C M

Notice
1. A # & because p € A.
2. A is closed by definition.
Now for any g € A, there exists r > 0 s.t.

1. the exponential map

exp, :B-(0) C T,M — B,(q) C M is a diffeomorphism
2. f1, fo maps isometrically B, (q) to B,(¢) where (this is guaranteed via f; and fy are local isometry)
q= fi(q) = f2(9)
But notice that

exp; o(dfi)q = f1 0 exp,
exp; o(dfa)q = f2 0 exp,

This is shown via the following: Take geodesic in M starting at ¢ with velocity v € T,M, i.e., equ(tv), then
since f1 locally preserves geodesic as an isometry, f; o exp,(tv) is a geodesic in N with

froexp,(0) = fi(g) =G (df1)q o d(exp,)o(v) = (df1)q(v)
By uniqueness of geodesics with given initial data and velocity, one conclude
f1oexp,(tv) = exp; o(df1),
Also since g € A, assume their linear isometry takes the form
(df1)q = (df2)q = i: TyM — TzN
So we have diagram that commutes
f1 =expgoio (equf1 = f5 on B,(q)

Thus B,(q) C A and so A is open. O
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Proof of Theorem 2.8.6
Proof. 1. Case K = —1,0. Let

Given two exponential maps

exp; M — M
exp, ToA, — A,

Let any p € M, and any point p € A,,, define any linear isometry
i T;M — ToA

under the same setup as Cartan’s Theorem. Since K < 0, by Hadamard Theorem 2.7.2, exp; and
exp,, are diffeomorphisms. Since K is constant sectional curvature, by Cartan’s Theorem 2.8.1

J =exp,oio exp;1
is an isometry.
2. Case K = 1. Again take any p € M, p € S™, construct a linear isometry
i T,S™ — T;M
One has similar diagram for

exp,, :T,S" — §"
exp; :TﬁM - M

T,s* 5" B.(0) —— B.(0) &" T;M
exXp,, eXpgp

s'\ {-p} =" B,(p) —= B,(5) E" M

Then we define ~
f=(exps)oio(exp,) " : §"\ {-p} = M

Since K is constant, f is a local isometry.
Let’s take another p’ € S™\ {£p}. Then define

i = dfy  TyS" — Ty M
which is another linear isometry. Denote p/ := (p'). Let’s define another f’ s.t.
f'i=(expy)oi’ o (exp,) 1 S"\ {—p'} = M
This is another local isometry.
T,s* " B.(0) —— B,(0) " TmM
exp,/ expy
s\ {-p} B B,0) o B()
Notice
f@)=r1w)=v
dfy = df,, =1

Let’s see this. Notice by definition f(p’) = p’. On the other hand by construction

f'(0') = (expy) 0d'(0) = '
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For differentials, again i’ = df,s is by definition. And

dfl, = d ((expp-/) oi o (expp,)*l)p, —Ido# old =i’

Via Lemma 2.8.3 3
f=1:8"\{-p—p}t > M
How do we put the points back? Define

_ i@ zest\{p)
o= {10 L ES

Then clearly h is a local isometry. Now h is surjective, h(S™) is closed, nonempty, and also open by
completeness of M. Thus hA(S™) = M. Hence h is an isometry using Lemma 2.7.5.
O

Classification of Space Form via Group Theory Now by the Theorem 2.8.6, if we're given (M™,g)
complete with constant sectional curvature either 0, £1, (M, g) is isometric to (M /T, §) where M is either H",
R™ or S™, and T is a subgroup of discrete isometries acting in a fully discontinuous way.
We know that M /T" has a smooth structure in which the projection 7 : M — M /T is a local diffeomorphism.
One can put a Riemannian metric § on M/I" s.t. it is the only metric s.t.

(M,g) — (M/T,9) is a local isometry
Indeed, for any p € M/T", choose p € 7~ *(p). For every pair of u, v € T,(M/T) define
(u, v)p = (dn™ (u),dn ™} (v));

This is metric on M /T induced by the covering .
Observe that M /T is complete iff M is complete. M /T has constant curvature iff M has constant curvature.
Taking M = S™ or R™ or H™ we conclude that M /T is a complete manifold of constant sectional curvature
1 M=S"),0 G M =R") or —1 (if M = H").

Proposition 2.8.7 ([C92] Proposition 8.4.3). Let M be a complete Riemannian manifold with constant section
curvature K = 0,+1. Then M is isometric to M /T, where

1. ForK=1, M =S"
2. For K =0, M =R"
3. For K=—1, M =H"

and I' is a subgroup of the group of isometries 0f~]\~4 which acts in a totally discontinuous manner on M. The
metric on M /T is induced from the covering 7 : M — M/T.

We remark
Isom(H",g) = O(n,1)

since one can realize (H", g) as a submanifold of (R™!, —dz3 + dz? + - - - da?), where
O(n,1) ={A € GL(n+1,R) | ATpA =17, n=diag(-1,1,---,1)}
And
Isom(R", go) = O(n) x R" v+ Az +b
Isom(S™, gean) = O(n+1) ={A € GL(n+ 1,R) | ATA =T}

In the following, we reduce the problem of finding all space forms to the problem of determining all subgroups
of the group of isometries that act in a totally discontinuous manner on each of the simply connected models.
We demonstrate facts about the Sphere Problem.

Proposition 2.8.8 ([1C92] Proposition 8.4.4). M™ complete Riemannian manifold with K =1, n = 2m. Then
M™ is isometric to S™ or RP™ = S"/{£1}.

Proof. M = M/T =S"/T for T C O(n +1) = O(2m + 1) discrete subgroup. Let v € I be its eigenvalue
{em®n et ... om0k ek 110 1,1, =1} 2k+7r+s=2m

and that dety = (—1)*.
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1. If r > 0 then there exists © € S” s.t. y(z) = = so upon free group action, v = id. Then M = S™.

2. If r = 0, 72 has eigenvalues
—2i6, 20 —2i0), 2i0
{6 176 17"'56 kve k71717"'71}

Thus by first case, ¥2 = id so eigenvalues {—1,---,—1} and v = —id. Thus M = S" \ {£1}.

Remark 2.8.2. If n is odd, there are some more possibilities, For example S3 \ Z, lens space has K = 1.

2.8.5 Conformal Mappings and Liouville Theorem
2.8.5.1 Conformal Mapping

Conformal Mapping between Inner Product Spaces

Definition 2.8.8. Let V, W be finite dimensional vector spaces equipped with an inner product. We say that a
linear map L :V — W is a linear conformal map if

1. L is a linear isomorphism

2. and the angles are preserved, i.e.

(L(v1), L(v2))w (o1, 02)v
|L(v1)|w|L(va)lw  [v1]v|v2|v

V’Ul,’UQGV\{O}

i.e., cos(angle between L(v1) and L(ve)) = cos(angle between vy and vs).
Lemma 2.8.4. Let L : V — W be a linear isomorphism. Then the followings are equivalent
1. L is a conformal map.
2. There exists A € Ry s.t. |L(v)|w = Alv|y for anyv € V.
3. There exists A # 0 s.t.
(L(v), L(w))w = A (v,w)y Vo,weV (2.163)
Conformal Mapping between Riemannian Manifold

Definition 2.8.9 (Conformal Map). Let (M,g), (N,h) be two Riemannian manifolds. A C* function f :
M — N map is conformal w.r.t. g and h if for any p € M

dfp : TpM — Tf(p)N
s a linear conformal map.

By Lemma 2.8.4, f is a conformal map iff

{f is a local diffeomorphism (2.164)

frh=2Xg

Here the non-vanishing function
A: M — (0,00)

C is called the conformal factor.

Remark 2.8.3. A local Isometry is a conformal map with A\ = 1. In fact
local isometry f*h =g = conformal map f*h = \?g = local diffeomorphism
The converse is not true unless n = 1.

2.8.5.2 Liouville Theorem

Let’s begin by observing examples of conformal Mappings.
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Dilations For A >0
f:R* - R"
T AT
Then
f*g() = f*(dl‘% +d$%) = Az(d;c%++dxi) _ )\290

and for any x € R"
df, : R" — R"

is represented by Al;. f is an orientation-preserving conformal map of R™.

Inversion For any fixed o € R™ consider

frR"\{zo} = R™\ {20}

r — X

T > + T
|z — o]
s.t.
|f(x) = wo| - | — x| =1
Here ‘ziigl gives the direction of & — zj and m gives the length.

Now for any v € T,,(R™ \ {0}) = T,R* = R"

v|z — 20)? — (7 — 20)2(v, 2 — T0)

(dfz)(v) =

| — zo|*
1 2(v,x — x0)
Taking the square
1 4{v,x — x0) 4(v,x — x0)?
d " 2 — 2 ) T — ) _ 2
| f (’U)| |.I‘ — 1,0|4 (Ul |£C — J?0|2 <U T (E0> + |[E — 1_0|4 |{L‘ LL'()|
1 2
IEENE [
Hence using (2.164), f is a conformal map with
790 = mgo
From the formula of inversion (2.165),
1. if (v,z — z¢) = 0 then
1
dfp(v) = ——
f ('U) |.23 _ xOIQU
2. If v € R(x — ) in the span, say v = {(x — xg) then
1 2(§(x — z9), — x0)(x — T0) T — o 1
d T = — — — = — = —
120 = 1= (€t =0 o~ aoP TrwP = P

So df, : R® — R" is represented by
-1

1
|z — o2

o O O
oo = O
—_ o O O

Hence f is an orientation reversing conformal map.

Liouville Theorem

Theorem 2.8.7 (Liouville). Let f : U C R™ — R™ be a conformal map with respect to go, n > 3. Let U be
connected.

Then f is the restriction to U of F where F' is a composition of isometries, dilation and inversion, at most
one of each.
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Isometries of H"

Theorem 2.8.8. The isometries of H™ are restrictions to H™ C R™ of the conformal transformations of R™
that take H™ into itself for n > 2.

2.8.5.3 Counter-examples of Liouville Theorem in Dimensions n = 1,2

Dimension n =1 Consider a conformal mapping in n =1

f:(a,b) = (R,dz?)
r— f(x)

It is a diffeomorphism, hence f/(z) # 0. Then
frgo = f*(da®) = (f'(x))*da”

is a conformal map with conformal factor f/(x). In particular, a local diffeomorphism is always a conformal
map in dimension 1.

Dimension n =2 Consider a conformal mapping in n = 2
f:UCR? > R?
(@,9) = fz,y) = (u(z,y),v(z,y))

Now the differential
df(Ly) : RQ — RQ

Pu(z,y) F(x,y)
df wy) = (?95 gé’(

is represented by metric

If f is conformal, then necessarily det(df(, ) # 0. We have two cases

a

L. If det(df(s,)) > 0 we have model (b

—b N . .
a ) Then f is orientation preserving.

— Yz Uy
dfm—<% )

If we satisfy the Cauchy-Riemann Equations

Uy = Vy

Up = —Uy

Then det(df(,,,)) > 0. This means if we construct w(z) = w(z + iy) = u(x,y) + iv(x,y), then

2 =0 here 9_1 ngi
- WAEE 9z =2 \ar ey

This corresponds to f being holomorphic. It doesn’t have to be composition of isometries, dilations or

inversions.
2. If det(df(,,,)) < 0 we have model (Z _ba). Then f is orientation reversing. We want
Uy = —Uy
Uy = Vg

This corresponds to
—=0 where 9 _1 é—z2
0z dz 2\0x Oy

hence f is anti-holomorphic.
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However the group generated by isometries, dilations and inversions in R? is given by
PSL(2,C) U oPSL(2,C)

where

PSL<2,C>={(C§ Z)eMz(Qlad—bczl}/{i(é (1))} o=

and
In complex coordinates,

1. Isometries of R? are

RxO(2) =Rx SO@2)| |[Rx0(2) {2z e’z+2}U{z 'z +7}

2. Dilations are of the form z — Az for A > 0

3. Inversion w.r.t. zy € C are of the form

Z = zo+
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2.9 Variations of Energy

Variation of a curve Consider Riemannian manifold (M, g).

Definition 2.9.1. Let
c:[0,a) = M

be a piecewise smooth curve. A wvariation of ¢ is a continuous map
fi(—ee)x[0,a] > M
(s,t) = f(s,t)
s.t.
1. £(0,t) = c(t) for any t € [0,a].
2. There exists a subdivision of [0,a] by points
O=ty<t; < - <tps1=a
s.t. the restriction of f to each (—e,€) X [t;, ti41] fori=0,---  k is smooth.
A wvariation [ is said to be proper if both endpoints are held fixed
f(s,0) = ¢(0), f(s,a) =c(a) Vs e (—e,¢)
For each s € (—¢,¢), the parametrized curve
fs:[0,a] > M
t— f5(t) := f(s,t)

is called a curve in the variation f. Thus a variation determines a family fs(¢) of neighboring curves of
fo(t) = c(t). A variation is proper iff the curves of this family have same initial point ¢(0) and same endpoint

c(a).
Transversal Curve and Variational Field. On the other hand, if hold ¢ fixed but vary in s € (—¢,¢)
fri(—e,e) > M
s fi(s) == f(s,1)
is called a transversal curve of the variation.

Definition 2.9.2. The piecewise smooth velocity vector field of a transversal curve at s =0 along c(t)

V:[0,a] = M
d o Of (2.166)
b o L fi(s) = fi(0) = g(ovt)

is called the variational field of f.

If f is proper, then

Construction of Variation In fact, given V' a piecewise smooth vector field along a curve ¢, one may recover
a variation whose variational field coincides with V.

Proposition 2.9.1 ([dC92] Proposition 9.2.2). Let
c:[0,a] > M

be piecewise C* curve, and V(t) £ 0 be piecewise C*° wvector field along c.
Then there exists variation
f:(—¢e,e) x[0,a] = M

of ¢ s.t.

V(t) = %(o,t)

If in addition that V(0) = V(a) = 0, it is possible to choose f as proper variation.
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Proof. By compactness of [0, a], there exists universal § > 0 s.t.

€XPe(t) (U)
is defined for |v| < 0, v € Tey)M, for any t € [0,a]. Now we want to consider
B 1)
~ max |V (t)]

te(0,al

Define
fi(—e,e)x[0,a] > M

(5,1) 1 expy(y (sV (1) (2167
This is well-defined because |sv(t)| < § for |s| < e. Now verify
7(0,2) = expyge)(0) = e(t)
and
L (0.6) = (@expeo(vV ) 2 vt

In addition, if V(0) = V(a) = 0, then

f(5,0) = exp(g) (sV(0)) = exp()(0) = ¢(0)
and

f(s,a) = eXPc(a)(SV(a)) = €XP¢(a) (0) = c(a)
Thus f is proper. O

Notice that, in the construction of (2.167), one did not specify any s? order information of V. Thus the
construction is not unique. One may alter any second order information in the definition of f to recover the
same variational field.

Arc Length and Energy Functional We want to compare the arc length of ¢ with the length of neighboring
curves in a variation of ¢
fi(—ee)x[0,a) = M

s+ / |—=(s,t)|dt
L(s) is the length of the curve fq(t).
One prefer to work with the energy function of f given by

E:(—ce)—
SH/ |7 Hdt (2.168)

Let’s justify why F is better to work with. Consider

To do so, we define
L:(—¢

c:[0,al > M

= /Oa |/ ()| dt
- /0 (1) 2t

o= [ 1w < va( [ e ﬁ@

L(e)? <a-E(c)

a curve and denote

Now by Cauchy-Schwarz

Now the equality takes place iff |¢/(¢)| is constant, i.e., ¢ is proportional to arc length.
In fact, curves which minimize energy are automatically parametrized by parameter proportional to arc
length. This is one of the advantages of working with the energy function rather than arc length function.
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Lemma 2.9.1 ([dC92] Lemma 9.2.3). Letp, g € M. Let

~v:[0,a] > M
be a minimizing geodesic joining p to q.
Then for all curves
c:[0,al > M
joining p to q, one has
E(y) < E(c)

with equality iff ¢ is a minimizing geodesic.
Proof. For a minimizing geodesic, curve velocity is constant, thus
@2E(7) = L(7)? < L(e)? < a®E(c)
If equality holds, necessarily the parametrization of ¢ is proportional to arc length. But also L(v) = L(c), which

implies c is itself a minimizing geodesic. O

2.9.1 Formula for First and Second Variations
2.9.1.1 First Variation

Proposition 2.9.2 (Formula for First Variation of Energy; [1C92] Proposition 9.2.4). Let
c:[0,al = M

be piecewise smooth curve and let
f:(—e,e)x[0,a] = M

be variation of c. Let E (2.168) be energy of f.

@ c ul c c c c
Bls) = = [ VIO g+ 069, ) = 60D + V(@) @) = V0). ZO0) (2:169)

1=

where V (t) (2.166) is the variational field of f, and

de de de de

Z(tH) = lim = Z(t7) = lim —
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Figure 2.14: First Variation for smooth curves

Proof. Compute

" 01 0f it 2f o,
E(s) = | {50 5 Z/ 2t a0 ?

So

tit1 tiy1 tit1
d / <3f af)dt 2/ Dof of AR / Dof of gt
ds \ Jy, ot’ ot t t

(T ac ! (%95 ot

tivr rd of of of DOf
Q/f (dt<8s’8t> <85’dt8t>>dt

2/ti+1 of Dof
t

<£a %Eﬂt

(5s ds’ Ot
Thus

tisa of Dof
/ o5 3 (2.170)
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Now we evaluate at s = 0. In particular

of /
=l
o), W
of
2 v
0s |,y ®)
So
1 & a D de
30 = 3 (V7). ) = V. Ae) = [ v g
i=0
Rearranging and using f(s,t) is smooth in s, continuous in ¢ to yield (2.169). O

Geodesics as critical points of F 1In fact critical points of E are geodesics.

Proposition 2.9.3 ([dC92] Proposition 9.2.5). A piecewise smooth curve
c:[0,a] > M

s a geodesic iff for every proper variation f of ¢, we have

4
ds

E(s)=0
s=0

(‘,)60:1“'10& we o fich [h“f‘h?;i WQ‘( ‘F’Wd"ﬁ’?

. omodh wm O TB0) 2 M s Qeaeluw
R e
d

tw = o
>

P“’/’I‘ @ voe Ak veicdio J(mw..b. e g \JoyAc
d - \ :
L dlEs - )T s ° B
LE’;.’ v uwy C fm‘o.‘ﬂ\, ‘ 5
wder  \J(£)= s‘m(%b)%u{) e(clne) (M)

!

s s V‘O‘Ux \‘a“.(d\l‘aﬂl
“1 "-V‘-M‘fof\ %lgnwl 0
0- - i: sin k) <%c‘m_%c‘m7 Mo Z0

\ 1
=) 0= \%CL‘U\ v {G C‘.!/ «)

Figure 2.15: Geodesics as Critical Points to Energy
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Proof. (=) For any proper variation f of ¢,

If ¢ is a geodesic, then

1
iy
JE0)
(2.169) @ _ a M
= — dt — t t)
| et + Z G5 +
¢ is geodesic so dg% —0 geodesics are smooth is proper so V(0) =
=0
( <= ) We consider the following
1. Let Dd
c
V()=
() =g(t) 2
be C*° smooth curve with Py
g(t) = sin(u) Vb€ [t tis]
tiv1 — ¢

In particular g vanishes at each t;. Hence

Then V is the variational field of a proper variation of ¢. By our assumption
E'(0)=0

By our first variation formula (2.169)

gy [° D de C a2 e
0=3E(0) = /O<V(t) — )t = / 9(t)| = = Pt

tit1 D dc ,
=— dt >
Z/t |dt dt'

i Dde,
0 /t ()|dt Lpar v

P -
D dc

In particular, ¢ must be a piecewise geodesic. So in particular, for any V s.t. V(0) = V(a) = 0 we have
1 de, _ dc
§E/(0) = Z<V(ti)7 — () — %(tj» =0

2. We choose V() such that B B
V(0)=V(a)=0

and V(t;) = %(t; ) — —( F). Tt has an associated proper variation satisfying
k
*E' Z fu t")I”
=1

dc de
—(t:7) = —(¢&F
) =S

Hence c is smooth. Because ¢ is smooth and %% = 0 we know c is a geodesic.
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Q, ¢ Interpretation This is [1C92] Remark 9.2.7.

Now one has characterization of geodesics as critical points of the energy for all proper variations. It is in
this sense that geodesics can be thought of as solutions to a variational problem.

Let (M, g) be a Riemannian manifold, p, ¢ € M. Denote

Q4 :={c:]0,1] = M | piecewise C*°, ¢(0) = p and ¢(1) = ¢}

Now points in the manifold €2, , are piecewise smooth curves with endpoints p and g.

Pick any ¢ € €, ,. f as proper variation of ¢ is thus viewed as

fi(=e8) = Qg
s fs
s.t.
Is (O) =c

The tangent space at a point ¢ consists of piecewise smooth vector fields V' along ¢ which vanishes at both

endpoints p and ¢
TeQypq ={V :[0,1] = To(;yM | V piecewise smooth vector field along ¢ s.t. V/(0) = V(1) =0}

In particular for any ¢ € Q,, fixed, and f as proper variation of c¢ chosen, we define the variational field
VeTf)y, as
V : [07 1] — Tc(t)M
d
t— — t

ds|,_ fs(®)
As in Proposition 2.9.1, for any V' € T.Q, ,, one can construct a proper variation f : (—e,e) — €, , whose
variational field recovers V.

The energy E is thus a smooth function on €, ; and E’(0) is the derivative of E in the direction of V

E:Qpqs—R

1
dc
c— E(c ::/ —|?dt
= [ 15
dE. : Ty — R
V= dE.(V):= 4 E(fs)
ds s=0

where f is the proper variation associated to V.
Now if v € €}, 4 is a geodesic, from Proposition 2.9.3, we know

d
dE,(V)= —| E(f)=0 VVeT,Q,
s=0

Thus v € 9,4 is a critical point for the energy F.

2.9.1.2 Second Variation

Because %L:o E(s) = 0 for every proper variation of a geodesic, our next information on the energy of
neighboring curves is given by the second order derivatives at 0.
We first derive the second variation for general variations of a geodesic 7.

Proposition 2.9.4 (Formula for Second Variation of Energy; [1C92] Proposition 9.2.8, Remark 9.2.9). Let
v:[0,a) = M

be a geodesic, and let
f:(—ee)x[0,a] = M
be a variation of . Let E (2.168) be the energy of the variation.

2
5 3| B = (L 5h 0,05/ (a) — (2 500.0),5/0) + (Vi) GV (@) - (V(0), ZV(O)
k a 2
£SOV V() = V) = [ V). G5V + GV (2a1)

where V' is the variational field of f, R is the Riemannian curvature of M, and

DV DV DV . DV

= () = lim =—(¢ = (7)) = lim —(¢
o ) Jm o (@), dt(l) lim dt()
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Proof. Recall from the proof of first variation, we have (2.170)

:t;ﬂ

@ of Dof
. */0 <$,%E>dt

We take another derivative
t=t

k k i1
g S~ DO 0F o Doy
§E (S)_Z<d$85’8t> ot +;<35’ds 8t>t7t+

22 Dos, (- [ 220

t:t._+

ds 0s’ dt Ot 0s’ ds dt Ot
Notice
DDOf oy DDOJ | 0F 01,01
ds dt Ot dt ds Ot ot’ 0s’ ot
_D DO 0 0f 0f
~dt dt Os ot’ 9s’ ot
——
(2.44)
So
k t=t; 1 k t=t;
Loy - N~ D of of of Dof
2E (8)_Z<dsas’8t> +Z<88’dt85>
=0 t:tj’ =0 =
"Doj Doj, . ["0f DDOf . 0f 0f 0f
ds 05" at ot / s aratas T o0 a5 a0
We assumed that f(0,¢) = y(t) is a geodesic. Then
D of D, .
EE(O’t) =7 (t)=0
of
0.0 =)
Also by assumption, V' is variational field of f
of
0. =v)
Then plug s =0 in
k t:t:rl k t=t +1
Loy D af , D
SE(0)= ;%g(o,t) SOl Z<v<t>,£v<t>> B
¢ Dof
~ is a geodesic
vemoon(DOf o DOf Dy w2
e (5 o (0,0),7'(@) = (2o (0,0),7/0)  +{V(@), V(@) — (V(0), 2V (0)
differentiating only in s preserves smoothness, so middle terms vanish
k
D _ D + @ D? / /
+ V(0 VD) - FV ) - | e, g5y e+ re v
Now O

Proposition 2.9.5 (Formula for Second Proper Variation of Energy; [1C92] Proposition 9.28). In addition to
assumption as in Proposition 2.9.4, take f to be a proper variation.
Then

370 = [ (GO 3ve) - re\ Vo)) (2.172)
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Proof. If f is proper, then for any s € (—¢,¢),

f(S,O) =7 O)
£(s,) =
But
V)= 20,0 = v =Zo.a=0
D 0 D o
%87.]0(010) = £8*f(0 a)=0
Thus
520 2 (2 20,00,y 0,0), 4 0)) + (Vi) 2V 0, 5V (0)

D). V) - GV - [ V0. 55V + RV e

a 2 k
== [ W GV O+ ROV SV, V) - V)

i=1
Now applying Integration by Parts,

Z/:“<DV by t—Z/ - ( zV(t)>> —/Oa<V(t),5;V(t)>dt

=0
t:ti_+1

a D2
e v

k
D
= ;(V(ti)v av(ti»

So we recover (2.172). O

Q) o Interpretation This is [1C92] Remark 9.2.12.
Recall our energy function
E:Q,;, <R

Take any c € 2, 4. This time we consider a two-parameter proper variation
fi(=0,0) x (—e,e) = Qpq
(r;8) = fr.s

s.t.
foo=c

For a given ¢ and f two-parameter variation, one define two variational fields V, W € 1., 4

V. [0, 1] — Tc(t)M

As in Proposition 2.9.1, for any V,W € T.Q, ,, one can construct a two-parameter variation f : (—9,9) x
(—e,€) = Qp 4 whose variational fields are V' and W.
Now define for any c € €, , the second variation as the Hessian of the energy function F at ¢

PE.: TeQp g x T.Qp g — R
82

(V,W) — Hess(E)(c)(V,W) := 565

E(frs)

(r,s)=(0,0)
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where f is the proper two-parameter variation associated to V and W.
Now take v € Q,, to be the geodesic connecting p, g, i.e., v is the critical point for E. Then for any
V,WeT,Q,,

82
CE,(V,W) = — E(frs)
v oros (,5)=(0,0)
1
DV DW
=2 _—) = ! ! dt
| (2 - retverw)
In particular
2 d?
d°E,(V,V) = pro) E(fro)
r r=0
212, (' (,DV DV

2 —_——) = ! ! dt
(G5 - e v

2.9.2 Bonnet-Myers Theorem

Theorem 2.9.1 ([dC92] Theorem 9.3.1). Let (M™, g) be a complete Riemannian manifold. Suppose there exists
r >0 s.t. either

1. For anyp € M, and any v € T,M of unit length
Ricy(v) > = >0 (2.173)

2. Or for anyp € M, and any o C T, M 2-plane

1
K(p,0) > 2 >0 (2.174)
Then M is compact, and
diam(M, g) := sup dy(p,q) < 7r (2.175)

p,qEM

Remarks on Bonnet-Myers

1. We remark that it suffices to check under the assumption of Myers (2.173), since the assumption of Bonnet
(2.174) implies the former ([AC92] Corollary 9.3.3). Indeed, for {e;}1<i<n—1 U {v} an orthonormal basis

of T,M
=
Ric,(v) = — ;(R(v,ei)v,ei>
29 LSS ke, Spanfu,e)
n-13 7 o

2. Also, note the inequalities are sharp ([dC92] Remark 9.3.6). Consider the example
M =S"(r)
Then for any p € S*(r) and v € T,S™(r)
Ricy,(v) =" K=—>0
But
diam(S"(r)) = 7r?
In fact there is result stating uniqueness.

Theorem 2.9.2 (Cheng-Shiohama). Let (M™,g) be complete with

Ricy(v,v) > VpeM, VveT,M

1
o}
If
diam(M, g) = 7r

Then the manifold M™ is isometric to the sphere S™(r) of curvature %2

(M",g) = (5"(r), gear”)



CHAPTER 2. RIEMANNIAN GEOMETRY 213

3. It is necessary that K,Ric are bounded away from 0 ([dC92] Remark 9.3.4). For example consider
paraboloid
S={(z,y,2) R’ | 2 =2" +y7}

This is complete, and has curvature

4 .
B=trarpp ™t fw=0

but S is indeed not compact.

Proof of Bonnet-Myers Theorem 2.9.1 It suffices to assume for (2.173). This is beautiful proof leveraging
the second variation formula.

Proof. 1. By contradiction, suppose that diam(M,g) > 7r. Then there exists two points p, ¢ € M s.t.
C:=d(p,q) > r

Since the manifold is complete, using Hopf-Rinow Theorem 2.7.1 (f) there exists also a normalized geodesic
that connects these two points p, q. Take

70, =M A0)=p () =q
We want to apply the second variation formula to some variation that gives us a contradiction.

2. We construct a variation by imposing a vector field along this curve. We define it by using the orthonormal
basis of the tangent space. Let {eq,--- ,e,} be ONB of T,M where

en :=17/(0)

Then parallel transport them. Let e;(¢) be the parallel transport of e; along . We define our variational
field (the one that saturates the sphere)

Vi(t) :== sin(%t)ei(t) i=1---,n-1
Vi(0) = V() =0

Given our Vector fields along v, from Proposition 2.9.1, we have a family of proper variations { f;} asso-
ciated to the Variational Field, i.e., V; are the variational field of f; of ~.

3. Now let E;(s) be the energy of f;(s,t), the proper variation associated to V;. Let’s compute

1
/|5fz 2 ZL(f’)Q Cauchy Schwarz

" (7) since v is geodesic

é
= E(v) = Ei(0)

Now that « is geodesic and V proper, we know E.(0) = 0. We also know E!’(0) > 0 because we’ve shown
that 0 achieves minimum.

By the second variation formula (2.172)

1 ¢t/ D2y
§E£'(0) = —/ <<dt2’ Vi) + R(y, Vi, v, VZ)) dt no boundary terms because all are piecewise smooth
0

L 2
= / (7;2 sin2(ﬂ7f) - SiHQ(?)R(Ena€i76n,€i)> dt Yi=1,---,n—1
0

1 & ¢ n? mt it
—] Z §E:’(O) = /0 (62 sin2(7) - sinQ(g)Ricp(en,en)> dt

(2.173) 2 1
< / <€2 - 742) sin ( 7 )dt <0 since mr < £ by our contradictory assumption
0

Now this contradicts E}'(0) > 0.
Since M is totally bounded and complete, M is compact. O
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Corollaries and Examples for Bonnet-Myers 2.9.1

Corollary 2.9.1 ([dC92] Corollary 9.3.2). If (M",g) is a complete Riemannian manifold with
Ricp(v,v) > 3§ >0 VpeM, VveT,M
Then the universal cover of M is compact. In particular the first fundamental group m (M) is finite.

Proof. Let (M ,§) be the universal cover equipped with the covering metric, i.e. the pullback metric under the
covering map (so that 7 is local isometry) 3
Tm: M — M

Then M is complete and R~icp >6>0.

By Myer’s Theorem 2.9.1, M is compact. Hence the number of sheets of the covering is finite. Since this is
a number of elements in the fundamental group m (M) of M, we conclude that 71 (M) is finite.

Or to be precise, for any p € M, 7~1(p) is a discrete set in a compact manifold, so that its finite.

T (M)] = #17} (p) < o0

Example 2.9.1 ([dC92] Exercise 9.2). Introduce a complete Riemannian metric on R%. Prove that

lim ( inf K(m,y)) <0

7—>00 x2+y22'r‘2
where (z,y) € R? and K(x,y) is the Gaussian curvature of the given metric at (x,y).

Proof. Assume for contradiction that

lim( inf K(x,y)>>0

r—00 \ 224y2>r2
Then, there exists € > 0 and R > 0 such that
K(z,y) >¢ forall 2?+4y* > R?

Consider the closed subset M = {(x,y) € R? | 22 +y? > R?} with the induced metric. Since (R?, g) is complete,
M as a closed submanifold is also a complete Riemannian manifold by Cororllary of Hopf-Rinow 2.7.2.

By construction, K > ¢ > 0 on M. Now the Bonnet-Myers Theorem 2.9.1 states that a complete connected
Riemannian manifold with Ricci curvature bounded below by some strictly positive constant is compact and
has finite diameter.

In dimension 2, the Ricci curvature coincides with the Gaussian curvature by Example 2.6.4. Thus, Bonnect-
Myers says M must be compact.

However, M is homeomorphic to R?\ Br(0), which is non-compact as it contains unbounded sequences. We

reach a contradiction.
O

2.9.3 Synge-Weinstein Theorem

Theorem 2.9.3 (Weinstein; [dC92] Theorem 9.3.7). Let (M™,g) be a compact oriented Riemannian manifold.
Suppose M has positive sectional curvature. Suppose

f:(M,g) = (M,g)

is an isometry s.t. [ preserves (resp. reverses) the orientation if n = dim M is even (resp. odd).
Then f has a fixed point, i.e., there exists p € M s.t. f(p) =p.

Remark 2.9.1. This assumption in fact excludes the case of the sphere. Consider
A:S"—S"
p——-p

Then this is the opposite of the orientation requirement on the isometry, i.e., A is orientation preserving if n
is odd and orientation reversing if n is even.
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Fact from orthogonal linear transformation over R

Lemma 2.9.2 ([1C92] Lemma 9.3.8). Let A be an orthogonal linear transformation of R*~1, i.e., A € O(n—1)

over the reals. Suppose that
det(A) = (-1)"

Then A leaves invariant some non-zero vector of R" =1,

Proof. If n even, then det(A — \I) is a real polynomial in A of odd degree n — 1. Then A has a real eigenvalue.
Since A € O(n — 1) orthogonal, such real eigenvalue is of the form +1. But the product of the complex
eigenvalues of A is non-negative (this is because for matrix A over the reals, complex eigenvalues come in pairs.
To see this, assume Av = \v then taking complex conjugate Av = A\v. But A is real so A = A hence ) is an
eigenvalue), and det(A) = 1, so at least one of the eigenvalues of A equals 1.

If n is odd, det(A) = —1. But the product of complex eigenvalues is non-negative, thus there is at least one
pair of real eigenvalues, only one of which is positive, hence equal to 1. O

Proof of Weinstein Theorem 2.9.3

Proof. 1. Suppose that f has no fixed points, i.e.

fla)#q¢ VYqeM

Consider the continuous function on M

h:M—R
q v d(q, f(q))

Since M is compact, there exists p € M s.t.

h(p) = gelijvr}h(q)

i.e., using contradictory assumption
t:=d(p, f(p)) = inf d(q, f(q)) >0 (2.176)
qeM

But by Corollary 2.7.1, M is complete due to compactness, hence Hopf-Rinow Theorem 2.7.1 (f) says
there exists a normalized geodesic v connecting the two points ¢ and f(q)

10)=p, () = f(p)
2. Now consider the two velocity vectors 7/(0) and +/(¢). We need two claims that gives a contradiction.
Claim 1. For f as in our assumption
dfy : TyM — Typy M

sends +/'(0) — ~/(¢).
Indeed, let p’ := ~(t') for arbitrary 0 < ¢’ < £. So t' = d(p,p’). We look at the distances between p’ and
f).

(', f(p) < d(@’, f(p)) + d(f(p), f())
=d(p, f(p)) +d(p,p) using f is an isometry
= L= dp, f(p))

where the last line uses our unit-speed parametrization.
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Figure 2.16: Claim 1 for Proof of Theorem 2.9.3

But on the other hand, d(p, f(p)) is the minimum. Thus we have
d@', f®)) = dp, f(p)) = d(', f(p)) + d(f(p), f(P)) = L(Ap ¢) + LI(f o) j0,07)

Hence v and f o~ are normalized geodesics. Thus

V' (0) = (f o) (0) = dfp(7'(0)) (2.177)

3. Claim 2. There exists a parallel vector field V(t) along ~(¢) s.t. |[V(t)] =1 and (V(¢),~'(¢)) = 0.

(a) We setup. Let P : T,M — Ty,)M be the parallel transport along « (P is orientation preserving).
Notice both maps

P
T, M Teo M
P d?p f(»)
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Note P(7'(0)) = +'(¢) since 4/(t) is parallel to v(¢) (because v is geodesic). Define
A:=P todf,: T,M — T,M

Then A € O(n) is an isometry and det(A) = (—1)™ (using assumption f preserves orientation if n
even anf reverses orientation if n odd). In particular —1 if n odd and 1 if n even. Note

A('(0) = P~H(df»(v(0)))

@Lm P7(¥'(¢))  use Claim 1
=7'(0)
so 7/(0) is an eigenvector with eigenvalue 1.
A(+'(0)) =~(0) (2.178)

(b) Let W be the orthogonal complement of Rv/(0) in T, M, i.e.
T,M =R+ (0) & W

Consider
B:i= Al :W—->W=R"!  BeOn-1)  det(B)=(-1)"

Recall that if C € O(m) and 1 is not an eigenvalue, then det(C) = (=1)". So if C € O(m) s.t.
det(C) = (=1)™*1 then 1 is an eigenvalue (this is essentially applying Lemma 2.9.2).

Thus our B has to have 1 as an eigenvalue. Now let v € W be the associated eigenvector and take
v =1
Av=Bv=wv (2.179)

(¢) Now Let V(t) be the parallel transport of v along y(¢). Then since the parallel transport doesn’t
change the norms, and since v € W (the orthogonal complement of R+’(0))

(v, Y(0)=0 (v0)=1

Then using parallel transport

Thus

= Av
2179) V(0)
In particular
dfy (v) = df,(V(0)) = P(V(0)) = V() (2.180)

4. We build a variational field

—

8,t) = h(s,t) = exp, ) (sV (¢))

In particular each
s — h(s,t)

is a geodesic. Let

a(s) == h(s,0) = exp,(sv)

B(s) == h(s,¥) (2.180) exp ) (s dfp(v))
These are themselves geodesics. As

(2.180)

BO)=flp) B0

In fact we conclude here that

V(€) = df,(V(0))

B=fou (2.181)
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Now we consider a curve for fixed s. For fixed s € (—¢,¢), consider
hs:[0,4] = M

a smooth curve from «(s) to 5(s). Now the energy for hs writes

2
Cauchy Schwarz | ¢ oh 1
2 > - - = —[ 2
/ I— s,t)|%dt > 7 (/0 |at (s,t)|dt> 7 (hs)

(2.181) (2.176) 1

> E(()foa( s)? > zd(p,f(p))Q:EZE(O)

5. Since the original p and f(p) have shortest distance, all variations get longer. Here is where we’ll get our
contradiction. We use positive curvature to push off the curve along a parallel field, then necessarily it
has decreasing energy. For negative curvature, pushing off the geodesic increases energy.

Now to make this rigorous. Back to our setup: Since we have v as a geodesic,
(V(t),Y®)=0 Vvt
Thus E’(0) = 0 as in Proposition 2.9.3. And because
E(s) > E(0) Vs
E(0) must be a local minimum, so E”(0) > 0.

But we have the second variation formula (2.171)

1 ¢ D? D oh D
g - / L /
520 = [ G5 ROV Vi (5100, DI 0).40)
V parallel because s — h(s,t) is geodesic
DV D
+ (20 vy —E5m) v o)

DV

Z+ = 0 since V is parallel

L
= [ ey

Since 4/, V has length 1, 4" L V', we know {V'(¢),v'(t)} span the 7 (s) 2-plane, whose sectional curvature
is strictly negative

1 L
§E”(o)z—/ (R(Y, V)Y /K ))dt < 0
0

Thus we have a contradiction.

Synge Theorem

Corollary 2.9.2 (Synge [dC92] Corollary 9.3.10). Let (M™,g) be compact with positive sectional curvature
1. if M orientable, n even, then m (M) =1, i.e. M is simply connected
2. if n odd, then M 1is orientable.

Proof. 1. For universal cover R
m:M—M
M is complete with K > ¢ > 0 (because M is compact). Then by Myers Theorem 2.9.1 M is compact.
We want to show M = M. If not, choose ¢ # id,

o:M— M

a covering transformation, i.e., m o @ = 7 (80 ¢ has no fixed points). Then ¢ is an isomertry of M. By M
orientable, ¢ preserves orientation. But this contradicts to Weinstein Theorem 2.9.3.

2. If M is not orientable, there exists orientation double cover
M— M
now ¢ : M —s M is orientation reversing without fixed points, so this is contradiction to Weinstein 2.9.3.

O

Examples for Weinstein Theorem 2.9.3 RP"™ = S"/{antipodal} is orientable iff n is odd.
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